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Abstract. We continue our study of a specific group action which is called
pseudo-conjugation action (PCA). This article aims to explore the properties

of PCAs and various algebraic structures associated with them.

1. Introduction, Basic Definitions and Notation

An action of a finite group1 G on itself, which is neither trivial nor conjugation,
is called pseudo-conjugation if, for all x P G, xx “ x. We denote by PCA the class
of all groups that admit a pseudo-conjugation action. More recently, these groups
have been studied in [1, 2].

In the sequel, we assume that the group G is a PCA-group. For any two elements
x, y P G, we have x´1xy “ py´1qxy (see [1, Proposition 2.3]) and we write vx, yw to
denote this element, that is vx, yw “ x´1xy “ py´1qxy. Note that vx, yw “ 1 if and
only if xy “ x if and only if yx “ y. In this situation, we say that x and y stabilize
each other.

Also, we recall that the orbit of x P G, denoted by xG, is xG “ txg | g P Gu Ď G.
Let κpGq denotes the number of distinct orbits ofG. The stabilizer of x P G, denoted
by Gx, is the subgroup Gx “ tg P G | vx, gw “ 1u of G. The Orbit-Stabilizer theorem
says that the cardinality of the orbit xG is equal to the index of the stabilizer Gx
in G, i.e., |xG| “ |G : Gx|. The fixed point set of T Ď G is defined to be

FixpT q “ tx P G | vx, tw “ 1,@t P T u.

A set T Ď G is said to be stabilizing if FixpT q “ T . Notice that FixpGq ‰ G, since
a pseudo-conjugation action is always nontrivial; indeed FixpGq is a proper normal
subgroup of G which is properly contained in every stabilizer Gx of G (see [2, Facts
2 and 3]).

Let SS denote the class of all PCA-groups G in which, for every z P GzFixpGq, the
stabilizer Gz is stabilizing, that is, for all x, y P Gz, vx, yw “ 1. If G is an SS-group
and x, y P GzFixpGq, then Gx can never be properly contained in Gy. Furthermore,
we know from [1, Corollary 7.3] that G being an SS-group is equivalent to saying
for all x and y in GzFixpGq either Gx “ Gy or Gx XGy “ FixpGq.

In this paper, we focus our attention on particular PCA-groups. We will study the
various families of PCA-groups, such as SSmin-groups, F-groups, and Fmin-groups,
which will be defined later. We also associate a simple graph with each PCA-group,
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which is called a stabilizing graph. Among other results, an upper bound for the
clique number of this graph is found based on the cardinalities of its orbits.

For the most part, the notation and terminology are fairly standard and intro-
duced as needed. Undefined terms may be found in [6, 7]. Moreover, for a class X
of groups, we refer to the groups which belong to X as X-groups. Let Γ “ pVΓ, EΓq

be a graph with vertex set VΓ and edge set EΓ. The degree dΓpvq of a vertex v P VΓ

is the number of edges incident with x. An independent set in Γ is a collection
of vertices no two of which are joined by an edge in Γ. The maximum cardinality
of an independent set in Γ is called the independence number of Γ and is denoted
by αpΓq. A complete set of Γ is a subset of pairwise adjacent vertices. A clique is
a maximal complete set. The maximum cardinality of a clique in Γ is called the
clique number of Γ and is denoted by ωpΓq.

2. Minimal and Maximal Stabilizers

We begin this section with the following definition.

Definition 2.1. Let G be a PCA-group. The stabilizer Gx for x P GzFixpGq is
called a minimal stabilizer (in G) if, Gy ď Gx implies Gy “ Gx. Let SSmin denote
the set of groups G in PCA such that GxXGy “ FixpGq for any two distinct minimal
stabilizers Gx and Gy.

Note that any PCA-group G must have at least two minimal stabilizers. Other-
wise if Gx is the unique minimal stabilizer in G, then for all y P G, we have that
Gx ď Gy. Therefore x P

Ş

yPGGy “ FixpGq, a contradiction.

Proposition 2.2. Let G be an SSmin-group, then each minimal stabilizer is stabi-
lizing.

Proof. Consider a minimal stabilizer Gz for z P GzFixpGq and suppose that x is an
arbitrary element in GzzFixpGq. We must show that vx, yw “ 1 for all y P Gz. If
this is false, choose y P GzzFixpGq with vx, yw ‰ 1, and consider a minimal stabilizer
Gt ď Gx. Since y P GzzGx, the minimal stabilizers Gt and Gz are distinct, and
so Gt X Gz “ FixpGq. Moreover, since t P Gt ď Gx, we conclude that x P Gt.
Therefore, x P Gt XGz, or equivalently, x P FixpGq, and hence vx, yw “ 1, which is
a contradiction. �

Let G be a non-cyclic group. A covering of G is a collection C “ tH1, . . . ,Hnu

of proper subgroups of G with n ě 3 and H1 Y ¨ ¨ ¨ YHn “ G. The covering C is
called a partition of G if Hi XHj “ 1 whenever i ‰ j.

Proposition 2.3. Let G be an SSmin-group. Then

P “ tGt{FixpGq |Gt a minimal stabilizer in Gu

forms a partition of G{FixpGq consisting of stabilizing subgroups.

Proof. It is clear that the set P is closed under pseudo-conjugation action and
by Proposition 2.2 every subgroup in P is stabilizing. Thus to prove that P is a
partition, we need to show that every element in G{FixpGq lies in a unique subgroup
in P.

Take Gx{FixpGq and Gy{FixpGq distinct in P. Then

Gx{FixpGq XGy{FixpGq “ pGx XGyq{FixpGq “ 1.
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Thus it is enough to show that any xFixpGq lies in some Gt{FixpGq, where Gt is a
minimal stabilizer in G. Consider the stabilizer Gx which contains some minimal
stabilizer Gt in G. Then, since t P Gt ď Gx, x P Gt and so xFixpGq P Gt{FixpGq. �

Note that we can also consider the maximal stabilizers.

Definition 2.4. Let G be a PCA-group. The stabilizer Gx for x P GzFixpGq is
called a maximal stabilizer if Gx ă Gy implies Gy “ G.

3. F-groups

Definition 3.1. A PCA-group G is an F-group if for any x P GzFixpGq, Gx ă Gy
implies y P FixpGq. In other words, a PCA-group G is an F-group if and only if for
any element x P GzFixpGq, Gx is both a maximal and minimal stabilizer in G.

The following corollary follows from Proposition 2.2.

Corollary 3.2. A group G is an SS-group if and only if G is an F-group and an
SSmin-group.

Recall that by definition, for each x P G, we have

FixpGxq “ ty P G | vy, tw “ 1,@t P Gxu.

It is easy to check that FixpGxq is a subgroup of Gx, and in particular, we have

FixpGq ď FixpGxq ď Gx ď G.

The subsequent result provides a condition that is equivalent to a group being an
F-group.

Proposition 3.3. A group G is an F-group if and only if for any pair of elements
x, y P GzFixpGq such that Gx ‰ Gy, then FixpGxq X FixpGyq “ FixpGq.

Proof. Suppose that G is an F-group and let Gx ‰ Gy for x and y in GzFixpGq. If
z P FixpGxqXFixpGyq, then xGx, Gyy ď Gz. Hence as in an F-group every stabilizer
is both maximal and minimal, it follows that Gz “ G, or equivalently, z P FixpGq.
Therefore FixpGxq X FixpGyq “ FixpGq.

Conversely, assume that Gx ă Gy for x P GzFixpGq. Then FixpGyq ď FixpGxq
and therefore FixpGyq “ FixpGq, which implies that y P FixpGq. �

We are now providing a definition as follows.

Definition 3.4. Let Fmin denote the set of PCA-groups G such that

FixpGxq X FixpGyq “ FixpGq,

for any two distinct minimal stabilizers Gx and Gy.

Proposition 3.5. Let G be an Fmin-group. Then

P “ tFixpGtq{FixpGq |Gt a minimal stabilizer in Gu,

forms a non-trivial partition of G{FixpGq consisting of stabilizing subgroups.

Proof. It is clear that the set P is closed under pseudo-conjugation action and
every subgroup in P is stabilizing. Thus to show that P is a partition we need to
show that every element in G{FixpGq lies in a unique subgroup in P.

Take FixpGxq{FixpGq and FixpGyq{FixpGq distinct in P. Then

FixpGxq{FixpGq X FixpGyq{FixpGq “ pFixpGxq X FixpGyqq{FixpGq “ 1.
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Thus it is enough to show that any xFixpGq lies in some FixpGtq{FixpGq, where Gt is
a minimal stabilizer in G. Consider the stabilizer Gx which contains some minimal
stabilizer Gt. Then x P FixpGxq ď FixpGtq and so xFixpGq P FixpGtq{FixpGq. �

4. Stabilizing Graphs

Given a PCA-group G and a subset H ‰ X Ď G, the stabilizing graph ∆pXq is
constructed as follows [2]. The vertex set of ∆pXq is X, and two distinct vertices
x, y of ∆pXq are joined by an edge if and only if vx, yw “ 1. We will write αpXq
to denote the independence number of ∆pXq. In fact, αpXq denotes the maximum
cardinality of any set of pairwise non-stabilizing elements of X. We will also write
ωpXq to denote the clique number of ∆pXq.

If F “ FixpGq is non-trivial, and G “
Ů

xiF is a coset decomposition of G, then
G “

Ť

xxiF y is a covering of G by stabilizing subgroups. Let spGq be the minimum
number of stabilizing subgroups in any such collection whose union equals G. The
pigeon-hole principle and our previous discussion give

αpGq ď spGq ď |G : FixpGq|.

Before continuing, we need the following auxiliary lemma which gives a lower
bound on the independence number of a graph in terms of the cardinalities of its
vertex and edge sets.

Lemma 4.1. [4, Corollary 2.1] Let Γ be a simple graph on n vertices and m edges.
Then

αpΓq ě n2{pn` 2mq,

with equality if and only if Γ is a disjoint union of cliques of the same cardinality.

The next result gives a lower bound to independence number of ∆pGq.

Proposition 4.2. αpGq ě |G|{κpGq

Proof. Let Γ “ ∆pGq. Reasoning as in [2, Proposition 3.1], we have

2|EΓ| “
ÿ

xPG

dΓpxq “
ÿ

xPG

p|Gx| ´ 1q “

¨

˝

κpGq
ÿ

i“1

|xG||Gx|

˛

‚´ |G| “ |G|pκpGq ´ 1q.

It follows by Lemma 4.1, therefore, that

αpGq ě |G|2{p|G| ` 2|EΓ|q “ |G|{κpGq,

as required. �

The proof of the next result, which is based on a direct group-theoretic approach,
is exactly the same as the one given by I. M. Isaacs in [4, Theorem] for conjugation
actions. Define a function fpnq inductively by

fp1q “ 1 and fpnq “ n`

ˆ

n

2

˙

fpn´ 1q.

Theorem 4.3 (I. M. Isaacs). With the notation above, we have spGq ď fpαpGqq.

Proof. Put α “ αpGq. If x, y P G with vx, yw ‰ 1 and c1, c2, . . . , cα P GxXGy, then
two of the elements x, c1y, c2y, . . . , cαy must stabilize. Since

vx, ciyw “ vx, ywvx, ciw
y “ vx, yw ‰ 1,
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two of the latter must stabilize and thus two of the ci must stabilize. Hence, we
deduce that αpGx XGyq ă αpGq, whenever vx, yw ‰ 1.

Let x1, x2, . . . , xα be pairwise non-stabilizing elements and let Bjk “ Gxj XGxk

for j ‰ k. It follows from the result of the previous paragraph that αpBjkq ă αpGq,
so working by induction on α (and using the fact that f is monotone) we conclude
that Bjk is the union of at most fpα´ 1q stabilizing subgroups.

Let Aj “ Gxj
z
Ť

k‰j Bjk. Since

G “
ď

1ďjďα

Gxj “
ď

1ďjďα

xAjy Y
ď

j,k

Bjk,

once we show that each xAjy is stabilizing, we have proved that

spGq ď α`

ˆ

α

2

˙

fpα´ 1q “ fpαpGqq.

To show each xAjy is stabilizing, let u, v P Aj . Then x1, . . . , xj´1, u, xj`1, . . . , xα,
are α pairwise non-stabilizing elements, so v must stabilize with one of them. Then
v stabilizes with u, and xAjy is stabilizing. �

The next lemma shows that a clique in the stabilizing graph ∆pGq corresponds
to a maximal stabilizing subgroup of G and vice versa. We omit its straightforward
proof.

Lemma 4.4. Let G be a PCA-group and C Ď G is a subset. Then C is a clique in
∆pGq if and only if C is a maximal stabilizing subgroup of G.

Recall that a graph Γ is k-colourable if the vertex set of Γ can be partitioned
into at most k independent sets. Note that if Γ is k-colourable, then each clique
has cardinality ď k, and in particular, ωpΓq ď k.

Proposition 4.5 (Berge, Corollary 1, p. 336). Let Γ be a simple graph. If, for some
integer k ě 1, the number of vertices of degree ě k is ď k, then Γ is k-colourable.

Theorem 4.6. Let G be a PCA-group and let the orbits of G are indexed according
to cardinality: 1 ď |xG1 | ď |x

G
2 | ď ¨ ¨ ¨ . Suppose that m is the smallest integer with

|xG1 | ` |x
G
2 | ` ¨ ¨ ¨ ` |x

G
m| ě |Gxm

|. Then ωpGq ď |xG1 | ` |x
G
2 | ` ¨ ¨ ¨ ` |x

G
m|.

Proof. It is enough to show that |C| ď |xG1 | ` |x
G
2 | ` ¨ ¨ ¨ ` |x

G
m|, for each clique

C in ∆pGq. First, observe that, if Gxl
is a largest stabilizer in G, then we have

|xG1 | “ |x
G
2 | “ . . . “ |xGl´1| “ 1, |xGl | ě 2, and |Gxl

| ě |Gxl`1
| ě |Gxl`2

| ě ¨ ¨ ¨ . Of
course, F “ FixpGq is contained in C X Gxl

, and in addition, |C| ď |Gxl
|. To see

this suppose there is an element x P CzGxl
. Since C Ď Gx and x R F , it follows

that |C| ď |Gx| ď |Gxl
|.

On the other hand, since the orbits partition G, m ě l. If m “ l, then

|C| ď |Gxl
| ď |xG1 | ` |x

G
2 | ` ¨ ¨ ¨ ` |x

G
m|,

and we are done in this case. So assume m ě l`1. We now consider the stabilizing
graph ∆pGzF q, and claim that ∆pGzF q is

řm
i“1 |x

G
i |-colourable. For this, in view

of Proposition 4.5, we show that the number of vertices of degree ě
řm
i“l |x

G
i |, is

ă
řm
i“l |x

G
i |. Clearly each vertex y P GzF has degree |Gy|´|FixpGq|´1 in ∆pGzF q.

If |Gy| ´ |F | ´ 1 ě
řm
i“l |x

G
i |, then

|Gy| ´ 1 ě |F | `
m
ÿ

i“l

|xGi | “ |x
G
1 | ` |x

G
2 | ` ¨ ¨ ¨ ` |x

G
m| ě |Gxm

|.



6 M. BAHRAMI-TAGHANAKI AND A. R. MOGHADDAMFAR

Thus |Gy| ą |Gxm
| which implies that |yG| ă |xGm|. Hence y has already been

counted among
Ťm´1
i“l xGi , and we have shown that

řm
i“l |x

G
i | is an upper bound to

the number of vertices of degree
řm
i“l |x

G
i |, as required.

Therefore, ∆pGq is |F |`
řm
i“l |x

G
i |-colourable, that is

řm
i“1 |x

G
i |-colourable. Thus

|C| ď
řm
i“1 |x

G
i | as we mentioned previously, and the theorem is proved. �
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