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ABSTRACT. The present research work proposes some generalized dynamic variants of reverses of
Callebaut’s inequality and Holder’s inequality on time scales (measure chains). Time scales (mea-
sure chains) results are the generalized forms of their discrete, continuous, and quantum versions.
Further, we establish several fractional generalized dynamic variants of reverses of Callebaut’s in-
equality and Holder’s inequality on time scales (measure chains).

1. INTRODUCTION

Here, we present some classical inequalities. The following results concerning reverses of Calle-
baut’s inequality and Hélder’s inequality are adopted from [11].
n
Let ¢, wr > 0 and x, >0 for any 7 € {1,...,n} with > x, = 1.

=1
If there exist the constants m, M > 0 such that

0<m<ﬁ<M<+oo,

Wr

for any 7 € {1,...,n} and § € [0, 1], then

0< Z Xr 2 Z Xrw? — Z xrtp2(179) 20 Z Xrp2002(1=0)
=1 =1 =1 p—
2
< 20(1 - )02 - w?)n (1) (ZW ) )

and the inequality

ZXH#ZZXTwzﬁexp [4(5(1—5) (K<<Z> ) )] ZXHﬁQl 5) 26ZXT1/126 2(1-9) (9)

If there exist the constants mq, M7y, mg, Mo such that
0<m <Y <M <400, 0<me <w, < My < +00,

for any 7 € {1,...,n} and p,q > 1 with % + % =1, then by putting

MNP (M1
oa = (5) () 1
mia me9
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we have

0<1~—

T¢TWT 2
2 (M2 —1
=i r< (M ) In(Myg) ®)
( XT¢T> < XTWT) q h

We will unify and extend (1), (2) and (3) in the calculus of measure chains by applying the
diamond-alpha integral. We will also unify and extend (1), (2) and (3) in the fractional calculus of
time scales.

2. PRELIMINARIES

The calculus concerning measure chains was introduced by the work of Hilger [12]. A time scale
is considered an arbitrary and nonempty domain of functions. This domain is the closed subset of
the reals. Here, T denotes a time scale, and [a, b]T = [a,b]N'T, while a,b € T with a < b. The major
purpose of the calculus of measure chains is to refine results in reconciled, harmonized, generalized,
and comprehensive forms. This theory is utilized to generate dynamic inequalities in hybrid forms,
see [1-7,13,14]. The basic study concerning theory of measure chains has attracted the attention
of several readers. For further study, see [7,8§].

First, we shortly adopt the diamond-« derivative and integral, see [3, 15].

Let ®(\) be A-differentiable and V-differentiable on T. The ¢,-derivative ®°(A) for A € T is
defined by

% (\) = a®>(\) 4 (1 —a)®V(N), a € [0,1].

We note that ¢,-derivative takes the form of A-derivative for o = 1, or it becomes the V-derivative
for a = 0.
Let ®: T — R, {,w e T. Then fgw D(\) 04 A is given as

/;@(/\)oa/\:a/;@()\)A)\Jr(l—a)/;@(/\)V/\, o €01,

with the assumption of existence of delta and nabla integrals of ® on T.
The next definition is about Riemann—Liouville time scale A-fractional integral, see [4, 6].
Let > 1 and ® € (4. Then

I (k) = /: ha—1(k,0(7))@(7) A, (4)

on [£, k)T, see [9] and h, : T? — R, are rd-continuous (coordinate wise) functions for o > 0,
satisfying ho(k, () = 1,

hat1(k, Q) :/c ha(y, O)Ay, V¢, ke T. (5)
Notice that

T o(x) = /5 "oy,

having absolute continuity in x € [£,w|T, see [9].
The next definition is about Riemann-Liouville time scale V-fractional integral, see [5,6].
Let « > 1 and ® € Cjy. Then

Jg'®(k) = /; ha—1(k, p(7)@(7) V7, (6)
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on (&, k], see [9] and he : T2 — R, are ld-continuous (coordinate wise) functions for o > 0,
satisfying ho(k,() =1,

iLOH’l(K/’ C) = /C Ba(VaC)v’ya V(, ke T. (7)
Notice that .
Tid(k) = | ®(7)V7,
0 /g (1) V7

having absolute continuity in & € [§, w]r, see [9].
The famous Young’s inequality for scalars says that if f,3 > 0 and ¢ € [0, 1], then

F17P20 < (1-68)F +463 (8)

with equality if and only if f = 1.
The upcoming results are given in [10].

0<(A—8F +63—rF' 92 <6(1-68)(F —2)(Inf —In2) (9)
and
(1—-0)F +463 r
1< e < exp [45(1 —90) <K <:) - 1)] , (10)

where f,3 >0, 6 € [0,1].

We also consider Kantorovich’s ratio defined by
(h+1)?
4h

The function K is decreasing on (0,1) and increasing on [1,400), K(h) > 1 for any h > 0 and
K(h) =K (#) for any h > 0.

We need the upcoming results [11].

If F,3 € [m,M] C (0,400), then by (8) we have

K(h) = , h>0.

0<(1—0)F +63—F17°2°<5(1—-0)(M—m)ln (J\nf) (11)
and (9) yields
1 < W‘ < exp [45(1 iy <K (%) - 1)] , (12)

for any ¢ € [0, 1].
In the coming work, we assume the existence and finiteness of integrals.

3. MAIN RESULTS

The first result concerning generalized reverse time scale Callebaut’s dynamic inequality by ap-
plying the ¢,-integral is given.
Theorem 1. Let x,¥,w € C ([a,b]T,R), neither ¢» =0 nor w =0, such that 0 < m < %8" <M<
+o0, V¢ € [a,b]r for some constants m, M > 0. If § € [0,1], then

b b
0< / OO 00 ¢ / OO 00 ¢

b b
- / X (O P w(O)* 00 ¢ / IO w(Q)PT72) 0q ¢

<2100 -0 -ty (M) ([ ol euc) 09
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Proof. We observe that

s WOP ROE _
™S QP P =M T el

If F(¢) = ‘IZES\';’ d(n) = tf%"z, V¢, n € [a, b]r, then inequalities (8) and (11) take the forms

o<a-a (i) s () - (5 (6"

<26(1 = 0)(M? —m?)In (%) . (14)

By multiplying (14) with [x(¢)x(n)||w(¢)|?|w(n)[?, we get

0 < (1= OO XM + SOOI
= QP o O s () 2o () 21

< 20(1—0)(M? —m®)In <M> XN Pxllw@m)?,  (15)

V¢, n € [a,b]r. By integrating (15) over (, we have

b b
0< (1—8)x(m)l|wln)? / OO 00 ¢+ Sl / OO 0a ¢
b
X)) P () 20 / OB w(C) oa ¢

<201 =)0 = m?)n (0 ) (o)t |2/\x (P oad. (16)

Again, by integrating (16) over 7, we obtain the desired inequality (13). O

Remark 1. We have the following case for T = Z:
Leta=1,a=1,b=n+1, x(71) =x+ 20, ¥(r) = ¢ >0, w(1) =w; >0 for7 € {1,...,n}.
Then, (13) coincides with (1).

The following reverse of Cauchy—Bunyakovsky—Schwarz’s inequality holds:

Corollary 1. Let x,¥,w € C ([a,b]r,R), neither » = 0 nor w = 0, such that 0 < m < mg" <
M < +o0, YC € [a, bl for some constants m, M > 0. Then

02 [ IOIOR e [ @M eu ~ ([ IMOIHOI0 00 )
;(MQ_”’F)I“(m) </a \X(C)IIW(C)I2<>aC)2. (17)

Proof. Take § = % in inequality (13) and the proof holds. O

<

The second result concerning generalized reverse Callebaut’s dynamic inequality on time scales
by applying the ¢,-integral is given.



Theorem 2. Let x,¢,w € C ([a,b|T,R), neither 1» =0 nor w =0, such that 0 < m < ‘wgcgl <M<

+o0, YC € [a,b]r for some constants m, M > 0. If 6 € [0,1], then we have the following inequality

/!x b m/ Ol (€)
2 b
< exp [45(1—5) (K((%) )—1)] / QIO (O 0a €

b
x / OO PP oq ¢ (18)

Proof. We observe that

s [WOP [P _
= QR wlmE <M Yo € Lot

m

If F(¢) = %, d(n) = l\i%l‘z’ V¢, n € [a, b]r, then inequality (12) take the forms

a-o () o)

it ()] 5 (220" o

By multiplying (19) with |[x(¢)x(n)||w(¢)[?|w(n)[?, we get

(1 = O IXONLOP Xl + S (| x(m [ (m)
2
< exp [45(1 —9) <K (<M> ) - 1)] XM PI (P ()[4 () [P |w(m) P12, (20)

m

V¢, n € [a,b]r. By integrating (20) over (, we have

b b
(1- 5)\X(n)llw(n)!2/ (OO ea ¢ + 5\X(n)ll¢(n)l2/ X (OIw(C) 0a ¢

(o))

b
><x(n)\lw(n)\%w(n)!m_‘”/ OO (O 0a . (21)

Again, by integrating (21) over 7, we obtain the desired inequality (18). O

Remark 2. We have the following case for T = Z:
Leta=1,a=1,b=n4+1, x(71) =x+ 20, ¥(r) =¢; >0, w(T) =w; >0 for7 € {1,...,n}.
Then, (18) coincides with (2).

The following reverse of Cauchy—Bunyakovsky—Schwarz’s inequality holds:
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Corollary 2. Let x,¢,w € C([a,b]r,R), neither » = 0 nor w = 0, such that 0 < m < |\w(8\|
M < +o0, YC € [a,b]r for some constants m, M > 0. Then

[ KO 0 [ IX(@lt0
<exp [K ((i{)) - 1] ([ n@lsoren) - o2

Proof. Take § = % in inequality (18) and the proof holds. O

<

The third result concerning generalized reverse Holder’s dynamic inequality on time scales by
applying the ¢,-integral is given.

Theorem 3. Let x,v,w € C ([a,b]T,R), neither 1» =0 nor w = 0 with ff IX(Q)| 0o ¢ = 1. If there
exist the constants my, My, ms, Mo such that

0<mi <Y(() <M <400, 0 <me <w(() <My < +o0, V(¢ € [a,b]r

and p,q > 1 with % + % =1, then by putting

MNP [/ My\?
M= { (22 (52) }
mi me9
we have

01 J2 1x(©) Ol (el oa ¢ <2<M§,q—1) n(M,).  (23)

T (PO o ¢) (@Ol on )t PO\ M

Proof. Using the given conditions, we have

m? < [ (O 00 ¢ < MP and md < [7 | (O)||w(Q)|P o ¢ < MY,
<m1>p< (P <Ml>p
SOOI 00 ¢~ \ima

() =5 () |w\(w)|q\q<>a< < (o)

YOI w(©)] <
f XN ea ¢ [ (Ol 0a ¢~

Also

IN

and

giving that

p,q»




Using the inequality (11) for 6 = %, F(¢) = % 3¢ = % m = my, and
M = M, 4, we get

0
1 YOI L1 |w(€)] (¢ ) ©l

< - 1

TP LIS oa ¢ [TOIOI 0 ¢ (0P 00 ) (2 QIO 0n )’

2 1
<—(M,,—— | In(M,,). (24
< 2 (M= g ) mOg). (20

By integrating (24) over ¢, we obtain the desired inequality (23). O

Remark 3. We have the following case for T = Z:
Leta=1,a=1,b=n+1, x(1) =x+ >0, ¥(7) =¢r >0, w(T) =w; >0 for7 e {l,...,n}.
Then, (23) coincides with (3).

4. FRACTIONAL INEQUALITIES

The first result concerning generalized fractional reverse time scale Callebaut’s dynamic inequality
by applying the A-Riemann—Liouville integral is given to initiate this section.

Theorem 4. Let x,v,w € Crq([a,b]T,R), neither v = 0 nor w = 0, such that 0 < m < ||wg ;; <

M < 400 forn € [a,k]r, while VK € [a,blT for some constants m,M > 0. If § € [0,1], then for
a>1and ha—1(.,.) >0, one has

0 < Z2(Ix(w)l[9() ) Zg (Ix () [w (%))
= I3 (I () [ () P2 () P) T ([ () ) (1) [ oo () [P0 =)

M
<201 -0 ) n (1) EIw()’ . (29
Proof. We observe that
Z P WP 2
< , < M*, n, X € la,k|T,VK € [a,b]T.
= P O Kl bl
If F(n) = l\ﬁggl‘?’ ) = ‘| E ;E, N, A € [a,K|r, VK € [a,b]r, then inequalities (8) and (11) take the

forms
o<a-a (i) + () - () ()
<26(1 = 6)(M? —m?)1n (Z) . (26)

By multiplying (26) with ha—1(k, o/(n))ha—1(s, o (A) X (MX V) [lw () Plw(A)[?, we get
)

0 < (1= 8)ha1(k, a(m)Ix ([ (1) Pha—1(r, o (A))[x (W) (V)
+ 6ha-1(r,0(n))[x(M)lw () *ha-1(s, (W) XML ()]
= a1 (5, o () XM () P2 () 2 ha—1 (5, 7 () (W[ ) P [ (AP

) M) Ix( e (m)ha—1(r, oA x(MIlwN?, (27)

<26(1—0)(M ln<

S\E



N, A € [a,K]T, VK € [a,b]r. By integrating (6) over 7, we have

0 < (1 = 8)ha—1(r, o W) XM [N PZZ (x (W)l () )
+ 8ha-1(k, o (A)) XD (N PZE (1x () | |w(%)[?)
= a1 (r, d(A)) XV )P [ () PAITE () [ () P (1))

M (0%
<2001 = )2~ ) (31 ) B s SN WP (). (29
Again, by integrating (28) over )\, we obtain the desired inequality (25). O

The next result concerning generalized fractional reverse time scale Callebaut’s dynamic inequal-
ity by applying the V-Riemann-Liouville integral is given to initiate this section.

Theorem 5. Let x,¢,w € Ciq([a,b]r,R), neither 1» = 0 nor w = 0, such that 0 < m < ng{ <

M < 400 forn € [a,K]r, while VK € [a,b]T for some constants m,M > 0. If 6 € [0,1], then for
a>1 and ha_1(.,.) > 0, one has
0 < T (xR0 ()1 T2 (Ix(5)||w (%))
— T2 (xR () PO |w () P) T (Ix () 14 () 2 | () 2
2

< 20(1 — 6)(M? — m?) In (?ﬁ) (T2 (xRl l(m) ). (29)

Proof. Similar to that of proof of the Theorem 4. O

Remark 4. We have the following case for T = Z:
Leta=1,a=1,k=b=n+1, x(1)=x+ >0, ¥(1) =9 >0, w(1) =w; >0 for 7 € {1,...,n}.
Then, (25) coincides with (1).

The second result concerning generalized fractional reverse Callebaut’s dynamic inequality on
time scales by applying the A-Riemann—Liouville integral is given.

=t

<

Theorem 6. Let x,v,w € Cpq([a,b]T,R), neither 1» = 0 nor w = 0, such that 0 < m < mz |

M < 400 forn € [a, K], while VK € [a,b]T for some constants m,M > 0. If 6 € [0,1], then for
a>1 and ha—1(.,.) > 0, we have the following inequality

|

T3 (Ix ()19 (1) P)Z3 (|x () (%))
< exp [45(1 —9) (K ((Aﬂf)?) - 1)
X e (X ()l () () P 2). - (30)

Proof. Similar to that of proof of the Theorem 2. O

3 (X (R)[ (1) P () 2)

The next result concerning generalized fractional reverse Callebaut’s dynamic inequality on time
scales by applying the V-Riemann-Liouville integral is given.

Theorem 7. Let x,v,w € Ciq([a,b]T,R), neither v = 0 nor w = 0, such that 0 < m < ﬁgz)} <

M < 400 forn € [a,k]r, while VK € [a,blT for some constants m, M > 0. If § € [0,1], then for
8
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a>1 and ha_1(.,.) > 0, we have the following inequality
T (IxR)[(#) 1) T (1x (k) [Jw (5)[?)

2
< exp [45(1 —9) (K <<%> ) - 1)] T (X (R) P (k) 2)

x T (X ()1 (R) [P () P2 (31)
Proof. Similar to that of proof of the Theorem 2. O

The third result concerning generalized fractional reverse Holder’s dynamic inequality on time
scales by applying the A-Riemann—Liouville integral is given.

Theorem 8. Let x,¢¥,w € Crq([a,b]r,R), neither v» = 0 nor w = 0. If there exist the constants
mi, M1, mo, Mo such that

0 <my <4p(n) < My < +oo, 0 <mg <w(n) <My <-+oo, 1€ [a,klr,Vk € [a,b]r
and p,q > 1 with % + % =1, then by putting

MNP [ My\1?
ou=me{(5) - (5 )
mia meo

and for a« > 1, ha—1(.,.) > 0, we have the following inequality

0 < 2200 1 - () o)) 1s2(%%”>mmw-w>
(Z& ()l (r) )7 (Zg (Ix(R)l|w(k)|e))a ] P4 P
Proof. Similar to that of proof of the Theorem 3. U

The next result concerning generalized fractional reverse Holder’s dynamic inequality on time
scales by applying the V-Riemann-Liouville integral is given.

Theorem 9. Let x,v,w € Ciq([a,blr,R), neither v = 0 nor w = 0. If there exist the constants
mq, My, mo, My such that

0<m <¢(n) <M <400, 0 <me <w(n) <M < +o0, 1€ a,K]T, VK € [a, b
and p,q > 1 with % + % =1, then by putting

MNP [ My\1?
M= () (52)
mi mso

and for a > 1, Ba,l(., .) > 0, we have the following inequality

> K K)w(k 2
0< 72 (x(m)l) |1~ Ja ()l |9oie)) 152<g;1yw%0
(T& (xR P) 7 (T (Ix(m)llw(k)|9)a | P4 P
(33)
Proof. Similar to that of proof of the Theorem 3. g
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