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Abstract: A Transposition graph Tn is de�ned as a Cayley graph
over the symmetric group Symn generated by all transpositions.
It is known that the spectrum of Tn consists of integers, but it
is not known exactly how these numbers are distributed. In this
paper we prove that integers from the segment [−n, n] lie in the
spectrum of Tn for any n ⩾ 31. Using this fact we also prove the
main result of this paper that a segment of quadratic length with
respect to n lies in the spectrum of Tn.
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1 Introduction

A Transposition graph Tn is de�ned as a Cayley graph over the symmetric
group Symn generated by all transpositions. The graph Tn, n ⩾ 2, is a
connected bipartite

(
n
2

)
-regular graph [5]. The spectrum of a graph is de�ned

as a multiset of distinct eigenvalues of its adjacency matrix together with
their multiplicities. It was shown in [4, Lemma 3] that Tn is integral which
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means that its spectrum Spec(Tn) consists of integers. Later and independen-
tly in [8, Theorem 2], it was also shown that Tn is integral. Since the
Transposition graph is bipartite, its spectrum is symmetric about zero [1],
i.e., if number k lies in Spec(Tn) then number −k lies in Spec(Tn) too. The
largest eigenvalue of Tn is equal to

(
n
2

)
which implies that all eigenvalues of

Tn lie in the interval [−
(
n
2

)
,
(
n
2

)
].

A nonincreasing sequence p = (n1, . . . , nk) ⊢ n, k ⩾ 1, for which n =
k∑

j=1
nj , is called a partition of n. It follows from [4, eq. 3] that any partition

p ⊢ n corresponds to an eigenvalue λ(p) ∈ Spec(Tn) by the following expres-
sion:

λ(p) =
k∑

j=1

nj(nj − 2j + 1)

2
. (1)

The conjugate of a partition p, denoted by p′, is also a partition of n
where its parts are the nonincreasing sequence p′ = (n′

1, n
′
2, . . . , n

′
κ), where

n′
j =

∑
i|ni⩾j

1. This paper uses that n′
1 is equal to the length of p. It follows

from [2, Lemma 8] that

λ(p) = −λ(p′). (2)

Note that di�erent partitions can correspond to the same eigenvalue. For
example, the partitions (4, 1, 1) and (3, 3) correspond to the eigenvalue 3 of
T6.

Thus, if one enumerates all partitions of number n and substitutes them
into expression (1) one can obtain all eigenvalues of Tn. We write f(n) ∼ g(n)

if f(n)
g(n) → 1 as n → ∞. The number of partitions p(n) has the following

asymptotics: p(n) ∼
exp(π

√
2
3

√
n− 1

24
)

4n
√
3

[3], so it is no longer possible to enume-

rate all partitions for large n.
Moreover, looking at expression (1), it is even not possible to answer simple

questions about Spec(Tn):

• is number 0 an eigenvalue of Tn?
• are all integers from the interval [0, k], k ∈ N, lie in the spectrum of
Tn?

• what is the asymptotics for the number of unique values in the
spectrum of Tn?

Ideally, one would like to be able to answer the question whether a given
integer number k ∈ [−

(
n
2

)
,
(
n
2

)
] lies in the spectrum of Tn. The following

result is known.

Theorem 1. [6, Theorem 2] For any integer k ⩾ 0, there exists n(k) such
that for any n ⩾ n(k) and any m ∈ {0, . . . , k}, m ∈ Spec(Tn).
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In the proof of this theorem, n(k) is chosen as n(k) = 10k+4. Consequent-
ly, all integers within the range [−n−4

10 , n−4
10 ] are encompassed within the

spectrum of Tn. The following result extends the result of Theorem 1.

Theorem 2. [7, Theorem 3] For any n ⩾ 19, all integers from the segment
[−n−4

2 , n−4
2 ] lie in the spectrum of Tn.

The following result of this paper improves Theorem 2.

Theorem 3. For any n ⩾ 31, all integers from the segment [−n, n] lie in
the spectrum of Tn.

Theorems 1, 2, 3 have in common that all integers in some neighborhood
[−x, x] of zero lie in the spectrum of Tn. In the proof of these theorems
the segment [0, x] is splitted into subsegments S =

⋃
si, si = [xi, xi] and

individual integer numbers A = {a1, . . . , ak} which may depend on the parity
of n. Moreover, S and A are chosen so that S

⋃
A contains all integers

from the segment [0, x]. For each segment si, there is a family of partitions
such that all integers from the segment si are covered by the eigenvalues
corresponding to the partitions from this family. Similar, for each individual
integer ai, there is a partition pi such that λ(pi) = ai.

For example [6, Lemma 4], for any odd n ⩾ 7, the partition
(
n−2λ+1

2 , λ+

2, 2 × (λ − 1), 1 × n−4λ−1
2

)
corresponds to the eigenvalue λ ∈ N, where λ ∈

[1, n−3
4 ]. The notation (n1, ..., nj , 2 × t2, 1 × t1) means that the number 2 is

repeated in the partition t2 times and the number 1 is repeated t1 times.
Thus, in the proof of Theorem 3, we obtain a set of partitions P =

⋃
pi

such that for each k ∈ [0, n], k ∈
⋃
λ(pi). Theorem 3 gives the following

corollary, which is useful for the proof of Theorem 4.

Corollary 1. The �rst part of all partitions used to prove Theorem 3 does
not exceed n+3

2 .

Note that Theorem 3 shows that all integers from the interval [−n, n] lie
in the spectrum of Tn and the length of this interval has asymptotics O(n).

Let us de�ne numbers y1 =
(⌈n

3
⌉+1
2

)
− 2(⌊2n3 ⌋ − 1) and y2 =(⌊ 2n+1

3
⌋

2

)
. The main result of this paper shows that all integers from the

set [−y2,−y1]
⋃
[y1, y2] lie in the spectrum of Tn. Moreover, the length of the

segment [y1, y2] has O(n2) asymptotics.

Theorem 4. For any n ⩾ 48, all integers from the segments [−y2,−y1] and
[y1, y2], lie in the spectrum of Tn.

The paper is structured as follows. First, in Section 2 we prove Theorem
3. The proof of Theorem 3 is based on several technical lemmas, which are
proved in Section 4. After proving Theorem 3, we use it and Corollary 1 to
prove Theorem 4 in Section 3.



930 A.V. KRAVCHUK

2 Proof of Theorem 3

In what follows the notation S ∈ Spec(Tn) where S is a segment [x, x]
means that all integers from this segment are eigenvalues of Tn. Similar, for
�nite set of numbers A we say that A ∈ Spec(Tn) if all elements of this set
lie in the spectrum of Tn.

To prove the theorem, we use the approach described in [7]. We split the
segment [0, n] into subsegments S1, S2 and into two sets A1, A2 of numbers
depending on the parity of n such that S1∪S2∪A1∪A2 contains all integers
of the interval [0, n]. The segments S1, S2 and the sets A1, A2 are shown in
Table 1.

n S1 A1 S2 A2

odd [0, n−1
2 ] {n+1

2 , n+3
2 , n+5

2 } [n+7
2 , n− 7]

{n− 6, n− 5, . . . , n}
even [0, n−4

2 ] {n−2
2 , n2 ,

n+2
2 } [n+4

2 , n− 6]

Table 1. Splitting of segment [0, n].

Next, we show that S1 ∈ Spec(Tn), S2 ∈ Spec(Tn), A1 ∈ Spec(Tn) and
A2 ∈ Spec(Tn). To show this, we prove the following technical lemmas.

Lemma 1. S1 ∈ Spec(Tn) for any n ⩾ 19.

Corollary 2. The �rst part of all partitions together with their conjugates
used to cover S1 does not exceed n+1

2 .

Lemma 2. S2 ∈ Spec(Tn) for any n ⩾ 20.

Corollary 3. The �rst part in the partitions together with their conjugates
used in the proof of Lemma 1 does not exceed n+2

2 .

Lemma 3. A1 ∈ Spec(Tn) for any n ⩾ 31.

Corollary 4. The �rst part in the partitions together with their conjugates
used in the proof of Lemma 3 does not exceed n+2

2 .

Lemma 4. A2 ∈ Spec(Tn), for any n ⩾ 19.

Corollary 5. The �rst part in the partitions together with their conjugates
used in the proof of Lemma 4 does not exceed n+3

2 .

The proof of these technical lemmas can be found in Section 4. After
proving the lemmas, it is directly deduced that the segment [0, n] ∈ Spec(Tn)
for any n ⩾ 31. Since Tn is bipartite, we have [−n, n] ∈ Spec(Tn). Since
Corollaries 2-5 consider partitions together with their conjugates, it follows
from (2) that the �rst part of the partitions covered by the segment [−n, n]
does not exceed n+3

2 , which proves Corollary 1.
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3 Proof of Theorem 4

Let p = (n1, n2, . . . , nk) = (n1, p1), where p1 = (n2, . . . , nk). It turns out
that the eigenvalue λ(p) corresponding to the partition p can be compactly
expressed through the eigenvalue λ(p1) corresponding to the partition p1 and
the number n1 using the following lemma.

Lemma 5.

λ(p) =

(
n1

2

)
+ λ(p1)− (n− n1). (3)

Proof. We prove the lemma by a direct substitution of partition
p = (n1, n2, . . . , nk) into the expression (1).

λ(p) =
1

2

k∑
j=1

nj(nj − 2j + 1) =
n1(n1 − 1)

2
+

1

2

k∑
j=2

nj(nj − 2j + 1) =

=

(
n1

2

)
+

1

2

k∑
j=2

nj(nj − 2(j − 1) + 1− 2) =

=

(
n1

2

)
+

k∑
j=2

nj(nj − 2(j − 1) + 1)−
k∑

j=2

nj =

=

(
n1

2

)
+ λ(p1)− (n− n1).

□

Let us consider the expression (3). By varying p1, one can obtain all
possible eigenvalues for the partitions that have n1 in the �rst part.

The following conditions are imposed on p1:

(1) p1 ⊢ n− n1;
(2) the �rst part of p1 must not exceed n1.

Let us denote the set of partitions that satisfy these two conditions by Pn1

and the set of eigenvalues that correspond to these partitions by λn1 . If it is
proved that all integers from the interval [−(n− n1), n− n1] lie in the λn1 ,
then it follows directly from (3) that [

(
n1

2

)
− 2(n − n1),

(
n1

2

)
] ∈ Spec(Tn).

Note that when n1 ⩽ 2n+1
3 then 2(n − n1) ⩾ n1 − 1 =

(
n1

2

)
−

(
n1−1
2

)
.

Thus, when n1 ⩽ 2n+1
3 , then [

(
n1

2

)
− 2(n − n1),

(
n1

2

)
] ∈ Spec(Tn) implies

[
(
n1−1
2

)
,
(
n1

2

)
] ∈ Spec(Tn).

Consider the segment l = [k1, k2], where k1 ∈ N and k2 = ⌊2n+1
3 ⌋. If for

each natural n1 ∈ l it holds that all integers from the interval [−(n−n1), n−
n1] lie in the λn1 , then it follows that [

(
k1
2

)
− 2(n− k1),

(
k2
2

)
] ∈ Spec(Tn).

By Theorem 3, we have that if n − n1 ⩾ 31, then [−(n − n1), n − n1] ∈
Spec(Tn−n1). Moreover, by Corollary 1, to cover the segment [−(n−n1), n−
n1] we are able to choose such partitions that their �rst part does not exceed
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n−n1+3
2 . Inequality n1 ⩾ n−n1+3

2 can be rewritten as n1 ⩾ n
3 + 1. So, if

n1 ⩾ n
3 + 1 and n− n1 ⩾ 31, then [−(n− n1), (n− n1)] ∈ λn1 .

Thus, for any natural n1 ∈ [n3 + 1, 2n+1
3 ] and n − n1 ⩾ 31 we have that

[
(
n1−1
2

)
− 2(n − n1),

(
n1

2

)
] ∈ Spec(Tn). Therefore, [

(⌈n
3
⌉+1
2

)
− 2(n − ⌈n3 ⌉ −

1),
(⌊ 2n+1

3
⌋

2

)
] ∈ Spec(Tn) when n − n1 ⩾ 31. Note that n − ⌈n3 ⌉ − 1 =

⌊2n3 ⌋ − 1, hence [
(⌈n

3
⌉+1
2

)
− 2(⌊2n3 ⌋ − 1),

(⌊ 2n+1
3

⌋
2

)
] ∈ Spec(Tn). Moreover,

[−
(⌊ 2n+1

3
⌋

2

)
,−(

(⌈n
3
⌉+1
2

)
− 2(⌊2n3 ⌋ − 1))] ∈ Spec(Tn) too, since Tn is bipartite.

The inequalities n − n1 ⩾ 31 and n1 ⩾ n
3 + 1 imply that n ⩾ 48, which

completes the proof.
□

4 Proof of technical lemmas

Let the partition p is given by p = (pl, 2×t2, 1×t1), where pl is a sequence
of length l. For example, a partition (5, 4, 4, 2, 2, 2, 1, 1) can be represented
as (p3, 2× 3, 1× 2), where p3 = (5, 4, 4). Note that for a single partition the
representation in this form is not the only one. For example, we can represent
the partition (5, 4, 4, 2, 2, 2, 1, 1) as (p4, 2 × 2, 1 × 2), where p4 = (5, 4, 4, 2).
Therefore, in what follows we emphasize how pl and t1, t2 are chosen.

Lemma 6. If p = (pl, 2× t2, 1× t1), then

λ(p) = λ(pl)− f(t1, t2, l) = λ(pl)− (t2 − 1)2 − 1

2
(t1 −

1

2
)2 − t1t2 − l(2t2 + t1) +

9

8︸ ︷︷ ︸
f(t1,t2,l)

.

Proof. By (1) we have:

λ(p) = λ(pl) +
1

2

l+t2∑
j=l+1

2(3− 2j) +
1

2

l+t1+t2∑
l+t2+1

(2− 2j) =

= λ(pl) + 3t2 + t1 − 2

l+t2∑
j=l+1

j −
l+t1+t2∑
l+t2+1

j =

= λ(pl) + 3t2 + t1 − (2l + t2 + 1)t2 −
2l + 2t2 + t1 + 1

2
t1 =

= λ(pl)− (t2 − 1)2 − 1

2
(t1 −

1

2
)2 − t1t2 − l(2t2 + t1) +

9

8
.

□

Corollary 6. If p = (pl, 1× t1), then

λ(p) = λ(pl)− f(l, t1) = λ(pl)− t1(
t1 − 1

2
+ l)︸ ︷︷ ︸

f(t1,l)

. (4)
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Proof of Lemma 1. The proof is straightforward from the technical lemmas
of [7]. For the reader's convenience, we have presented the summarization of
these lemmas in Table 4.

Proof of Corollary 2.

The proof if straightforward from Table 4. The largest value of the �rst
part is n+1

2 and is obtained on the partition (n+1
2 , 1 × n−1

2 ). The largest

value among the conjugate partitions is n+1
2 and is achieved on the partition

conjugate to (n+1
2 , 1 × n−1

2 ). Note that the partition (n+1
2 , 1 × n−1

2 ) is self-
conjugate and it follows from (2) that if the partition p is self-conjugate,
then λ(p) = 0.

Proof of Lemma 2. We prove this lemma by considering four cases, for
each parity of n and λ. For each parity of n, we choose two families of
partitions pλ that depend on the parity of λ. Then we show that eigenvalues
corresponding to the chosen families of partitions cover all integers from the
segment S2 which have the same parity as λ.

Case 1, n is odd, λ is odd:

pλ =
(λ
2
+

3

2
,
n+ 2

2
− λ

2
, 3︸ ︷︷ ︸

pl,l=3

, 2× (
n− 4

2
− λ

2
)︸ ︷︷ ︸

t2

, 1× (λ− n+ 3

2
)︸ ︷︷ ︸

t1

)
.

By (1) we have:

λ(pl) =
1

8
n2 − 1

4
nλ− 1

4
n+

1

4
λ2 +

3

4
λ− 29

8
.

In addition, by (6) it follows that:

f(t1, t2, l) =
1

8
n2 − 1

4
nλ− 1

4
n+

1

4
λ2 − 1

4
λ− 29

8
.

Finally, using (6) we have λ(p) = λ(pl) + f(t1, t2, l) = λ. Partition p
exists for any odd integer λ ∈ [n+3

2 , n−4]. Note that the interval [n+3
2 , n−4]

makes sense for any n ⩾ 11. Also notice that segment [n+7
2 , n− 7] lies inside

segment [n+3
2 , n− 4].

Case 2, n is odd, λ is even:

pλ =
(λ
2
,
n+ 3

2
− λ

2
, 5︸ ︷︷ ︸

pl,l=3

, 2× (
n− 3

2
− λ

2
)︸ ︷︷ ︸

t2

, 1× (λ− n+ 7

2
)︸ ︷︷ ︸

t1

)
.

For λ(pl) and f(t1, t2, l) we have the following expressions:

λ(pl) =
1

8
n2 − 1

4
nλ+

1

4
λ2 − 1

4
λ− 9

8
;

f(t1, t2, l) =
1

8
n2 − 1

4
nλ+

1

4
λ2 − 5

4
λ− 9

8
.

Finally, λ(p) = λ(pl) + f(t1, t2, l) = λ. Note that p exists when even
λ ∈ [n+7

2 , n− 7], and [n+7
2 , n− 7] holds for any n ⩾ 21.
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Case 3, n is even, λ is odd:

pλ =
(λ
2
+

3

2
,
n+ 3

2
− λ

2︸ ︷︷ ︸
pl,l=2

, 2× (
n− 1

2
− λ

2
)︸ ︷︷ ︸

t2

, 1× (λ− n+ 4

2
)︸ ︷︷ ︸

t1

)
.

The following holds:

λ(pl) =
1

8
n2 − 1

4
nλ+

1

4
λ2 +

1

2
λ− 3

4
;

f(t1, t2, l) =
1

8
n2 − 1

4
nλ+

1

4
λ2 − 1

2
λ− 3

4
.

Finally, λ(p) = λ(pl)+f(t1, t2, l) = λ. The following constraints are imposed
on λ and n, so that p exists: odd λ ∈ [n+4

2 , n − 1], n ⩾ 6. Also notice that

segment [n+4
2 , n− 6] lies inside segment [n+4

2 , n− 1].

Case 4, n is even, λ is even:

pλ =
(λ
2
+ 1,

n+ 2

2
− λ

2
, 4︸ ︷︷ ︸

pl,l=3

, 2× (
n− 4

2
− λ

2
)︸ ︷︷ ︸

t2

, 1× (λ− n+ 4

2
)︸ ︷︷ ︸

t1

)
.

The following holds:

λ(pl) =
1

8
n2 − 1

4
nλ− 1

4
n+

1

4
λ2 +

1

2
λ− 3;

f(t1, t2, l) =
1

8
n2 − 1

4
nλ− 1

4
n+

1

4
λ2 − 1

2
λ− 3.

Note that p exists for even λ ∈ [n+4
2 , n− 6] and for any n ⩾ 16.

At the end of the proof, we would like to mention that for any n ⩾ 20 the
restrictions for all four cases hold.

Proof of Corollary 3. We need to consider a family of partitions in each of
the four cases from Lemma 2. For each family, we have found an interval in
which λ can lie. Let us substitute the maximum value from this interval into
the partitions and choose the maximum value at the �rst position in these
four cases. The maximum value is reached in Case 3 and is equal to n+2

2 .
Moreover, the maximum value of the �rst part for the conjugate partition is
reached in Case 3 too and equal to n−2

2 .

Proof of Lemma 3. For each a ∈ A1 we give a particular partition p ⊢ n
such that λ(p) = a. All the given partitions have the form (pl, 1 × l), so we
use (4) to prove that λ(p) = a. For example, for n+1

2 in the case of odd n, we

take the partition p =
(n− 11

2
, 7, 4, 3, 3︸ ︷︷ ︸

pl,l=5

, 1×(
n− 23

2
)︸ ︷︷ ︸

t1

)
⊢ n. For this partition

we have:

λ(pl) =
1

2

(n− 11

2
· n− 13

2
+ 28− 4− 12− 18

)
=

1

8
n2 − 3n+

119

8
,
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f(t1, l) =
n− 23

2

(n− 25

4
+ 5

)
=

n2

8
− 7

2
n+

115

8
.

Then, by (4) we get λ(p) = λ(pl) − f(t1, l) =
n+1
2 . Note that p exists for

any n ⩾ 25. The given λ(pl), f(t1, l), λ(p) together with the constraints on n
for the eigenvalue n+1

2 ∈ A1 can be found in the �rst row of Table 2.
The partitions p ⊢ n along with λ(pl) and f(t1, l) for the remaining

numbers from A1 are summarized in Table 2. In addition, Table 2 shows
the limitations under which the partition p exists. Note that for n = 31 all
limitations on n listed in Table 2 are satis�ed. □

p λ(pl) f(t1, l) λ(p) limitations(n− 11

2
, 7, 4, 3, 3︸ ︷︷ ︸

pl,l=5

, 1× (
n− 23

2
)︸ ︷︷ ︸

t1

)
(n− 1

2
, 4︸ ︷︷ ︸

pl,l=2

, 1× (
n− 7

2
)︸ ︷︷ ︸

t1

)
(n− 3

2
, 5, 2︸ ︷︷ ︸

pl,l=3

, 1× (
n− 11

2
)︸ ︷︷ ︸

t1

)

1
8n

2 − 3n+ 119
8

1
8n

2 − 1
2n+ 19

8

1
8n

2 − n+ 31
8

1
8n

2 − 7
2n+ 115

8

1
8n

2 − n+ 7
8

1
8n

2 − 3
2n+ 11

8

n+1
2

n+3
2

n+5
2

odd n ⩾ 25

odd n ⩾ 9

odd n ⩾ 13

(n− 16

2
, 8, 5, 4, 3, 3︸ ︷︷ ︸
pl,l=6

, 1× (
n− 30

2
)︸ ︷︷ ︸

t1

)
(n+ 2

2︸ ︷︷ ︸
pl,l=1

, 1× (
n− 2

2
)︸ ︷︷ ︸

t1

)

(
n− 12

2
, 8, 3, 3, 3, 2︸ ︷︷ ︸
pl,l=6

, 1× (
n− 26

2
)︸ ︷︷ ︸

t1

)

1
8n

2 − 17
4 n+ 29

1
8n

2 + 1
4n

1
8n

2 − 13
4 n+ 14

1
8n

2 − 19
4 n+ 30

1
8n

2 − 1
4n

1
8n

2 − 15
4 n+ 13

n−2
2

n
2

n+2
2

even n ⩾ 32

even n ⩾ 2

even n ⩾ 28

Table 2. Partitions p ⊢ n and calculation of λ(p) for them
for A1.

Proof of Corollary 4. The proof is straightforward from the �rst column
of Table 2. The maximum value of the �rst part among all partitions is n+2

2

and is obtained on the partition
(
n+2
2 , 1 × (n−2

2 )
)
. For conjugate partitions

the maximum is obtained on the partition which is conjugate to the partition(
n+2
2 , 1× (n−2

2 )
)
and is equal to n

2 .

Proof of Lemma 4. We prove this lemma in a similar manner as Lemma
3. For every a ∈ A2 and every parity of n, we give a partition p ⊢ n such
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that λ(p) = a. For example, if a = n and n is odd we take the partition

p =
(n+ 3

2︸ ︷︷ ︸
pl,l=1

, 1× (
n− 3

2
)︸ ︷︷ ︸

t1

)
⊢ n, for which we have:

λ(pl) =
1

2
· n+ 3

2
· n+ 1

2
=

1

8
n2 +

1

2
n+

3

8
,

f(t1, l) =
n− 3

2
· n− 1

4
=

1

8
n2 − 1

2
n+

3

8
.

By (4) we have that λ(p) = λ(pl)− f(t1, l) = n. Note that p exists for any
n ⩾ 3. The given λ(pl), f(t1, l), λ(p) together with the constraints on n for
the odd n ∈ A2 are located in the �rst row of Table 3.

The partitions p ⊢ n along with λ(pl) and f(t1, l) for the remaining
numbers from A2 are summarized in Table 3. This table is divided into cells
for each a ∈ A2. The top row of each cell shows the partition for odd n, and
the bottom row shows the partition for even n. In addition, Table 3 shows
the limitations under which the partition p exists. Note that for n = 19 all
limitations on n listed in the table are satis�ed. □

Proof of Corollary 5. The proof is straightforward from the �rst column
of Table 3. The partition with maximum �rst part is (n+3

2 , 1× (n−3
2 )). The

maximum of the �rst part among conjugate partitions is achieved by a
partition conjugate to

(
n+3
2 , 1× (n−3

2 )
)
and is equal to n−1

2 .

5 Discussions and further research

In this paper it is shown that for any n ⩾ 48, [y1, y2] ∈ Spec(Tn) and

[−y2, y1] ∈ Spec(Tn), where y1 =
(⌈n

3
⌉+1
2

)
− 2(⌊2n3 ⌋ − 1) and y2 =

(⌊ 2n+1
3

⌋
2

)
.

Note that both of these segments have length with asymptotics O(n2). In
addition, it was shown that [−n, n] ∈ Spec(Tn) for any n ⩾ 31.

Our conjecture is that the segment [n+1, y1] lies in Spec(Tn) too and we
plan to study this in future works. If this conjecture is true, it would prove
the following conjecture.

Conjecture. There exists n0 such that [−
(⌊ 2n+1

3
⌋

2

)
,
(⌊ 2n+1

3
⌋

2

)
] ∈ Spec(Tn) for

any n ⩾ n0.
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p λ(pl) f(t1, l) λ(p) n limitations(n+ 3

2︸ ︷︷ ︸
pl,l=1

, 1× (
n− 3

2
)︸ ︷︷ ︸

t1

)
( n

2
, 4︸︷︷︸

pl,l=2

, 1× (
n

2
− 4)︸ ︷︷ ︸
t1

)
1
8n

2 + 1
2n+ 3

8

1
8n

2 − 1
4n+ 2

1
8n

2 − 1
2n+ 3

8

1
8n

2 − 5
4n+ 2

n
n ⩾ 3

n ⩾ 8

(n+ 1

2
, 3︸ ︷︷ ︸

pl,l=2

, 1× (
n− 7

2
)︸ ︷︷ ︸

t1

)
(n+ 2

2
, 2︸ ︷︷ ︸

pl,l=2

, 1× (
n

2
− 3)︸ ︷︷ ︸
t1

)
1
8n

2 − 1
8

1
8n

2 + n
4 − 1

1
8n

2 − n+ 7
8

1
8n

2 − 3
4n

n− 1
n ⩾ 7

n ⩾ 6

(n− 1

2
, 4, 2︸ ︷︷ ︸

pl,l=3

, 1× (
n− 11

2
)︸ ︷︷ ︸

t1

)
(n− 8

2
, 6, 5, 3︸ ︷︷ ︸

pl,l=4

, 1× (
n

2
− 10)︸ ︷︷ ︸
t1

)
1
8n

2 − n
2 − 5

8

1
8n

2 − 9
4n+ 13

1
8n

2 − 3
2n+ 11

8

1
8n

2 − 13
4 n+ 15

n− 2
n ⩾ 11

n ⩾ 20

(n+ 1

2
, 2, 2︸ ︷︷ ︸

pl,l=3

, 1× (
n− 9

2
)︸ ︷︷ ︸

t1

)
(n
2
, 3, 2︸ ︷︷ ︸

pl,l=3

, 1× (
n− 10

2
)︸ ︷︷ ︸

t1

)
1
8n

2 − 33
8

1
8n

2 − 1
4n− 3

1
8n

2 − n− 9
8

1
8n

2 − 5
4n

n− 3
n ⩾ 9

n ⩾ 10

(n− 1

2
, 3, 3︸ ︷︷ ︸

pl,l=3

, 1× (
n− 11

2
)︸ ︷︷ ︸

t1

)
(n− 4

2
, 5, 3, 2︸ ︷︷ ︸

pl,l=4

, 1× (
n− 16

2
)︸ ︷︷ ︸

t1

)
1
8n

2 − 1
2n− 21

8

1
8n

2 − 5
4n

1
8n

2 − 3
2n+ 11

8

1
8n

2 − 9
4n+ 4

n− 4
n ⩾ 11

n ⩾ 16

(n− 7

2
, 5, 5, 3︸ ︷︷ ︸

pl,l=4

, 1× (
n− 19

2
)︸ ︷︷ ︸

t1

)
(n− 2

2
, 4, 2, 2︸ ︷︷ ︸

pl,l=4

, 1× (
n− 14

2
)︸ ︷︷ ︸

t1

)
1
8n

2 − 2n+ 55
8

1
8n

2 − 3
4n− 5

1
8n

2 − 3n+ 95
8

1
8n

2 − 7
4n

n− 5
n ⩾ 19

n ⩾ 14

(n− 1

2
, 3, 2, 2︸ ︷︷ ︸

pl,l=4

, 1× (
n− 13

2
)︸ ︷︷ ︸

t1

)
(n
2
, 2, 2, 2︸ ︷︷ ︸
pl,l=4

, 1× (
n− 12

2
)︸ ︷︷ ︸

t1

)
1
8n

2 − 1
2n− 61

8

1
8n

2 − 1
4n− 9

1
8n

2 − 3
2n− 13

8

1
8n

2 − 5
4n− 3

n− 6
n ⩾ 13

n ⩾ 12

Table 3. Partitions p ⊢ n and calculation of λ(p) for them
for A2.
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Eigenvalues, λ Partitions Limitations Proof

0

(
n+1
2

, 1× n−1
2

)
n is odd, n ⩾ 1 [6],

Lemma 3(
n
2
, 2, 1× n−4

2

)
n is even, n ⩾ 4

[1, n−3
4

] (n−2λ+1
2

, λ+ 2, 2× (λ− 1), 1× n−4λ−1
2

) n is odd, n ⩾ 7 [6], Lemma 5

1
(
n−6
2

, 4, 4, 2, 1× n−14
2

)
n is even, n ⩾ 14 [6], Lemma 4

[2, n−4
4

] (n−2λ
2

, λ+ 2, 3, 2× (λ− 2), 1× n−4λ−2
2

) n is even, n ⩾ 12 [7], Lemma 4

[n+3
4

, n−1
2

]
(
λ+ 1, n+3−2λ

2
, 2× (n−1

2
− λ), 1× ( 4λ−n−3

2
)
)

n is odd, n ⩾ 5 [7], Lemma 5

[n+2
4

, n−4
2

]
(
λ+ 1, n+2−2λ

2
, 3, 2× (n−4

2
− λ), 1× ( 4λ−n−2

2
)
)

n is even, n ⩾ 10 [7], Lemma 6

[n−3
4

]+1

(
n
4
, n
4
, 5, 4, 2× (n−20

4
), 1

)
n ≡ 0 (mod 4), n ⩾ 20 [7], Lemma 7(

n+3
4

, n+3
4

, 4, 2× (n−13
4

), 1
)

n ≡ 1 (mod 4), n ⩾ 13 [7], Lemma 8(
n+2
4

, n−2
4

, 5, 4, 2× (n−22
4

), 1, 1
)

n ≡ 2 (mod 4), n ⩾ 22 [7], Lemma 9(
n+1
4

, n+1
4

, 5, 3, 2× (n−19
4

), 1
)

n ≡ 3 (mod 4), n ⩾ 19 [7], Lemma 10

Table 4. Summary of the technical lemmas from [7].
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