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Abstract: The aim of this paper is to approximate the exponentially
bounded C'—regularized cosine function by the Hermite series, recalling
the notions and the results used.
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1 Introduction and preliminaries

The series expansion of Hermite orthogonal polynomials have been an
important tool in quantum mechanics and statistical studies, both theoretical
and applied. The study of sufficient conditions for the convergence of Hermite
series has been the subject of numerous works ; for more details see [8].
In 2015, L. Abadias and P. Miana studied in their article [4]|, the Hermite
expansion of Cy-groups and cosine functions, in this works we will be interested
in Hermite expansion of C-regularized cosine function, starting with reminding
the notations, concepts and results used.

Throughout this paper E denotes a non-trivial complex Banach space, §(F, F)
denotes the set of all applications from E to another Banach space F, B(E)
denotes the space of bounded linear operators from E into itself, and L} (F)

loc

the set of all f € £(R, E) locally integrable. For a closed linear operator A

AMEZIANE Hassani, R., Bajjou, Y., Brari, A., EL AMRANI, A. HERMITE
EXPANSIONS OF C'—REGULARIZED COSINE FUNCTIONS.
© 2024 AMEzIANE Hassani, R., Bajjou, Y., Brarl, A., EL AMRANI, A..
Receiwved March, 30, 2024, published December, 24, 2024.
1426



HERMITE EXPANSIONS OF C—REGULARIZED COSINE FUNCTIONS 1427

on E, D(A), R(A) and p(A) denote its domain, range and resolvent set,
respectively. D(A) equipped with the graph norm || = |[pa)=Il = ||[& + ||
Az || g become Banach space . Throughout this paper, C' € B(FE) will be an
injective operator. The C-resolvent set of A, denoted by pc(A), is defined
by pc(A) :={Ae€ C| R(C) C R(\] —A) and Al — A is injective in B(E)}
and by Ro(\, A) = (Al — A)~1C (X € pc(A)) the C-resolvent.

Hermite functions and Hermite Expansions on Banach spaces. For
all n € N, the classical Hermite polynomial is defined by Rodrigues formula:

n d" o

dx™
H,, is a polynomial with the of degree n, the same parity as n, whose highest
monomial degree is 2" X™ and have real coefficients. Furthermore, they verify

the following condition of orthogonality:
/ Hn(x)Hm(:U)e_xQda: = Spmn!2" /T,
R

where 0,, ,, is the Kronecker delta. We also have recurrence relations, differential
equations and the Muckenhoupt estimates:

(Vz €R) Hy(z) = e (1)

+2
2/ 2"n)
(3c > 0) (Y(no, 1) € NxR : £2 < 2(2ng+1)) (¥n > no) | Ha(t) |< o( 20,
niz2

(1)
For more details on the classical theory of orthogonal polynomials see [21],
[13], 3], [4] and [2].
The Hermite functions on R are defined by:

1 —2? 1 z
on(x) = ——=Hp(zx)e 2 =(—-1)"—=e? e . 2
W) = e Hnl@)e T = (1) o &)
(n)nen is an orthonormal basis in the Hilbert space L*(R) and satisfied
some recurrence relations, equality and inequality. For more details See
[21], [13], [3], [4] and [2].

For n € N, we denote by ¢, the function on R defined by:

2 dn 2

1 —t2 1 42 (_Dn d"
LER) gn(t) = ————e 5 ¢p(t) = — e P Hy(t) = T
(9 €R) gnlt) = oz ™ bnl0) = gy me ™ Hnl®) = oy 7

(3)
©n has the same parity as n, satisfies recurrence relations and differential
equations, for example:

(v (n,m) € N2) @™ = (=1)"2" (0 + 1)ecn + M) prim. (4)
And the following useful inequality given by Cauchy-Schwartz inequality:

1
< .
For more details see [4].
One of the most important properties of (¢, )ney family is that if f: R — E
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be a differentiable function such that [72° e || F(t) |2 dt < +o0, then the

series Z en(f)Hy(t) converges pointwise to f(t) for each t € R, where
neN
en(F) = J23 ea(t)f()at.

For more details see [13], [19], [4] and [8].
C—regularized semigroups and C'—regularized cosine functions.
C-regularized semigroups. A map T : [0,4+00[— B(E) is called C-
regularized semigroup or C-semigroup, if

(1) T(t+s)C =T(t)T(s) for all t,s € RT.

(2) T(0)=C.

(3) t — T(t)x is continuous on RT for every x € E.
Its generator W is defined by

D(W) = {x €E: tim L8TZ0T s in R(C) }
s—0t S
and
(Vo € DW)) Wa = O~ lim L0)2=CT
s—0 S

We say that (T'(t))s>0 is exponentially bounded C'—regularized semigroup if
(M >0) (Jw=>0):]| T(t) ||[< Me“t, for all t > 0.

(T'(t))¢>0 is no degenerate if T'(t)z = 0 for all ¢ > 0, then = = 0. see [6], [18]
and [17].

Since we have for all (¢,z) fixed in RT x D(W):

lim T(s)T(t)x — CT(t)x _ T(t) lim T(s)x — Cx _

s—07t S s—0t S

= T{t)CWzx = CT(t)Wz € R(C), this means that T'(t)x € D(W) and
WT(t)r =T({t)Wz.

The following results can be found in [6] and [5].

Let (T'(t));cr+ be a strongly continuous family such that || T'(t) ||[< Me“*
for all ¢ > 0 and W is closed linear operator, to conclude that (7'(¢));cg+ is
C-regularized semigroup generated by W, it is sufficient that :

W =C'WC, (w,+0) C pc(W),

+oo
and Roc(A, W)z = / e MT(t)zdt for \>w,z € E.
0

We refer to [25], [5] and [18] for more details.
Let 0<a <%, 5o ={A€C/A#0 and |arg(\) |<a} and let (T'(t))i>0
be a C-regularized semigroup. Then we say that (7'(¢));>0 is an analytic
C-regularized semigroup of angle «, if there exists an analytic function T :
Yo — B(FE) which satisfies:

(1) T(t)=T(t) for all t>0.

(2) lim  T(z)z=0forall vy€]0,af and z € E.

z2—0, z€X,
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For more details see [25].

C'—regularized cosine functions. A map 7 : R — B(FE) is called C-
regularized cosine function or C'—cosine function, if

(1) T(t+s)C+T(t—s)C=2T(t)T(s) for all t,s € R.

(2) T(0)=C.

(3) t = T'(t)x is continuous on R for every z € E.
We say that (7'(t)):cr is exponentially bounded C'—regularized cosine if

(M >0) (Fw>0):| T |< Ml for all teR.

The associated sine operator function S(.) is defined by S(t) := f(f T(s)ds for all t €
R. The operator W defined by

2(T(s)xr — Cx

D(W) = {x € E:lim g ) exists in R(C) }

s—0 S
and
2(T(s)x — Cx)

Wz =C"'lim 5

lim . for all x € D(W)

is called the generator of (7'(t))er. See [12] and [17].

We notice that W is closed linear operator in E, T is odd, T'(t)x € D(W), S(t)x €
D(W), fot S(s)xds € D(W) and Wf(f S(s)xds = T(t)x — Cz for all z €
Eandt € R, C7'WC = W and if (T(t))er is exponentially bounded
C'—regularized cosine then the function sine S := (S(t)).er is also exponentially
bounded, so for all k € N and x € D(W),

lim tkeftQT(t)z: lim tkeftQS(t)x: lim tkeftQWS(t)a::O, (6)
t—+oo t—=+oo

t—+oo
because, if || T(t) |< Me*l for all t € R, then for all z € D(W)

w2 w
| ke~ T () |<| ¢ [F e || T(t)a [|<] ¢ [F eTe (1757 | 2| . See [12,
proposition 1.1 and 1.2] for more properties and more details.
Consider in E the well-posed Cauchy problem

u’(t) = Wul(t), teR
(ACP(W, ug,u1,0)2) ¢ u(0) =uo
' (0) = uy.

Where W generates a C-cosine operator function (7(t))er then
u(t) = C 1T (t)ug + C1S(t)uy

is the unique solution of the above Cauchy problem for every pair (ug,uq)
of initial values in C(D(A)). For more details see [12].

A strongly continuous family (T'(t));cr+ such that || T(¢) [|[< Me“t, vVt > 0
is C'—regularized cosine with generator the closed linear operator W if and
only if the following condition holds:

CIWC =W, )2 € po(W) and ARc(N2, W) = [F e~ T(t)dt on E for all
A > w.
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For more details see [11], [12] and [23] .

If W is the generator of exponentially bounded and C'—regularized cosine
(T'(t))ter, then W is the generator of analytic C'—regularized semigroup of
angle 5 defined by

+o00 e
(Vz € Bz), Ti(z)w = /0 T(s)zds (forall z € Xz, Re(z) > 0) (7)

Tz
whose proof is similar for Cy—cosine operator-valued function. (See [9] and
[1])-

2  Main results

Lemma 1. Let (T'(t))tcr be an exponentially bounded C-cosine function on
a Banach space E with generator (W, D(W)). For alln € N and x € D(W),
we have :

(1) fjoooo Yont+1()T(t)xdt =0

(2) [T pon(®)T(t)dt = gz W1 ().
(3) In the case where sup || T(t) ||< +oo, we have :
teR

o (&) W) <2/ Cr)lsup T | o .
o (i) || [T oon®)T(t)xdt || < NG | Wa || with ¢

TL
positive constant.

Proof

(1) Letn € Nand z € E. The function t — @ap41(t)T'(¢)x is continuous
and odd, integrable in the sense of Bochner approach, then

+00
/ Yon+1(t)T(t)xdt =0

—00

(2) Let € D(W). For all n € N, let I, (z) = [*2° L0 (=)D (t)adt,
then:

d2n71 i - +oo d2n71 2 d

d2n72

+o0 2n—2 2
(WSt + / A )L )t

= 0—-[—— —t2
[dt2n —o0 oo dth—Q )dt2

+oo d2n—2 9
= 0—0+/ — (e " YWT(t)xdt
_d2n—2

o0 2
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A simple recurrence on n gives

By definition of ¢,; from where we obtain:

/+°o )T (8 wdt = /+OO (1P & ey
Fan =) 2nen)ran© v

- T 2n ‘ f / T Pt
- o /m f)dt
- may D

(3) In the case where Sup | T(t) ||[< 400, we obtain:
te
o (i) Forallz e D(W)

+oo
Wt < et [ e T d

—00

< 227(2n)! (Téﬂ% | 7(t) H) (Il Dl @on(®) 1)
< s | 70| x |« 21(2”), (by 5)
<

28y @n)t [ sup | T 1T

o (ii) Letz € D(W)andn > 1,if we posed B =|| [ 0o, ()T (t)adt |
; then using (7) and integration by parts we get
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“+oo
B o= i | Hea T @t | (b 4

—0o0

+o00
I ~fm e | Fne T Ot

+o0o
= | 4(2”—11)(2”)/—00 pan—2(t)T" (t)xdt ||

+o0
= | 4(2n—11)(2n)/ Pon—2(O)WT(t)zdt || (like 1)

< i (U e [at) (s 1) (172 )
< (5w 1 TO1) g1y | 222 I W]
< wen e g |V 0 = T )
= C(l2n 2—(?)?22))! 2n+1(2(1n s RLES
/2= 1)!

Theorem 1. Let (T'(t))ier be an exponentially bounded C'—cosine function
on a Banach space E (T(t) < Me*, M > 0 and w > 0) with a generator
(W, D(W)).
(1) For any x € D(W),
= 1 1

n=0

(2) In the case where sup || T'(t) ||< +oo, we have for any x € D(W) :
teR

* (i)
X1 1 1, 1
Ti(z)x = 7;) 22”n!WRT1(Z)m(4Z - 1" forall z€C, | z— 1 |< 7
o (i) For allt € R, there is my € N and ¢; > 0 such that:
_ 1 e L Cy
(Vm >my) || T(t)z — Z WW Tl(z)l‘HQn(t) < S |
n=0

Moreover, the convergence is uniform on any compact of R.
Proof
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(1) Let « € D(W), which implies that Cx € D(W) because WCz =
CWzx. Let’s remember that 7(.)r : R — E is in C?(R, E) and like

+00 2 5 +o00 2 ) )
e [Tz |7 dt < e [IT@) |7« | dt

— 00 —00

400 5
< M2/ 2l | 1 |12 gt
—00
+oo 9
< M2 || x ||2 / ef\t| +2w|t|dt
—00
2 oo 2
< Mz |*e” / e~ =) g
— 00
2 oo 2
< M? || z|?e” / e “du
— 00
< 00,

then, the series Z en(T'()x)Hy, with
neN

cn(T()z) = [T20(t)T(t)adt = 51 WHTy ()

+o00
1 1
converges pointwise to T'(t)x for t € R, itis T'(t)z = Z S W"Tl(z)a:Hn(t).
n=0 ’
2) o ()
According to 3.(i) of Lemma 1, for all x € D(W) and z € C, we
have
X W () | X 2n, /(2n)!
Z el e < ZWI42—1 "l | (sup 700 |
n=0
<

Z 2n| |4 -1,

where ¢; = (suﬂg | T'(t) ||> |z .

(2n)!

Stlrhng s formula + 2" T (2m) Tor implies that:

n ‘4_1‘71 1 1
Z 2n ' 4z—1 "< Z < oo, for | z—7 |< 7.

Flnally let a analytic famlly of operators
VDA h={zeC/|z-1|<1} = BOW)),z V(z):
+o00 1
WnTl(f)x
n=0

(42 — 1)".



1434R. AMEZIANE HASSANI, Y. BAJJOU, A. BLALI, AND A. EL AMRANI

So for x € D(W) :

+oo 1
W nTl(f):L’
/ _ § 4 n—1
V (Z)LU = — Wlln(llz — 1)
- Z 22np| (42 o 1)

n=0
V(z)Wz
WV (z)x.

Like W a generator of analytic C—semigroups (71(t)),> of angle
T and V(3)z = Ti(3)x € D(W) then V(t)a = Ti(t)z for t €
]0, 2] because the first-order abstract Cauchy problem

has unique solution defined in ]0, [. On the other hand the two
functions z — Ti(z)x and z — V(z)x are holomorphic on the
connected open set D(7, 1), likewise |0, [C {u € D(1, 1), V(u)z =
Ti(u)z}, by the principle of analytical continuation we get: V(z)x =
Ti(z)x for |z — 1 |< 1.

e (ii) Let t € R be fixed. We are looking to increase the quantity

+00 m
1Y sV T et = 3 s WO T Pt ()
n=0 ) n=0 .

There exists m; € N* such that 0 < 2 < 2(2m; + 1), according
to inequality (1)

2

=

(Vn>my) | Han(t) [< ¢ 62(7 ”2)21(271)'> (the ¢ is independent
2n)12

of t and it is the inequality constant (1) ),

let x € D(W), according to the inequality 3 — (i7) of lemma 1,
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there is a constant ¢; > 0 such as for all m > m; from where:

+00 1
® < > | WW”Tl( )JrHan(t) ||
n=m-+1
+OO 400
< | e Ts)eds | | Haut)|
n= m+1 -
V(2 \/227(2n)!
< Z Aavasn || W || c# (3.ii of lemma 1)
2”+1 2n ( n)iz
n=m-+1
too 2my+1
ceie (2n —2)!(2n)12"
< > Sy W |
n=m+1 2 (272) 212n12
2)! /
S L O
n=m-+1
00 C/
< ! | W |
nzmzﬂ 2n(2n — 1)niz
X ¢ 1 1
< LWz || (because ——————x < —).
ngﬂ nis 2n(2n—1) ~ n
1
The Riemann serie Z —z 18 convergent, so
a1 N2
= 1 11 11
—IF ~“m—tos T3 EnrEii uh from where
n=m-+1 1012 12 -1 m12 12 M2
1 1 12
| T(t)z — menﬂ( JrHon(t) | < oo — || Wz ||
n=0 mi2
< — [[Wa.
miz

e If K C R is a compact set then there is mg € N for all t € K,
0 < t* < 2(2mg + 1), so the constant ¢, (from where ¢;) is
independent of ¢ therefore, the reminder tends uniformly on K
towards 0.

Example 1. Let m : R — R~ be an even measurable function. In the Banach
space L'(R), we consider the family T := (T(t))ier C F(L'(R)) defined by
T:R = B(LY(R)),t > T(t) : L{(R) — LY(R), f s T(t)(f) : R = R, 5 1>
T(t)(f)(s) = cos (ty/=m(s)) f(—s)-

Clearly, (T ())teR C B(LY(R)). If we put T(0) = C, then for all s,t €

R T(t)(f)(s) = cos (t,/—m(s)) C . We also have:

. (z} C is an mjectwe element of B (LY(R)) .
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e (ii) Forallt,s, z€R:

D(z) = (T(t+s)+T(t—s))(C(f))(2)
= T(t+5)(C(f)) () +T(t =) (C(f)) (2)
= cos ((t+8)y/—m(z)) C(f)(—=2) 4 cos ((t — s)\/—m(2)) C(f)(—=2)
= cos ((t+ 8)/—m(2)) f(2) + cos ((t — s)/—m(2)) f(2)
= (cos (t/=m(z) + s3/—m(z)) + cos (t/—m(z) — s\/—m(2))) f(z)
= 2cos (ty/—m(z)) cos (s\/—m(z)) f(z)

= 2cos (t m(z)) cos (sm) (C(f)) (==2)

= 2cos (tm) T'(s) (C(f)) (2)

)

= 2(:os( —m(z)) C(T(s)(f)) (2) (m is an even function)
= 2T(t) (T(s)(f)) (=)
= 2T()T(s)(f)(2)-

o (i) For each f fivzed in L'(R). The function R — L'(R),t
T(t)(f) is continuous on R.
e (iv) Forall f,g € LY(R) such that C~! %in% 2T/ =)
%

= =9,
we have :
0 = iyt D= g g
cos —m(s)) C s)—C s
- 2 (cos (tr/—m( ))t2(f)( ) — C(f)(s))  Olg)(s) | ds
R
i [ 2O T oy - gy | as
R

= /Rlim | 2 (cos (ty/=m(s)) ~ 1) C(f)(s) — C(g)(s) | ds (Fatou's lemma)

t—0 t2

_ /\ms.c (5) — Clg)(s) | ds

— /|C (s) | ds ((because V h € FR,R) CoC(h)="h)

= || C(m.f— g) 1wy, (C(m)=m because m is an even function).

o (v) Lett€R fired, we have for all f € L(R) :

I 7)) leiwy= Jg | cos (ty/=m(s)) f(=s) | ds <[| f |1 w)
Ultimately, (T(t))icr is uniformly bounded C—regularized cosine function
with generator (W, D(W)) defined by W :

D(W) ={f € L'(R)/ m.f € L*R)} — LY(R), f+— W(f) = m.f. On the
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other hand, for all s € R and f € L'(R),

2 [T etmowea = [T e o /) s
= \2 /0 et Re (V=) f(=s)at
N T

Ao
= Re (\/27? f0+°°e#e (t 2 )f(—s)dt)

(s,
then for all s € R and f € L*(R)
Ti(()s) = (& o e cos(ty/=ms)dt) f(—s) = 5" f(~),
Theorem 1 gives for f € D(W) and s,t € R :
+o00
TG = 3 gV T O ()
n=0
+oo N
= > i At
n=0 ’

 (m()" me

SoT(t)(f) = Z We 4 Hon(t)CO(f)-

n=0
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