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Abstract. Approximation properties of the de la Vall�ee Poussin means

V α
n+m,N (f, x) of Fourier�Meixner sums are studied. In particular, for

an ≤ m ≤ bn and n+m ≤ λN the existence of a constant c(a, b, α, λ) is
established such that ∥V α

n+m,N (f)∥ ≤ c(a, b, α, λ)∥f∥, where ∥f∥ is the

uniform norm of the function f on the grid Ωδ.
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de la Vall�ee Poussin means.

1. Ââåäåíèå

Ïóñòü N > 0, δ = 1/N , Ωδ = {0, δ, . . .}. ×åðåç mα
n,N (x) îáîçíà÷èì ïîëèíîìû

Ìåéêñíåðà, îáðàçóþùèå ïðè α > −1 îðòîíîðìèðîâàííóþ ñèñòåìó íà ìíîæå-
ñòâå Ωδ îòíîñèòåëüíî âåñà

ρ(x) = e−xΓ(Nx+ α+ 1)

Γ(Nx+ 1)
(1− e−δ)α+1.

Ðàññìîòðèì ïðîñòðàíñòâî ôóíêöèé C0(Ωδ), çàäàííûõ íà ñåòêå Ωδ è óäîâëåòâî-
ðÿþùèõ óñëîâèþ

lim
x→∞

e−
x
2 |f(x)| = 0.

Íîðìó â ýòîì ïðîñòðàíñòâå îïðåäåëèì ñëåäóþùèì îáðàçîì

∥f∥ = sup
x∈Ωδ

e−
x
2 |f(x)|.

Ñóììó Ôóðüå�Ìåéêñíåðà ôóíêöèè f ∈ C0(Ωδ) çàïèøåì â âèäå

(1) Sα
n,N (f, x) =

n∑
k=0

cαk (f)m
α
k,N (x),
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(2) cαk (f) =
∑
t∈Ωδ

f(t)mα
k,N (t)ρ(t).

Âïåðâûå àïïðîêñèìàòèâíûå ñâîéñòâà ñóìì Sα
n,N (f, x) áûëè èññëåäîâàíû â

ðàáîòàõ [1, 2] ïðè α = −1/2 è n = O(N). Â ÷àñòíîñòè, áûëà ïîëó÷åíà îöåíêà
ñâåðõó äëÿ ñîîòâåòñòâóþùåé ôóíêöèè Ëåáåãà. Â ðàáîòàõ [3, 4] ýòîò ðåçóëüòàò
áûë îáîáùåí íà ñëó÷àé α > −1. Ïðè ýòîì àïïðîêñèìàòèâíûå ñâîéñòâà ëèíåé-
íûõ ñðåäíèõ ñóìì Sα

n,N (f, x) âñå åùå íå èññëåäîâàíû. Â íàñòîÿùåé ðàáîòå â

êà÷åñòâå àïïàðàòà ïðèáëèæåíèÿ ôóíêöèé èç C0(Ωδ) ðàññìàòðèâàþòñÿ ñðåäíèå
Âàëëå Ïóññåíà

(3) V α
n+m,N (f, x) =

1

m+ 1

n+m∑
k=n

Sα
k,N (f, x).

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü f ∈ C0(Ωδ), −1 < α < 1
2 , λ > 0, a è b ôèêñèðîâàííûå

äåéñòâèòåëüíûå ÷èñëà, ïðè÷åì 0 < a ≤ b. Òîãäà äëÿ an ≤ m ≤ bn è n+m ≤ λN
èìååò ìåñòî íåðàâåíñòâî

∥V α
n+m,N (f)∥ ≤ c(a, b, α, λ)∥f∥.

Çàìå÷àíèå 1. Îãðàíè÷åííîñòü ñðåäíèõ V α
n+m,N (f, x) ïî íîðìå ïðîñòðàíñòâà

C0(Ωδ) ïðè α ≥ 1
2 îñòàåòñÿ îòêðûòûì.

Èç òåîðåìû 1 íåïîñðåäñòâåííî âûòåêàåò îöåíêà

(4) e−
x
2 |f(x)− V α

n+m,N (f, x)| ≤ c(a, b, α, λ)En(f),

ãäå En(f) = inf
pn∈Hn

∥f − pn∥ � âåëè÷èíà íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèè

f àëãåáðàè÷åñêèìè ïîëèíîìàìè ñòåïåíè íå âûøå n. Çäåñü è äàëåå ÷åðåç c,
c(α), c(α, λ, s) ìû áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå ÷èñëà, çàâèñÿùèå òîëüêî
îò óêàçàííûõ ïàðàìåòðîâ, ïðè÷åì ðàçëè÷íûå â ðàçíûõ ìåñòàõ.

Îòìåòèì, ÷òî â ðàáîòàõ [5]�[9] áûëè èññëåäîâàíû àíàëîãè÷íûå çàäà÷è î ïðè-
áëèæåíèè ôóíêöèé ïîñðåäñòâîì ñðåäíèõ Âàëëå Ïóññåíà ÷àñòè÷íûõ ñóìì ðÿäà
Ôóðüå ïî ðàçëè÷íûì îðòîãîíàëüíûì ñèñòåìàì. Â ÷àñòíîñòè, â [5] áûëè ðàñ-
ñìîòðåíû ñðåäíèå Âàëëå Ïóññåíà äëÿ ñóìì Ôóðüå�ßêîáè

Vα,β
n,m(f, x) =

1

n+ 1

[
Sα,β
m (f, x) + · · ·+ Sα,β

m+n(f, x)
]

è äîêàçàíà ñëåäóþùàÿ
Òåîðåìà À. Ïóñòü −1 < α, β ≤ 0, a, b - ïîëîæèòåëüíûå ÷èñëà (a ≤ b).

Òîãäà ñðåäíèå Âàëëå Ïóññåíà Vα,β
n,m(f, x) ðàâíîìåðíî îòíîñèòåëüíî a ≤ m

n ≤ b
îãðàíè÷åíû êàê ëèíåéíûå îïåðàòîðû, äåéñòâóþùèå â ïðîñòðàíñòâå C[−1, 1].

Àíàëîãè÷íàÿ òåîðåìà äîêàçàíà â ðàáîòå [6] â ñëó÷àå ñðåäíèõ Âàëëå Ïóññå-
íà äëÿ ñóìì Ôóðüå ïî äèñêðåòíûì ïîëèíîìàì ×åáûøåâà Tα,β

n

(
N−1
2 (1 + x), N

)
ïðè α = β = 0, a ≤ m

n ≤ b è n = O(
√
N). Äàëåå, â [7] áûëè ðàññìîòðåíû

äèñêðåòíûå ïîëèíîìû ßêîáè Pα,β
0 (x), Pα,β

1 (x), . . . , Pα,β
N−1(x) (N = 1, 2, . . .), êî-

òîðûå îáðàçóþò îðòîãîíàëüíóþ îòíîñèòåëüíî âåñà µ(x) ñèñòåìó íà ñåòêå ΩN =

{x1, . . . , xN}, ñîñòîÿùåé èç íóëåé ìíîãî÷ëåíà Pα,β
N (x). Ïðè −1/2 < α, β < 1/2,

a ≤ m
n ≤ b è n = O(N) áûëà äîêàçàíà ðàâíîìåðíàÿ îãðàíè÷åííîñòü â C[−1, 1]
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íîðìû îïåðàòîðîâ Âàëëå Ïóññåíà υα,β
n,m,N (f) ÷àñòè÷íûõ ñóìì ðÿäà Ôóðüå ïî ïî-

ëèíîìàì {Pα,β
k (x)}N−1

k=0 . Â ðàáîòàõ [8, 9] áûëî èññëåäîâàíî ïðèáëèæåíèå ôóíê-
öèé ïî íîðìå ïðîñòðàíñòâà Ëåáåãà Lp

w, w(x) � âåñ òèïà ßêîáè, ñðåäíèìè Âàë-
ëå Ïóññåíà äëÿ ñóìì Ôóðüå�ßêîáè. Â [8] òàêæå áûë ðàññìîòðåí âîïðîñ îá
îãðàíè÷åííîñòè ñðåäíèõ Âàëëå Ïóññåíà Vα

2n(f, x) äëÿ ñóìì Ôóðüå�Ëàãåððà. Â
÷àñòíîñòè áûëà äîêàçàíà
Òåîðåìà B. Ïóñòü 1 ≤ p ≤ ∞, u(x) = xγe−x/2, α > −1 è max{α/2 −

1/4, 0} < γ + 1/p < min{α/2 + 7/6, α + 1}. Òîãäà äëÿ ëþáîãî f ∈ Lp
u è n ∈ N

èìååò ìåñòî íåðàâåíñòâî

∥Vα
2n(f)∥Lp

u
≤ c∥f∥Lp

u
, c ̸= c(n, f).

2. Íåêîòîðûå ñâåäåíèÿ î ïîëèíîìàõ Ìåéêñíåðà

Ïðèâåäåì íåêîòîðûå ñâîéñòâà ïîëèíîìîâ ÌåéêñíåðàMα
n,N (x), êîòîðûå ìîæ-

íî íàéòè â [10]. Ïîëèíîìû Mα
n,N (x) ìîæíî îïðåäåëèòü ñ ïîìîùüþ ðàâåíñòâà

(5) Mα
n,N (x) =

(
n+ α

n

) n∑
k=0

(−n)k(−Nx)k
(α+ 1)kk!

(1− eδ)k,

â êîòîðîì (n)k = n(n + 1) · · · (n + k − 1). Ïðè α > −1 ïîëèíîìû Mα
n,N (x)

îðòîãîíàëüíû îòíîñèòåëüíî âåñà ρ(x):∑
x∈Ωδ

Mα
n,N (x)Mα

k,N (x)ρ(x) = hα
nδnk,

ãäå δnk � ñèìâîë Êðîíåêåðà, hα
n =

(
n+α
n

)
enδΓ(α + 1). Ôîðìóëà Êðèñòîôôåëÿ�

Äàðáó äëÿ ýòèõ ïîëèíîìîâ èìååò âèä

(6) Kα
n,N (t, x) =

n∑
k=0

mα
k,N (t)mα

k,N (x) =

δ
√

(n+ 1)(n+ α+ 1)

e
δ
2 − e−

δ
2

mα
n+1,N (t)mα

n,N (x)−mα
n,N (t)mα

n+1,N (x)

x− t
.

Â ðàáîòàõ [10, 11] ïðè 0 < δ ≤ 1, λ > 0, 1 ≤ n ≤ λN , α > −1, 0 ≤ x < ∞, s ≥ 0,
θn = 4n+ 2α+ 2 áûëà ïîëó÷åíà âåñîâàÿ îöåíêà:

(7) e−
x
2

∣∣Mα
n,N (x± sδ)

∣∣ ≤ c(α, λ, s)Aα
n(x),

ãäå

(8) Aα
n(x) =



θαn , 0 ≤ x ≤ 1
θn
,

θ
α
2 − 1

4
n x−α

2 − 1
4 , 1

θn
< x ≤ θn

2 ,[
θn(θ

1
3
n + |x− θn|)

]− 1
4

, θn
2 < x ≤ 3θn

2 ,

e−
x
4 , 3θn

2 < x < ∞.

Ïðèâåäåì åùå îäíî ñâîéñòâî ïîëèíîìîâ Ìåéêñíåðà, êîòîðîå ïðåäñòàâëÿåò
ñàìîñòîÿòåëüíûé èíòåðåñ.

Ëåììà 1. Ïóñòü α > −1, λ > 0, 1 ≤ n ≤ λN , 0 ≤ x ≤ λ(α+1)
e2(λ+α+1)n

. Òîãäà èìååò
ìåñòî îöåíêà

Mα
n,N (x) ≥ 1

2

(
n+ α

n

)
.
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Äîêàçàòåëüñòâî. Òàê êàê (−n)k = (−1)kn(n − 1) · · · (n − k + 1) = (−1)kn[k],
(−Nx)k = (−1)k(Nx)[k], òî èç (5) èìååì

(9) 2Mα
n,N (x)−

(
n+ α

n

)
=

(
n+ α

n

)
+ 2

(
n+ α

n

) n∑
k=1

n[k](Nx)[k]

(α+ 1)kk!
(1− eδ)k.

Äàëåå, íàì ïîíàäîáèòñÿ íåêîòîðàÿ èíôîðìàöèÿ î ÷èñëàõ Ñòèðëèíãà ïåðâîãî
ðîäà s(n, k), 0 ≤ k ≤ n, êîòîðûå ìîãóò áûòü îïðåäåëåíû èç ðàâåíñòâà [12, p.824]

(10) x[n] =

n∑
k=0

s(n, k)xk.

Â ÷àñòíîñòè, s(0, 0) = s(n, n) = 1, s(n, 0) = 0 ïðè n ≥ 1. ×èñëà s(n, k) óäîâëå-
òâîðÿþò ñëåäóþùåìó ðåêóððåíòíîìó ñîîòíîøåíèþ

s(n, k) = s(n− 1, k − 1)− (n− 1)s(n− 1, k), 1 ≤ k < n.

Êðîìå òîãî, äëÿ s(n, k) èìååò ìåñòî ðàâåíñòâî

(11)
1

n!

n∑
k=1

|s(n, k)| = 1.

Òàêèì îáðàçîì, èç (9) è (10) ïîëó÷àåì

2Mα
n,N (x)−

(
n+ α

n

)
≥(

n+ α

n

)
− 2

(
n+ α

n

) n∑
k=1

nk(eδ − 1)k

(α+ 1)k

1

k!

k∑
j=1

|s(k, j)|(Nx)j ≥

(
n+ α

n

)
− 2

(
n+ α

n

) n∑
k=1

(eδ − 1)k

(α+ 1)kδk
1

k!

k∑
j=1

|s(k, j)|λ
j(α+ 1)j

e2(λ+α+1)j
nk−jN j−k.

Òàê êàê (α+1)k = (α+1) · · · (α+k) > (α+1) ·(k−1)!, (eδ−1)k

δk
< ekδ, α+1

e2(λ+α+1) < 1

è nk−jN j−k ≤ λk−j , òî ñ ó÷åòîì (11) ìû ìîæåì çàïèñàòü

2Mα
n,N (x)−

(
n+ α

n

)
≥
(
n+ α

n

)
− 2λ(α+ 1)

e2(λ+α+1)(α+ 1)

(
n+ α

n

) n∑
k=1

λk−1

(k − 1)!
≥(

n+ α

n

)
− 2(α+ 1)λeλ

e2(λ+α+1)

(
n+ α

n

)
=

(
n+ α

n

)
− λ

eλ
2(α+ 1)

e2(α+1)

(
n+ α

n

)
≥ 0.

□

3. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ íåêîòîðûå âñïîìîãàòåëüíûå óòâåðæäåíèÿ.

Ëåììà 2. [4] Ïóñòü −1 < α ∈ R, λ > 0, N = 1/δ, 0 < δ ≤ 1. Òîãäà äëÿ
1 ≤ n ≤ λN èìååò ìåñòî ñëåäóþùàÿ îöåíêà

e−xKα
n,N (x, x) ≤ c(α, λ)

{
n1−α(Aα

n(x))
2, x ∈ [0, θn

2 ] ∪ [ 3θn2 ,∞),

n−α, x ∈ [ θn2 , 3θn
2 ].

Ñëåäóþùèå ëåììû äîêàçàíû â ðàáîòå [13].
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Ëåììà 3. Ïóñòü x ̸= y. Òîãäà äëÿ

Kα
n,N (x, y) =

1

n

n−1∑
k=0

Kα
k,N (x, y)

èìååò ìåñòî ðàâåíñòâî

Kα
n,N (x, y) = − δ

(eδ − 1)e(n−1)δ

n!

Γ(n+ α+ 1)

1

(x− y)2
·{

xMα
n,N (x− δ)Mα

n,N (y) + yMα
n,N (x)Mα

n,N (y − δ)−

x

n
Mα

n,N (y)
[ eδ(x− δ)

x− y − δ
Mα+1

n−1,N (x− 2δ) + αMα+1
n−1,N (x− δ)

]
−

y

n
Mα

n,N (x)
[
αMα+1

n−1,N (y − δ)− eδ(y − δ)

x− y + δ
Mα+1

n−1,N (y − 2δ)
]
+

xy

n

[ eδ

x− y − δ
+

eδ − 1

δ

]
Mα

n,N (x− δ)Mα+1
n−1,N (y − δ)−

xy

n

[ eδ

x− y + δ
− eδ − 1

δ

]
Mα+1

n−1,N (x− δ)Mα
n,N (y − δ)+

2xy

n

eδ − 1

δ
Mα+1

n−1,N (x− δ)Mα+1
n−1,N (y − δ)

}
.

Ëåììà 4. Åñëè x > 0, y > 0 è |x− y| ≥ θn
4 , òî

e−
x+y
2 |Kα

n,N (x, y)| ≤ c(α, λ)θ−(α+1)
n Aα

n(x)A
α
n(y).

Ëåììà 5. Åñëè 0 < x, y < θn
2 è x > 2y (y > 2x), òî

e−
x+y
2 |Kα

n,N (x, y)| ≤ c(α, λ)θ−α
n

max(x, y)
Aα

n(x)A
α
n(y).

Ëåììà 6. Åñëè x ∈
[

2
θn
, θn

2

]
, y ∈

[
1
θn
, 3θn

4

]
è |x− y| ≥

√
x
θn
, òî

e−
x+y
2 |Kα

n,N (x, y)| ≤ c(α, λ)(xy)−
α
2 − 1

4 (x+ y)√
n(x− y)2

.

Ëåììà 7. Åñëè θn
4 ≤ x, y ≤ 7θn

2 è |x− y| > 1, òî

e−
x+y
2 |Kα

n,N (x, y)| ≤ c(α, λ)θ−α
n

|x− y| 32
.

4. Äîêàçàòåëüñòâî òåîðåìû 1

Èç (1)�(3) èìååì

V α
n+m(f, x) =

∑
t∈Ωδ

f(t)ρ(t)
1

m+ 1

n+m∑
k=n

k∑
j=0

mα
j,N (x)mα

j,N (t).

Îòñþäà

e−
x
2 |V α

n+m(f, x)| ≤ ∥f∥Λα
n,m(x),
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Λα
n,m(x) = (1− e−δ)α+1

∑
t∈Ωδ

e−
x+t
2

Γ(Nt+ α+ 1)

Γ(Nt+ 1)

1

m+ 1

∣∣∣∣∣
n+m∑
k=n

Kα
k,N (x, t)

∣∣∣∣∣ .
Òåîðåìà 1 áóäåò äîêàçàíà, åñëè ìû ïîêàæåì, ÷òî ïðè x ∈ [0,∞) è −1 < α < 1/2
èìååò ìåñòî ðàâíîìåðíàÿ îöåíêà

(12) Λα
n,m(x) ≤ c(a, b, α, λ).

Ïóñòü x ∈
[
0, 2

θn

]
. Òàê êàê Γ(Nt+α+1)

Γ(Nt+1) ≤ c(α)(Nt + 1)α = c(α)Nα(t + δ)α, òî
ìû ìîæåì çàïèñàòü

(13) Λα
n,m(x) ≤ c(α)δ

[∑
t∈B1

+
∑
t∈B2

]
(t+ δ)α

e−
x+t
2

m+ 1

∣∣∣∣∣
n+m∑
k=n

Kα
k,N (x, t)

∣∣∣∣∣ = I1 + I2,

ãäå B1 = [0, 4/θn] ∩ Ωδ, B2 = (4/θn,∞) ∩ Ωδ. Èç (6) è (7) èìååì

(14) I1 ≤ c(α, λ)
δ

m+ 1

∑
t∈B1

(t+ δ)α
n+m∑
k=n

k∑
j=0

θαj ≤

c(α, λ)
θα+2
n+m

m+ 1

(
1

n

)α+1

≤ c(a, b, α, λ).

Äëÿ îöåíêè I2 âîñïîëüçóåìñÿ ðàâåíñòâîì

(15)
1

m+ 1

n+m∑
k=n

Kα
k,N (x, t) =

n+m+ 1

m+ 1
Kα

n+m+1,N (x, t)− n

m+ 1
Kα

n,N (x, t).

Òîãäà

I2 ≤ c(b, α)δ
∑
t∈B2

(t+ δ)αe−
x+t
2

(
|Kα

n+m+1,N (x, t)|+ |Kα
n,N (x, t)|

)
= I21 + I22.

Âåëè÷èíû I21 è I22 îöåíèâàþòñÿ ïî îäíîé è òîé æå ñõåìå, ïîýòîìó îãðàíè÷èìñÿ
îöåíêîé I21. Ïóñòü B3 = (4/θn, θn+m+1/2) ∩ Ωδ. Òîãäà

I21 = c(b, α)δ

( ∑
t∈B3

+
∑

t∈B2\B3

)
(t+ δ)αe−

x+t
2 |Kα

n+m+1,N (x, t)| = I121 + I221.

Èç ëåìì 4 è 5 ïîëó÷àåì:

I121 ≤ c(b, α, λ)θ−α
n+m+1A

α
n+m+1(x)δ

∑
t∈B3

tαAα
n+m+1(t)

max(x, t)
≤

c(a, b, α, λ)θ
α
2 − 1

4
n+m+1δ

∑
t∈B3

t
α
2 − 5

4 ≤ c(a, b, α, λ),

I221 ≤ c(a, b, α, λ)θ−α−1
n+m+1A

α
n+m+1(x)δ

∑
t∈B2\B3

tαAα
n+m+1(t) ≤

c(a, b, α, λ)n− 5
4

(
nαn

3
4 + e−

3n
4

)
≤ c(a, b, α, λ)nα− 1

2 ≤ c(a, b, α, λ).
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Èç (13), (14) è îöåíîê äëÿ I121, I
2
21 âûâîäèì

Λα
n,m(x) ≤ c(a, b, α, λ), x ∈

[
0,

2

θn

]
.

Ïóñòü òåïåðü x ∈ [2/θn, θn+m+1/2]. Ïîëüçóÿñü ðàâåíñòâîì (15), ìû ìîæåì
çàïèñàòü

Λα
n,m(x) ≤ c(b)δ

∑
t∈Ωδ

(t+ δ)αe−
x+t
2

(
|Kα

n+m+1,N (x, t)|+ |Kα
n,N (x, t)|

)
= J1 + J2.

Äëÿ îöåíêè âåëè÷èíû J1 ââåäåì îáîçíà÷åíèÿ: D1 = [0, x −
√

x/θn+m+1] ∩
Ωδ, D2 = (x−

√
x/θn+m+1, x+

√
x/θn+m+1)∩Ωδ, D3 = (x+

√
x/θn+m+1, 3θn+m+1/4]∩

Ωδ, D4 = (3θn+m+1/4,∞)∩Ωδ. Ñ ó÷åòîì ýòèõ îáîçíà÷åíèé çàïèøåì J1 â ñëåäó-
þùåì âèäå

(16) J1 = J11 + J12 + J13 + J14,

â êîòîðîì

J1i = c(b)δ
∑
t∈Di

(t+ δ)αe−
x+t
2 |Kα

n+m+1,N (x, t)|, i = 1, 2, 3, 4.

Îöåíèì J11. Ïóñòü D1
1 = [0, 1/θn] ∩ Ωδ, D

2
1 = (1/θn, x −

√
x/θn+m+1] ∩ Ωδ.

Òîãäà èç ëåìì 5 è 6 ïîëó÷èì

J11 ≤ c(b, α, λ)δ
∑
t∈D1

1

(t+ δ)α
θ−α
n+m+1

max(x, t)
Aα

n+m+1(x)A
α
n+m+1(t)+

c(b, α, λ)δ
∑
t∈D2

1

(t+δ)α
(xt)−

α
2 − 1

4 (x+ t)√
n+m+ 1(x− t)2

≤ c(b, α, λ)θ
α
2 − 1

4
n+m+1x

−α
2 − 5

4 δ
∑
t∈D1

1

(t+δ)α+

c(b, α, λ)
x−α

2 + 3
4

√
n+m+ 1

δ
∑
t∈D2

1

t
α
2 − 1

4

(x− t)2
≤ c(a, b, α, λ)+

(17)
c(b, α, λ)x− 1

2

√
n+m+ 1

δ

x

 ∑
1

xθn
≤y≤ 1

3

+
∑

1
3≤y≤1−

√
1

xθn+m+1

 y
α
2 − 1

4

(1− y)2
≤ c(a, b, α, λ).

Äëÿ îöåíêè J12 ïðèìåíèì ê Kα
k,N (x, t) íåðàâåíñòâî Êîøè�Áóíÿêîâñêîãî è âîñ-

ïîëüçóåìñÿ ëåììîé 2:

J12 ≤ c(a, b)

n+m+ 1
δ
∑
t∈D2

(t+ δ)αe−
x+t
2 Kα

0,N (x, t)+

c(a, b, α, λ)

n+m+ 1
δ
∑
t∈D2

(t+ δ)α
n+m∑
k=1

k1−αθ
α
2 − 1

4

k x−α
2 − 1

4 θ
α
2 − 1

4

k t−
α
2 − 1

4 ≤

(18)
c(a, b, α)xα

n+m+ 1

√
x

θn+m+1
+ c(a, b, α, λ)(n+m)

1
2x− 1

2

√
x

θn+m+1
≤ c(a, b, α, λ).
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×òîáû îöåíèòü âåëè÷èíó J13, ââåäåì îáîçíà÷åíèÿ:D1
3 = (x+

√
x/θn+m+1, 3x/2]∩

Ωδ, D
2
3 = (3x/2, 3θn+m+1/4] ∩ Ωδ. Çàìåòèì, ÷òî t − x ≥

√
x/θn+m+1 ïðè x ∈

[2/θn, θn+m+1/2] è t ∈ D3. Òîãäà èç ëåììû 6 ïîëó÷èì

J13 ≤ c(a, b, α, λ)√
n+m+ 1

x−α
2 − 1

4 δ
∑
t∈D3

(t+ δ)α(x+ t)t−
α
2 − 1

4

(x− t)2
≤

c(a, b, α, λ)√
n+m+ 1

x−α
2 − 1

4 δ
∑
t∈D3

t
α
2 + 3

4

(x− t)2
≤ c(a, b, α, λ)√

n+m+ 1

√
xδ
∑
t∈D1

3

1

(t− x)2
+

(19)
c(a, b, α, λ)√
n+m+ 1

x−α
2 − 1

4 δ
∑
t∈D2

3

t
α
2 − 5

4 ≤ c(a, b, α, λ).

Ïåðåéäåì òåïåðü ê îöåíêå J14. Ïóñòü D1
4 = (3θn+m+1/4, 3θn+m+1/2] ∩Ωδ, D

2
4 =

(3θn+m+1/2,∞) ∩ Ωδ. Òîãäà èç ëåììû 4 è ðàâåíñòâà (8) èìååì

J14 ≤ c(a, b, α, λ)θ
−(α+1)
n+m+1A

α
n+m+1(x)δ

∑
t∈D4

(t+ δ)αAα
n+m+1(y) ≤

c(a, b, α, λ)θ
−α

2 − 5
4

n+m+1x
−α

2 − 1
4 θ

α− 1
4

n+m+1δ
∑
t∈D1

4

1

(θ
1
3
n+m+1 + |t− θn+m+1|)

1
4

+

c(a, b, α, λ)θ
−α

2 − 5
4

n+m+1x
−α

2 − 1
4 δ
∑
t∈D2

4

tαe−
t
4 ≤

(20) c(a, b, α, λ)θ
α
2 − 3

2
n+m+1x

−α
2 − 1

4

(
θ

3
4
n+m+1 + e−

3n
4

)
≤ c(a, b, α, λ).

Èç (16)�(20) ïîëó÷àåì ñëåäóþùóþ îöåíêó

J1 ≤ c(a, b, α, λ).

À ïîñêîëüêó äëÿ J2 ñïðàâåäëèâà àíàëîãè÷íàÿ îöåíêà, òî

Λα
n,m(x) ≤ c(a, b, α, λ), x ∈

[
2

θn
,
θn+m+1

2

]
.

Ðàññìîòðèì ñëó÷àé, êîãäà x ∈ (θn/2, 3θn+m+1/2]. Âåëè÷èíó J1 çàïèøåì â
âèäå

(21) J1 = H1 +H2 +H3 +H4 +H5,

â êîòîðîì

Hi = c(a, b)δ
∑
Gi

(t+ δ)αe−
x+t
2 |Kα

n+m+1,N (x, t)|, i = 1, 2, 3, 4, 5,

G1 = [0, x−θn+m+1/4]∩Ωδ, G2 = (x−θn+m+1/4, x−1)∩Ωδ, G3 = [x−1, x+1]∩Ωδ,
G4 = (x + 1, x + θn+m+1/4) ∩ Ωδ, G5 = [x + θn+m+1/4,∞) ∩ Ωδ. Äëÿ âåëè÷èíû
H3 ñïðàâåäëèâà îöåíêà (18). ×òîáû îöåíèòü âåëè÷èíû H1 è H5, âîñïîëüçóåìñÿ
ëåììîé 4 è ðàâåíñòâîì (8):

H1 ≤
c(a, b, α, λ)θ

−α− 5
4

n+m+1

(θ
1
3
n+m+1 + |x− θn+m+1|)

1
4

δ
∑
t∈G1

(t+ δ)αAα
n+m+1(t) ≤

c(a, b, α, λ)θ
−α− 4

3
n+m+1

(
1

θn+m+1
+ θ

α+ 1
2

n+m+1

)
≤ c(a, b, α, λ)θ

− 5
6

n+m+1,
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H5 ≤ c(a, b, α, λ)θ
−α− 4

3
n+m+1δ

∑
t∈G5

(t+ δ)αAα
n+m+1(t) ≤

c(a, b, α, λ)θ
−α− 4

3
n+m+1

(
θ
α− 1

4
n+m+1θ

3
4
n+m+1 + e−

3n
4

)
≤ c(a, b, α, λ)θ

− 5
6

n+m+1.

Ñ ïîìîùüþ ëåììû 7 îöåíèì âåëè÷èíû H2 è H4:

H2 ≤ c(a, b, α, λ)

θαn+m+1

δ
∑
t∈G2

(t+ δ)α

(x− t)
3
2

≤ c(a, b, α, λ)δ
∑
t∈G2

(x− t)−
3
2 ≤ c(a, b, α, λ),

H4 ≤ c(a, b, α, λ)δ
∑
t∈G4

(t− x)−
3
2 ≤ c(a, b, α, λ).

Èç îöåíîê äëÿ Hi è ðàâåíñòâà (21) èìååì

J1 ≤ c(a, b, α, λ).

Ñëåäîâàòåëüíî,

Λα
n,m(x) ≤ c(a, b, α, λ), x ∈

(
θn+m+1

2
,
3θn+m+1

2

]
.

Ïóñòü x ∈ (3θn+m+1/2,∞). Â ñèëó íåðàâåíñòâà Êîøè�Áóíÿêîâñêîãî ìû ìî-
æåì çàïèñàòü

Λα
n,m(x) ≤ 1

m+ 1
δ
∑
t∈Ωδ

(t+ δ)α
n+m∑
k=n

(
e−xKα

k,N (x, x)
) 1

2
(
e−tKα

k,N (t, t)
) 1

2 .

Èç ëåììû 2 ïîëó÷èì

Λα
n,m(x) ≤ c(α, λ)

e−
x
4

m+ 1
δ
∑
t∈Ωδ

(t+ δ)α
n+m∑
k=n

k
1
2−

α
2

(
e−tKα

k,N (t, t)
) 1

2 .

Ïóñòü E1 = [0, 1/θn]∩Ωδ, E2 = (1/θn, θn+m/2]∩Ωδ, E3 = (θn+m/2, 3θn+m/2]∩Ωδ,
E4 = (3θn+m/2,∞) ∩ Ωδ. Òîãäà

(22) Λα
n,m(x) ≤ c(α, λ)

e−
x
4

m+ 1
(H1 +H2 +H3 +H4) ,

ãäå

H1 ≤ c(α, λ)δ
∑
t∈E1

(t+ δ)α
n+m∑
k=n

k1−αθαk ≤ c(α, λ)
(n+m)2

θα+1
n

≤ c(a, b, α, λ)n1−α,

H2 ≤ c(α, λ)δ
∑
t∈E2

(t+ δ)α
n+m∑
k=n

k1−αθ
α
2 − 1

4

k t−
α
2 − 1

4 ≤

c(a, b, α, λ)n
7
4−

α
2 δ
∑
t∈E2

t
α
2 − 1

4 ≤ c(a, b, α, λ)n
5
2 ,

H3 ≤ c(α, λ)δ
∑
t∈E3

(t+ δ)α
n+m∑
k=n

k
1
2−

α
2 k−

α
2 ≤ c(a, b, α, λ)n

5
2 ,

H4 ≤ c(α, λ)δ
∑
t∈E4

(t+ δ)α
n+m∑
k=n

k1−αe−
t
4 ≤ c(a, b, α, λ)n2−αe−

3n
4 .
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Èç (22) è îöåíîê äëÿ Hi (i = 1, 2, 3, 4) íàõîäèì

Λα
n,m(x) ≤ c(a, b, α, λ)n

3
2 e−

x
4 , x ∈

(
3θn+m+1

2
,∞
)
.

Òåì ñàìûì äîêàçàíà ñïðàâåäëèâîñòü îöåíêè (12).
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