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Abstract: We continue our study of a specific group action which
is called pseudo-conjugation action (PCA). This article aims to
explore the properties of PCAs and various algebraic structures
associated with them.
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1 Introduction, Basic Definitions and Notation

An action of a finite group’ G on itself, which is neither trivial nor
conjugation, is called pseudo-conjugation if, for all x € G, x* = x. We denote
by PCA the class of all groups that admit a pseudo-conjugation action. More
recently, these groups have been studied in [1, 2].

In the sequel, we assume that the group G is a PCA-group. For any two
elements z,y € G, we have = 'z¥ = (y~!)%y (see [1, Proposition 2.3]) and we
write [x,%] to denote this element, that is [z,y] = 27 '2¥ = (y~!)%y. Note
that [z,y] = 1 if and only if ¥ = «x if and only if y* = y. In this situation,
we say that x and y stabilize each other.
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LOnly finite groups will be considered in this investigation; so we shall use the term
‘group’ always in the sense of ‘finite group’.
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Also, we recall that the orbit of € G, denoted by z©, is
2% ={29|ge G} C G.

Let x(G) denote the number of distinct orbits of G. The stabilizer of x € G,
denoted by G, is the subgroup G5 = {g € G |[z,g] = 1} of G. The Orbit-
Stabilizer theorem says that the cardinality of the orbit & is equal to the
index of the stabilizer G, in G, i.e., |2%| = |G : G|. The fived point set of
T < G is defined to be

Fix(T) = {z € G| [z, t] = 1,Vt € T}.

A set T € G is said to be stabilizing if Fix(T) = T. Notice that Fix(G) c G,
since a pseudo-conjugation action is always nontrivial; indeed Fix(G) is a
proper normal subgroup of G which is properly contained in every stabilizer
G, of G (see |2, Facts 2 and 3|).

Let SS denote the class of all PCA-groups G in which, the stabilizer G, is
stabilizing for every z € G\Fix(G), that is, for all z,y € G, [z,y] = 1. lf G is
an SS-group and z,y € G\Fix(G), then G, can never be properly contained
in Gy. Furthermore, we know from |1, Corollary 7.3| that G being an SS-
group is equivalent to saying for all  and y in G\Fix(G) either G, = G, or
Gz n Gy = Fix(G).

In this article, we focus our attention on particular PCA-groups. We will
study the various families of PCA-groups, such as SSpyin-groups, F-groups,
and Fpin-groups, which will be defined later. We also associate a simple
graph with each PCA-group, which is called a stabilizing graph. Among other
results, an upper bound for the clique number of this graph is found based
on the cardinalities of its orbits.

For the most part, the notation and terminology are fairly standard and
introduced as needed. Undefined terms may be found in [6, 7]. Moreover,
for a class X of groups, we refer to the groups which belong to X as X-
groups. Let I' = (Vp, Er) be a graph with vertex set Vp and edge set Ep.
The degree dp(v) of a vertex v € Vp is the number of edges incident with v.
An independent setin I' is a collection of vertices no two of which are joined
by an edge in I'. The maximum cardinality of an independent set in I is
called the independence number of ' and is denoted by «(T"). A complete set
of I is a subset of pairwise adjacent vertices. A clique is a maximal complete
set. The maximum cardinality of a clique in I' is called the cliqgue number of
I' and is denoted by w(T).

2 Minimal and Maximal Stabilizers

We begin this section with the following definition.

Definition 1. Let G be a PCA-group. The stabilizer G, for x € G\Fix(G) is
called a minimal stabilizer (in G) if, G, < G, implies G, = G5. Let SSpin
denote the set of groups G in PCA such that G, n Gy = Fix(G) for any two
distinct minimal stabilizers G and G.
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Note that any PCA-group G must have at least two minimal stabilizers.
Otherwise if G, is the unique minimal stabilizer in G, then for all y € G, we
have that G5 < Gy. Therefore x € () . Gy = Fix(G), a contradiction.

Proposition 1. Let G be an SSmin-group, then each minimal stabilizer is
stabilizing.

Proof. Consider a minimal stabilizer G, for z € G\Fix(G) and suppose that
x is an arbitrary element in G,\Fix(G). We must show that [z,y] = 1 for all
y € G,. If this is false, choose y € G,\Fix(G) with [x,y] # 1, and consider
a minimal stabilizer Gy < G,. Since y € G,\G,, the minimal stabilizers G
and G, are distinct, and so Gy n G, = Fix(G). Moreover, since t € Gy < Gy,
we conclude that x € Gy. Therefore, x € Gy N G, or equivalently, = € Fix(G),
and hence [z,y] = 1, which is a contradiction. O

Let G be a non-cyclic group. A covering of G is a collection
¢ = {Hy,...,Hp},

of proper subgroups of G with n = 3 and H; v --- U H,, = G. The covering
% is called a partition of G if H; n H; = 1 whenever ¢ # j.

Proposition 2. Let G be an SSpnin-group. Then
P = {G/Fix(G) | Gt a minimal stabilizer in G}
forms a partition of G/Fix(G) consisting of stabilizing subgroups.

Proof. 1t is clear that the set & is closed under pseudo-conjugation action
and by Proposition 1 every subgroup in &2 is stabilizing. Thus to prove that
Z is a partition, we need to show that every element in G/Fix(G) lies in a
unique subgroup in Z.

Take G, /Fix(G) and G,/Fix(G) distinct in &. Then

G /Fix(G) n Gy/Fix(G) = (Gy n Gy)/Fix(G) = 1.

Thus it is enough to show that any zFix(G) lies in some G/Fix(G), where
G4 is a minimal stabilizer in G. Consider the stabilizer G, which contains
some minimal stabilizer Gy in G. Then, since t € Gy < G, x € Gy and so
zFix(G) € G¢/Fix(G). O

Note that we can also consider the maximal stabilizers.

Definition 2. Let G be a PCA-group. The stabilizer Gy for x € G\Fix(G) is
called a maximal stabilizer if G, < Gy implies G, = G.

3 F-groups

Definition 3. A PCA-group G is an F-group if for any x € G\Fix(G), G, <
Gy implies y € Fix(G). In other words, a PCA-group G is an F-group if and
only if for any element x € G\Fix(G), G is both a maximal and minimal
stabilizer in G.
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The following corollary follows from Proposition 1.

Corollary 1. A group G is an SS-group if and only if G is an F-group and
an SSmin-group.

Recall that by definition, for each x € G, we have
Fix(Gz) = {y € G|y, t] = 1,Vt € G.}.

It is easy to check that Fix(G,) is a subgroup of G, and in particular, we
have

Fix(G) < Fix(G;) < G, < G.
The subsequent result provides a condition that is equivalent to a group
being an F-group.
Proposition 3. A group G is an F-group if and only if for any pair of
elements x,y € G\Fix(G) such that G, # G, then

Fix(Gz) n Fix(Gy) = Fix(G).

Proof. Suppose that G is an F-group and let G, # G, for x and y in
G\Fix(G). If z € Fix(G,) n Fix(Gy), then (G, Gy) < G. Hence, as in an F-
group every stabilizer is both maximal and minimal, it follows that G, = G,
or equivalently, z € Fix(G). Therefore Fix(G;) n Fix(Gy) = Fix(G).
Conversely, assume that G, < Gy, for z,y € G\Fix(G). Then Fix(G,) <
Fix(Gy) and therefore Fix(G) = Fix(G), which implies that y € Fix(G). O

We are now providing a definition as follows.
Definition 4. Let Fuyi, denote the set of PCA-groups G such that
Fix(Gz) n Fix(Gy) = Fix(G),
for any two distinct minimal stabilizers G, and G.
Proposition 4. Let G be an Fpn-group. Then
P = {Fix(G:)/Fix(G) | G¢ a minimal stabilizer in G},
forms a non-trivial partition of G/Fix(G) consisting of stabilizing subgroups.

Proof. Tt is clear that the set &2 is closed under pseudo-conjugation action
and every subgroup in & is stabilizing. Thus to show that &2 is a partition
we need to show that every element in G/Fix(G) lies in a unique subgroup
in &.

Take Fix(G,)/Fix(G) and Fix(Gy)/Fix(G) distinct in &. Then
Fix(Gz)/Fix(G) n Fix(Gy)/Fix(G) = (Fix(G) n Fix(Gy))/Fix(G) = 1.
Thus it is enough to show that any xFix(G) lies in some Fix(Gy)/Fix(G),
where G is a minimal stabilizer in G. Consider the stabilizer G, which

contains some minimal stabilizer G;. Then x € Fix(G;) < Fix(G¢) and so
zFix(G) € Fix(Gy)/Fix(G). O
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4 Stabilizing Graphs

Given a PCA-group G and a subset ¢ # X < @, the stabilizing graph
A(X) is constructed as follows [2]. The vertex set of A(X) is X, and two
distinct vertices x,y of A(X) are joined by an edge if and only if [z, y] = 1.
We will write a(X) to denote the independence number of A(X). In fact,
a(X) denotes the maximum cardinality of any set of pairwise non-stabilizing
elements of X. We will also write w(X) to denote the clique number of A(X).

If F' = Fix(G) is non-trivial, and G = | |x;F is a coset decomposition of
G, then G = | J(z;F) is a covering of G by stabilizing subgroups. Let s(G) be
the minimum number of stabilizing subgroups in any such collection whose
union equals G. The pigeon-hole principle and our previous discussion give

a(G) < s(G) < |G : Fix(G)).

Before continuing, we need the following auxiliary lemma which gives
a lower bound on the independence number of a graph in terms of the
cardinalities of its vertex and edge sets.

Lemma 1. [4, Corollary 2.1| Let I be a simple graph on n wvertices and m
edges. Then
a(T) = n?/(n + 2m),
with equality if and only if T' is a disjoint union of cliques of the same
cardinality.
The next result gives a lower bound to independence number of A(G).
Proposition 5. a(G) = |G|/k(G).

Proof. Let I' = A(G). Reasoning as in |2, Proposition 3.1], we have

K(G)
2|Br| = Y dr(x) = ) (1G] =1) = | X, [29|Ga] | = |G| = |G|(s(G) —1).
zeG zeG i=1

It follows by Lemma 1, therefore, that
a(G) = |GP/(IG] + 2|Er|) = |G|/x(G),
as required. ([l

The proof of the next result, which is based on a direct group-theoretic
approach, is exactly the same as the one given by I. M. Isaacs in [4, Theorem|
for conjugation actions. Define a function f(n) inductively by

n

F(1) =1 and f(n) =n + <2>f(n— 1).

Theorem 1 (I.M. Isaacs). With the notation above, we have s(G) < f(a(Q)).

Proof. Put a = a(G). If z,y € G with [z,y] # 1and ¢1,¢2,...,¢cq € GoNGy,
then two of the elements x, c1y, coy, . . ., coy must stabilize. Since

[z, ciy] = [z, y]lz, i = [z, 9] # 1,
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two of the latter must stabilize and thus two of the ¢; must stabilize. Hence,
we deduce that a(G, N Gy) < a(G), whenever [z,y] # 1.

Let x1, 22, ..., 24 be pairwise non-stabilizing elements and let Bj;, = ij N
Gy, for j # k. It follows from the result of the previous paragraph that
a(Bjr) < a(G), so working by induction on « (and using the fact that f is
monotone) we conclude that Bjj is the union of at most f(« — 1) stabilizing
subgroups.

Let Aj = G\ Uy, Bjk- Since

G = U Gy, = U <Aj>UUBjka
1< 1)< ak

once we show that each (A;) is stabilizing, we have proved that

«
(6 <t 3) 0 -1 = (@),
To show each (A;) is stabilizing, let u,v € A;. Then
Llyee oy Tj—1, Uy Lj41y--- 5Ly
are ¢ pairwise non-stabilizing elements, so v must stabilize with one of them.

Then v stabilizes with u, and (A;) is stabilizing. O

The next lemma shows that a clique in the stabilizing graph A(G) corres-
ponds to a maximal stabilizing subgroup of G and vice versa. We omit its
straightforward proof.

Lemma 2. Let G be a PCA-group and C' € G is a subset. Then C' is a clique
in A(G) if and only if C is a mazimal stabilizing subgroup of G.

Recall that a graph I is k-colourable if the vertex set of I' can be partitioned
into at most k independent sets. Note that if I' is k-colourable, then each
clique has cardinality < k, and in particular, w(I") < k.

Proposition 6. [3, Corollary 1| Let I" be a simple graph. If, for some integer
k = 1, the number of vertices of degree = k is < k, then I is k-colourable.

Theorem 2. Let G be a PCA-group and let the orbits of G are indexed
according to cardinality: 1 < |2 < |2§| < ---. Suppose that m is the
smallest integer with |¥| + 25| + --- + 25| = |Ga,,|. Then

w(G) < |2F |+ |2§ |+ + |25

Proof. Tt is enough to show that |C] < |2§|+ 25| +---+|2&], for each clique
C in A(G). First, observe that, if G, is a largest stabilizer in G, then we
have |2{| = 2§ = ... = |27 || = 1, || = 2, and

|Grz| = |G$l+1| = |G$l+2| =

Of course, F' = Fix(G) is contained in C'n Gy, and in addition, |C| < |Gy, |.
To see this suppose there is an element x € C\Gy,. Since C € G, and z ¢ F,
it follows that |C| < |G| < |Gy, |.
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On the other hand, since the orbits partition G, m > [. If m = [, then
C] < |G| < 2] + a§] + -+ + |25,

and we are done in this case. So assume m > [ + 1. We now consider the
stabilizing graph A(G\F), and claim that A(G\F) is Y.I" | |2 |-colourable.
For this, in view of Proposition 6, we show that the number of vertices of
degree = 37" |z¥], is < X, 2§, Clearly each vertex y € G\F has degree
|Gyl — |F| — 1in A(G\F). If |G| — |F| — 1 = 37", |2, then

m
G G €l G
Gyl =12 |F| 4 ) [af| = |af'| + [o§ |+ + |ai] = |G-
i=l

Thus |Gy| > |Gy,,| which implies that |y“| < |2$]|. Hence y has already

been counted among J/7'z¥, and we have shown that 37, |z&| is an

upper bound to the number of vertices of degree >\, 12§, as required.
Therefore, A(G) is |F|+> 1, |2 |-colourable, that is Y./ | |#§|-colourable.
Thus |C| < 27, |§| as we mentioned previously, and the theorem is proved.
O
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