WEAKLY PERIODIC MATRICES OVER
ALGEBRAICALLY CLOSED FIELDS
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ABSTRACT. We explore the situation where all square n X n matrices over an
algebraically closed field F are weakly periodic of index of nilpotence 2 and prove
that this can be happen uniquely when F is a countably infinite field with odd
characteristic which is a countable union of its finite subfields of order greater
than n. In particular, in the commuting case of weak periodicity, we show that
such a decomposition is absolutely impossible.

Our obtained by us results somewhat generalize those obtained by Breaz-
Modoi in Lin. Algebra & Appl. (2016).

1. INTRODUCTION AND PRINCIPALITIES

Let F be an arbitrary field and n an arbitrary non-negative integer, say n > 1.
We denote by M,,(F) the matrix ring consisting of all square n x n matrices over F.

The matrix M € M, (F) is called potent if there exists an integer £k > 1 such
that M**t1 = M. So, let ST}, be the set of traces of all potent companion matrices
C € M,,(F).

Let R be a ring. An element z € R is said to be potent if there exists a non-
negative integer ¢ > 1 with 297! = @, and x € R is said to be weakly periodic with
nilpotence index 2, provided z is the sum of a potent and a square-zero nilpotent
of R. Furthermore, we shall say that the ring R is weakly periodic with nilpotence
index 2, provided every element of R is weakly periodic with nilpotence index 2.

Historically, the concept of weak periodicity arisen quite normally in the existing
on the subject literature. In fact, it was showed in [3] that an element z of a ring
R is periodic, i.e., ™ = 2™ for some two different positive integers m, n, if and only
if x can be written as a sum of a potent element and a nilpotent element which
commute each other. Thus, by removing the ”commuting property”, it is rather
natural to consider the sum of such two elements. In addition, a ring R is called
weakly periodic if all its elements are weakly periodic.

On the other hand, Diesl defined in [5] the notion of a nil-clean ring R as the ring
for which, for every a € R, there are an idempotent e and a nilpotent b such that
a = e+b. Moreover, Ye introduced in [8] the notion of semi-clean ring R as the ring
for which, for each a € R, there are a potent ¢ and a unit v such that a = ¢ + u.
Henceforth, it is pretty obvious that the weakly periodic rings are properly situated
between nil-clean and semi-clean rings. Indeed, there is a nil-clean ring (and thus
a weakly periodic ring) that is not periodic.

So, they really need a detailed exploration in the matrix case, being our basic
motivation, to which is devoted the present article. Our major purpose here is to
decide what is the power structure of the base field, provided that it is algebraically
closed, when all square matrices over it are either arbitrary weakly periodic with
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index of nilpotence 2 or just commuting weakly periodic with index of nilpotence
2, respectively. In what follows, we shall show that such a field is either countably
infinite or that such a matrix decomposition is quite impossible, respectively (see,
respectively, Theorems 3.7 and 3.13).

2. SuMs OoF RooTts oF UNITY

Throughout this section, let F be an algebraically closed field of arbitrary char-
acteristic. By a root of unity, we denote a root of the polynomial over F which is of
the form g = X’ — 1, where 7 is an integer with i > 2. Let SR, be the set of sums
of at most n roots of unity, which are not necessarily distinct.

For a non-negative integer m > 2, we denote by 7 the cycle 7,,, = (1 2 ... m) €
Sm, and by P, the m x m permutation matrix with only Os and 1s over F, that
is, Pr,, = (aij)1<ij<m, where (a;;) = 1if j = 7,(4), and (a;j) = 0 if j # 7,(3).
Likewise, we denote by L, , the set of polynomials having degree at most m and
with non-negative integer multiples of unity coefficients such that their sum is not
exceeding n.

We need the following two technicalities.

Lemma 2.1. Let n > 1 be a non-negative integer and t € SR,,. Then, there exists
an integer m > 1 and f € Ly, such that

t € Spec(f(P,,,)).

Proof. Letting t € SR,,, then there exist non-zero integers 1 < k <nand ay,as,...ax
with sum not exceeding n as well as there are roots of unity A1, As, ...\ and non-
negative integers mi,mo, ..., my such that A" = A\J"? = ... = X\" =1 and such
that

t =1 + ao| + ... ap k.
If we take m to be the common multiple of my,ma, ..., my, then A" =1 for every
i€ {1,2,...,k}. Consequently, k¥ < m and
{1, Ay oy At C{e™, €2, €% Y

where {aj,as,...,ar} C {0,1,...,m — 1} and € is so that it generates all m-th
roots of unity. Without loss of generality, we can assume that a1 < as < ... < ak.
Therefore,
t = a1e™ + age® + ...+ apett.
Suppose now that
=1 X" 4+ s X® 4+ ...+ ap X%,

Since a1, a9,...,qr are non-negative integers with sum not exceeding n, it will
follow that f € L, ,. We also will have the equality
t= f(e).

Since € is a primitive m-th root of unity, one extracts that € is an eigenvalue for
P, ., and hence f(e) is an eigenvalue of f(P;, ). Therefore, t € Spec(f(F~,,)), as

m

promised. O

Lemma 2.2. Let m > 2 and n > 1 be integers. If f € Ly p, then, for t €
Spec(f(Pr,,)), there exist two integer multiples of unity u = u(t) and o = a(t) such
that (t — o)™ = u.
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Proof. Letf € Ly, n, and t € Spec(f(Pr,,)). It follows now that ¢ is a root of the
polynomial det(XI,, — f(Py,,)). But as f € Ly, p, there exist 1 < k < m and non-

Tm

zero integers o, o, . . ., g and non-negative pairwise distinct integers ai, ao, ..., ag
with sum at most n and maxay,as,...,ar < m, such that

=1 X" 4+ s X® 4+ ...+ ap X%,
Therefore,
f(PTm) = Ozl(PTm)al + OéQ(PTm)aQ +...+ ak(PTm)ak.
Since 7,,, is a cycle in Sy, and 7, = (1 2... m), it follows that 7, is a product of
m — 1 transpositions, and hence 7,,, and m obviously have different parities.
Furthermore, assuming m is even, it follows then that 7,, is odd, and thus 7%

and a; have the same parity for every i € {1,2,...,k}. Now, let (bij)i<ij<m =
X1y, — f(Pr,) and o; = f(0). Therefore,

Tm

det(f(Pr,.)=X1Im) = (=XIn)"+ D" bio() Do)=Y bio(1)** bmo(m) =

o#e,oceven codd

= (v — X)™ + (=)Mo 4 (1) ol 4 (=)W — (=)@,
1 2 k i

Consequently, for even m, we obtain:
(a5 = O™ = (~1)™af + (~1)2a§ + ...+ (~1)%af — (~1)"al".
Assuming that m is now odd, we then infer that 7, is even, and so 7% is even

for each i € {1,2,...,k}. Now, let (bjj)i<ij<m = f(Pr,) — X1y and o; = f(0)
Therefore,

det(f(Pr,)) = XIn) = (i =X)™+ > bio) Dimatm)— D bio(1)* bno(m) =
oteceven codd
=i —X)"+a"+ay +...+af' —0—aj".
Consequently, for odd m, we conclude:
(t—a)"=a"+ay +...+a —a.
Finally, there exist multiple integers of unity, say o = «; and u, such that (¢t —

a)™ = u, as required. O

The next two examples are worthy of including in order to explain the situation
more detailed.

Example 2.3. Let p be a prime number, [ > 0 an integer, n,m integers with
n > 1,m > 1, and let F an algebraically closed field such that p! < n — 1 and
GF(p') CF.
Also, let the equation 2™ —1 = 0 holds over F. It has d = ged(p' — 1, m) solutions
l
in GF(p!), namely 1,h,h%,... A%t for h = ngA, where ¢ is a generator of the
multiplicative cyclic group of the field GF(p'). Since h? = 1, we have

1+h+h2+... +h¥1 =0,

Therefore,

—1=h+h*+.. +hiL
So, —1 is the sum of d — 1 m-th roots of unity with each of them not equal to 1.
Since d — 1 < d < pt — 1 < n, we detect that

-1 = Ozlh + Oé2h2 + ...+ Old_lhd_l
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with
ap=ay=...=0qq_1=1,
and hence it follows from the proof of Lemma 2.2 that
(—-1-0)"=ao"+ay' +...+a;—0.
Thus, (—1)" = d — 1, as expected.

Example 2.4. Let F be an algebraically closed field such that GF(9) C F, and
let n be an integer such that 9 < n. Consider the equation z'2 = 1 over F. Let
g be a generator of the multiplicative group of GF(9). Since ged(3% —1,12) = 4,
there are four 12-th roots of unity in the field GF(3?). They are €, €5 €% and
€™ respectively, where € is a primitive 12-th root of unity, whereas a3 and a4 are

positive distinct integers less then 12 and not equal to 6. However, as 324—71 =2, we

have
{17 —1,€%, €a4} = {17923 (92)2a (92)3}'
Since (g2)* = 1, it follows that
L+¢* 4+ (6°)° + (¢*)° = 0.
Consequently,
—1=—14¢€"+e".
We, thus, derive two things: € = —e®, and —1 is the sum of at most n 12—th

roots of unity, because 3 < 32 < n. Therefore, imitating the proof of Lemma 2.2
and taking into account that 12 is even, it follows at once that

(0= (~1)2 = (=1)° - 112 4 (= 1) 112 4 (1) 112,
as wanted.
We continue our work with the following simple but useful claim.

Proposition 2.5. Let n > 0 be an integer, and let F be an algebraically closed field
of prime characteristic p with n < p. Then, every non-zero sum of at most n roots
of unity of F is again a root of unity.

Proof. Let t be a non-zero sum of at most n roots of unity. According to Lemma
2.1, we get that there exists f € Ly, such that ¢t € Spec(f(P,,)), whereas Lemma
2.2 enables us that if ¢t € Spec(f(Fr,.)), then there exist u € F, and o € F), such
that (t — @)™ = wu. Likewise, the proofs of the mentioned two lemmas tell us that
if ¢ is the sum of at most n m-th roots of unity within there are exactly a values
of 1, then (t — @)™ € F,. Now, in this in mind, we may assume that ¢t # a. Since
t # 0 is the sum of at most n roots of unity within there are no values of 1, then
(t—a)™ € F, — {0}. If, however, a # 1, then ¢ is the sum of two roots of unity not
equal to 1, i.e., t = a + y with ym(pfl) = 1. So,

(t - 0" € F, — {0}
and, therefore, gmp=1)? = 1, Thus, ¢ is a root of unity.

Now take o = 1. But as
t=1-14y=
= (-1 (1) +y= () (- +y) +(p—n—1) (1),

we have that (n)(—1) + y is the sum of n roots of unity equal to (—1) and one
m(p — 1) — th root of unity not equal to 1. It follows now that

() (1) +y— 100D =1
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Moreover, if (p —n — 1) - (—=1) = 1, then p divides n. But we have the restriction
n < p—1, so that we deduce p < p—1 which is absolutely false. By this contradiction,
we derive that t is the sum of two 2m(p — 1)-th roots of unity not equal to 1.
Consequently,

(t =0y~ e F, — {0},

whence $2m(P—1? = 1. Finally, t is a root of unity, as desired. O

3. MAIN RESULTS
We divide our basic results into two subsections as follows:

3.1. The general case. We begin our work with the following plain, but helpful
technicality.

Lemma 3.1. Let n > 1 be an integer and let F be an algebraically closed field.
Then, any trace of a potent n by n companion matrix over F is a sum of at most n
roots of unity.

Proof. Let t be the trace of a potent n by n companion matrix C over F such that
C™*! = C for some non-negative integer m > 1. Therefore, the minimal polynomial
of C divides X™*! — X, and since the minimal polynomial of C is the same as the
characteristic polynomial of C, it follows that the characteristic polynomial of C
divides X™*! — X, and hence an eigenvalue A of C is a solution of the equation
X(X™ —1) = 0. We have that the solution is X = 0 or such that X™ —1 =0, so
that A is either zero or a root of unity.

Suppose now that k is the number of distinct non-zero distinct eigenvalues
of C, say A1, A2,...,Ax. Thus, it follows that there exist non-negative integers
Qa1,09,...,0k, a1 With sum n, and non-zero integers oy, ag, ..., ax such that

t=a1 1 +ada+ ...+ Ay + o - 0.
Consequently,
t= a1\ + agho + ...+ apg,
such that the inequality
oaor+oas+...+ap<n
is fulfilled. Hence, t is a sum of at most n m-th roots of unity, as pursued. O

We proceed with a few pivotal for our work statements.

Proposition 3.2. Let n > 1 be a non-negative integer and C' € M, (F) a companion
matriz over an algebraically closed field F. Then, the following two claims are true:
(1) If C is weakly periodic with nilpotence index 2, then trace C' € SR,,.
(2) If the trace C is a trace of a potent companion matriz, then C is weakly
periodic with nilpotence index 2.

Proof. (1) Assume C' = M + N with M potent and N a square-zero nilpotent such
that trace C' ¢ SR,. So, it is obvious that trace C' ¢ ST,,. Since trace N = 0,
it follows that trace C' = trace M. Thus, one deduces that M is not similar to a
companion matrix. We shall now consider the next two cases:

Case 1: M is similar to a direct sum of two companion matrices Cy of size [ and
Cy of size n — I, so that there exists an invertible matrix of size n over F with
M =U(Cy @ Co)UL. Hence,

trace M = trace C = trace C + trace C5.
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Since the direct sum C7 @ Cs is obviously potent, one sees that trace Cy € ST}
and trace Cy € ST,,_;. By virtue of Lemma 3.1, one gets that trace C; € SR; and
trace Cy € SR,,_;. Therefore,

trace Cq + trace Cy € SR,

and hence trace M € SR,,. But trace C = trace M, and so we obtain that trace C' €
SR,.

Case 2: M is similar to a direct sum of v companion matrices, where 3 < u < n.
It can easily be seen that with induction on u we will have trace C' € SR,,.

(2) Since trace C'is a trace of a potent companion matrix, we get that there is a
potent companion matrix C” such that trace C’ = trace C, whence (C' — C")? = 0.
In conclusion, C' is weakly periodic with nilpotence index 2, as claimed. U

Proposition 3.3. Let n > 1 be an integer. If all n X n companion matrices over
an algebraically closed F are weakly periodic with nilpotence index 2, then F C SR,,.

Proof. This follows immediately with the aid of Proposition 3.2 by simple induction
on n. (]

The next statement is closely related to assertions from [4].

Lemma 3.4. Every diagonalizable matriz over the finite Galois field GF(p'), for
some | > 1, with no multiple eigenvalues is a non-derogatory potent matrix.

Proof. Since every element x € GF(p') satisfies the equation 2P = x, it follows that
each diagonal over GF(p') is potent. Hence, any diagonalizable matrix over GF(p')
is necessarily potent as well.

Moreover, since the matrix has no multiple eigenvalues, the algebraic multiplicity
of every eigenvalue is exactly 1. And since the matrix is diagonalizable, the geomet-
ric multiplicity of any eigenvalue equals to the algebraic multiplicity, so that it will
be precisely 1 too. Therefore, the matrix is non-derogatory as well. In conclusion,
the matrix is a non-derogatory potent matrix, as stated. O

The following technical claim from field theory is our key to establish the chief
result formulated below. Although it is somewhat a folklore, we shall provide a full
proof for the readers convenience and completeness of the exposition (for a more
detailed information see, for instance, [7]).

Proposition 3.5. FEach infinite field, which is an algebraic extension of its minimal
simple (finite) subfield, is an infinite countable union of its finite subfields, and thus
it is countable. In addition, these finite subfields can be taken of the sort GF(p")
such that GF(p') is contained in GF(p'+1) and l; divides l;y1 for each i > 1.

Proof. Given F is an infinite field of characteristic p > 0, which is an algebraic
extension of its simple subfield F,, of p elements, and u is an arbitrary element of
F. Hence, each [F,,(u) which means the extension of F,, generated by u, is a finite
extension of F,, and so it is a finite subfield of F. Precisely, all finite subfields of F
are of this type, because for the finite extensions of I}, is valid the classical theorem
for the ”primitive element”. We also know that

Fp(u) = Fp[X]/(9u(X)),
where X is a transcendental element over [F,,, and g, (X) is the minimal polynomial
of u over F,,. To ensure an uniqueness of g,(X), as usual we will assume that it is
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normed, that is, its chief coefficient is exactly 1. Also, the degree [Fy,(u) : F,] of the
extension [, (u)/F, coincides with the degree of the polynomial g, (X).

Furthermore, the extensions F,,(u)/F, are normal with cyclic Galois group. More-
over, for every positive integer n, at most (exactly) one field of the form Fp(u) is an
extension of the field F,, of degree n. In other words, there is a bijection between the
set of all subfields of F of the kind [F,(u) onto some subset of the set N consisting of
all natural numbers. Concretely, this subset consists of those elements of N which
are equal to the degree [Fp(u) : )] for some element v € F. Since any subset of
N is either finite or infinitely countable, our arguments so far allow us to conclude
that F can be presented as a finite or countably infinite union of finite (sub)fields.
This union is properly countable uniquely when F is an infinitely countable field,
as pursued.

Next, by what we have already shown, the base field F is countable, and hence
the elements of F can be linearly ordered as fi,..., fn,.... Set Fp, =Fp(f1,..., fn)
for every n € N. It is now easily inspected that F is equal to the countable union
of all its subfields F,,, where n > 1. Besides, it easily follows that F,,/F), is a finite
extension, because it is simultaneously an algebraic extension and finitely generated.
Likewise, [F,, is obviously a subfield of F,,;; for each natural n > 1. Thus, we arrive
at the conclusion that F,, is a finite field of order p'», where I,, = [F,, : F,]. Since
F,, <F,+1, one deduces that [, is divided by [,, and that the equality

ln-i—l/ln = [Fn—‘rl : Fn}

holds for all n € N, as desired.
As for the second part that such a field is necessarily is now an immediate con-
sequence of the first one. O

The next comments are worthwhile to explain that the conditions in the previous
statement cannot be weakened.

Remark 3.6. Knowing that F, is the simple (finite) field of prime characteristic
p, routine arguments show that the field F),(X) of rational functions of the variable
X with coefficients from F,, which is actually a transcendental extension of Fy, is
an example of a countable field of characteristic p which cannot be constructed as
a countable union of finite fields. Moreover, arguing in the same manner, one can
see that the field of rational numbers, @Q, also cannot be presented as a countable
union of finite fields.

We now arrive at our first main result in the present paper. Specifically, the
following is true:

Theorem 3.7. Let n > 1 be an integer and let F be an algebraically closed field.
Then, the following two conditions are equivalent:

(1) Every nxn matriz over F is the sum of a potent and a square-zero nilpotent
over .

(2) F is a countably infinite field of odd characteristic which is a countable union
of its finite subfields of order greater than n.

Proof. (1) = (2). Assume that each nxn matrix C over F is weakly periodic with
nilpotence index 2. Therefore each n X n companion matrix F is weakly periodic
with nilpotence index 2. Referring to Proposition 3.2, we have that t € F, the
trace of C'is also in SR,,. Likewise, by Proposition 2.1, we have that there exist an
integer m > 1 and f € Ly, such that t € Spec(f(P(7m)). Therefore, there exist
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two integer multiples of unity, say « and u, such that (¢ — a)™ = u holds owing to
Lemma 2.2.

Assume now, in a way of contradiction, that F has zero characteristic. It then
follows that each non-zero integer multiple of unity s is invertible. Set t = r - s~1.
Thus, there exist two integer multiples of unity a and u such that (r-s=! —a)™ = w.

However, applying the classical Newton’s binomial formula, we find that

and so

which is equivalent to

™= ((-1)° <T> a4 (1)1 <7;> rm 202 s+
A ()M T2 g g ys™ ) L,

As by assumption the field is of characteristic zero, we may consider with no harm of
generality that the above equation is satisfied in Z, whence it follows that s divides
r™ for any s € Z*, r € Z, which is manifestly false; for example, by considering
s = 2 and r = 3. Hence, the characteristic of the field has to be some non-zero
prime, say p > 0. Besides, Proposition 3.3 ensures that the field is of necessity
countable, because SR,, is countable and F C SR,,.

We now consider GF(p') with GF(p') C F. Assume p! < n, 28 # p! — 1, for
any non-negative integer ¢, and p an odd prime. Thus, there exists an odd proper
divisor d of p' — 1. Further, take ¢ a non-negative odd integer such that ¢ and p! — 1
are co-prime. Then, m = d-q is odd and d = gcd(pl —1,m). We are, in fact, in
the framework of Example 2.3. So, (—1)"™ = d — 1. Since m is odd, we derive that
p divides d, but d divides p' — 1. The obtained contradiction that d divides 1 leads
us to the existence of the non-negative integer ¢ such that 2t = p' — 1, or p = 2, or
pl > n.

Assume 2! = p! — 1 and p # 2 for a non-negative integer t. It routinely follows
now that p — 1 and

r:pl_1+pl_2+...+p+1
are powers of 2 and p—1 divides r. But since p—1 divides r — [, we receive that p—1
divides [. Since p # 2, we deduce that [ = 2u with u a positive integer. That is why,
(p* —1)(p* + 1) = 2! and hence p* — 1 divides p* + 1. Finally, p* — 1 divides 2 and
since p # 2, we obtain p = 3 and u = 1. Thus, [ = 2u = 2 and GF(p') = GF(3?).

Furthermore, let g be a generator of the multiplicative group of GF(9). We are
in the framework of Example 2.4. So, there are distinct positive integers a3 and ay
less then 12 and not equal to 6 such that

(0 . (71))12 — (71)6 . 112 + (71)113 . 112 + (71)114 X 112.
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We, therefore, inspect that the numbers a3 and a4 cannot be simultaneously odd
or simultaneously even. In this way, without loss of generality, we can assume that
as is even and a4 is odd, and since €*3 = —e% with € a primitive 12-th root of unity
(see, e.g., Example 2.4), we obtain that (—e)? = (—e)*. However, because € is
not lying in the set {—1,0, 1}, while a3 and a4 are positive integers less then 12, it
follows automatically that as = a4, that is a new contradiction, which proves that
either p = 2 or p! > n.

Assume now p = 2. If we take, in the framework of Lemma 2.3, p = 2 and
m = 2(2! — 1), then one sees that d = 2! —1 = gcd(2! — 1,2(2' — 1)) as there we have
obtained (—1)" =d — 1. But in GF(2') we have —1 = 1. Consequently, 1 = d + 1
and so d is even. Hence, 2! is odd and I = 0. However, since [ = 0 is the only integer
such that GF(2!) C T, it follows that F = Fy. Finally, either F = F5 or p' > n.

Now, assume F is not finite. In order to demonstrate that F is an algebraic
extension of its minimal simple (finite) subfield, we simply use Proposition 3.3,
from which we know F C SR,,, combined with Lemma 2.5, which states that every
non-zero sum of at most n roots of unity is a root of unity.

After all, one may conclude that [F has to be an infinite field, which is an algebraic
extension of its minimal simple (finite) subfield, with odd characteristic. However,
with the aid of Proposition 3.5, all of this means that I is a countable union of its
finite subfields. In conclusion, I is an infinite countable union of its finite subfields
of order greater than n with odd characteristic, as asserted.

(2) = (1). Let GF(p') be contained in F. If p = 2, the conclusion follows from
[4, Corollary 3.2]. Take C; to be an n x n companion matrix over GF(p'). Then, as
p! > n, it follows by application of the main result from [4] that we may decompose
C1 = D1 + Ny, where D1 is a diagonalizable matrix over GF (pl) with no multiple
eigenvalues, and N; is a nilpotent matrix of nilpotence index 2 over GF (pl). Now,
Lemma 3.4 helps us to have that D; is a non-derogatory potent matrix, and, as
trace N = 0, we can get that trace C1 = trace D;. Therefore, any element in
GF(pl ) can be the trace of a non-derogatory potent matrix. Hence, each element
in GF(pl) can be the trace of a potent companion matrix.

Furthermore, since FF is a union of finite fields, it follows at once that every element
in F can be the trace of an n X n potent companion matrix over F. Thus, letting
C be an arbitrary n X n companion matrix over F, we then deduce that trace C
is a trace of a potent n x n companion matrix. Therefore, applying Proposition
3.2(2), one infers that any n x n companion can be written as a sum of a potent
matrix and a nilpotent matrix of order 2 over F. Then all 1 x 1 companion matrix
can be written as a sum of a potent matrix and a nilpotent matrix of order 2 over
F. Now take k£ a natural number, £ > 1 and assume that all companion matrices
of order less than or equal to k can be written as a sum of a potent matrix and a
nilpotent matrix of order 2 over F. Take A to be a (k+ 1) x (k4 1) matrix. If A
is not similar to a companion matrix then the companion matrices in the rational
canonical form are of order less than or equal to k, By the induction hypothesis
they have the desired decomposition, which means that the matrix A, which is
similar to its rational canonical form has our decomposition. Now, if A is similar
to a companion matrix, then it has the desired decomposition since we have proved
that for any n > 1 any n X n companion matrix can be written as a sum of a
potent matrix and a nilpotent matrix of order 2 over F. Therefore, due to a simple
induction, the conclusion is achieved. U
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As an explicit example for 2 x 2 matrices over non-algebraically closed fields,
possibly over a finite field; e.g., the field Fo, we can give the decompositions:

e For companion matrices with the trace 1, we have:

(V)= 1)+ (s 5)

e For companion matrices with the trace 0, we have:
0 1 1 0 1 1

(1 0)‘(0 1)*(1 1)'
0 0 0 0 0 0

(1 0)_(0 0)*(1 0)'

We now come to the case when the potent and square-zero matrices commute
each other.

and, respectively,

3.2. The commuting case. We will attack here the commuting case of weakly
periodic with nilpotence index 2 companion matrices, that is, the existing potent
and square-zero nilpotent matrices commute each other. To that aim, we first need
the following two technical conventions.

Lemma 3.8. Let n be a positive integer and F an algebraically closed field. If,
for every n x n companion matrix C over IF, there exist an integer t > 1, a potent
matriz P such that P = P! and a square-zero nilpotent N such that C = P + N
with PN = NP, then the following two points are true:
(1) If C is invertible, then x¢ divides (X'~1 —1)2.
(2) If A\, Aa,..., Ay are non-zero elements of F, then there exists an integer
t > 1 such that )\f_l =1 for every i € {1,2,...,n}.

Proof. (1) Since C = P + N and PN = NP, it follows that CP = PC and
CN = NC. But we have (C — N)! = C — N. Since CN = NC, we can apply
Newton’s binomial formula to argue that there exists an n x n matrix M over F
such that
C' —tCN + MN?*=C - N.
But as N? = 0, we obtain that
C(C*™' —tN)=C - N.
Multiplying with C*~! +tN, we get that
C(C?*"2 —2N?) = C' +tCN — C'"IN + tN?,
and using that N2 = 0, we write the equality
C*l =M+ (tC - C* N,
But C is invertible, and so
C*2 — ' = (tl, — C'?)N.
Now, bearing in mind that CN = NC and N? = 0, we infer
(C12 — =12 =,
and since C' is invertible, we conclude
(ct='—1)?2=0.
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Therefore, the minimal polynomial of C' divides (X'~! — 1)2. But the minimal
polynomial of C' is the characteristic polynomial, say xc¢, of C. Summarizing all
the information so far, y¢ divides (X*~! — 1)2, as promised.

(2) Just take C' to be the companion matrix with eigenvalues A1, g, ..., A, and
apply the preceding point (1) along with the fact that A1, Aa, ..., A, are from F. O

Lemma 3.9. Let n be a positive integer and F an algebraically closed field. If,
for every n x n companion matrix C over IF, there exist an integer t > 1, a potent
matriz P such that P = P! and a square zero nilpotent N such that C = P + N
with PN = NP, then the following two conditions are valid:

(1) If C is invertible, then there exists a polynomial ¢ € F[X]| such that xc
divides (¢(X) — X)2.

(2) If M1, Ao, ..., Ay are non-zero elements of F, then there exists a polynomial
q € F[X] such that q(A\;) = i for every i € {1,2,...,n}.

Proof. (1) Since C = P+ N and PN = NP, it follows that CP = PC and CN =
NC. It is well known that all matrices that commute with a companion matrix C
can be interpreted just as polynomials in C' over F. So, there exists ¢ € F[X] with
C = q(C) + N. Now, since N2 = 0, it follows that (¢(C) — C)? = 0. Therefore,
the minimal polynomial of C obviously divides (¢(X) — X)?. But the minimal
polynomial of C' is the characteristic polynomial, say xc¢, of C. Summarizing all

the information thus far, yo divides (¢(X) — X)?, as asked for.

(2) Just take C to be the companion matrix with eigenvalues A1, g, ..., A, and
next employ the preceding condition (1) together with the fact that A, Ag,..., Ay
are from . O

The following claim from number theory is a well-known folklore fact, but nev-
ertheless we state it here only for the sake of completeness and the reader’s conve-
nience.

Lemma 3.10. Let a, b, ¢ be three positive integers. Then, ged(be, a) divides ged (b, a)-
ged(e, a).

Proof. Let we set f = ged(a,be), fi = ged(a,b) and fo = ged(a,c). Then, there
exist integers s1, s9,t1,t2 such that

f1=s1a+1t1b
and

fo = soa + toc.
Thus,

fifoe= 5152a2 + sitgac + t1s9ba + titabe.

But f divides a and f divides be, so f divides a?, f divides ac, f divides ba and
f divides be. Hence, f divides fi fo whence ged(be, a) divides ged(b, a) - ged(c, a),
and the claim sustained. O

The next comments are needed to explain the complicated situation in the com-
muting case.

Remark 3.11. Let A1, Ao,..., A, be distinct non-zero elements of F. By Lemma
3.9(2), there exists ¢ € F[X] such that g(\;)) = A; for every ¢ € {1,2,...,n}.
Take GF(p't) such that Aj, A2, ..., \, are in GF(p'), GF(p?) and such that q €
GF(p"?)[X] with | = max(l1,l2). Then, A, Aa,..., A\, are in GF(p'), while ¢ €
GF(p)[X].
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Furthermore, since A1, A, ..., A, are in F, it follows from Lemma 3.8(2) that there
exists a non-negative integer ¢ > 1 such that Xé_l =1 for every i € {1,2,...,n}.
Now, since A1, Ag, ..., A\, are in GF(p!), we can infer that

M, A2, A} C R R R =1,
i
where h = g% with ¢ a generator of the multiplicative group of GF(p'), and
d = ged(p! — 1,¢ — 1). Therefore, n < d and there exist

{j17j27 s 7]71} g {1727 L 7d}
such that \; = h/i. Finally, we extract that q(h/) = h% for every i € {1,2,...,n}
with h¢ = 1, as expected.

The next example illustrates some concrete aspects of our calculating manipula-
tions.

Example 3.12. If in the previous Remark 3.11 we take A\; = ¢° and Ay = g'*!
with i € {1,2,...,p' — 2}, then one inspects that

o e Y e | pl-1
(¢, gy C{g™a ¥ ... g0 T}

Therefore,
l l l
p—-1 _p-1 p—1
2 .o.d .
d ) d ) ) d }
)

Hence, the ordinary fraction % is a common divisor of both ¢ and ¢ + 1, so it is
necessarily 1. We thus have now that p! — 1 = d = ged(p' — 1, —1). In conclusion,

p! — 1 divides ¢ — 1, as desired to demonstrate.

{i,i+1} C{

We are now ready to establish our second main result treating the commuting
case.

Theorem 3.13. Suppose n > 2 is an integer and F is an algebraically closed field.
Then, there is a n X n matrix over F that is not the sum of a potent matriz and a
square-zero matriz over F which matrices commute each other.

Proof. Suppose n > 1 is an integer, and assume the contrary that all n x n matrices
over F are the sum of a potent matrix and a square-zero matrix over F which
commute. So, thanks to Theorem 3.7, we have that F is an infinitely countable
field of odd characteristic, which is a countable union of its finite subfields of order
greater than n, with odd characteristic. Thus, the second part in the statement
of Proposition 3.5 applies to write that F = U, GF(p'), where I; divides l;+1 for
every positive integer ¢. Therefore, there exists the sequence of integers greater
than 1, say (¢;)i>1 such that l;11 =1; - ¢; and (;);>1 is a strictly increasing infinite
sequence of positive integers.
Take g; to be the generator of the multiplicative group of GF(p'') and put

= o.(2i=1] no[21=1]

)\1:.91 " ]7)‘2291 " 7"‘7)\71:91 "

Consequently, Lemma 3.8 allows us to have the existence of a positive integer ¢t > 1
such that

A== =N =
Let C' be the companion matrix with eigenvalues Aq, Ao,..., A\,. Note that the
integer t above has the property that C = P + N with P! = P, N?> = 0 and
PN = NP. If, eventually, there are more than one such decompositions of C', then
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we can take t to be the minimum of such integers t’s. So, ¢ can be chosen to be a
fixed uniquely determined integer having the mentioned property.

Furthermore, since we are working in GF(p'), Remark 3.11 leads us to the
relation

Iy _ 1 _ 1 _ l1_1 l1_1 l1_1
(pi=1y gqplion no [Pt P P dy P

n n n ] —
{gl 791 7"'791 }g{gldl 791 n 7"')91 “n }7
where d; = ged(pti — 1,¢t —1). Take j; € {1,2,...,d;} such that

.opliq
J1'pd1

pll_ y
gl " ]
and since the order of g; in the multiplicative group of GF (pll) is plt — 1, it follows
that

ph -1

pll _1] .
n = a

[

Analogously, we obtain that

for any positive integer ¢. Therefore,

) pli -1 ' pli+1 -1
Ji d =Ji+1 ——
i

diy1,
and so
Jio_ di o ()% -1
Jir1  dign pli—1
Take s; = (p')%~1 + (p)%=2 4 ... 4 pli + 1. It thus follows that

ji ged(pli — 1,t — 1)

i1 ged((ph)e — 1, —1)
Also, by Lemma 3.10 we have that there exists a strictly positive integer k; such
that

7.

d(pli —1,t —1) - ged(s;, t — 1

ged((pi)e — 1,6 —1) = &€ (v ’ k) ged(si, ).
i

Now, we obtain that

Ji — k. .

Jier  ged(sit—1)

However, since ged(s;,t — 1) divides s;, it follows that j;11 divides j; for every
positive integer ¢ > 1. But j; > 1 and thus there exists i9 > 1 such that j; = j;11
for every i > ig. So, we obtain

Si
S —
" ged(s;,t—1)

which forces s; = ged(s;,t — 1). Hence, s; divides t — 1 and so s; < ¢t — 1. But
pl < s; and then p < t — 1, for every i > 4, which is in sharp contradiction with
the fact that (I;);>1 is a strictly increasing infinite sequence of positive integers.
In conclusion, one has that F is finite, which is an absurd. This substantiates our
claim after all. O
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In the spirit of the last result, we pose the following conjecture.

Conjecture: Given n > 1 is an integer and F is a field. Then all companion n x n
matrices over F are the sum of a potent matrix and a square-zero matrix over F
which matrices commute each other if, and only if, IF is a finite (and hence potent)
field and n = 1.

On the other side, in regard to [1] and [6], we close our work with the following
question of some interest and importance for the further development of the explored
subject.

Problem 3.14. Suppose that D is a division ring and n > 1 is an integer. Does
it follow that the matriz ring M, (D) is weakly periodic if, and only if, D is a finite
(and hence potent) field?
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