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Abstract: We study 6-transposition groups, i.e. groups generated
by a normal set of involutionsD, such that the order of the product
of any two elements from D does not exceed 6. We classify most of
the groups generated by 3 elements fromD, two of which commute,
and prove they are �nite.

Keywords: 6-transposition group.

1 Introduction

Let G be a group and n be a positive integer. If G is generated by a normal
set of involutions D such that the order of the product of any two elements
from D does not exceed n, then G is said to be an n-transposition group and
elements of D are called n-transpositions. These groups were �rst considered
by Fischer [5] and for the case n = 3 there exist both a fundamental theory
and explicit classi�cation results [1, 2]. In particular, 3-transposition groups
are locally �nite [2], with minimal number of generators for all such �nite
groups presented in [9].

It is known that the case n ≤ 6 includes many interesting examples. For
instance, the Baby Monster sporadic simple group can be generated by four
2A-involutions [4, Theorem 3.1], that are known to satisfy the 4-transposition
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property. The group B(2, 5) : 2, an extension of the 2-generated Burnside
group of exponent �ve (which is yet to be determined to be �nite or in�nite)
by an involution, which inverts generators, can be generated by three 5-
transpositions. Additionally, 2A-involutions of the Monster sporadic simple
group M are 6-transpositions, with three of them generating M .

The recent development of theories of Majorana algebras and axial algebras
has attracted even more attention to the case n ≤ 6, due to the fact that
every Miyamoto group of an axial algebra of Monster type is a 6-transposition
group [11, Corollary 2.10]. We mention the following results on 6-transposi-
tion groups [3, 12, 11] and remark, that they lead to interesting examples
and advances in the study of related algebras.

We aim to classify groups G = ⟨x, y, z⟩ generated by three involutions
x, y, z fromD such that x and y commute, and one of the other two products,
say xz, is not of order 6.

Our main result can be stated as follows:

Theorem. If G = ⟨x, y, z⟩ is a 6-transposition group, such that x, y, z lie in
its set of 6-transpositions and |xy| = 2, |xz| < 6, then it is a quotient of one
of the following groups: l2 : D12 or l2 : D8, where l = 4, 5, 6; 2t : D2t, where
t = 5, 6; (S4×S4) : 2

2; (A5×A5) : 2
2; PGL(2, 9); 34 : (D8×S3); 2×(2s : S5),

where s = 4, 6; k5 : (24 : D10), where k = 2, 3; 210 : (2×PSL(2, 11)); O2 : A5

where |O2| = 210; O3 : D20 where |O3| = 38; 2×M12; (2.M22) : 2; 2×25 : S6

or 2× 3.S6. In particular, G is �nite.

Remark. We note that all groups in the statement of the theorem are, in
fact, 6-transposition groups.

Any group from the statement of the theorem can appear as a subgroup
of an arbitrary 6-transposition group in the generic case. By generic case we
mean that the set of orders of the products of two D-elements contains 6 and
either 4 or 5, so that one can choose x, t and z with |xz| ̸= 6 and |xt| = 6
and using the properties of dihedral groups pick y ∈ tG ⊆ D centralizing
x from the subgroup ⟨x, t⟩. This result forms a stepping stone for further
studies regarding 6-transposition groups.

For the proof the track is twofold: we search for patterns related to 3-
transpositions in order to use the corresponding results for determining the
group's structure, and study the involution centralizers to construct explicit
presentations and verify them using the GAP system [7].

The structure of the paper is as follows: we proceed with necessary notation
and some elementary observations, then prove the main classi�cation result.
After �nal remarks and discussion, we also provide presentations of the
encountered groups in the Appendix.

2 Notation, preliminaries and results

Let us �x some notation that is used throughout the rest of the paper:
We write |X| for the order of X. When discussing the isomorphism types

of groups we use k to denote a cyclic group of order k, while kn is the direct
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product of n copies of such a group. We use Dn to denote dihedral groups
of order n, and Mn to denote the Mathieu groups.

We also use N.H for an extension of N by H, and N : H if the extension
splits. We write the elements of N : H as n.h, where n ∈ N,h ∈ H with
multiplication

n1.h1 · n2.h2 = (n1n
h1
2 ).(h1h2)

where conjugation means an action of h1 on n2.
Now we highlight the less common notation, which we use extensively:

Notation 1. For two elements g1, g2 of the group G we write g1 ∼ g2 when
these elements have equal orders.

Recall the de�nition of a 6-transposition group:

De�nition. A group G is said to be a 6-transposition group if it is generated
by a normal set of involutions D such that if g, h ∈ D then |gh| ≤ 6.

By an m-generated 6-transposition group we mean a group, that can be
generated by m elements from its set D of 6-transpositions.

The goal of this paper is to classify all 6-transposition groups with the
following Coxeter diagram (assuming r1 < 6, r2 ≤ 6):

x y

z

2

r1 r2

Diagram 1. Coxeter diagram of groups of interest

The problem boils down to studying speci�c homomorphic images of
groups satisfying the presentation:

C := {x, y, z | x2, y2, z2, (xy)2, (xz)r1 , (yz)r2}, r1 < 6, r2 ≤ 6.

This restriction, albeit somewhat severe, leaves out some of the notoriously
di�cult examples of 6-transposition groups such as the aforementioned spora-
dic simple groups B and M , or the group B(2, 5) : 2.

We say that the presentation (or the group) collapses or shrinks if some
of the orders of xy, xz or yz are less than 2, r1 or r2 respectively.

We �rst state a number of simple yet useful
Observations:

(1) Assume a ∈ D and i ∈ G is an involution. Then |ai| divides 8, 10
or 12.

(2) Assume a, b ∈ D and [a, b] = 1. Then |abc| divides 8, 10 or 12 for
any c ∈ D.
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(3) Assume a, b, c ∈ D and [a, b] = 1. If |abc| = 2k is even, then
i = (abc)k is an involution, commuting with c and ab. In particular,
⟨a, b, i⟩ ≃ D2p : 2, where p = |ai|. If |abc| is odd, then ab ∈ D.

Proof.

(1) The square (ai)2 = aai is the product of two elements from D, thus
having order ≤ 6, so the claim follows.

(2) Corollary of 1.
(3) First assume that |abc| is even. Then i is the central involution of a

dihedral subgroup ⟨ab, c⟩. Now, ab is in the center of ⟨a, b, i⟩, and in
the quotient group two involutions a = b and i generate a dihedral
group. For |abc| odd the claim follows from properties of dihedral
groups, since ab is then conjugate to c ∈ D in ⟨ab, c⟩. □

We additionally provide a useful statement regarding �nite 6-transposition
groups.

Lemma 1. Let G be a �nite 6-transposition group with a trivial center and
p > 5 be a prime, then Op(G) = 1.

Proof. Suppose that x ∈ Op(G) and a ∈ D. Then, as a is an involution,
[x, a] = x−1xa = axa ∈ Op(G) has order dividing p. As p ≥ 7, [a, x] = 1 for
all a ∈ D and x ∈ Op(G). Hence Op(G) ≤ Z(G) = 1. □

Some of the groups appear for multiple values of (r1, r2). In such a case,
we record all discovered presentations in the corresponding Appendix entries.
We also use the p-core notation, wherever it is not isomorphic to an elementa-
ry abelian group. One can use the provided presentations to determine its
explicit structure.

Decelle in [3] studied the 6-transposition quotients of C, additionally
requiring that xy ∈ D (per our notation), and their connections to Majorana
theory. Observation 2 shows that said condition is rather restrictive.

3 Proof of the main theorem

We omit the trivial cases for r1, r2 ∈ {1, 2} as the only groups that satisfy
these conditions are D2n or 2 × D2n for n ∈ {1, 6}. In all propositions
we assume that G = ⟨x, y, z⟩, where x, y, z are involutions that satisfy the
relations of the diagram 1.

3.1. Case (3,k). By Observation 2, we need the following result for n ≤
12:

Proposition 1. Let n = |xyz|. If ⟨x, y, z⟩ is a quotient of C for (r1, r2) =
(3, k), k ≤ 6, then it is a quotient of either 2×A5, or (n2 × n

2 ) : D12, where
n is even.

Proof. For these cases it follows from [8, Theorem 6.2.7], that groups,
satisfying our diagram are �nite for k ∈ {1 . . . 5} (they are the spherical
triangle groups) and in�nite for k = 6. Thus, for k ∈ {1 . . . 5} we only need
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to �nd the isomorphism types of the groups. For k = 3 we get that G ≃ S4,
where the isomorphism is provided by the map x → (1, 2), y → (3, 4), z →
(2, 3). Similarly, for k = 4 we get G ≃ 2× S4, while for k = 5, G ≃ 2×A5.

We now turn our attention to the case k = 6. We will show that the
6-transposition quotients of the group satisfying such a diagram are always
�nite. Set a = (xzy)2 and b = (zyx)2. We claim that [a, b] = 1. Indeed,

[a, b] = [(xzy)2, (zyx)2] = yzxyzx · xyzxyz · xzyxzy · zyxzyx.

By cancelling the underlined letters and changing the double underlined zxz
to xzx we obtain

zxyzyzxyxzxyxzyzyxzx = zx(yz)5yxzx = zxzxzx = 1.

Here the last two equalities are due to the fact that |yz| = 6 and |xz| = 3.
It follows that ⟨a, b⟩ is the direct product of two cyclic groups of order |a|.
Since ax = b, az = ab−1, and ay = b−1, we conclude that ⟨a, b⟩ is normal in
⟨x, y, z⟩.

We now consider the corresponding quotient group, using the same notation
for the images of elements. Note that 1 = az = xzyz, so x ∈ ⟨y, z⟩. Hence
the quotient group is isomorphic to D12. The proposition follows for even n.

For odd n, the elements a and b generate the group H = ⟨yzx, xyz⟩ which,
by previous reasoning, is abelian and normal. In the quotient G/H we get
that xy = z and in particular [x, z] = 1, but since the order of xz should
divide 3, implying that x = z (in G/H) this means that y = 1 and thus
y ∈ H. Then xz ∈ H and since H is abelian we get that [y, xz] = 1 =
yzxyxz = (yz)2, which means that the group shrinks.

Finally note that the Coxeter group 2× S4 is isomorphic to (2× 2) : D12,
and so it is covered by the statement of this proposition. □

3.2. Case (4,4). In this case we will restrict the order of xyz to obtain
the following

Proposition 2. Assume (r1, r2) = (4, 4) and set k to be the order of xyz.
Then G is an extension of a direct product k×k of two cyclic groups of order
k by D8.

Proof. Consider the group K = ⟨x, xz, y, yz⟩. The index of K in G is
≤ 2. Let us compute the relations between pairs of involutions generating
K. Conjugating the relation [x, y] = 1 we obtain [xz, yz] = 1. The order of
xxz = (xz)2 is 2, hence [x, xz] = 1. Similarly [y, yz] = 1. Overall, we get that
[⟨xz, y⟩, ⟨x, yz⟩] = 1.

Note that |xzy| = |xyz| = k. Therefore ⟨xz, y⟩ ≃ D2k, in other words it is
an extension of a cyclic group ⟨xzy⟩ of order k by an involution. It is clear
now that L = ⟨xzy, xyz⟩ is a direct product k × k of two cyclic groups of
order k. Obviously, L is normal in K. Conjugating the generators of L by
z permutes them, so L is also normal in G. In the quotient G/L the image

y = xz ∈ ⟨x, z⟩. Therefore G/L ≃ D8. The proposition is proved. □
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x y

xz yz

2

2
k

2

k
2

Diagram 2. Diagram for subgroup K.

3.3. Case (4,*). The goal of the section is to complete the case r1 = 4
and to prove the following:

Proposition 3. Assume r1 = 4, r2 ∈ {5, 6}. Then G is the quotient of one
of the following groups: 2r2 : D2r2, 2×(2s : S5), where s = 4, 6, 34 : (D8×S3),
(S4 × S4) : 2

2, (A5 ×A5) : 2
2, or PGL(2, 9).

We will begin by showing that

Lemma 2. ⟨xG⟩ = ⟨x, xz, xzy, xzyz, x(zy)2 , x(zy)2z⟩.

For r2 = 5, the �rst 5 generators su�ce, since (zy)2z = yzyzy and

x(zy)
2z = x(zy)

2
.

Proof. Set L = ⟨y, z⟩ ∼= D2r2 . Then as y and x commute, xL has order

dividing r2 and is the set {x, x2, xzy, xzyz, x(zy)2 , x(zy)2z}. Hence
N = ⟨x, x2, xzy, xzyz, x(zy)2 , x(zy)2z⟩ is normalized by L and, as x ∈ N , N is
normalized by G. This proves the claim. □

We can additionally show that

Lemma 3. The product orders for generators of ⟨xG⟩ can be expressed via

orders of two elements of D: x · xz, x · xzyz and x · x(zy)2z.

Proof. We see that xxz = (xz)2,

xxzyz = x(zyz)x(zyz) = (xyz)2, xx(zy)
2z = (xzyz)2.

For other products the statement can be checked via conjugation of the
previous three formulas. For instance, xzxzyz = (xxzy)z = ((xzx)y)z. □
Remark. For r2 = 5, only the �rst two formulas su�ce since x(yz)

2z =

x(yz)
2
.

We have that for even values of |xyz| and |xzyz| the relations between
generators of ⟨xG⟩, resemble those of 3-transposition groups, a property
which will allow us to determine the structure of our 6-transposition groups.

We will now proceed with the case-by-case analysis for values of |xyz| and
|xzyz|.

Lemma 4. For |xyz| = 4 the group G is a quotient of 2r2 : D2r2 .

Proof. For case |xzyz| = 4 it can be seen that ⟨xG⟩ is elementary abelian
of order 2r2 . Note that the index of G : ⟨xG⟩ does not exceed 2r2 and we
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have an action of ⟨y, z⟩ on ⟨xG⟩. We provide an isomorphism, describing
this action. Treat ⟨xG⟩ as a vector space over F2 with basis ei and the
generating involutions ofD2r2 as permutations, that correspond to re�ections
of a polygon, while �xing a point. For r2 = 5 take

x = e1.; y = .(2, 5)(3, 4); z = .(1, 3)(4, 5);

so that conjugation is treated as permutation of indices of basis vectors. It
is straightforward now to check the relations, and con�rm the isomorphism.

For r2 = 6 the reasoning is entirely similar.
Moving on to the case |xzyz| = 6. For |yz| = 5 the diagram is similar to

the previous one. So we further assume |yz| = 6. By Lemma 3, the diagram
looks like three lines in the Fisher space, as shown below.

x xzyz

xz

xzy

x(zy)
2

x(zy)
2z

l3

l2l1

Diagram 3. Diagram for the case |xyz| = 4, |xzyz| = 6.

Therefore G is a 6-transposition quotient of K ≃ S3
3 : D12. Observe that

the generating elements x, y, and z in K act on the points of the Fisher
diagram for S3

3 in the following way:
x �xes lines l2 and l3, and permutes two of the three points on l1;
y interchanges l2 and l3 and centralizes points of l1;
z interchanges l1 and l3, and permutes two points on l2.
It follows that xyz transitively permutes 9 points of the Fisher space. By
Observation 2, G should be a quotient of K by ⟨(xyz)6⟩. Points on each line
of the Fisher diagram will merge correspondingly into a single point, and so
G is a quotient of L ≃ 23 : D12. In L we have (xyz)3, (yz)3 ∈ Z(L) and
|xzyz| = 2, so L can be also recognized as 22×S4, and it is a quotient of the
group from the previous subcase.

Finally we will see that for |xzyz| = 5 the group shrinks. When |yz| = 5
this is obvious, since xzyz = xyzy ∼ xyyz = xyz, however we assume that
the last element has order 4. So we consider |yz| = 6. Then ⟨xG⟩ should be
the quotient of D3

10. Since |xzyz| = 5 we have z ∈ xG, so it can permute the
lines corresponding to D10 only if the group shrinks. □

Lemma 5. For |xyz| = 6 the group G is a quotient of 2× (24 : S5), 2× (26 :
S5), 3

4 : (D8 × S3) or (S4 × S4) : (2
2).

The relations between the elements are shown in the following diagram.
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x

xzyz

xz

xzy

x(zy)
2

a

b c

d

e

x

xzyz

xz

xzy

x(zy)
2

x(zy)
2z

ac

d f

e

b

tt t

Diagram 4. Diagram for subgroups ⟨xG⟩ when |xyz| = 6,
for r2 = 5 (left) r2 = 6 (right). t = |xzyz|.

Proof. First assume |yz| = 5.
By [10, Appendix, 14a], if the group ⟨a, b, c, d, e⟩ has generators satisfying

the diagram of type Ã4 and if the element l = abcde has order ≤ 3 then the
resulting group is a 3-transposition group. More precisely, ⟨a, b, c, d, e⟩ ≃ k4 :
S5, where k = |l|. To test this condition, we reduce the aforementioned
element l by setting a := x in our previous notation and going clockwise

over Diagram 4, (that is, b := x(zy)
2
, etc.)

abcde = xx
(zy)2xzxzy

xzyz.

We �rst note that ab = x(zy)
2
xx(zy)

2
= y(zyzx)3zyzy = y(xzyz)3zyzy =

y(xyz)2yx. Conjugating this by c we get zxzyxyzxyzyxzxz. Since |xz| = 4,
we push both x to the left and right and get

xzxzyyzxyzyzxzx.

Using zyzyz = yzyzy we obtain

xzxyyzyxyyzyxzx = xzy(xyz)2yxzx.

We compute abcd = abcxzy = x(zyxyzxzy)2x (pushing the last x to the
right).

Then abcde = (zyx)4yzyx and adding d to the left we simply get
yzxzy(zyx)4yzyx. We then note that we can rewrite this element as follows:

yzxzy(zyx)4yzyx ∼ zyzxzxzy(zyx)4 = (zyx)zxzzy(zyx)4 = (zyx)6.

By Observation 1, k = |(xyz)6| ≤ 5.
Moving on to the group G we �rst note, looking at the diagram, that

(xyz)5 = x · xzy · x(zy)2 · x(zy)3 · x(zy)4 = adbec ∈ ⟨xG⟩,
and for a ≃ (1, 2), b ≃ (2, 3), c ≃ (3, 4), d ≃ (4, 5), e ≃ (1, 5), this equals
to (1, 4)(2, 5, 3) and has order 6. We conclude by Observation 1, that zy
must lie in ⟨xG⟩, and (xyz)12 = 1, so the order of xyz cannot be 8, 5, or 10,
since S5 has no corresponding quotients. Therefore, |G : ⟨xG⟩| = 2, and G ≃
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2×(24 : S5). Using the representation x ≃ 1×e2.(1, 2), y ≃ 1×e1.(1, 2)(4, 5),
z ≃ 1×e2.(1, 5)(2, 3) it is straightforward now to check the relations and the
6-transposition property.

Case |yz| = 6 and |xzyz| = 4.
Looking at Diagram 4 (with labeled edges removed, since t = 2), we observe
that
1) z permutes the triangles;

2) y �xes one vertex in each triangle, namely x and x(zy)
2z, while permuting

two other vertices.
The order of the product of vertex elements x · xzyz · x(zy)2 = (xyzy)3 is
not divisible by 3 by Observation 2. Denoting the order of this product by
2k, where k ∈ {1, 2, 5}, it follows that elements in each triangle generate a
quotient of (k×k) : (3×3) : 2, with the 3-transposition group on top. Let us
again denote vertices of triangles as per the second part of Diagram 4. Then
[⟨a, b, c⟩, ⟨d, e, f⟩] = 1. We also have

(xyz)6 = x · xzy · x(zy)2 · x(zy)3 · x(zy)4 · x(zy)5 = aecfbd = acb · efd, (1)

which is a product of two commuting elements of order 2k. We deduce that
k ̸= 5.

First assume k = 1. Then (xyz)12 = 1, and ⟨xG⟩ is a 3-transposition
quotient of [(3 × 3) : 2] × [(3 × 3) : 2]. With D12 on top of that, we obtain
that G is a quotient of 34 : (D8 × S3).

Finally assume k = 2. Then (xyz)8 = 1 and ⟨xG⟩ is a quotient of the direct
product of two groups, isomorphic to (3× A4) : 2, where the top involution
acts as it would on the corresponding subgroups in S3 and S4. From (1) we
also have (xyz)2 ∈ ⟨xG⟩, hence (yz)2 ∈ ⟨xG⟩, and so G can be recorded as a
quotient of (S4 × S4) : 2

2.

Case |yz| = 6 and |xzyz| = 5.
In this case G shrinks. This can be seen by looking at the following diagram:

x xz

zy

2

4 5

Diagram 5. Diagram for the subgroup, case
|yz| = 6, |xzyz| = 5.

In this subgroup x · xz(zy) ∼ xxzyz is of order 3, but while analysing the
quotients of the group we previously obtained, it can be seen that this
subgroup shrinks, thus shrinking the entire G.
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Case |yz| = 6 and |xzyz| = 6.
From Diagram 4, it is clear that ⟨xG⟩ has a quotient, isomorphic to S5, while
⟨a, c, d, e⟩ ≃ S5. Note that y, z act on the generators of this group as the
following permutations:
y = (c, b)(d, e), z = (a, d)(c, f)(e, b).
We consider the subgroup ⟨x, zy, yz⟩. Note that the product of generators

xyzzy = x(zy)3 should be of order 6, since (x(zy)3)2 = xx(zy)
3 ∼ xx(zy)

2z

has order 3.
The last product of Lemma 2 for this group looks as follows:

zy · xzyx ∼ zxzyxy ∼ zxzx = xz and has order 4. These two observations and
previous cases imply that |zyyzx| = 4. By Lemma 3 we then have ⟨x, zy, yz⟩ ≃
2× (24 : D12).

It is clear that a, b, e, f ∈ ⟨x, zy, yz⟩. Direct computations in this group
show that the following 3-transposition relations hold: (afeb)2 = (afeb)3 = 1.
Conjugating by y = (c, b)(d, e), we also obtain relations (afdc)2 = (afdc)3 =
1.
These relations for the diagram imply that ⟨xG⟩ ≃ 25 : S5. Going back to G
as before we have (yz)2 ∈ ⟨xG⟩. Therefore G is 2× 26 : S5. □

Lemma 6. For |xyz| = 5 the group G is a quotient of (A5 × A5) : 22, or
PGL(2, 9).

Proof. For |yz| = 5 we notice that the subgroup ⟨xy, xz⟩ satis�es the well
known presentation of A6 ≃ ⟨a, b | a2, b4, (ab)5, (ab2)5⟩ (in this presentation
a ≃ (1, 2)(3, 4) and b ≃ (1, 2, 3, 5)(4, 6)) and is clearly normal in G. The
quotient order is equal to 2 and thus we only need to determine the extension
type of this involution to determine the structure of G. We show that this
group is isomorphic to PGL(2, 9) by explicitly presenting the matrices that
satisfy the relations for x, y, z:

x ≃
(

1 + 2α 2 + α
2 + 2α 2 + α

)
, y ≃

(
1 2
0 2

)
z ≃

(
2α 2α

2 + 2α 2 + α

)
,

where α is a root of an irreducible polynomial of degree 3 over F3.
Now set |yz| = 6. Then G is a homomorphic image of

G(i, j) = ⟨x, y, z | K ∪ {(xyz)5, (xyz)i, (xzyz)j}⟩,

where K is the set of Coxeter relations, i ∈ {8, 10, 12}, j ∈ {4, 5, 6}. We
claim that the only possibility is G ≃ G(12, 6) ≃ (A5 ×A5) : 2

2. Using coset
enumeration we con�rm the claim in terms of group orders. Meanwhile the
following permutations:
x = (1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12),
y = (1, 2)(3, 4)(5, 12)(6, 11)(7, 10)(8, 9),
z = (1, 12)(2, 7)(3, 6)(4, 5)(8, 10)(9, 11)
satisfy the relations and generate a subgroup of the desired isomorphism
type. □
Proof of Proposition 3 is provided by Lemmas 2-6. □
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3.4. Case (5,5). Moving along with our case-by-case analysis, this section's
goal is to prove

Proposition 4. Assume (r1, r2) = (5, 5). Then G is the quotient of one
of the following groups: PGL(2, 9), k5 : (24 : D10), where k = 2, 3; 210 :
(2× PSL(2, 11)) or O2(G) : A5, where |O2(G)| = 210.

Observation 4. If r1 = 5 then z ∈ ⟨x, xz⟩. If r2 = 5 then z ∈ ⟨y, yz⟩.
We introduce the notation that helps structure further proofs:

Notation 2. We write G(i1, . . . in) := ⟨x, y, z | K ∪ {wi1
1 , . . . , win

n }⟩, where
wi = wi(x, y, z) are �xed, and K are the Coxeter relations used throughout
the section.

Proof of Proposition 4.

Set w1 = xyz, w2 = xyz and w3 = xz(xyz)
2
. We iterate in GAP [7], to

calculate the order of G(i1, i2, i3) for i1, i3 ∈ {4, 5, 6} and i2 ∈ {8, 10, 12}.
This leaves us with just a few non-shrinking presentations. We identify their
6-transposition quotients, recording additional relations for nontrivial cases.

Groups with i1 = 4 were already considered since in this case G =
⟨x, yz, y⟩.

The group G = G(5, 12) is isomorphic to ⟨iG⟩ : (24 : D10). In this
case |⟨iG⟩| = 35, where i = (xyz)4. By the Schur-Zassenhaus theorem the
extension splits, and so G ≃ ⟨iG⟩ : (24 : D10). Moreover, the elements
i, ix, ixz, ixzx and ixy

z
generate ⟨iG⟩ and commute pairwise.

We �nd that G(5, 8) ≃ ⟨iG⟩ : (24 : D10) for the same word i.
In turn, G(6, 10, 4) = ⟨jG⟩ : G(6, 10, 2) with ⟨jG⟩ having order 210 and

being elementary abelian for j = (xz(xyz)
2
)2, while G(6, 10, 2) ≃ 2×PSL(2, 11).

For (G, 10, 6)/⟨(xyyz)6⟩ we again obtain 2× PSL(2, 11).
Finally the group G(6, 12, 4) is �nite of order 212 · 3 · 5 and it satis�es

the 6-transposition property. Further research shows, that it has a normal
subgroup of order 210, which is a normal closure of ⟨(xyz)3⟩ and it is equal
to O2(G), with the quotient group isomorphic to A5. □

3.5. Case (5,6).

Proposition 5. Assume (r1, r2) = (5, 6). Then G is a quotient of one of the
following groups: 2× (24 : S5), 2×25 : S6, O3(G) : D20, where |O3(G)| = 38,
2×M12, (2.M22) : 2, 2×3.S6 or one of the groups from Proposition 4 (sans
PGL(2, 9)).

Proof. Using Observation 4, we can instantly deal with two cases: letting
|xyz| = |xzy| = 4 the group ⟨x, y, xz⟩ = G satis�es the (2, 4, 5) diagram. The
corresponding relators look as follows: (yxzxxz) ∼ yz is of order 6, while
(xyxz)6, per reasoning in Lemma 5, can have order 1 or 2. If we have it set
to 2 we get G ≃ 2× (24 : S5).

Next, if we suppose |xyz| = |xzy| = 5 the group ⟨x, y, xz⟩ satis�es the
(2, 5, 5) diagram and is again equal to G. It is either 210 : (2 × PSL(2, 11))
or O2(G) : A5.
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Therefore we set |xyz| = 6 for the rest of this section.
We will start with a construction, that allows us to obtain a centralizer

element for x. Consider the subgroup ⟨x, z, w⟩, where w = zy. We have that
|xz| = 5, |zw| = |zyzy| = 3 and |xw| = |xyzy| = |xz| = 5. Thus all the
generator products have odd order. This implies that if we take any pair
of these generators and consider the dihedral group generated by that pair,
then these elements will be conjugate in said group, in fact, we can write the
conjugating elements as follows:

x(wx)2 = w = zwz.

Since x and z are also conjugate we get that

x(wx)2 = x(zx)
2(wz),

in other words, the element (zx)2zyz(xzy)2 ∈ CG(x). Rewriting this, we get

(zx)2(yz)2yxzyxyzy = (zx)2(yz)2yxzxzy.

Since y ∈ CG(x) we can remove it from the right to get (zx)2(yz)2y(xz)2 ∈
CG(x), in other words yzy(xz)

2 ∈ CG(x).
We will denote the obtained centralizer element y1. We will use it in our

relations for this section as well as in the following reduction:
Note that since the order of |yxz| = |xyz| is 6 we have, by properties of

dihedral groups, that (yz)xy
z ∈ CG(x). We denote that element y2. If the

group

C = ⟨x, y, y1, y2⟩
has index 1 in G then G shrinks, since C is clearly a subgroup of CG(x) and
it having index 1 would imply that z commutes with x.

Now akin to the previous section we will iterate through G(6, i2, i3, i4, i5),
where

w1 = xyz, w2 = xyz, w3 = yy1, w4 = xzyz, w5 = xxzyzxz.

The above reduction allows us to discover most of the shrinking presenta-
tions. Some however require additional relations: in order to compute the
index |G : C| for the group G(6, 10, 5, 6, 6) we need to additionally restrict
the order of |xzxyzy|, while for the groups G(6, 12, . . .) adding relations for
yzyxzx and zyzxyzxzy will enable one to proceed in a similar fashion.

We now present the remaining non-shrinking cases.
The group G(6, 8, 4, 6)/⟨(yzx(zxy))5⟩ has order 27 ·33 ·5·11. It is isomorphic

to 2×M12 with

x = 0× (1, 11)(2, 9)(3, 12)(4, 5)(6, 10)(7, 8),

y = 1× (1, 5)(2, 7)(3, 12)(4, 11)(6, 10)(8, 9),

z = 0× (1, 6)(2, 8)(3, 7)(4, 5)(9, 11)(10, 12).

Another non-shrinking case is G(6, 10, 4, 6, 6). We compute that
|G(6, 10, 4, 6, 6) : ⟨z, y, y1⟩| = 660. By constructing the action of that group
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on cosets we obtain that it is isomorphic to (2.M22) : 2, meaning we are
looking at the permutation representation of this group on 660 points.

Adding relations (yzxz)6 and (xzyzyx)6 allows to determine the index of
groups ⟨x, y1, z⟩ and ⟨zy, yz, zx⟩ with both of them having index 2464 and
yielding the aforementioned group, when constructing the action on cosets.
The advantage of doing that is that these groups are �tting the case (6, 5)
(two of the generators commute) so this reinforces the faithfulness of our
presentation.

Group G(6, 10, 6, 5)/⟨(zy(zxyzxzy))12, (xyyz)6⟩ has order 22 · 38 · 5. It is
isomorphic to O3(G) : D20.

Lastly, the group G(6, 12, 4, 4, 4) is isomorphic to 2× (25 : S6), where the
action of S6 on the normal subgroup isomorphic to 25 is again non-trivial,
with (5, 6) and (1, 2, 3, 4, 5) acting as matrices


0 0 0 0 1
1 1 0 0 1
0 0 0 1 1
1 0 1 0 0
1 0 0 0 0

 and


1 0 0 1 0
1 0 1 1 0
0 0 0 0 1
0 1 0 1 0
1 0 0 0 0



respectively.

3.6. Additional remarks. In this section we collect some interesting pres-
entations for the case r1 = r2 = 6. Again G(i1 . . . i7) denotes the group given
by relations from the Diagram 1 and

{(xyz)i1 , (xzyz)i2 , (xyz)i3 , (zzyzx)i4 , (xyzxyz)i5 , (zxzyx)i6 , (zyzyx))i7}.

Examples are as follows:
G(4, 6, 12, 6, 4, 4, 4) ≃ 26 : (24 : S3 × S3), G(5, 6, 8, 5, 4) ≃ (SL(2, 9) : A6) : 2

2,

G(5, 6, 10, 6, 6, 5) ≃ 210 : (2× PSL(2, 11), G(6, 4, 10, 6, 4, 5, 6) ≃ 2× (2.M22 : 2).

Moreover, A12 ≃ G(6, 6, 12, 6, 4, 5, 5)/⟨(yzyzyx)4⟩ with
x ≃ (1, 2)(3, 4)(5, 6)(7, 8)(9, 10)(11, 12), y ≃ (1, 2)(3, 4)(5, 7)(6, 8)(9, 12)(10, 11), and

z ≃ (1, 12)(2, 5)(3, 7)(4, 6)(8, 10)(9, 11).

We note that A12 is a maximal subgroup in the Monster group and so it had
been studied extensively from the Majorana-theoretic point of view [6].

4 Appendix: Presentations of groups

In this section we provide the non-shrinking presentations that de�ne
maximal encountered 6-transposition groups. All relations were stated over
the course of the paper and this section exists for the reader's convenience.
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N Group (r1, r2) Relators |D|
1 2× S4 ≃ 22 : D12 (3, 4) 9
2 2×A5 (3, 5) 15

3 k2 : D12 (3, 6) (xyz)2k, k = 4, 5, 6 3 · 2k
4 k2 : D8 (4, 4) (xyz)k, k = 4, 5, 6 4k
5 25 : D10 (4, 5) (xyz)4, (xzyz)4 25
6a PGL(2, 9) (4, 5) (xyz)5, (xyz)8 36
6b (5, 5) (xyz)4

7a 2× (24 : S5) (4, 5) (xyz)6, (xyz)12 80
7b (5, 6) (xyz)4, (xyxz)12

8 26 : D12 (4, 6) (xyz)4, (xzyz)4 42
9 22 × S4 (4, 6) (xyz)4, (xzyz)6, (xyz)12 15
10 (A5 ×A5) : 2

2 (4, 6) (xyz)5, (xyz)12, (xzyz)6 160
11 34 : (D8 × S3) (4, 6) (xyz)6, (xyz)12, (xzyz)4, (xyzy)6 99
12 (S4 × S4) : 2

2 (4, 6) (xyz)6, (xyz)8, (xzyz)4, 72
13 2× (26 : S5) (4, 6) (xyz)6, (xyz)10, (xzyz)6, (zyyzx)4 140
14 25 : (24 : D10) (5, 5) (xyz)5, (xyz)8 80
15 35 : (24 : D10) (5, 5) (xyz)5, (xyz)12 180

16a 210 : (2× PSL(2, 11)) (5, 5) (xyz)6, (xyz)10, (xz(xyz)
2
)4 880

16b (5, 6) (xyz)5, (xyxz)10, (xxz(xyx
z)2)4

17a O2(G) : A5 (5, 5) (xyz)6, (xyz)12, (xzxyz)4 240
17b (5, 6) (xyz)5, (xyxz)12, (zyxz)4

18 2×M12 (5, 6) (xyz)6, (xyz)8, (yyzy(xz)
2
)4,

(xzyz)6, (yzxzxy)5
396

19 (2.M22) : 2 (5, 6) (xyz)6, (xyz)10, (yyzy(xz)
2
)4,

(xzyz)6, (xxzyzxz)6. H = ⟨y, z, yzy(xz)2⟩.
1485

20 O3(G) : D20 (5, 6) (xyz)6, (xyz)10, (yyzy(xz)
2
)6,

(xzyz)5, (zyzxyzxzy)6, (xyyz)6
486

21 2× 25 : S6 (5, 6) (xyz)6, (xyz)12, (yyzy(xz)
2
)4, (xzyz)4, (xxzyzxz)4 240

22 2× 3.S6 (5, 6) (xyz)6, (xyz)12, (yyzy(xz)
2
)6, (xzyz)4 90

We remark that some groups in the table are related, namely 1) and 2)
are homomorphic images of 9) and 17) respectively.
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