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Abstract: A coalition in a graph G with a vertex set V consists
of two disjoint sets V7, V5 C V, such that neither V; nor V5 is a
dominating set, but the union V; U V5 is a dominating set in G. A
partition of graph vertices is called a coalition partition P if every
non-dominating set of P is a member of a coalition, and every
dominating set is a single-vertex set. The coalition number C(G)
of a graph G is the maximum cardinality of its coalition partitions.
It is known that for cubic graphs C(G) < 9. The existence of
cubic graphs with the maximum coalition number is an unsolved
problem. In this paper, an infinite family of cubic graphs satisfying
C(G) =9 is constructed.
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1 Introduction

Throughout this paper, G = (V, E) denotes an undirected, simple, and
connected graph. The vertex set of G is denoted by V(G), and the cardinality
of V(G) is called the order of G. The maximum degree of vertices of a graph
G is denoted by A(G). A set S C V is a dominating set if every vertex
of V — S is adjacent to at least one vertex in S. Domination in graphs is
a well-studied topic in graph theory, and the bibliography on this subject
has been surveyed in [15, 16]. There are different kinds of dominating sets,
which have been explored, such as total, connected, independent, double
dominating sets, and so on [6, 7, 8, 10, 17].

A coalition is generally defined as a temporary alliance of two or more
(political) parties to work together to achieve a common goal. In 2020,
inspired by the idea that the union of two sets should have a property that
neither set has, the notion of coalitions in graphs have been introduced [11],
and have subsequently been studied, for example, in [1, 5, 12, 13, 14]. A
coalition in a graph G consists of two disjoint sets of vertices V; and V53,
such that neither Vi nor V5 is a dominating set but the union V3 U V5 is a
dominating set of G. A coalition partition in a graph G of order n is a vertex
partition P = {Vi, Va,..., Vi}, such that every set V; either is a dominating
set consisting of a single-vertex of degree n — 1, or is not a dominating
set but forms a coalition with another set V;, which is not a dominating
set. The coalition number C(G) of a graph G equals the maximum order
k of a coalition partition. Coalitions in graphs, based on various types of
dominating sets, have been recently studied [2, 3, 4, 9].

Haynes et al. [13] proved that, for any graph, C(G) < (A(G)+3)?/4. For
cubic graphs, the above bound yields C(G) < 9. Alikhani, Golmohammadi,
and Konstantinova have found the coalition numbers of cubic graphs of the
order at most 10 [1]. They showed that C(G) € {6, 7,8} for these graphs and
asked the following question.

Question 1. Is it true that, for any cubic graph G of order at least 6, its
coalition number C(G) € {6,7,8}7

In this paper, we demonstrate that the question has the negative answer
by constructing an infinity family of cubic graphs with C(G) = 9.

2 Main result

The main goal of this section is to present an infinite family of cubic
graphs with coalition number 9. In order to achieve this goal, we first need
to find a cubic graph G with C'(G) = 9. The computational search shows that
the earliest examples appear in cubic graphs of order 16. Among 4060 cubic
graphs of order 16, there are precisely 14 graphs satisfying this property.
Their diagrams are depicted in Fig. 1. The vertices of each single-vertex set
of coalition partitions are shown in black, while the vertices of the other sets
have distinct colors.
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G3: (36715) (45 13) (89 16) Ga: (36914) (45 12) (711 13)
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Gs: (36816) (4512) (711 13)

Gr: (1714) (4513) (89 10) (3 6) Gs: (3616) (4515) (8910) (17)

Fi1a. 1. Cubic graphs of order 16 with C(G) = 9 and their
coalition partitions (without single-vertex sets).
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FiG. 1. Cubic graphs of order 16 with C(G) = 9 and their

coalition partitions (without single-vertex sets) (continue).

All non-single-vertex sets of coalition partitions are presented near the
corresponding graph. It is not hard to verify that these sets form coalition
partitions.

Proposition 1. For any n > 16, there are cubic graphs of order n with
coalition number 9.

Proof. Consider cubic graphs H and G of order 16 and 18 shown in Fig. 2.
The graph G is obtained from H by subdividing edges (1,2), (2,3) and then
connecting new vertices. Their coalition partitions are presented below the
corresponding graph. Since every black single-vertex set is not adjacent to a
vertex that is either red, green, or yellow, none of the sets of these partitions
are dominating sets. Coalition partners in partitions P(H) and P(G) are
listed in Table 1.
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Fia. 2. A family of cubic graphs with C(G) = 9.

TABLE 1. Dominating sets in graphs H and G.

P(H)

P(G)

{27 U {8,9,10}
{11} U {3,6,16}
{12} U {3,6,16}
{13} U {4,5,15}
{14} U {4,5,15}
{1,7} U (8,9,10)

{1} U{2,7,11, 14}
{3} U {2,7,11,14}
{9} U {4,8,10,18}
{12} U {5,6,16,17}
{13} U {4,8,10, 18}
{15} U {5,6,16,17}

Graphs H and G are the initial graphs of a family of new cubic graphs
with increasing order. Sequentially adding the diamond graph K4 —e to H
or (G instead of an edge coming from vertex 7, allows one to construct a
cubic graph of an arbitrary order with the required property. The process
of inserting colored graph K, — e into H and G is illustrated in Fig. 2 (see



368 A.A. DOBRYNIN AND H. GOLMOHAMMADI

graphs H; and G obtained after two steps). The colors of each vertex and
its neighbors of H and G remain unchanged throughout this process. The
proof is complete. O

It is worth mentioning that other cubic graphs G of order 18 with coalition
number 9 can be also obtained from graphs of order 16 in Fig. 1. For instance,
one can subdivide edges (1,2) and (2,3) of graphs G3, G7,G11,G13 and then
connect them. Using these graphs, as well as graphs of order 16 in Fig. 1,
new infinite families of cubic graphs G having C'(G) = 9 can be constructed.

Finally, we state the following question.

Question 2. Find 4-reqular graphs with mazximum coalition number.
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