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ON RIGID INCLUSIONS AND CAVITIES IN ELASTIC BODY
WITH A CRACK: NON-COERCIVE CASE

A.M. KHLUDNEV

ABsTRACT. In the paper, we consider an equilibrium problem for an
elastic body with a crack in a case of Neumann boundary conditions
at the external boundary. The Neumann boundary conditions imply a
non-coercivity of the problem. Inequality constraints are imposed on the
solution providing a mutual non-penetration between the crack faces.
Various passages to limit with respect to the parameter characterizing
a rigidity of the body are analyzed, and limit models are investigated.
In particular, an existence of solutions is proved for all cases considered;
necessary and sufficient conditions imposed on the external forces are
found. The limit models describe the elastic body with a volume rigid
inclusion and the body with a cavity. These results are obtained both
for the case when the crack is located inside the elastic body and for the
case when it extends to the outer boundary.

Keywords: elastic body, crack, non-coercive boundary value problem,
volume rigid inclusion, cavity

1. INTRODUCTION

Last years, a lot of papers related to crack problems in elastic bodies are published.
Describing cracked bodies with non-penetration boundary conditions imposed on
the crack faces, these papers cover a wide range of tasks: existence of solutions, a
solution dependence on physical parameters, a dependence of solutions on geometry
of problems ( in particular, a dependence on the shape and crack length, etc.) as
well as other qualitative properties of solutions [1-12], see also the book [13] and
the literature therein. As usually, the results mentioned are obtained for situations
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2 A.M. KHLUDNEV

where the bodies are fixed on the external boundaries what implies a coercivity
of the problems. The present paper deals with Neumann type conditions at the
external boundary, and thus, with non-coercive boundary value problems. Together
with inequality type conditions on the crack faces, this implies specific difficulties
in the analysis. We prove an existence of solutions for suitable external forces
providing necessary and sufficient conditions for the solvability. In so doing, Sobolev
spaces are presented as direct sums of orthogonal subspaces, and solutions are found
being elements of subspaces. Assuming that the elasticity tensor is changed in a
subdomain, we justify passages to limits as a rigidity parameter of the elastic body
tends to infinity and to zero. The limit models are characterized by rigid inclusions
and cavities in elastic bodies. One can refer the reader to papers [14, 15, 16, 17, 18,
19] related to elastic bodies with rigid inclusions and cavities for Dirichlet boundary
conditions on external boundaries. As for general approaches to analysis of non-
coercive boundary value problems we can mention the works [20, 21, 22]. Various
non-coercive boundary problems for elastic bodies with cracks and thin inclusions
can be found in [23, 24, 25, 26, 27]. Other models for describing composite bodies
are presented in [28, 29, 30].

The paper is structured as follows. In Section 2, we provide variational and
differential formulations of the problem considered and find suitable conditions
imposed on external forces providing a solvability of the problem. Passages to limits,
as a rigidity parameter of the elastic moduli tends to infinity and to zero, are
investigated in Sections 3 and 4. Limit models corresponding to rigid inclusions
and cavities inside the elastic body are analyzed. A case of the crack crossing the
external boundary of the elastic body is investigated in Section 5.

2. SETTING THE PROBLEM

Let Q C R? be a bounded domain with smooth boundary I', and v C €2 a smooth
curve without self-intersections, ¥ N T' = (). Denote by n = (n1,n2), v = (v1,19)
unit normal vectors to I' and -y, respectively; ., = Q\ 7, see Fig.1.

Consider an elasticity tensor A = {a;;x;} with the usual symmetry and positive
definiteness properties

aijii€ii€i > col€|? V&, co = const > 05 aijm = ajikl = ki,
aijkl S LOC(Q)v ivja kvl = ]-72
Summation convention over repeated indices is used; all functions with two lower
indices are assumed to be symmetric in those indices.

Problem formulation to be analyzed is as follows. We have to find a displacement
field v = (u1,u2) and a stress tensor o = {0;},%,j = 1,2, defined in Q, such that
1
2
3

4 O’VSO,(T.,-:OOII"}/i,

(5) /u 0, /(ul,2 —ugy) =0,

Q, Q,

—dive = f, 0 = Ae(u) in Q,,
on=0 onT,

(1)
(2)
(3) [u] 20, [0,] =0, oy[u,] =0o0n 7,
(4)
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Puc. 1. Elastic body with crack ~

where u, = wv; 0, = o;;v;v; is a normal stress, o, = oV, T = (71, 72) =
(ve, —11); [u] = u™ —u~ is the jump of the function u at ~, where the signs +
correspond to positive and negative directions of v, and u* are traces of u at *.

Relations (1) are the equilibrium equation and the constitutive law for the
elastic body. Boundary conditions (3)-(4) are well known for the crack model
with inequality type constraints at the crack faces, see [13]. The inequality in (3)
provides a mutual non-penetration between the crack faces y*. The model (1)-(5)
corresponds to a free boundary approach. This means that the contact set between
the crack faces is unknown a priori. The Neumann type condition (2) at the external
boundary I' implies a non-coercivity of the problem (1)-(4). In view of this boundary
condition, we have to find a solution of the problem in a suitable subspace. Relations
(5) provide a uniqueness of the solution.

The problem (1)-(5) admits a variational formulation. To this end, we introduce
the space

W={ue H1(97)2 | /U = 0»/(”1,2 —u1) =0, u = (u1,u2)},
Q, Q,

and for any set S C R? the following space of infinitesimal rigid displacements
R(S) = {p=(p1,p2) | p(x) = (", ) + b(wa, —21), & = (w1,22) € S; b,c!,c* €R}

with arbitrary b, ¢!, ¢ € R.
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In the space W, we consider the inner product
© i) = [ [t [ o= (o), 0= (@)
Q, Q,

The inner product (6) induces the norm in W being equivalent to the standard one.
The following statement takes place.
Proposition 1. The space H!(,)? can be presented as a direct sum of two
orthogonal subspaces with respect to the inner product (6),

HY(Q,)? =W & R(Q,).

Proof. Take any elements p € R(Q,) and u € H*(Q,)2. Let p(x) = (c*,c?) +
b(xe, —11), ¢!, b € R. Then we have

(7)
(u, p) :ci\Q|/ui+b/(u1)2—u271)—|—b(/u1/a:2—/ug/xl); u = (u1, uz).
Q, Q, Q, Q Q,  Q

From (7) it follows that sufficient and necessary conditions for the identity
(u,p) =0 Vp € R(,)

/U = 0,/(’&1,2 —ug,1) =0, u = (u,u2),
o O,

i.e. u € W. Proposition 1 is proved.
Consider the set, of permissible displacements

K ={ve Q)| 0] = 0on A},
and the energy functional £: H'(Q2,)? — R,

B@) =5 [ o= - [ 1o
Qy

2y

~

are of the form

where f = (f1, f2) € L?(£2,)? is a given external force acting on the elastic body,
o(u) = Ae(u). To simplify notations we write o(u)e(u) instead of o;;(u)e;;(u). In
this case the minimization problem

® S B0

has a solution u satisfying the variational inequality
9) ue KNW,
(10) /a(u)a(ﬂ—u)—/f(ﬂ—u)zo Vae KNWw.
Q, Q
Indeed, the coercivity of the functional E on the space W follows from the inequality
(11) /E(U)E(’U) > cl{/vi,jui’j + /vi/vi} = 01||UH?L11(QV)2 Yve W
Q, Q, Q, Q

with a positive constant ¢; what is a consequence of Proposition 1.4 from [13]. The
set W N K is weakly closed. Thus the problem (8) has a solution.
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We need to prove one more statement.
Proposition 2. For any @ € K there exist « € KNW and p € R(£2,) such that

U =1+ p.
Proof. We take any u € K. By Proposition 1, we have
u=1a+p, wEW, p€R(S).
Moreover
[t,] = [(p+u),] = [4,] > 0onr.

Thus, we have @ € K. On the other hand, @ € W, and consequently, u € K N W.
Proposition 2 is proved.
Assume that the external forces f satisfy the condition

(12) fr=0 Vpe R(Q,).
/

In this case, the relation (10) can be rewritten as

/a(u)s(ﬂer—u)f/f(ﬂerfu)ZO Vi e KW, Vp e R(Q,),
Q

Q"/ vy

and consequently, by Proposition 2, the problem (9), (10) reduces to the variational
inequality

(13) ue KNW,

(14) /a(u)e(a —u)— /f(a —u)>0 VieK.
O, 0,

Thus, the following statement has been proved.

Theorem 1. There exists a (unique) solution of the problem (13)-(14) provided
that the condition (12) holds.

We can also check that problem formulations (1)-(5) and (13)-(14) are equivalent
for smooth solutions. The proof of this statement is omitted here since it reminds
that for the case of Dirichlet conditions at the external boundary I' (i.e. u = 0
instead of on = 0), see details in [13].

To conclude this section, we notice that the condition (12) is not only sufficient
for the solvability of the problem (13)-(14) but it is necessary. Indeed, assume that
the problem (13)-(14) has a solution. We can substitute in (14) test functions of
the form @ = u =+ p, p € R(Q). This implies (12).

3. FORMATION OF RIGID INCLUSIONS IN ELASTIC BODY

Assume that a subdomain w C 2 has a smooth boundary I'g such that v C
Tg, meas (I'o \ 7) > 0, ' NT = 0, see Fig. 2. This subdomain can be seen as an
elastic inclusion in the elastic body 2. A unit normal vector to I'y is denoted by v.
The condition (12) is assumed to be fulfilled in this section.

We introduce a positive parameter A into the model (1)-(5). This parameter
would be responsible for the rigidity of the inclusion w. To be more precise, introduce



6 A.M. KHLUDNEV

Puc. 2. Elastic body with inclusion w and crack

the elasticity tensor

A Qijkl in Q \ w

(15) az]k:l - { Ailaijkl in w

with a positive parameter A. Denote A* = {a;\j w1} and consider the problem similar
to (1)-(5) with the elasticity tensor A*. Namely, we have to find a displacement
field u* = (u,u3) and a stress tensor o* = {o}}},4,j = 1,2, defined in €, such
that

(16) —dive* = f, o* = A*¢(u) in Q,,

(17) c*n =0 onT,

(18) [u}] >0, 03] =0, op[up] = 0on 7,

(19) oy <0, 02 =0ony™,

(20) [ =0 [y = =0
Q, Q,

We know that the problem (16)-(20) can be written in the variational form
(21) e KNW,

(22) /UA(U)\){E(?:L*U)\)*/]C(IAL*U/\) >0 VueK.
Q"f

2y
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In what follows, we plan to justify a passage to limit as A — 0 in (21)-(22). The
limit model would correspond to a rigid inclusion w inside {2 with a crack v on the
boundary I'y.

From (21)-(22) we obtain

(23) / o(u)‘)e(u/\)Jr% / o)) — / fud =
Qy

Q\@ w
where o(u?) = Ae(u). The relation (23) implies for small A
/ (u)e (u? / ful.
Q"/

Thus, taking into account the positive deﬁmteness of the tensor A and the inequality
(11), we have uniformly for small A,

(24) [ [

Choosing a subsequence, if necessary, by (24), we assume that as A — 0,
(25) u* — u weakly in H'(Q,)%

In addition to this, the relation (23) implies

otz < en

and consequently, for the limit function u we obtain
gij(u) =0 inw, i,j =1,2.
As a result, it provides
(26) ul, = p° € R(w).
Introduce two more functional spaces
HY(Q,) = {ve H'(Q,)* | vl € RW)},

V={ve H*(Q,)?| /v =0, /(vl,2 —w31) =0, v = (v1,)}.

Q, Q.
Let K, be a set of permissible displacements,
K,={ve H*(Q,)*| [v,] >00n ~}.

Take any element @ € K,,; then @ € K. This element can be substituted as a test
one in (22). By (25), (26), the passage to the limit, as A — 0, is possible what
implies

(27) ue K,NV,

(28) /0( /f ) >0 VaekK,.
o\&
Thus, the following assertion is proved.
Theorem 2. Solutions of the problems (21)-(22) converge in the sense (25), (26)
as A — 0 to the solution of the problem (27)-(28) provided that the condition (12)
holds.
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The problem (27)-(28) describes an equilibrium of the elastic body €2\ @ with
the rigid inclusion w in the presence of the crack 7 located on the boundary T'.
This problem admits a differential formulation. We have to find a displacement
field u = (u1,u2) and a stress tensor o = {0y;},%,j = 1,2, defined in Q,, Q\ @,
respectively, as well as p” € R(w), such that

(29) —dive = f, 0 = Ae(u) in Q\ @,

(30) on=0 onT,

(31) u=p"onw; [ul=00nTy\~,

(32) [u,] >0, of <0, 0 =0, 0 [u,] =00n ~,

(33) /a+u~p+/fp=OVpeR(w),
To w

(34) ‘/u:Q/Wm—um):0
Q, Q,

The following statement takes place.

Theorem 3. Problem formulations (27)-(28) and (29)-(34) are equivalent for
smooth solutions.

The proof of this theorem reminds that for the case of elastic body with the rigid
inclusion w and Dirichlet conditions on the external boundary I, see [13], and we
omit it.

Let us demonstrate that an existence of the solution to (27)-(28) can be proved
directly by minimizing the energy functional over a suitable set. The inner product
in the space H"“(Q,)? is introduced by the formula (6). Similar to Proposition 1,
the following statement takes place.

Proposition 3. The space H'*(f2,)? can be presented as a direct sum of two
orthogonal subspaces with respect to the inner product (6),

HY(Q,)? =V @ R(,).

In addition to this, similar to Proposition 2, we have
Proposition 4. For any o € K|, there exist & € K, NV and p € R(f,) such
that

U=1u-+p.

Now, consider the energy functional E,, : H'*(Q2,)? = R,

=} fow= [ 1

Then the minimization problem

inf  E,
1)6}%’1,0‘/ (U)

has a solution u satisfying the variational inequality

(35) ue K,NV,
(36) o(u)e(a — u) fla—u)>0 VYue K,NV.
Joss-n- -
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The coercivity of the functional E,, follows from the reasoning of Section 2 related
to the coercivity of the functional E. Taking into account the condition (12) and
Proposition 4, we rewrite the problem (35)-(36) in the form

(37) we K,NV,
(38) o(u)e(a — u) fla—u) >0 VueK,,
Jroa -

what coincides with (27)-(28).

To conclude the section, note that the condition (12) is also necessary for the
solvability of the problem (37)-(38). Indeed, let the problem (37)-(38) have the
solution. Substituting in (38) test functions of the form @ = u £ p, p € R(%,), we
obtain (12).

4. FORMATION OF CAVITIES IN ELASTIC BODY

Agsume that the subdomain w C € is chosen like in the previous section, see Fig
2. Introduce the elasticity tensor

B A in Q\w
(39) AA{ AA in w

with a positive parameter A. We consider the problem similar to (1
elasticity tensor Aj. Namely, we have to find a displacement field
and a stress tensor o* = {U”},ZJ = 1,2, defined in Q,, such that

)-(5) with the

(ulvu%)

(40) —~dive* = f, o* = Axe(u) in Q,,

(41) o™ =0 onT,

(42) [up] > 0, (03] =0, op[up] =0 on 7,

(43) o) <0, 02 =0o0n~*,

(44) / =0, /(Ul 2 U§\1) =0.
Q, Q,

As we know, the problem (40)-(44) admits the variational formulation

(45) e KNw,
(46) /UA(UA e(t — u /f )>0 ViekK.

2y

In this section we assume that the function f satisfies the condition (12), and
moreover, f = 0 in w. In what follows, a passage to the limit as A\ — 0 is justified
n (45)-(46). The limit model would correspond to the elastic body with the cavity
w.

The relations (45)-(46) imply

(47) /o(u)‘) (u )+)\/ /fu

QN\w w QN\w
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where o(u?) = Ae(u?). This equality gives
(48) / o(uMe(u?) < / fu.
QN\w Q\w
Consider the space H(Q2\ @)? with the inner product
(49) {u,ﬂ} = / U; / u; + / uiyjﬂm, u = (Ul,UQ), u= (ﬂl,ﬂz).
Qe O\e o\@

As we know (Section 2), the space H!(Q\ @)? can be presented as a direct sum of
two orthogonal subspaces with respect to the inner product (49). Namely,

HY(Q\©)?? =W aR(Q\ &),
where
W={aec H(Q\@)?| / =0, / (2 — fia1) = 0, @ = (g, U2)}.
Q\w Q\w

Then for the solution u* of (45)-(46) we obtain the following representation in the
domain Q\ @,

ur =0+t wt e W, p e R(Q\ @).
In this case, the inequality (48) gives

(50) / o(i)e (i)

QN\w Q\w

IA
\
s
>

’>/

Since @* € W, the inequality (50) implies the estimate being uniform in A,
(51) 181 ey < €
For small A, from (47) it follows

A / a(u)‘)a(u’\)—i-)\/a(u)‘)s(u’\)

Q\w w Q\w

IN
\
~
>

.>’

Taking into account a boundedness of 4* in the space H'(Q2\ @)? and the property
u™ € W the previous relation gives the estimate

(52) N By e < e

Choosing a subsequence, if necessary, by (51), (52), we assume that as A — 0,
(53) @ — u weakly in H'(Q\ ©)?,

(54) Vur = @ weakly in H'(2,)2.

Let us rewrite the variational inequality (45)-(46) in the form

(55) w e KNW,
(56) / o(aM)e(a —a*) + A/a(fﬂ)s(a — ) — / fla—a*)>0 VYacK.

Q\w w Q\w
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By the convergences (53)-(54), we can pass to the limit in (55)-(56) as A — 0 what
implies

(57) ue W,

(58) /o(u)a(ﬁ—u)—/f(ﬁ—u)zo Vi € K.

By arbitrariness of the test functions in the domain Q \ @, we can rewrite the
inequality (57)-(58) in the form

(59) ueWw, / o(u)e(it) — / fa=0 VaeH (Q\w)?>

Q\w Q\w

Hence, the following statement has been proved.

Theorem 4. Solutions of the problems (45)-(46) converge in the sense (53), (54)
as A — 0 to the solution of the problem (59) provided that the condition (12) holds
and f =0 in w.

To conclude the section, we provide an equivalent differential formulation of the
problem (59). It is necessary to find functions v = (uy,u2) and o = {0;},4,j = 1,2,
defined in Q \ @, such that

(60) —dive = f, 0 = Ae(u) in 2\ @,

(61) on=0 onTI; ov=0 onIy,

(62) / u = 0, / (’LLLQ — ’U,271) = O
Q\w Q@

The problem (60)-(62) describes an equilibrium of the elastic body Q\& containing
the cavity w. Boundary conditions (61) of the Neumann type are imposed at the
external boundaries I' and T'y.

Notice that the solution of the problem (59) is unique.

5. CRACK CROSSING THE EXTERNAL BOUNDARY

Similar results can be obtained in the case of a crack crossing the external
boundary T' at the point z° € T, see Fig. 3. We do not go in details in such
the case just providing problem formulations for the original equilibrium problem
as well as for two limit cases. In so doing, it is assumed that the angle between
and I is nonzero at the point z°.

First, consider the equilibrium problem for the case corresponding to Fig. 3.
As before, we assume that v is a smooth curve without selfintersections, {2, =
Q\ 4, ¥NT = 2° and f satisfies the condition (12). We have to find functions
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Puc. 3. Elastic body with crack ~

u = (u1,u2), 0 = {04;},4,j = 1,2, defined in €, such that
(63) —dive = f, 0 = Ae(u) in Q,,

on=0 onT,
[uy,] >0, [0,] =0, o,[u,] =0o0n ~,

o, <0, 07:00n7i,

/u = O, /(ULQ — u271) = 0
Q. Q.

The problem (63)-(67) admits the variational formulation. Introducing the subspace
W C H'(£2,)? and the set K similar to Section 2, we can prove a unique solution
of the problem

(68) ue KNW,

(69) /a(u)e(ﬁ—u)—/f(ﬂ—u)zo Vi e K.
Q'Y

2y

Problem formulations (63)-(67) and (68)-(69) are equivalent for smooth solutions.
The next step is related to the analysis of the limit procedure as the elasticity
tensor is changed in w according to the formula (15), and the domain w is chosen
as depicted in Fig. 4. In such a case, the boundary of the domain w assumed to be
smooth consists of three parts: v,7;,'1. In particular, the angle between ~; and
I is nonzero at the point 2' € I'. The equilibrium problem corresponding to the
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ey

x1

Puc. 4. Elastic body with inclusion w and crack

elasticity tensor A* coincides with (21)-(22). The passage to the limit as A — 0
can be justified in (21)-(22), and the limit problem reads as follows: find functions
u = (u1,u2), 0 = {045},4,7 = 1,2, defined in Q,, Q \ @, respectively, as well as
p° € R(w), such that

70) —dive = f, 0 = Ae(u) in Q \ @,

(

(71) on=0 onT\Ty,
(72) u=p° onw; [u] =0on 7,
(73) [ul/] >0, O':_ <0, 0'7-!_ =0, Uj[uu] =0on 7,
(74) a*v-er/fp:O Vp € R(w),

YU

(75) /U =0, /(U1,2 —ug1) = 0.
o o

The variational formulation of the problem (70)-(75) coincides with (37)-(38) with
suitably introduced notations for K,V in the case of geometry corresponding to
Fig. 4. The differential and variational formulations of the problem are equivalent
for smooth solutions. Notice that the limiting case corresponds to the elastic body
'\ @ conjugating with the rigid inclusion w.

To conclude the section, consider the elasticity tensor A, according to the
formula (39). In this case, the differential problem formulation coincides with (40)-
(44), and we aim to pass to the limit in (45)-(46) as A — 0 assuming that f
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satisfies (12) and f = 0 in w. Omitting the arguments, we provide the differential
statement of the limit problem: it is necessary to find functions v = (u1,us) and
o ={0i;},4,5 = 1,2, defined in Q\ @, such that

(76) —dive = f, 0 = Ae(u) in Q\ @,

(77) on=0 onT'\I'y; ov =0 on~yUn~,

(78) / u = O, / (ILLQ — Ug’l) =0.
Q\w Q\w

The equivalent variational formulation of the problem (76)-(78) coincides with (59)
for the suitably introduced space W corresponding to Fig. 4.

The problem (76)-(78) describes an equilibrium state of the elastic body occupying
the domain Q\ @ with the Neumann boundary conditions at the external boundary.
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A.M. Xayaaes. O KeCTKUX BKJIIOUEHUSX W MOJIOCTSIX B YIPYTOM TeJ€ C Tpe-
IIUHON: HEKOIPUUTUBHBIN CJIydait

Annoranuga. B pabore paccmarpuBaeTcsd 3aada PABHOBECHS YIPYTOrO TEJa C
TPEIUHON B CiIydae rpanndHbiX yciaouit Helimana Ha BHemne# rpanune. ['panmd-
HbIe ycsioBus HelfiMana BJIEKyT HEKOIPIIUTUBHOCTH PACCMATPUBAEMOIT KpAaeBOi 3a,1a-
qu. Kpaesbie ycioBust Ha Geperax TpemuHbI MMEIOT BUI CHCTEMbI HEDABEHCTB, UTO
obecreunBaeT B3ANMHOE HEIPOHUKAHUE MPOTHBOIOIOXKHBIX GeperoB. AHamuzupy-
I0TCsl PA3JIMYHbBIE TTPEETbHbIE TIEPEXObI TI0 APAMETDPY, XaPAKTEPU3YIOIIEMY 2KeCT-
KOCTH YIIPYI'Or'0 TeJa, U UCCJIeI0BAHbI [IPeiejibuble Moiesn. B gacTaocTu, 10Ka3aHo
CYIIECTBOBAHUE PEIIeHU IJIsT BCEX PACCMOTPEHHBIX caydaeB. Haiimersr neobxomm-
MBI€ U JOCTATOYHBIE YCJOBUsS HA BHEITHNE HATPY3KM, 0DECIIEYNBAIOIINE CYIIECTBO-
BAHUE PEIEHWI. YCTAHOBJIEHO, UTO MPEIEJbHbIE MOIEIN OIMUCHIBAIOT YIPYTOE Te-
JIO ¢ OOBEMHBIM KECTKUM BKJIIOYEHWEM MDY HAJUIUU TPEIIWHBI U YIPYTOe TEeJo
C MOJIOCTHIO. Y KA3aHHBIE PE3YJIbTATHI MOy YEHbl KAK JJIs CIIydasi, KO/ TPEIHA
PACIOJIOKEeHa, BHYTPHU YIPYTOro TEIA, TaK W JJIsA CJIydasl, KOTJAa OHA BBIXOIUT HA,
BHEITHIOI TPAHUILY.

KuaroueBbie cjioBa. YIPyroe TejI0, TPelHa, HEKOIPIUTUBHAS KpaeBas 33/1a49a,
00beMHOE 2KECTKOe BKJIIOYEHUE, TIOJIOCTh

ALEXANDR MIKHAILOVICH KHLUDNEV

LAVRENTYEV INSTITUTE OF HYDRODYNAMICS OF SB RAS,
PR. LAVRENTIEVA, 15,

630090, NovosIBIRSK, Russia

Email address: khlud@hydro.nsc.ru



