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CONSTRUCTING SEGMENTS OF QUADRATIC
LENGTH IN Spec(T,,) THROUGH SEGMENTS OF
LINEAR LENGTH

A.V. KRAVCHUK

Communicated by 1.B. GORSHKOV

Abstract: A Transposition graph T, is defined as a Cayley graph
over the symmetric group Sym, generated by all transpositions.
It is known that the spectrum of T,, consists of integers, but it
is not known exactly how these numbers are distributed. In this
paper we prove that integers from the segment [—n,n] lie in the
spectrum of 7T, for any n > 31. Using this fact we also prove the
main result of this paper that a segment of quadratic length with
respect to n lies in the spectrum of T,.
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1 Introduction

A Transposition graph T, is defined as a Cayley graph over the symmetric
group Sym, generated by all transpositions. The graph T,,,n > 2, is a
connected bipartite (g) -regular graph [5]|. The spectrum of a graph is defined
as a multiset of distinct eigenvalues of its adjacency matrix together with
their multiplicities. It was shown in [4, Lemma 3| that T}, is integral which
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means that its spectrum Spec(T,,) consists of integers. Later and independen-
tly in [8, Theorem 2|, it was also shown that T, is integral. Since the
Transposition graph is bipartite, its spectrum is symmetric about zero [1],
e., if number k lies in Spec(T},) then number —k lies in Spec(T},) too. The
largest eigenvalue of T), is equal to (g) which implies that all eigenvalues of
Ty lie in the interval [—(3), (5)].
A nonincreasing sequence p = (ni,...,ng) F n, k > 1, for which n =
k
> nj, is called a partition of n. It follows from [4, eq. 3] that any partition
j=1
p b n corresponds to an eigenvalue A(p) € Spec(T,,) by the following expres-
sion:

k
Z —2j+1) (1)

The conjugate of a partztwn p, denoted by p/, is also a partition of n

where its parts are the nonincreasing sequence p’ = (nf,nb,...,nl,), where
n; = 3 1. This paper uses that n is equal to the length of p. It follows
i|n;=j

from |2, Lemma 8| that

Ap) = =AP). (2)

Note that different partitions can correspond to the same eigenvalue. For

example, the partitions (4,1, 1) and (3,3) correspond to the eigenvalue 3 of
Ts.

Thus, if one enumerates all partitions of number n and substitutes them

into expression (1) one can obtain all eigenvalues of T;,. We write f(n) ~ g(n)

if % — 1 as n — oo. The number of partitions p(n) has the following

asymptotics: p(n il W\Zg 7 ~a1) [3], so it is no longer possible to enume-
rate all partltlons for Iarge n.

Moreover, looking at expression (1), it is even not possible to answer simple
questions about Spec(T},):

e is number 0 an eigenvalue of T},7

e are all integers from the interval [0, k], k € N, lie in the spectrum of
7,7

e what is the asymptotics for the number of unique values in the
spectrum of T,,7

Ideally, one would like to be able to answer the question whether a given
n

integer number k € [—(5), (5)] lies in the spectrum of T;,. The following
result is known.

Theorem 1. [6, Theorem 2| For any integer k > 0, there exists n(k) such
that for any n > n(k) and any m € {0,...,k}, m € Spec(T},).
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In the proof of this theorem, n(k) is chosen as n(k) = 10k+4. Consequent-

ly, all integers within the range [—"1—64, "1—5‘1] are encompassed within the

spectrum of T;,. The following result extends the result of Theorem 1.

Theorem 2. |7, Theorem 3| For any n > 19, all integers from the segment

[_"T—‘l, ”7_4] lie in the spectrum of T,,.

The following result of this paper improves Theorem 2.

Theorem 3. For any n > 31, all integers from the segment [—n,n] lie in
the spectrum of T,,.

Theorems 1, 2, 3 have in common that all integers in some neighborhood
[—x,z| of zero lie in the spectrum of T),. In the proof of these theorems
the segment [0,x] is splitted into subsegments S = (Js;,s; = [xi, 7] and
individual integer numbers A = {ay, ..., ax} which may depend on the parity
of n. Moreover, S and A are chosen so that S|JA contains all integers
from the segment [0, x]. For each segment s;, there is a family of partitions
such that all integers from the segment s; are covered by the eigenvalues
corresponding to the partitions from this family. Similar, for each individual
integer a;, there is a partition p; such that A\(p;) = a;.

For example [6, Lemma 4], for any odd n > 7, the partition (%’\H, A+
2,2x (A—1),1x %’\_1) corresponds to the eigenvalue A € N, where \ €
1, ”T_‘g] The notation (ng,...,n;,2 X ta,1 x t;) means that the number 2 is
repeated in the partition to times and the number 1 is repeated ¢; times.

Thus, in the proof of Theorem 3, we obtain a set of partitions P = |Jp;
such that for each k € [0,n],k € |JA(p;). Theorem 3 gives the following
corollary, which is useful for the proof of Theorem 4.

Corollary 1. The first part of all partitions used to prove Theorem 3 does
not exceed "TH

Note that Theorem 3 shows that all integers from the interval [—n,n] lie
in the spectrum of 7,, and the length of this interval has asymptotics O(n).
Let us define numbers y; = ((51;1) — 2([%”J —1) and 1y =

2n+1

(L 3 J). The main result of this paper shows that all integers from the
set [—y2, —y1] U[y1, y2] lie in the spectrum of T,,. Moreover, the length of the
segment [y1,y2] has O(n?) asymptotics.

Theorem 4. For any n > 48, all integers from the segments [—ya, —y1] and
[y1,y2], lie in the spectrum of T,.

The paper is structured as follows. First, in Section 2 we prove Theorem
3. The proof of Theorem 3 is based on several technical lemmas, which are
proved in Section 4. After proving Theorem 3, we use it and Corollary 1 to
prove Theorem 4 in Section 3.
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2 Proof of Theorem 3

In what follows the notation S € Spec(T),) where S is a segment [z, 7]
means that all integers from this segment are eigenvalues of T;,. Similar, for
finite set of numbers A we say that A € Spec(T,) if all elements of this set
lie in the spectrum of T,.

To prove the theorem, we use the approach described in [7]. We split the
segment [0, n] into subsegments S1, Sy and into two sets Ay, Az of numbers
depending on the parity of n such that S;US3U A1 U As contains all integers
of the interval [0,n]. The segments Sj, Sy and the sets A;, Ay are shown in
Table 1.

n Sq Ay So Ao

odd [0’ n—l] n+l n+3 n+d [nT—&-?’ n — 7]

{n—6,n—5,...,n}

even [ ’n—4] {n—2 nvnTH} [n—2&-4 n—6]

TABLE 1. Splitting of segment [0, n].

Next, we show that S; € Spec(T},),S2 € Spec(Ty,), A1 € Spec(T,) and
Ay € Spec(T,,). To show this, we prove the following technical lemmas.

Lemma 1. S € Spec(T,) for any n > 19.

Corollary 2. The first part of all partitions together with their conjugates
used to cover S| does not exceed ”H

Lemma 2. Sy € Spec(T,) for any n > 20.

Corollary 3. The first part in the partitions together with their conjugates
used in the proof of Lemma 1 does not exceed RTH

Lemma 3. Ay € Spec(T),) for any n > 31.

Corollary 4. The first part in the partitions together with their conjugates
used in the proof of Lemma 3 does not exceed ”T“

Lemma 4. Ay € Spec(T),), for any n > 19.

Corollary 5. The first part in the partitions together with their conjugates
used in the proof of Lemma 4 does not exceed "T‘"g

The proof of these technical lemmas can be found in Section 4. After
proving the lemmas, it is directly deduced that the segment [0, n] € Spec(T},)
for any n > 31. Since T,, is bipartite, we have [—n,n| € Spec(T,). Since
Corollaries 2-5 consider partitions together with their conjugates, it follows
from (2) that the first part of the partitions covered by the segment [—n,n]
does not exceed ”T%, which proves Corollary 1.
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3 Proof of Theorem 4

Let p = (n1,n2,...,nk) = (n1,p1), where p; = (ng,...,nk). It turns out
that the eigenvalue A(p) corresponding to the partition p can be compactly
expressed through the eigenvalue A(p1) corresponding to the partition p; and
the number n; using the following lemma.

Lemma 5.
3 = () + A0 — (0= ), ®)

Proof. We prove the lemma by a direct substitution of partition

p = (n1,ng,...,nk) into the expression (1).
k k
1 3 nl(nl —1 1 .
Alp) = 52”;‘(%’ —2j+1) = 2)+2an(% —2j+1)=
j=1 j=2

O

Let us consider the expression (3). By varying p;, one can obtain all
possible eigenvalues for the partitions that have n; in the first part.

The following conditions are imposed on py:

(1) p1Fn—mni;
(2) the first part of p; must not exceed n.

Let us denote the set of partitions that satisfy these two conditions by P,
and the set of eigenvalues that correspond to these partitions by Ap, . If it is
proved that all integers from the interval [—(n — n1),n — nq] lie in the A,
then it follows directly from (3) that [("}) — 2(n — ny), (}})] € Spec(T,).
Note that when n; < 2”3“ then 2(n —ny) > n3 — 1 = ("21) — ("12_1).
Thus, when n; < 2% then [("}) — 2(n — m1), (})] € Spec(T},) implies
("), ()] € Spec(Ty,).

Consider the segment | = [k, ko], where ki € N and ko = | 2%t | If for
each natural n; € [ it holds that all integers from the interval [—(n—nq),n—
nq] lie in the Ay, then it follows that [(1’321) —2(n — k1), (k;)] € Spec(T).

By Theorem 3, we have that if n —n; > 31, then [—(n —n1),n —ny] €
Spec(Ty,—n, ). Moreover, by Corollary 1, to cover the segment [—(n—mny),n—
n1] we are able to choose such partitions that their first part does not exceed
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RS Tnequality ng > %242 can be rewritten as ng > 2 + 1. So, if
n1 = %+ 1and n —ny > 31, then [—(n —n1), (n —n1)] € A, .

2n+1
[("y

1),
2n

Thus, for any natural ny € [% +1, | and n —ny > 31 we have that
) 2(n —m), (})] € Spec(Ty). Therefore, [((%;H) —2(n—[3] -
) € Spec(T,) when n —ny > 31 Note that n — [5] — 1 =
|5 1, hence [((%;H) —2(1%] - ( 57 ) € Spec(T,). Moreover,

[—(" 3 J) (((%H) —2(1%] - 1))] € Spec ( ) too, since T}, is bipartite.
The 1nequaht1es n—mny = 31 and ny > g +1 mply that n > 48, which
completes the proof.

2n

(25
] —
2

O

4 Proof of technical lemmas

Let the partition p is given by p = (py, 2 X ta, 1 X t1), where p; is a sequence
of length . For example, a partition (5,4,4,2,2,2,1,1) can be represented
as (p3,2 x 3,1 x 2), where p3 = (5,4, 4). Note that for a single partition the
representation in this form is not the only one. For example, we can represent
the partition (5,4,4,2,2,2,1,1) as (p4,2 x 2,1 x 2), where py = (5,4,4,2).
Therefore, in what follows we emphasize how p; and 1, to are chosen.

Lemma 6. If p = (p;,2 X ta,1 X t1), then

1 1 9
Ap) = Api) — f(t1,t2,1) = Mpi) — (t2 — 1)% — 5(751 - 5) —tita — (2t +t1) + 3
f(t1,t2,l)
Proof. By (1) we have:
| Lt | blatts
Ap)=Ap)+5 3, 28=2)+5 > (2-2)=
j=l+1 l+ta+1
I+t2 I4+t1+t2
=Mp)+3ta+t—2 Y j- > j=
j=l+1 I4ta+1
20+ 2ty + 11 +1
= Xp1) + 3ta +t1 — (20 + by + 1)ty — 22 LTy =
1 1 9
=Ap) — (t2 —1)* — §(t1 - 5)2 —tyte — 1(2t2 +t1) + 3
O
Corollary 6. If p= (p;,1 x t1), then
t1 —1
A(p) = A1) = F(L 1) = Ap) — t1(=5— +1). (4)

2
—

f(tlvl)
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Proof of Lemma 1. The proof is straightforward from the technical lemmas
of [7]. For the reader’s convenience, we have presented the summarization of
these lemmas in Table 4.

Proof of Corollary 2.

The proof if straightforward from Table 4. The largest value of the first
part is "+ and is obtained on the partition (3!, 1 x “51). The largest
value among the conjugate partitions is ”H and is achieved on the partition
conjugate to (%1,1 x 251). Note that the partition (%1, 1 x 251) is self-
conjugate and it follows from (2) that if the partition p is self-conjugate,

then A(p) = 0.

Proof of Lemma 2. We prove this lemma by considering four cases, for
each parity of n and A. For each parity of n, we choose two families of
partitions py that depend on the parity of A. Then we show that eigenvalues
corresponding to the chosen families of partitions cover all integers from the
segment Sy which have the same parity as A.

Case 1, n is odd, X is odd:
A3 n+2 A n—4 A n—+3
= (=4, — —=,3,2 — =), I x (A= .
P (2+2) 2 2737 X( 92 2)’ X( 92 ))
pi,l=3 12 t
By (1) we have:

1, 1 . 1 1, 3 29
Alpr) = gn® = Jnd — g+ 0%+ A=

In addition, by (6) it follows that:

1 1 1 1 29

P P B S GRS .

f( 1, %9, ) 8TL 471)\ 4’1’L—|— 4)\ )\ 3
Finally, using (6) we have A(p) = A(p;) + f(tl,tQ, ) = A. Partition p
exists for any odd integer A € [%£2, n —4]. Note that the interval [2£2, n — 4]

makes sense for any n > 11. Also notice that segment [”+7 n — 7] lies inside

segment [%2 n — 4].
Case 2, n is odd, A is even:
An+3 A n—3 A n+7
=(=,— — =,5,2 — =), 1x (A= .
DPx (27 2 97 X( 2 2)7 X( 2 ))
— ~~
pI,l=3 to t1

For \(p;) and f(t1,t2,1) we have the following expressions:

1 1 1 1 9

1 1 1 ) 9
t1,to, 1) = =n® — —nA 4+ A2 — X — 2,
f(t1,t2,1) g T A g 173

Finally, A(p) = A(p1) + f(t1,t2,1) = A. Note that p exists when even
A€ [2, n — 7], and [%5, n — 7] holds for any n > 21.
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Case 3, n is even, A is odd:
A3 n+3 A n—1 X\ n+4
= (242,222 29 A - .
Px (2+27 2 9’ X( 2 2)7 X()‘ 2 ))
to t1

pi,l=2
The following holds:

1, 1 1, 1. 3
e N Rl C ARl W
1, 1 1, 1. 3
f(tl,tg,l)—8n —472)\-1—4)\ —2)\—4.
Finally, A(p) = A(p1) + f(t1, t2,1) = A. The following constraints are imposed
on A and n, so that p exists: odd A € [%%,n — 1], n > 6. Also notice that

”*4, 6] lies inside segment [”*4,71 —1].

segment |

Case 4, n is even, A is even:

A n+2 A n—4 A n+4
(241,22 2y ~H1x (M- .
P (2 +1, 2 97 X ( 2 2)7 X ( ))
pi,l=3 ta t1
The following holds:
I P R B B
Ap) = 5" 4n)\ 4n+ 4)\ + 2)\ 3;
1 1 1 1 1
f(t,t2,1) = énz — At 42 — A3
Note that p exists for even \ € ["+4 n — 6] and for any n > 16.

At the end of the proof, we would like to mention that for any n > 20 the
restrictions for all four cases hold.

Proof of Corollary 3. We need to consider a family of partitions in each of
the four cases from Lemma 2. For each family, we have found an interval in
which A can lie. Let us substitute the maximum value from this interval into
the partitions and choose the maximum value at the first position in these
four cases. The maximum value is reached in Case 3 and is equal to "T”
Moreover, the maximum value of the first part for the conjugate partition is
reached in Case 3 too and equal to "7_2

Proof of Lemma 3. For each a € A; we give a particular partition p - n
such that A(p) = a. All the given partitions have the form (p;,1 x 1), so we

use (4) to prove that A(p ) = a. For example, for £ in the case of odd n, we

— 11 — 23
5 ,7,4,3,3,1x% ( )) F n. For this partition

—_—— ——
ygi 7l:5 t1

take the partition p = (

we have:

1 n—-11 n—13

119
2( 2 2

87

1
Apr) = +28—4—12—18):§n2_3n+
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n—23,n—25 n® 7
f(tlal)— 2 ( 4 +5)—§—§n+?.

Then, by (4) we get A(p) = A(p;) — f(t1,1) = “tL. Note that p exists for
any n > 25. The given A(py), f(t1,1), A(p) together with the constraints on n
for the eigenvalue ”TH € A; can be found in the first row of Table 2.

The partitions p F n along with A(p;) and f(¢1,0) for the remaining
numbers from A; are summarized in Table 2. In addition, Table 2 shows
the limitations under which the partition p exists. Note that for n = 31 all
limitations on n listed in Table 2 are satisfied. [J

p A(pr) f(t1,1) A(p)| limitations

pu:l=5 t %n2—3n+%%n2—%n+%—";l oddn > 25
(ot (2 T)
' 1,2 1. 19| 1,2 . 7 |n43
2 2 sn®—sn+ | gn®—n+{ |52 oddn =9
pi,l=2 t1

(n—3521 (n—ll n?—n+3 | in?—3n+ 3 |25 odd n > 13
- X
2 b b 9

—_———

pi,l=3 t1
— 16 —30
& S 8,5,4,3,3,1 % 2 )
~—
pi,1=6 b énz - %n + 29 %nQ — %n + 30 ”’52 even n > 32
<n+2 1 % (n—2))
2 2 in? 4+ in in? —in 5 |evenn > 2
pi,l=1 t1
- 12 —96 |in? — Bp 4+ 14/in2 — LBy 4 13|22 cven n > 28
(n2 ’87373’3727]_)((”2 ))8 4 8 4 2
—
p1,l=6 t1
TABLE 2. Partitions p - n and calculation of A(p) for them
for Al.

Proof of Corollary 4. The proof is straightforward from the first column
of Table 2. The maximum value of the first part among all partitions is ’%2
and is obtained on the partition ("TH, 1x ("772)) For conjugate partitions
the maximum is obtained on the partition which is conjugate to the partition

(nTﬂa 1 x ("T_Q)) and is equal to 3.

Proof of Lemma 4. We prove this lemma in a similar manner as Lemma
3. For every a € As and every parity of n, we give a partition p F n such
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that A\(p) = a. For example, if @ = n and n is odd we take the partition

3 -3
p= (n;r 1 X (n 5 )) F n, for which we have:
\—V—/ \_v_/

piyl=1 t
I n+3 n+1 1,5 1 3
Apr) = = Sy
) =3 = .~y Tty
n—-3 n—1 1, 1 3
fhh) === =g —3n+g

By (4) we have that A(p) = A(p;) — f(t1,1) = n. Note that p exists for any
n > 3. The given A\(p;), f(t1,1), A\(p) together with the constraints on n for
the odd n € Ay are located in the first row of Table 3.

The partitions p + n along with A(p;) and f(¢1,1) for the remaining
numbers from As are summarized in Table 3. This table is divided into cells
for each a € As. The top row of each cell shows the partition for odd n, and
the bottom row shows the partition for even n. In addition, Table 3 shows
the limitations under which the partition p exists. Note that for n = 19 all
limitations on n listed in the table are satisfied. [J

Proof of Corollary 5. The proof is straightforward from the ﬁrst column
of Table 3. The partition with maximum first part is (22,1 x (252)). The
maximum of the first part among conjugate partitions is achleved by a

partition conjugate to (”*3 1x ("23)) and is equal to "7*1

5 Discussions and further research

In this paper it is shown that for any n > 48, [y1,y9] € Spec(Tg)
[—y2,y1] € Spec(T),), where y; = U%H) (L2”J —1) and yo = (L

3 )
Note that both of these segments have length with asymptotics O(n?). I
addition, it was shown that [—n,n| € Spec(T,) for any n > 31.

Our conjecture is that the segment [n+ 1, y1] lies in Spec(T},) too and we
plan to study this in future works. If this conjecture is true, it would prove

the following conjecture.

L2n+1j L2n+1

Conjecture. There exists ng such that [—( 3 J)] € Spec(T,,) for

any n = ny.
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n limitations

n—3
1
ax (23
t n>=3
(2—4)) n?—in+2 n?—2n+2 n=8
<~ ——
t1
n—17
7))
_tl,—/ n=>"7
5-9) n>6
——
ty
n — n—11
(— 5—))
— T n =11
-8
& 76,5,3,1><(g—10)) n?— 9n+13 n > 20
| — ———
; t1
-9
(77272a 1x (TLT))
- Ht;—/ n=9
1
27372,1><( 20)) n > 10
——
ty
-1 11
(5331 x ()
—_——— Hf/—/ n>11
—4 16
& ,5,3,2,1x("2 )) n>16
—_—— ——
ty
-7 —19
(%75757311 X (n 2 ))
-2 14
(L74,2,2,1x(”2 )) n>14
—— —
ty
-1 —13
& ,3,2,2,1><(”2 ))
—12
( ) n>12
—— —

ty

TABLE 3. Partitions p - n and calculation of A(p) for them
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Eigenvalues, A Partitions Limitations Proof
. (244, 1% 254) nis odd, n > 1 (6,
" n—d . Lemma 3
(5’2’1XT) n is even, n > 4
1, 2=2) (=22 X 42,2 x (A —1),1 x 2=42=1) nisodd,n>7 [6], Lemma 5
1 (”;6,47 4,2,1 % ”*TM) n is even, n > 14 [6], Lemma 4
2, 274 (25220 +2,3,2 x (A —2),1 x 2=42=2) n is even, n > 12 [7], Lemma 4
(23, o (A1, 258222 19 (2L — )), 1 x (22=1=2)) nisodd, n>5 [7], Lemma 5
[ZE2 4] | (N4 1, 22222 3 0 5 (25 N, 1 x (2252=2)) | niseven, n > 10 [7], Lemma 6
(2,2,5,4,2 x (2529),1) n =0 (mod 4),n > 20| [7], Lemma 7
n+3 n+43 n—13 — >
(123 41 (B2, 258 4,2 x (2519),1) n=1 (mod 4),n > 13| [7], Lemma 8
4

+2 —2 —22
(nT7nT75’472><(n4 )’171)

+1 +1 —19
("5 53,2 x ("5), 1)

n =2 (mod 4),n > 22

n =3 (mod 4),n > 19

[7], Lemma 9

[7], Lemma 10

TABLE 4. Summary of the technical lemmas from [7].
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