D'TErTTErprT/brEr. .
Pk[<I.. . TJBI'THIRIKIKI-T . ..

BB, . . TEI'BI'TEr 1. . . I“I'JbI'€T. ..
S@MR Ferir .. . I'I'Tel'n

Siberian Electronic Mathematical Reports

http://semr.math.nsc.ru
ISSN 1813-3304

Vol. 20, No. 2, pp. 144-145 (2023) r“r,rJb 777.77
https://doi.org/10.33048 /semi.2023.20.777? MSC 47H09

COMPLETE BI-COMPLEX VALUED RECTANGULAR METRIC
SPACE

KRISHNA BHATTACHARJEE", RAKHAL DAS",
AND PRASANNA POOJARY

Communicated by xxx

Abstract: In this paper, we introduce a space that is a generalisation
of bicomplex valued metric spaces. We used rectangular inequality
instead of triangular inequality. As a result, we have obtained some
new results regarding the complete bicomplex valued rectangular
metric spaces. We employed the well-known Banach contraction to
investigate fixed points in the bicomplex valued rectangular metric
space. Furthermore, we provide sufficient conditions for a pair
of contractive mappings in bicomplex-valued rectangular metric
spaces to have a common fixed point. We also provide some non-
trivial examples to demonstrate the validity of our proven results.

Keywords: Contraction mapping; fixed point; Common fixed point;
Rectangular metric space.
Subject Classification 2020: 47H09; 46T99; 47H10; 54H25; 30G35.

Krishna B., Rakhal D., Prasanna P. Complete Bi-complex Valued Rectangular Metric
Space.
© 2023Krishna B., Rakhal D.; Prasanna P..
The work is not supported by any external soure.
Received April, 26, 2024, Published December, xx, 202x.
144


https://orcid.org/0009-0006-2264-5274
https://orcid.org/0000-0002-0895-2976
https://orcid.org/0000-0002-0749-8994

COMPLETE BI-COMPLEX VALUED RECTANGULAR METRIC SPACE 145

1 Introduction

Segre [21] endeavored to create special algebras in a novel way. He proposed
bicomplex numbers, tricomplex numbers, and other commutative generalisations
of complex numbers as elements of an infinite set of algebras. Subsequently,
during the 1930s, further academics made significant contributions to this
field (see references [10]-[19]). Unfortunately, no advancements were achieved
in this domain during the subsequent half-century. Price [19] subsequently
pioneered the field of function theory and bicomplex algebra. This topic
holds significant relevance in various mathematical science domains, as well
as other domains within the realm of science and technology, which have
recently garnered a resurgence of interest. One notable study on the fundamental
functions of bicomplex numbers has been conducted by Luna-Elizarrar?s et
al. [18]. Beg et al. [5] investigated the existence of common fixed points
for maps on cone metric spaces represented by topological vector spaces.
Azam et al. [3] extended the scope of the study to encompass complex
valued metric space. Additionally, they demonstrated a common fixed point
theorem for two self-contracting mappings. Rouzkard and Imdad [12]| not
only demonstrated another well-known common fixed point theorem that
satisfies a rational inequality in complex valued metric spaces, but they also
extended the findings of Azam et al. [1].

Research on the Banach contraction principle [4] is ongoing and is a
well-liked and useful tool for resolving existence problems in many areas
of mathematical analysis. “Let (X,d) be a complete metric space and T
be a mapping of X into itself satisfying d(Tx,Ty) < kd(z,y),Vx,y € X,
where k is a constant in [0,1). Then, T has a unique fixed point z* € X,”
according to the well-known Banach theorem. Branciari [8] introduced the
concept of rectangular metric space (RMS) by illustrating an analogy to the
Banach Contraction Principle in such space. He achieved this by substituting
the sum on the right side of the triangular inequality in the definition of a
metric space with a three-term expression. Several fixed point theorems have
been developed for various contractions on rectangular metric space.

Certain fixed point results for rational type expressions in partially ordered
complex valued metric spaces were demonstrated by Choudhury et al. [10].
The fixed point of mapping satisfying rational inequality in complex valued
metric spaces was demonstrated by Bhat et al. [7]. The attempts are also
visible in {cf.[6], [9]}. A few common fixed point theorems were demonstrated
by Choi et al. [13] in relation to two weakly compatible mappings in bicomplex
valued metric spaces. Some common fixed point theorems under rational
contractions for a pair of mappings in bicomplex valued rectangular metric
spaces were proved by Jebril et al. [14]. These works are continued in this
article. We study the bicomplex valued rectangular metric spaces in more
detail and prove fixed point theorems for two contractive type mappings
that satisfy a rational inequality.
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Subsequently, we delineate fundamental concepts and symbols for subsequent
use. We define Cgy,Cy, and C,, respectively, to represent the set of real,
complex, and bicomplex numbers.

1.1. Bicomplex Number. The bicomplex number, as stated by Segre [21],
is:

& = a1 + asgi1 + azio + aqiyis,
where a1, as,as,a4 € Cy, and the independent units 71,42 are such that
z% = z% = —1 and 4199 = i2i1, we denote the set of bicomplex numbers Cy as

follows:

Co = {{: € = a1 + agir + aziz + asiyiz, a1, a2,a3,a4 € Co},

i.e.,

Co={{:& =21 +iaz, 21,220 € Cy},

where z1 = a1 + asiy € Cy and 29 = a3 + a4y € Cy.

In Coy, there are four idempotent elements: 0,1;e; = LQ”Q, and eg = HTW
out of which the nontrivial components e; and es, such that e; +es = 1 and
e1e2 = 0. One unique way to express every bicomplex number z; + 7925 is as
the sum of e; and es, specifically

E=121 41929 = (Z1 — ilzz) e1 + (21 + ilzz) €.

The idempotent representation of bicomplex numbers and the complex
coefficients £ = (z1 —i122) are the names given to this representation of
&. The bicomplex numbers ¢ have idempotent components, denoted by and
& = (21 +i122).

The norm || -|| of Cz is a positive real valued function and |[|- || : C2 — Cgis
defined by

[SIE

l&ll = llz1 + dazall = {|2a]” + |2[*}

N

_ l\(m —i120) > + (21 + i122)?

: r:(a%+a§+a§+aﬁ) ,

where £ = a1 + asiy + agio + a4i1ia = 21 + i229 € Co.

The linear space Cy with respect to the defined norm is a norm linear
space, also Cg is complete; therefore C, is the Banach space.

The definition of Z;,, the partial order relation on Cs, is:

If Cs is the set of bicomplex numbers, and & = 21 + 4222, 7 = w1 + towsy €
Ca, then & 3, n if and only if z; 3wy and 29 3wy,

that is, £ Z;, n, if any of the subsequent circumstances holds true:

(1) 21 = wW1,22 = Wy,

(2) z1 < wy, 22 = we,
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(3) 21 = w1, 22 < we, and
(4) z1 < wy, 22 < wo.

Specifically, if & 3;, 7 and € # 7, that is, if one of (2), (3), and (4) is
satisfied, we can write & <;, m; if only (4) is satisfied, we will write £ <;, 7.
For any two bicomplex numbers &,n € Cy we can verify the followings:
() & Zipn = lIEll < [nll,
(i) 1€+ nll < [1€]] + linll,

(iii)  [|a&|| = al/£]|, where a is a non negative real number,

(iv)  |1€nll < V2||€]||1n]l, and the equality holds only when at least one of
¢ and 7 is degenerated,

(v) |[€7Y| = lE) 7T if € is a degenerated bicomplex number with 0 < &,

(vi) H%H = ”ETH’ if n is a degenerated bicomplex number.

1.2. Bicomplex valued metric space. Choi et al. [13| defined the bicomplex
valued metric spaces as:

Definition 1. [13] Let P be a nonempty set. Suppose the mapping g : PxP —
C, satisfies the following conditions:

(1) 0 =4, p(x,y) for all z,y € P (positivity),

(2) p(r,y) =0if and only if z =y,

(3) p(z,y) = p(y,z) for all x,y € P (symmetry), and

(4) p(z,y) Zi, p(x,2) + p(z,y) for all z,y,z € P (triangle inequility).
Then the pair (P, p) is called the bicomplex valued metric spaces.

2  Main results

In this section, we have presented the notion of bicomplex valued rectangular
metric space in this paper, which is a generalization of the notion of bicomplex
valued metric space. A bicomplex valued rectangular metric space is defined
as follows:

Definition 2. Let X be a nonempty set. Suppose the mapping p : X x X — Co
satisfies the following conditions:

(1) 0 Zi, 9(p, q) for all p,q € P (positivity),

(2) p(p,q) = 0if and only if p = ¢,
(3) p(p,q) = p(g,p) for all p,q € P (symmetry), and )
(4) o(p:q) Zir 0(p, x) + 0(2,y) + 9(y, q) for all p,q € P and all distinct

points p,q € P\ {x,y} (rectangular inequility).

Then the pair (P, p) is called the bicomplex valued rectangular metric
space.
Example 1. Consider P = {O, %, %, 2}, define a bicomplex valued rectangular
metric o : P x P — Cy by p(p,q) = (1 +i2) [z —y|,Vp,q e P.

From the above definition of g one can easily verify that (P,g) is a
bicomplex valued rectangular metric spaces.
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Definition 3. For a bicomplex valued rectangular metric spaces (P, p)

(1) A sequence {@n} in P is said to be a convergent sequence and
converges to a point zx if for any 0 <;, » € Cy there exists a natural
number ng € N such that p (Q%, l‘) =<, r for all n > ng and we write
limy, o0 U5, = 0 Or Uy, — U as n — 0.

(2) A sequence {1971} in P is said to be a Cauchy sequence in (P, ) if
for any 0 <;, r € Cy there exists a natural number ng € N such that
16 <5n,1§n+m) =i, 7 for all m,n € N and n > ny.

(3) A bicomplex valued rectangular metric spaces (]5, p) is said to be
complete if every Cauchy sequence in P is convergent in P.

Lemma 1. Let (P, p) be a bicomplex valued rectangular metric spaces and

{@n} be a sequence in P. Then {ﬁn} is convergent sequence and converges

to a point 9 if and only if lim,, Hp (ﬁn, 15) H =0.

Lemma 2. Let (P, ) be a bicomplex valued rectangular metric spaces and
{15”} be a sequence in P. Then {1%} is a Cauchy sequence in P if and only

if  lim Hp (5n,1§n+m)H =0.

7,1 —+00

Theorem 1. Let (P, p) be a complete bicomplex valued rectangular metric
space and T': P — P be a mapping satisfying:

for all 9,7 € P, where o € [0,1). Then T has a unique fixed point.

Proof. Let T satisfy Equation (1), Jg € P be an arbitrary point and define
the sequence {@n} by ¥, = T™. From (1), we get

p('gn) §n+1) = @(T&nfla qun)

jiz a@(ﬁn—la ﬁn) (2)

Using again Equation (1), we have

p(ﬁn—l, 'lgn) ,-_51'2 a@(ﬁnf% &nfl)a
and by Equation (2), we get

@(6717 1§n—i—l) ,—jiz 042@(@71—2; gn—l)-

If we continue this process, we obtain

0Dy Tnt1) Zip (90, 01). (3)
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Using rectangular inequility and Equation (3) for all n,m € N with n < m,
we have

@(gnvﬁm) Sin [l nﬂgn-&-l) + @(5n+1’ n+2) + @( nt2, U )]
i [po( _m@n—&-l] + [@(571—1—1’ nt2) + @( n+2, U )}
i [o( I, 1§n+1)] + [p(§n+1a 19n+2)} + [@(ﬁnJrQ» 19n+3)] +oo-+ @(ﬁmfla gm)]
S, (@ o™ a2 ™ (Y, 0h)

Sip oL+t (@) + (@) + -+ ()" (Do, 1)

a” - =
Zi Yo, V1).
~12 l_ap( 0 1)

Thus, we have

o] < il

Since a € [0,1), taking limits as n — oo, then

This means that

|0, 9m)|| = 0.

So {15 } is bicomplex valued Cauchy sequence by Lemma (2). Completeness

of (P, p) gives us that there is an element u € P such that {19 } is bicomplex

valued convergent to wu.
We show that u is a fixed point of T, i.e., Tu = u. For any n € N, we get

p(u’ Tu) rﬁlé [@(uv?n) + p(?nv?n+l) + p(ﬁr_wrl» TU)]
= [p(u, Un) + p(In, Int1) + (T, Tu)]
;57;2 [KJ(U, ﬁn) + @(ﬁn, §n+1) + Oép(’ﬁn, u)]

Since ¥, converges to u as n — 00, it follows from the last inequality that
p(u,Tu) =0, i.e., Tu = u.

Finally, we prove the uniqueness. Let w # u be another fixed point of T
Using (1), we have

@(Zﬂw) = @(Tszw) ji2 ap(z,w),

and

lp(z, W)l < allp(z,w).
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Since a € [0, 1), we have ||p(z, w)|| < 0 which is a contradiction. Thus, we
conclude that v = w and so u is a unique fixed point of T'. U

Example 2. In the Example (1), we consider the mapping 71" : P — P defined
by

=
=Y
I

DO == O

~
—~
<
N—
I
= O 5"‘ o
— —
- h
<

oY
|
I

Let a = 3, then clearly a < 1. Also the condition (1) of the Theorem (1)

is satisfied. So clearly, ¥ = 0 is the unique fixed point of T

Theorem 2. Let (P, p) be a complete bicomplex valued rectangular metric
space and T": P — P be a continuous mapping such that for some function
¢ : P — Cy. If for each ¥ € P the following condition hold:

p(0,T(9)) Ziy ¢(9) = 6(T(D)), (4)

then {T”(@)} converges to a fixed point of T for all ¥ € P.

Proof. For any fixed ¥ € P, let 9,, = T"(9),n € N. From (4), we obtain

03, 0(9) = S(T(0)) &  $(9) Zip ¢(T(V))

for all ¥ € P and so,

6 (Pnn) =0 (T 9) =6 (T (1"(0))) = & (T (9.)) S ¢ (7).

Since we conclude that {gf) (T "(5))} is monotonically decreasing and

bounded below, we have lim,,_, o ¢ (T”(@)) =a>0.Ifm,neNandm > n,
then by using rectangular inequality and Equation(4), we have
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o (i030)
St 0 (On9ni) + 0 (Iner, Onrz) + 0 (P2 I
= () 0 (e Pusa) + 0 (s )
iz W(_n77§n+1>+@<7§n+171§n+2) @(15 Uy )+p(19n+3 19n+4)
2

Sia p (Tg’m 5n+1) + (5n+1, 1571-1—2) +--+p (Tgm—37 5m—2) + (15m—2, @m—l)
+p (ﬁm—l 1§ )

Sio 0 (Un) = (D) + 6 (Fnsr) =6 (Fnrz) + -+ 6 (Fm2) = 6 (1)

0 (ms) 0 (3
R ORI

Using the fact that lim, . ¢ (ﬁn) = a, we have,

o (3uta) S 0(0) ~0(02)
= p (571, 7§m> Zi,  a—a [taking limits as n,m — ]
= 0.
Thus, we have

Hp (5n,§m>H <0asn,m— oo.

= Hp<2§ ,ﬁm)H — 0 as n,m — oo.

Thus, lim p (19 ) ) = 0 and {T”(ﬁ)} is a Cauchy sequence in P

m,n—o0
by Lemma (2). Since Pi is complete bicomplex valued rectangular b-metric,
there exists a point u € P such that lim,,_,o 7" () = uw and from continuity
of Tyu =T(u). O

Theorem 3. Let (P, p) be a complete bicomplex valued rectangular metric
spaces with degenerated 1 + p(p,q) and |1 + p(p,q)|| # 0 for all p,q € P
and let S, T : P — P be mappings satisfying the condition

bo(p, Sp)p(q, Tq)
1+ p(p,q)

©(Sp, Tq) Ziy ap(p,q) +
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for all p, ¢ € P, where a, b are non-negative real numbers with a++/2b < 1.
Then S, T has a unique common fixed point.

Proof. Let ¥y be an arbitrary point in P. We construct a sequence {ﬁn}
such that

Dops1 = Sk, Vopro = Tops1, k=0,1,2,...

Then, we have

o (Taesr.Toess) = o (ST T
by <1§2k» 51921@) P (321&1, Tl%k—i-l)
IL+g (_Zk 52k+1)

) 1) (7§2k+1a 1§2k+2)
L+p (1521: 1§2k+1) '

Siy A (52k,1§2k+1) +

Therefore,

H@ (7§2k+17 1§2k+2) H <a H@ (19% T§2k+1) H
o (2, D2e11)|
H1 +p (5%, 7§2k+1)

Also, H@ (5%, Q§21<+1) H < Hl +p (7§2k, 1§2k+1> H
us,

+V2b

H HKJ (1§2k+17 1§2k+2) H .

Hp (1§2k+171§2k+2) H <a H@ ( 2%> 1§2k+1) H +v/2b Hp (52k+17’l§2k+2) H .
ie., (1—v/2b) H@ (7§2k+1a1§2k+2> H <a H@ ( 2%k 1§2k+1)H
| < =73 o (920 9ms) |

Le., H@ <1§Qk+1,1§2k+2>

Similarly,

P (52k+2, 1§2k+3> =p (T1§2k+17 552k+2) =9 (51§2k+2, T1§2k+1)
bp (52k+2, S1§2k+2) © (1§2k+1, Tﬁ%ﬂ)
I+ (52k+2, Q§2k+1)
bp (1§2k+2, 192k:+3) P (52k+1, 1§2k+2)
IL+p (52k+2, qg2k+1) '

Sip ag (§2k+2,1§2k+1) +

Diy A (52k+2,7§2k+1) +
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Therefore we obtain that,

o (Baxs2: Daesa) | < @ o (s, D)

| (Paicer, Pavsa)|
[+ 6 (Fmes,Tonee)
Le, HKJ <1§2k+2, 1§2k+3) H <a H@ (1§2k+271§2k+1> H +V/2b HKJ (52k+2, 1§2k+3) H ;
o o ()] < - ()|
e 1 (o )| <0 o Bt

ie., Hp (1§2k+2,2§2k;+3)H < B _aﬂb) H@ <1§2k;+2,1§2k+3)H . (5)

+v/2b H H@ (’l§2k+2, 1§2k+3) H

a

TR So clearly we claim that a < 1 as a + v/2b < 1.
Now letting 2k + 1 = n and from (5) it follows that

Suppose that o =

o Gun usa)] = o (o)
<o () < < o ()|
Also for any two positive integers m,n with m > n we get that

© ('gn?@m) Sio @ (1%, 19n+1) + e (1§n+1,’l§n+2> +-t+p (15m—1, 1§m) .
Therefore,

o 3] < o )] [ G )+ o (s )]
<o+ amt a0 o (0.0
ie., Hd ('ﬁn,@m)u < a" {1 +a+a’ 4+ am_"_l} Hp (50,51)” .

Since, 0 < a<1,then 1+ a+a?+---+am "1 gﬁ.
Hence,

o (e 9) | < =5 [ (50.9)

1—a

a™

Again 1=~ — 0 as n — oo. Then for any & > 0 there exists a natural

number ng such that Hp <5n,1§m)H < ¢ for all m,n > ng. Hence {19n} is a

Cauchy sequence in P. Also, P is a complete bicomplex valued rectangular
metric space. Then there exists u € P such that lim,,_, ¥, = u.
Now we show that u = Su. If not then there exist 0 <;, £ € Cy such that

p(u, Su) =¢.
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Therefore we have,

£ = p(u, Su)
S (a, 1§Qk+1) +p (7§2k+1, 52;€+2> + 0 (§2k+2, Sa)
Sia (ﬂ, ?§2k+1) +p (1§2k+1, 7§2k+2) +p (T1§2k+17 Sﬁ)
by <1§2k+17 T1§2k+1) o(u, Su)
L+ p (Va1 1)
be (52k+1, 7§2k+2) £
Lt p (Dongr,8)

iy (fL, 1§Qk+1) +p (152k+1, §2k+2) + ap (1§Qk+1, ﬂ) +

i.e,& Jip @ (ﬂ, 752k+1) +p (52k+1, 52k+2) +ap (52k+1, ﬁ) +
Hence,

Hp (@2k+171§2k+2) H €]l
|19 (Paesra)]|

Since nli_r)noo ¥, = @, taking limit on both sides as n — oo we get that ||¢|| <
0, which is a contradiction. Therefore ||£|| = 0 = ||p(u, Su)| = 0 = u = Su.
Similarly, we can show that u = T'u. Hence S and T have a common fixed
point.

Now we show that S and T have unique common fixed point. If possible
suppose @* € P be another common fixed point of S and T.

Then,

€]l < HK) (ﬂ, 52k+1)H + H@ (1§2k+1,7§2k+2)H +a Hp (1§2k+1,ﬂ)” +/2b

bp(u, Su)p (u*, Tu")

o (0,%) = o (S, Ti) S, a (0,5 + 227 TS

: = =% — % ﬂ,Sﬂ ﬂ*,T’EL*
e, [lp(@a)] < allp (@ a)| + vap £SO @ Ta)]|

11+ g (@, u*)]]
ie., |lp(u,u")| < alp (@)
ie., |lp(u,u")| =0.
ie., u=1u".
This completes the proof of the theorem. O

Corollary 1. Let (P, p) be a complete bicomplex valued rectangular metric
spaces with degenerated 1+ p(p, ¢) and ||1+d(p, q)|| # 0 for all p,q € P and
S : P — P be any mapping satisfying the condition

bo(p, Sp)p(q, Sq)
1+ p(p,q)

0(Sp, Sq) Ziy ap(p, q) + (6)
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for all p,q € P, where a,b are non-negative real numbers with a + v/2b < 1.
Then S has a unique fixed point.

Proof. We can easily prove this result by applying the Theorem (3) and
taking T'=S. (]

Example 3. In the Example (2), we take the mapping T : P — P defined by

0 if x =0,
1 1
- ifx=7,
T(IL‘): 10 ' _111
0 if v = 3,
% if v =

And let a = and b = £, then clearly a + v2b = £ + /21 = 0.67675 < 1.
Also the Equation (6) of the Corollary (1) is satisfied. So clearly, x = 0 is
the unique fixed point of T'.

Corollary 2. Let (P, p) be a complete bicomplex valued rectangular metric
spaces with degenerated 1+ o(p, ¢) and ||1+d(p,q)|| # 0 for all p,q € P and
let S: P — P be any mapping satisfying the condition

b (p, S™p)  (q,5™q)
1+ p(p,q)

for all p,q € P, where a, b are non-negative real numbers with a + v/2b < 1.
Then S has a unique fixed point.

o (S"p, S"q) Zi, ap(p, q) +

Proof. By Corollary (1) there exists a unique point u € P such that

Therefore,

bp (Su, S"Su) p(u, u)
1+ p(Su,u) '

ie., u=1u".

This completes the proof of the Corollary. (|
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Theorem 4. Let (P, p) be a complete bicomplex valued rectangular metric
spaces and let the mappings S, T : P — P satisfy the condition

alp(p, Sp)p(p, Tq) + 94, Tq)p(q, Sp)] (7)
o(p, Tq) + p(q, Sp)

©(Sp, Tq) Zi,

for all p,q € P and if [|p(p,Tq) + p(q, Sp)ll # 0 and p(p,Tq) + p(q,Sp)
is degenerated, where o be any non-negative real number with 0 < o < 1.
Then S, T have a unique common fixed point.

Proof. Let 9y be an arbitrary point in P. We consider a sequence {1%} in
P such that

1§2n+1 = S’lggn, and ’l§2n+2 = T1§27-L+1 for all n = 0, 1, 2, e

Then, by using Equation (7) we have,

© (52n+1, "§2n+2)
=@ (Sﬁzn, T1§2n+1)

<.

« {p (152,1, S’l§2n) [9) (ﬁgn, Tﬁ?n-&-l) +p (@Qn_H, Tﬁgn_ﬂ) Q) <1§Qn+1, S@gn)}

~12

@ (1§2n7 T1§2n+1) + g <1§2n+1, S'l§2n>

a {@ (527“ 752n+1> £ (5271, 7§2n+2> +p (52n+17 52n+2) | (7§2n+17 1§2n+1)}

~12

© <7§2n7 1§2n+2> tp <7§2n+17 1§2n+1>
o (Dn, a1 ) © (P a2
£ (1§2n7 1§2n+2)
Siz O (152n, 52n+1)

= @ (1§2n+1,1§2n+2) iy ap (1§2nﬂ§2n+1) .

<.
~12

,  since p <1§2n+117§2n+1) =0

So from Equation (8) it follows that:

% (5n+17§n+2) Sip ap (gnvﬂn—i—l) .

Therefore for all n > 0 we get,

@ (§n+1ﬂ§n+2) iy ap (ﬁnﬁml) Sy 0Pp (ﬂ—lﬁn) S S o™ (190,?91) :

Thus for any two positive integers m,n with m > n we have,
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0 (Ons Ontr) + 0 (Fnst, Inga) + -+ + 9 (It 0m)

2 @9 (J0,01) + " (o, 01) + -+ + ™ (do, 91
" a4t amﬂ 0 (190, 61)

o [1 tataitot am‘”—l] o0 (ﬁo,él)

<
~—
|
g
=
3
SN—

Q

—

12

WU U

a” - -

iz 1—04@(190’191)'
Since0<a<1,thenl+a+a?+---+am 1< lla
Hence,

o (s 9m)] < 2 o (0)

Again =~ — 0 as n — o0, then for any ¢ > 0 there exists a positive

integer ng such that Hp (19 ] )H < ¢ for all m,n > ng. Hence {ﬁn} is a

Cauchy sequence in P. Also, P is a complete bicomplex valued rectangular
metric space. Therefore there exists 4 € P such that lim, . J,, = 4. Now
we show that uw = Su. If not then there exists 0 <;, & € Cy such that

o(a, Sa) = €.
Therefore,
§ = p(a, Su)
Sia © (@ 0ns1) + 9 (Ini1,ns2) + 0 (Pnso, S0
S P (ﬂ 5n+1) +p (5n+1, 5n+2) tp (Sﬂ, Tﬁnﬂ)
_ o (@, $8)9 (1, Thn11) + o (Jns1, Tnsr ) o (ns1, S0

Siz 9 (041 + 9 (Fng1, nga) + 0 (0. T00s1) + 9 (Bus1. S1)

o {f@ (@ §n+2) +p <1§n+1, 7§n+2) © (@nﬂ, Sﬂ)}
© (a, 1§n+2) +p (ﬁnJrl» Sﬂ)

Sis © (ﬂa §n+1) +p <1§H+171§n+2) +
which yields that

1< o (st + o (o 02|
1o @) ¢ o o ) G 59
o (5-2) + 0 s 59

Taking limit as n — oo then ¥, — @ and from Equation (9) we get, ||£]| <0
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which is a contradiction as ||£|| > 0. Therefore we conclude that ||£|| =0 =
llo(u, Su)|| = 0 = u = Su. Similarly, we can show that u = T'u. Hence S
and T have a common fixed point.

Now we show that S and T have unique common fixed point. If possible
suppose that @* € P be another common fixed point of S and 7.

Then

o (u,a*) = p (Su, Ta*) Zi, afp(u, Su)p (u, Tu*) + p (u*, Tu*) p (u*, Su)]

o (u, Tu*) + o (u*, Su)
(@, Sw)[ e (u, Tur)|| + [lp (@, Tu)|| |[p (@, Su)l]
lp (u, Tu*) + g (u*, Su)||

lp (@, @) < V2a
ie., [lp(aa%)| <0,

which is a contradiction. Therefore we conclude that

— %

lo@a) =0 = @ —a.

This completes the proof of the theorem. O

3 Conclusion

This paper presents a novel concept of a complete bicomplex valued rectangular
metric space, where we have updated the general background of bicomplex
valued metric space and demonstrated some well-known fixed point results.
The findings of our study demonstrate the singularity of a fixed point under
various contraction conditions. We anticipate that these results will make a
valuable contribution to future research in this particular field. If we apply
the concepts described in this paper to future studies on alternative metric
spaces, such as bicomplex valued control metric space and bicomplex valued
cone metric space, we may find intriguing results.
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