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Abstract. In this paper, we give a characteristic properties for operators of finite rank in
the non-Archimedean sequence spaces. Using a technical lemma, we studied the spectral
theory for this class of linear operators.
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1 Introduction

The theory of linear operators in non-Archimedean (n.a.) Banach space and locally convex
space over n.a. field K has been treated by several authors.

In [7], Monna succeeded in proving that the Banach-Steinhaus theorem for locally convex
spaces remains true for non-Archimedean case.

Serre [9] studied completely continuous linear operator. He demonstrates that we can
apply Fredholm’s theory to the completely continuous linear operator in free n.a. Banach
spaces

In [4], El amrani, Blali and Taybi introduce a spectral analysis for finite rank perturba-
tion of diagonal operator in non-Archimedean Banach space of countable type and in [5],
they introduce a spectral analysis for compact and self-adjoint perturbation of diagonal
operator in non-Archimedean Banach space of countable type.

In this work, we introduce and study properties of the so-called finite rank operators
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in the non-Archimedean sequence space E(X ), where X is a non-Archimedean locally
K—convex space. Namely, we show that all finite rank operator F' can be written in the

following form F' = Z Tr @y where 7, € E(X)P andyp, € BE(X) fork =1,...,m.
k=1
And under some appropiate assumption, we will show that the spectrum o (F) of the
finite rank operator is given by

o(F) = {A € K\ {0} : det P(\) = 0} U {0},

where P()) is the m x m square matrix given by P(\) = (a;;(X))ij=1..m With a;;(A) =

Aoy — > {ah,yl), with zy, = (2F), € BE(X)?, y, = (y¥), € B(X) fork = 1..m.

n=1

2 Preliminaries

Throughout this paper K denotes a non trivial field which is complete with respect to a
non-Archimedean valuation denoted |.|, X and Y are two locally K—convex spaces that
are in separated duality (X,Y’). The duality theory for locally K-convex spaces can be
found more extensively in [1] and [11].

A nonempty subset A of a K—vector space X is called K—convex, if A\x+puy+7yz € A,
whenever z,y,2 € A, \pu,vy e K, (A < 1, |p| < 1L, |y < L,and A+ p+v=1. Ais
said to be absolutely K—convex, if Az + uy € A, whenever z,y € A, A\, p € K, |\ < 1,
|| < 1,and A + p = 1. For a nonempty set A C X, its absolutely K—convex hull ¢o(A)
is the smallest absolutely K—convex set that contains A. If A is a finite set {z1,...,2,},
we sometimes write co(x1, .. ., x,) instead of ¢o(A).

A sequence (e;); is a Schauder basis for X, if every z € X can be written uniquely as
o0

T = Z Aiz;, and the coefficient functionals f; : z — A; are continuous.
i=1
A base (e;); of X is called an orthogonal base of X if the topology of X can be defined
by a family (P) of semi-norms n.a. satisfying the following condition:

=Y Ae; € X = p(x) =sup(Ne;) forall p e (P).

o (w(X),7,(X)) is the linear space of all sequences in X endowed with the product topol-
ogy 7.,(X), which is generated by the family of n.a. seminorms (p;,)nen pe(p), Where, for
alln € N, allZ7 = (z,), € w(X) and all p € (P), p,(T) = p(z,,), where (P) is a family

2



of n.a seminorms which define the topology of locally K—convex space X; this space is
noted w(K) (or w, for short) in case when X = K.

e A sequence space over X is a subspace of w(X).

e We define the sequence space ¢(X ) over X by:

o(X) = {(xp)r € w(X) : there exists ko € N: x, =0 for all k > ko}.

e If A C w(X), the 3-dual of A is the subspace of w(Y'), which is defined by A% =
{(yn)n € w(Y) : lim(zn, yn) = 0 for all (zy)n € A}; we define B?if B C w(Y), in the

same way. A is called perfect, if A®# = A. Forall A C w(X), AP is perfect.
if A is perfect, then p(X) C A.

o Let £(X) and E(Y) be two sequence spaces on X and Y, respectively, such that
E(Y) C E(X)?, we define on the pair (E(X), E(Y)), the following duality (), (Yn)n)

> {2, yn) for all (z,,), € E(X) and all (y,), € E(Y). We consider this duality such

n=1

that p(X) C E(X) and ¢(Y') C E(Y), this duality is separated. For all j € N, we define
the linear map 6 : X — E(X), = + d;(x), where ;(x) is the sequence with  in the
J-th place and 0 elsewhere.

For every y = (y,)n € E(X)?, we consider w,(z) = sup |(x,,, y,)| for every x = (z,,),, €

E(X), then w, is n.a seminorm over £(X). Let Na the topology over E(X) generated
by the family of n.a seminorms (w,),cp(x)s. Na is the natural topology studied by De
Grande De-Kimpe in the particular case of n.a scalar sequences [2] and by El amrani,
Ameziane Hassani and Babahmed in [3] in the general case. The topology Na on E(X) is
a polar and solid topology. It is also the coarest solid and polar topology on £(X). If E(X)
is perfect, then the topology Na on E(X) is compatible with the duality (E(X), E(X)?).
In [3] El Amrani, Ameziane Hassani and Babahmed pove that if F/(.X) is perfect and (e, ),
is a Schauder basis of X, = (X,0(X,Y’)), then for every polar, solid and compatible
topololy 7 with the duality (E(X), E(Y)), (0,(e5))n ; is a Schauder basis of (E(X), 7).
e The set of all continuous linear operators of X in itself is denoted by L(X).

o LetT € L(X), then:

« T is called an operator of finite rank if R(7), the range of 7', is a finite dimensional
subspace of X. The set of all finite rank operators of X is denoted by F(X).

x A subset A of a locally K—convex space X is compactoid, if for each neighbourhoud U
of zero, there exist 1, ...,x,, € X suchthat A C U + co(xy, ..., ).

* T 1s called an operator compact if there exists a neighbourhood U of 0 in X such that
T (U) is compactoid. The set of all compact operators of X is denoted by C'(X).




3 Main Results

In this section we present a study for the theory of finite rank operators in the non-
Archimedean sequence spaces.

Theorem 3.1. Let X and Y be locally convex spaces over K. Suppose that the topologies
of X and Y are determined respectively by the families of continuous n.a semi-norms I’
and I"'. Let T be a linear map from X to Y. Then, T is continuous if and only if for all
q € I there exists p € T" and M > 0 such that ¢(T'(x)) < Mp(z) forall x € X.

Proof. see [6] or [11]. ]

For all z € E(X)? and all y € E(X), we define an application on E(X) in the
following way:
r®y: B(X)— E(X)
= (2 @y)(2) = (z,2).y

Theorem 3.2. If E (X)) is perfect and (ey,),, is a Schauder basis of X, = (X,0(X,Y))
then, any linear operator T : E(X) — E(X) can be written in the form

T = ZZZ@{,@“ en) ® d;(e;).

Proof. According to theorem 1 of [3], (§;(en))n,; is a Schauder basis of (£(X), Na) and
(5*(en))nj is the dual basis, associated with (J;(e,)), ;. then for all n € N, we have

ZZ@J 6;(e;) with al, € K. Then forall z = > Y @l d;(e,) € E(X) see

J

[3], and |
= Y T en)
then,
ZZZ%M@
= ZZZ@W d;(en), r)d;(ei)
= Z PICACACAELACNIC)
Consequently, T' = Z Z Z a{né;" d;(eq). O




Let’s start with the following example of sequence spaces which admits an othogonal
base.

Example 3.1. Let A a n.a scalar sequence space (a subspace of the vector space w),
endowed with Na the natural (or normal) topology generated by the family of n.a. semi-
norms (wy)yE as ( AP is also called the Kothe dual of A). Perz-Garcia and Schikhof prove
that, in [8] Theorem 9.4.3, the sequence e, e, . . ., of the unit vectors of w, is an orthogo-
nal base of (A, Na).

Remarks 3.1. 1. The previous theorem is also true if (X, 7) has a Schauder basis, for
all topology T on X.

2. The previous theorem is true in (E(X), ), for all topology T that is polar, solid
and compatible with the duality < E (X),E(Y) > where X and Y are two n.a
topological vector spaces over K that are in separated duality < X,Y > such that
X, = (X,0(X,Y)) has a Schauder basis and E (Y) C E(X)".

Throughout the rest of this paper, unless explicitly stated otherwise, the space (E(X), Na)
is assumed to have an orthogonal basis.

Theorem 3.3. Let (E(X), Na) be a sequence space over X, then T : E(X) — E(X) is

a finite rank operator if and only if there exist two sequences x1,...,r, € E(X)? and
Yty -y Ym € E(X) such that T = Zxk ® Yg-
k=1

Proof. Suppose that T = > x; ® yj, and show that T € F(E(X)).
k=1
It is clear that 7 is a linear operator with rank R(7T') C E(X) generated by {y1,...,Ym},

so R(T') has dimension at most m. For all z € F(X) we have

m

Tz =" (zr @ yp)(2).

k=1

= f:(xk:a 2) Yk

k=1
Let it = () € E(X)P then,

w,(Tz) = sup Tz, )]




m

= sup 1O (@, 2) Y, )|

k=1
< Sup (e, 2) (Y, )|
< sup (2, 2)]| sup |(Yres k)|
< wu(y)-wa(2).
Hence T' € F(E(X)).
Conversely, suppose that 7' € F(E(X)) and show that T = i T @ Yy

k=1
Let {y1,...,ym} C E(X) generates R(T'). Then, for all z € E(X),

Tz=> Xe(2)yx
=1

Now foreach k = 1,...,m, z — A\g(2) = (T'z,yy) is a continuous linear funtional on
E(X). Therefore, for each k = 1,...,m there exist z;, € E(X)” such that

Me(2) = (T2, yp) = (xp,2) 1<k <m,

then we get
(zh, 2)y = D (2 @ yi)(2) = Tz.
k=1 k=1
[
Proposition 3.1. If A € L(E(X)) and B € F(E(X)), then AB and BA belong to
F(E(X)).

Proof. We write B =Y x; ® yj, where z1,...,2,, € E(X)? and y1, ..., ym € E(X).
k=1
Now

ABZA(iJIk@yk):iA(xk@yk ixk@@flyk ) € F(E(X)).

k=1 k=1

Similarly, letting B = > @y @ yx Where z1, ..., x,, € E(X)? and y1,...,yn € E(X). It

k=1
follows that,
BA=Y (mr@y)A =) (1:A) @ yx € F(E(X)).
k=1 k=1




The resolvent of a continuous linear operator 7" : F(X) — F(X) is defined by
o(T) ={N € K: X — T is a bijection and (\ —T)™' € L(E(X))},
where [ is identity of E(X). The spectrum o (7") of T is then defined by

o(T) = K\o(T).

A scalar A € K is called an eigenvalue of 7', whenever there exist a nonzero u € E(X)
(called eigenvector associated with \) such that T'uv = Au. The collection of all eigenvalues
of T is denoted by ¢, (7") (called punctual Spectrum) and is defined by

o,(T) = {\ € o(T) : N(\ - T) # {0}}.

The index of T is defined by x(7") = n(T") — 6(T"), where n(T") = dim N(T") and §(A) =
dim(E (X) /R(T)).

Lemma 3.1. If E(X) is perfect, then it is N a—sequentially complete.

Proof. See [3]. O

Lemma 3.2. Let X be a sequentially complete locally convex spaces. Then for any T’ €
C(X)we have Ix +T € ®(X) and x(Ix +T) = 0; in particular, the operator Ix + T
is injective if and only if it is surjective.

Proof. See [10]. O

Lemma 3.3. Let E(X) be a perfect sequence space over X. Consider in (E(X), Na) the
finite rank operator

F = Zxk @ Yk,
k=1

where . € E(X)? and y, € E(X) for k = 1,...,m, then the operator I — F is in-
vertible if and only if det P # 0, where P is the m X m square matrix given by
n=1

Proof. Using the precedent lemma it follows that the operator / — F' is invertible if and
only if it is surjective if and only if it is injective (N(I — F)) = {0}). To prove that it




suficient to show that N (I — F') = {0} if and only if det P # 0.
For that, let w € E(X) such that (I — F)w = 0. Equivalently

m

w =Y (rp,wyyp =0 (1.1).

k=1

Now apply (.,.) to the equation (1.1) with respectively 1, ...,z,, € E(X)? forall k =

1,...,m; we obtain the following system of equation
(x1,w) 0
P : =1 : (1.2).
(T, W) 0

If we suppose that N (I — F) # {0}, then
k=1

and hence at lent one of the following scalars (1, w), ..., (x,,, w) is non zero. Conse-
quently the equation (1.1) had at least one non trivial solution which yields det P = 0 .
Conversely, if det P = 0, there exist some scalars &1, ..., &, not all zeros, such that with

£ = (&, ..., &n)" we have
&1 0
Pl o =1 (1.2)
Em 0
We take w = inj &ryy, and we obtain (I — F)w = 0.
k=1

Now w # 0, if not (xg,w) = 6;&; = 0 for j = 1,...,m which yields & = 0 for
| =1, ..., m and that contradict the fact that some ¢; are nonzero unique then N (I — F') #
0. [

Theorem 3.4. Let E(X) be a perfect sequence space over X. Consider in (E(X), Na)
the finite rank operator
F= Z Tk @ Yk
k=1
where z), € E(X)? and y), € E(X) for each k = 1,2, ..., m. Then the spectrum of F is
given by:
o(F)={Ae K\ {0} : det P(\) =0} U {0},




where P(\) is the m x m square matrix given by, P(X) = (a;;(\))i j=1,..m With a;;(\) =
A6y — Z(xi,yi}fori,j =1,...,m.
n=1

Proof. Consider the operator \I — F’, clearly A\ = 0 is necessairly in the spectrum F’ is not
invertible.

Now suppose A # 0, then \I — F = \(I — F)) where F) = A\~ F is a finite rank operator
it is clear that \I — F is invertible if and only if I — F) is invertible, and (\[ — F)~! =
)\71(1 — Fk)fl.

Now using the Lemma 3.2 it follows that [ — F), is invertible if and only if N(/ — F)) =
{0}. By using the same idea of the precedent Lemma it follows that N(I — F\) = {0} if
and only if det P(X) # 0. O

Application: Let m(K) be the set of all bounded sequences in K and ¢y(K) the set

of all zero sequences in K equipped with the n.a. norm ||(7;)[| = sup |x;|. Consider the

separating duality (co(K), m(K)). We have (co(K),||.||) = m(K), then the topology
defined on ¢y(K) by the n.a. norm ||.|| is compatible with the duality (cy(K), m(K)).
Let (e;);en be the canonical basis of ¢y(K) and (€});cn is the dual basis, associated with
(e;)ien, of dual space (co(K), ||.||)’. Then,

* Every continuous operator 7" : ¢o(K) — ¢o(KK) can be written in the following form
T =) aje€, ®e; where aj; € Kforalli,j € N.
ij
* T € F(co(K)) if and only if there exist two sequences z1,...,z, € m(K) and
Yis- s Un € co(K) such that T = >z @ yy.

k=1

« Consider the finite rank operator F' = » _ x;, ® y where z;, € m(K), yi € ¢(K)
k=1
foreach k = 1,2, ..., n. Then the spectrum of F'is given by:

o(F) = {A e K\ {0} : det P(\) = 0} U {0},

where P(\) is the n X n square matrix given by, P(\) = (aij()\))z.’j with aij()\)) _
i — (@, y;) foreachi,j =1,...,n.




REFERENCES

References

[1]

(2]

[10]

[11]

Ameziane, R., and Babahmed, M. Topologie polaires compatibles avec une dualité
séparante sur un corps valué non-archimédien. Proyecciones 20, 2 (2001), 217-240.

De Grande-De Kimpe, N. Perfect locally K-convex sequence spaces, Indag. Math.
33 (1971), 371-482.

El amrani, A., Ameziane, R., and Babahmed, M. Topologies on sequences spaces in
non-archimedean analysis. J. of Math. Sci. Advances and Applications 6, 2 (2010),
193-214.

El amrani, A., Blali, A., and Taybi, M. A. Spectral analysis for finite rank pertur-
bation of diagonal operator in non-archimedean Banach space of countable type.
Proyeccions 41, 5 (2022), 1063-1074.

El amrani, A., Blali, A., and Taybi, M. A. Spectral analysis of special perturba-
tions of diagonal operators on non-Archimedean Banach spaces. Novi Sad J. Math.
September 19, 2022.

Monna, A. F. Espaces localement convexes sur un corps valué. Proc. Kon. Ned. Akad.
v. Wetensch. A 62, (1959), 391-409.

Monna, A. F. Sur le théoreme de Banach-Steinhaus, Proc. Kon. Ned. Akad. v. Weten-
sch. A 66 (1963), 121-131 .

Perz-Garcia, C., and Schikhof, W. H. convex spaces over Non-Archimedean valued
Fields, vol. 119 of Cambridge Studies in Advanced Mathematics. Cambridge Uni-
versity Press, Cambridge, 2010.

Serre, J.-P. Endomorphismes complétement continus des espaces de Banach p-
adiques. Inst. Hautes Etudes Sci. Publ. Math. 12 (1962), 69-85.

Sliwa, W. On Fredholm operators between non-archimedean Fréchet spaces. Com-
positio Math. 139, 1 (2003), 113-118.

Tiel, J. van. Espaces localement K-convexes. Proc. Kon. Ned. Akad. v. Wetensch. A
68, (1965), 249-2809.

10



	Introduction
	Preliminaries
	Main Results
	References

