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Abstract

A Transposition graph T, is defined as a Cayley graph over the symmetric
group Sym, generated by all transpositions. It is known that the spectrum
of T, consists of integers, but it is not known exactly how these numbers are
distributed. In this paper we prove that integers from the segment [—n,n] lie
in the spectrum of T;, for any n > 31. Using this fact we also prove the main
result of this paper that a segment of quadratic length with respect to n lies in
the spectrum of T,,.
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1. Introduction

A Transposition graph T, is defined as a Cayley graph over the symmetric
group Sym,, generated by all transpositions. The graph T,,n > 2, is a con-
nected bipartite C2-regular graph [5]. The spectrum of a graph is defined as
a multiset of distinct eigenvalues of its adjacency matrix together with their
multiplicities. It was shown in [4, Lemma 3] that T}, is integral which means
that its spectrum Spec(T;,) consists of integers. Later and independently in
[8, Theorem 2], it was also shown that T;, is integral. Since the Transposition
graph is bipartite, its spectrum is symmetric about zero [I], i.e., if number &
lies in Spec(T,,) then number —Fk lies in Spec(T,,) too. The largest eigenvalue
of T), is equal to C2 which implies that all eigenvalues of T}, lie in the interval
[_07217 Cr%] .

k
A nonincreasing sequence p = (n1,...,n;) b n, k > 1, for which n = ) nj,
j=1
is called a partition of n. It is follows from [4 eq. 3] that any partition p b n
corresponds to an eigenvalue A(p) € Spec(T},) by the following expression:
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n;(n; —2j +1)
Ap) = e 1
() = > (1)
Jj=1

The conjugate of partition p, denoted by p’, is also a partition of n where its

parts are the nonincreasing sequence p’ = (ny,nj,...,n;), where n’, = 37 1.
iln;>j

This paper uses that nj is equal to the length of p. It is follows from [2] Lemma
8] that

Ap) = =A\@)- (2)

Note that different partitions can correspond to the same eigenvalue. For
example, the partitions (4,1, 1) and (3, 3) correspond to the eigenvalue 3 of T§.
Thus, if one enumerates all partitions of number n and substitutes them

into expression one can obtain all eigenvalues of T;,. We write f(n) ~ g(n)
i f(n)
if &<

g 1 as m — oo. The number of partitions p(n) has the following

ea:p(ﬂ'\/gq/nfﬁ)

asymptotics: p(n) ~ yPaves [3], so it is no longer possible to enumerate
all partitions for large n.

Moreover, looking at expression , it is even not possible to answer simple
questions about Spec(T),):

e is number 0 an eigenvalue of T,,?7
e are all integers from the interval [0, k], k € N, lie in the spectrum of T,,?

e what is the asymptotics for the number of unique values in the spectrum
of T,,?7

Ideally, one would like to be able to answer the question whether a given integer
number k € [—C2, C?] lies in the spectrum of T,. The following result is known.

Theorem 1. [6] Theorem 2] For any integer k > 0, there exists n(k) such that
for any n = n(k) and any m € {0,...,k}, m € Spec(Ty,).

In the proof of this theorem, n(k) is chosen as n(k) = 10k +4. Consequently,

all integers within the range [— ”1_04, "1—_04] are encompassed within the spectrum

of T},. The following result extends the result of Theorem

Theorem 2. [7, Theorem 3| For any n > 19, all integers from the segment

[—252, 222] lie in the spectrum of T,.

The following result of this paper improves Theorem

Theorem 3. For any n > 31, all integers from the segment [—n,n| lie in the
spectrum of T, .



Theorems have in common that all integers in some neighborhood
[z, z] of zero lie in the spectrum of T,. In the proof of these theorems the
segment [0, z| is splitted into subsegments S = (Js;,s; = [¢;, T;] and individual
integer numbers A = {a1,...,ar} which may depend on the parity of n. More-
over, S and A are chosen so that S|J A contains all integers from the segment
[0,2]. For each segment s;, there is a family of partitions such that all inte-
gers from the segment s; are covered by the eigenvalues corresponding to the
partitions from this family. Similar, for each individual integer a;, there is a
partition p; such that A(p;) = a;.

For example [0, Lemma 4], for any odd n > 7, the partition (%)"H, A+2,2x
(A —1),1 x 2=22=1) corresponds to the eigenvalue A € N, where \ € [1, 23],
The notation (ni,...,n;,2 X t2,1 x t1) means that the number 2 is repeated in
the partition t9 times and the number 1 is repeated t; times.

Thus, in the proof of Theorem we obtain a set of partitions P = |Jp; such
that for each k € [0,n],k € |JA(p;). Theorem [3| gives the following corollary,
which is useful for the proof of Theorem [4

Corollary 1. The first part of all partitions used to prove Theorem[3 does not
exceed ”T'H)’

Note that Theorem [3| shows that all integers from the interval [—n,n] lie in
the spectrum of T;, and the length of this interval has asymptotics O(n).

The main result of this paper shows that all integers from the set
[—y2, —y1] U[y1, y2] lie in the spectrum of T,,. Moreover, the length of the seg-
ment [y;,y2] has O(n?) asymptotics.

Theorem 4. For any n > 48, all integers from the segments [—y2, —y1] and

[y1,y2], lie in the spectrum of Ty, where y; = CF%]H — 2([%’” —1) and y2 =

Clamgs,;

The paper is structured as follows. First, in Section [2] we prove Theorem
The proof of Theorem [3]is based on several technical lemmas, which are proved
in Section After proving Theorem [3] we use it and Corollary [1] to prove
Theorem [ in Section [Bl

2. Proof of Theorem [3|

In what follows further the notation S € Spec(T,,) where S is a segment
[z, Z] means that all integers from this segment are eigenvalues of T;,. Similar,
for finite set of numbers A we say that A € Spec(T,,) if all elements of this set
lie in the spectrum of T,,.

To prove the theorem, we use the approach described in [7]. We split the
segment [0,n] into subsegments S7,Ss and into two sets A;, As of numbers
depending on the parity of n such that S7 U S U A; U As contains all integers of
the interval [0,n]. The segments S, S2 and the sets Ay, Ay are shown in Table
m



n S1 Aq So Ay

odd [0, L_l] {Lﬂv L-H))v L-’—S} [L—an - 7]
{n—6,n—5,...,n}

even | [0,254] | {252, %,282} | 2, n—6]

Table 1: Splitting of segment [0, n].

Next, we show that S; € Spec(T,),S2 € Spec(T,), Ay € Spec(T,) and
As € Spec(T,,). To show this, we prove the following technical lemmas.

Lemma 1. S € Spec(T,,) for any n > 19.

Corollary 2. The first part of all partitions together with their conjugates used
to cover Sy does not exceed ”TH

Lemma 2. Sy € Spec(T,) for any n > 20.

Corollary 3. The first part in the partitions together with their conjugates used
in the proof of Lemma does not exceed %ﬁ

Lemma 3. A; € Spec(T),) for any n > 31.

Corollary 4. The first part in the partitions together with their conjugates used
in the proof of Lemma@ does not exceed "7“

Lemma 4. A, € Spec(T),), for any n > 19.

Corollary 5. The first part in the partitions together with their conjugates used
in the proof of Lemma does not exceed "%‘3

The proof of these technical lemmas can be found in Section[d] After proving
the lemmas, it is directly deduced that the segment [0,n] € Spec(T},) for any
n > 31. Since T, is bipartite, we have [—n,n] € Spec(T,). Since Corollaries
consider partitions together with their conjugates, it follows from that the
first part of the partitions covered by the segment [—n,n] does not exceed ”T%,
which proves Corollary [I}

3. Proof of Theorem [4]

Let p = (ny1,n9,...,n%) = (n1,p1), where p1 = (na,...,ng). It turns out
that the eigenvalue A(p) corresponding to the partition p can be compactly
expressed through the eigenvalue A(p;) corresponding to the partition p; and
the number ny using the following lemma.

Lemma 5.
Alp) = 072” + Ap1) — (n—na). (3)



Proof. We prove the lemma by a direct substitution of partition p =
(n1,ma,...,ny) into the expression (T)).

k
1 . n1n1—1 1 .
i=1 j=2

=C2 + - an 2 —1)+1-2) =

M»

—C’,Qll+2n] 2 -1 +1)

=C2 +A(p1) — (n— nl).
O

Let us consider the expression . By varying p1, one can obtain all possible
eigenvalues for the partitions that have m, in the first part. The following
conditions are imposed on p;:

1. p1 Fn—ng;
2. the first part of p; must not exceed n;.

Let us denote the set of partitions that satisfy these two conditions by P,
and the set of eigenvalues that correspond to these partitions by An,,. If it is
proved that all integers from the interval [—(n —nq),n —n4] lie in the A,,,, then
it follows directly from (3) that [C2 — 2(n —n4),C2 ] € Spec(T,). Note that
when nq < ";‘1 then 2(n ny) = n1—1 = 02 -2 1—1- Thus, when n; < 2”;'1,
then [C2 —2(n —n1),C2.] € Spec(Ty) 1mphes [C2 _1,C2 ] € Spec(T).

Consider the segment | = [ky, k2], where k1 € N and ko = | 2% ]. If for each
natural n; € [ it holds that all integers from the interval [—(n —n1),n —nq] lie
in the Ay, , then it follows that [C} —2(n — k1), C,] € Spec(T,).

By Theorem [3] we have that if n— ny > 31, then [—(n —n1),n —ny] €
Spec(Ty,—n, ). Moreover, by Corollary [1] to cover the segment [—(n—n1),n—ny]
we are able to choose such partitions that their first part does not exceed w
Inequality ny > %ﬁ?’ can be rewritten as n; > § + 1. So, if ng > 5 + 1 and
n—mny > 31, then [—(n —ny), (n —n1)] € Ap,.

Thus, for any natural n; € [§ + 1, 2”3“] and n — n; > 31 we have that
[C2 _, —2(n —ny),C2] € Spec(T,). Therefore, [C’%%Hrl —2(n — [2] -
1),Cf%ﬂ € Spec(T,) when n —n; > 31. Note that n — [§] =1 =
2] — 1, hence [CFETH -2(1%] -1, CL2”+1J] € Spec(T,). Moreover,
[_OT%J’_([C? 41T (L%"J —1))] € Spec(T,,) too, since T, is bipartite. The

inequalities n —ny > 31 and n; > 3 + 1 imply that n > 48, which completes
the proof.

O



4. Proof of technical lemmas

Let the partition p is given by p = (p;, 2 X t2, 1 X t1), where p; is a sequence
of length [. For example, a partition (5,4,4,2,2,2,1,1) can be represented as
(p3,2 x 3,1 x 2), where p3 = (5,4,4). Note that for a single partition the
representation in this form is not the only one. For example, we can represent
the partition (5,4,4,2,2,2,1,1) as (ps,2 x 2,1 x 2), where py = (5,4,4,2).
Therefore, in what follows we emphasize how p; and ¢y, t are chosen.

Lemma 6. If p= (p;,2 x ta,1 X t1), then

1 1 9
Ap) = Ap)—f(t1, b2, 1) = Mpi)—(t2 — 1)% = §(t1 - 5)2 —tity — 1(2t2 +t1) + 3
f(t1,t2,0)
Proof. By we have:
1 I+t2 I+t1+t2
D) =B+ > 232+ > (2-2)=
j=l+1 I+ta+1
I+t2 l4+t1+to
=AMp) +3t2+t -2 > j— > j=
j=l+1 I+t2+1
204+ 2ty +t1 + 1
= N(p1) 4 3ty +t1 — (2 + to + 1)ty — +t1 -

1 1 9
=Ap) — (ta —1)* — 5(tl - 5)2 —titg —1(2ta + t1) + 3

Corollary 6. If p= (p;,1 X t1), then

D) = ) — F(, 1) = Apy) — (A

f(t,l)

+1). (4)

Proof of Lemma The proof is straightforward from the technical lemmas
of [7]. For the reader’s convenience, we have presented the summarization of
these lemmas in Table [4l

Proof of Corollary
The proof if straightforward from Table[d The largest value of the first part

is "TH and is obtained on the partition (”7“, 1x ”T*I) The largest value among

the conjugate partitions is ”T“ and is achieved on the partition conjugate to
(%rl, 1x ”T_l) Note that the partition ("7“, 1x "T_l) is self-conjugate and it
follows from that if the partition p is self-conjugate, then A(p) = 0.



Proof of Lemma |2, We prove this lemma by considering four cases, for each
parity of n and A. For each parity of n, we choose two families of partitions py
that depend on the parity of A\. Then we show that eigenvalues corresponding
to the chosen families of partitions cover all integers from the segment S, which
have the same parity as .

Case 1, n is odd, A is odd:
A3 n+2 A n—4 A n+3

= (242,12 2309 —IOy1x (A —
Px (2+27 2 2a37 X( 2 2)7 X(

pl,l:?) tz tl

By we have:

))-

1 1 1 1

In addition, by (@ it follows that:

1 1 1
ti,to,l) = =n? — —nXA — —n+ A2 — S\ - —,
ft ) = gn” = qmA =g+ A - 3A %

Finally, using @ we have A(p) = X(p1) + f(t1,t2,1) = A. Partition p holds
for any odd integer A € [%+2 n — 4]. Note that the interval 243, n — 4] makes
sense for any n > 11. Also notice that segment [2EL, n — 7] lies inside segment
[n-2|-3 n— 4]

Case 2, n is odd, A is even:
An+3 A n—3 A n+7
(§7T_§7572X( 2 _5)71X()‘_
p1,l=3 to t1
For A(p;) and f(t1,t2,0) we have the following expressions:

Px =

))-

1 1 1 1

9.
87
1, 1 1, 5. 9
f(tl,tQ,l)— 8n 4n)\+4/\ 4)\ R
Finally, A(p) = (pl) + f(t1,t2,1) = X. Note that p holds when even \ €

[247 n — 7], and [2ET, n — 7] holds for any n > 21.
Case 3, n is even, A is odd:
A3 n+3 A n—1 A n+4
n=(Gty g g 2x g mhlx (- —).

pi,l=2 t2 ty
The following holds:

1, 11, 1. 3
Ap) = 5" 4n)\+4/\ +2)\ E

1 1 1 1. 3
ti,to,l) = =n? — —nA+ A2 — X ==,
Fltite, ) = gn7 = gnA+ 2 = 5A =7



Finally, A(p) = A(pi) + f (1, t2,1) = A. The following constraints are imposed on
A and n, so that p holds: odd A € [”+4 n —1], n > 6. Also notice that segment
[%+2 n — 6] lies inside segment [, n —1].

Case 4, n is even, A is even:
A n+2 A n—4 A n+4
=(=+1 - —,4,2 — =) 1x (A=
DX (2 + 1, 2 27 X ( 2 2)a X (
p1,l=3 t2 ty
The following holds:

))-

1 1 11 1
A —n?— —ph—-n+ N HA-3;
() = T TN A3

f(ttl)lzlA—jLA2 43
1,02, Sn 47’L 4

Note that p holds for even A € [%%, n — 6] and for any n > 16.
At the end of the proof, we would like to mention that for any n > 20 the
restrictions for all four cases hold.

Proof of Corollary We need to consider a family of partitions in each of
the four cases from Lemma [2] For each family, we have found an interval in
which A can lie. Let us substitute the maximum value from this interval into
the partitions and choose the maximum value at the first position in these four
cases. The maximum value is reached in Case 3 and is equal to 2 2 . Moreover,
the maximum value of the first part for the conjugate partition is reached in

Case 3 too and equal to "7’2

Proof of Lemma [3] For each a € A; we give a particular partition p - n such

that A(p) = a. All the given partitions have the form (p;, 1 x 1), so we use

to prove that A(p) = a. For example, for "—H in the case of odd n, we take the

—11 23
partition p = (nT, 7,4,3,3,1 x (n )) F n. For this partition we have:

—_—— ——

pi,l=5 t1
1 —11 13 1 119
Ap) = 2(n2 e +28—4—12—18):§n2_3n+?7
n—23,n—25 n 7 115
t l: 5 = - = .
ft1,0) s (T =g et g

Then, by (4) we get A(p) = A(p) — f(t1,1) = 2L, Note that p holds for any
n > 25. The given A(p;), f(t1,1), A(p) together with the constraints on n for the
eigenvalue ’%”1 € A; can be found in the first row of Table

The partitions p - n along with A(p;) and f(t1,!) for the remaining numbers
from A; are summarized in Table [2| In addition, Table [2| shows the limitations
under which the partition p holds. Note that for n = 31 all limitations on n
listed in Table 2 are satisfied. OJ



D Apr) G A(p) | limitations
— 11 —23
(%7774737371X(n ))
- RS [FPC NSO (S SR TLY [FESR R
8 8 8 8 2 z
n—1 n—17
( 4,1 ( )) 1,2 1 19 1,2 7 n+3
2 NS —5n+ 3 gn°—n+ ¢ e oddn>9
py,l=2 t1
- —11 n?—n+3 [ In2 _3p4 il | 5 | oddn > 13
(n23,5,2,1><(n )) B 8 8 8 2
| |
pi,l=3 t1
— 16 —30
(L7875,4737371X(n ))
PLi=6 f1 In®—1n+29 [ in® - 2n+30 | 252 | even n > 32
8 4 8 4 2 Z
(n+2 1 x (an))
) 1.2, 1 1.2 1
2 2 0 gn° +gn s — 4N 5 even n > 2
pr,l=1 t1
—12 —26 Ip2 —Bpi14 | in? - 1Bp 113 | 222 [ cven n > 28
(%783373737231X(n )) 8 4 8 4 2
—_——
pr,l=6 t1

Table 2: Partitions p - n and calculation of A(p) for them for A;.

Proof of Corollary The proof is straightforward from the first column

of Table The maximum value of the first part among all partitions is "T“

and is obtained on the partition (7%2, 1 x (”7_2)) For conjugate partitions

the maximum is obtained on the partition which is conjugate to the partition
(2£2,1 x (252)) and is equal to Z.

Proof of Lemma We prove this lemma in a similar manner as Lemma
Bl For every a € A and every parity of n, we give a partition p = n such

that A(p) = a. For example, if @ = n and n is odd we take the partition

3 -3
p= (n—2|— ,1x (n2 )) F n, for which we have:
~—— ——

pi,l=1 (31
1 n+3 n+1 1 1 3
A - . . — _n2 = =
() =35 5 5" " Ty
n—3 n-—1 1 1 3
) = : — 2 Ip4 2,
Ftnh) = =5 1 8V " Ty

By we have that A(p) = A(pi1) — f(t1,1) = n. Note that p holds for any
n > 3. The given A(p;), f(t1,1), A(p) together with the constraints on n for the
odd n € As are located in the first row of Table [3]

The partitions p F n along with A(p;) and f(¢1,1) for the remaining numbers
from A, are summarized in Table This table is divided into cells for each
a € As. The top row of each cell shows the partition for odd n, and the bottom



row shows the partition for even n. In addition, Table [3| shows the limitations
under which the partition p holds. Note that for n = 19 all limitations on n
listed in the table are satisfied. [

Proof of Corollary The proof is straightforward from the first column
of Table |3l The partition with maximum first part is (22,1 x (252)). The
maximum of the first part among conjugate partitions is achieved by a partition

conjugate to (22,1 x (252)) and is equal to 251,

5. Discussions and further research

In this paper it is shown that for any n > 48, [y1,y2] € Spec(T,) and
[=y2.31] € Spec(T,,), where y1 = Cfp, ) —2(1 %] —1) and yo = CT%J' Note
that both of these segments have length with asymptotics O(n?). In addition,
it was shown that [—n,n] € Spec(T},) for any n > 31.

Our conjecture is that the segment [n + 1,y1] lies in Spec(T,) too and we
plan to study this in future works. If this conjecture is true, it would prove the
following conjecture.

Conjecture. There exists ng such that [_CTMJ’CTMJ] € Spec(T,) for
3 3

any n = ng.
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D Xpr) ft,0) A(p) n limitations
n+3 n—3
( 2 ’1><( 2 ))
N—— 2 1 3 1.2 1 3
pri=1 DA gn”tantg sn’—sn+g n>3
n
(5:4.1x (5 —4) 12 lyig TR s
py,l=2 t1
n+1 n—7T
T 0
(s ("0
~— N—— 1,2 1 2 7
pr =2 t1 s — 3§ gn° —n+g n>="T
n+2 n 1 s n L s 5 n—1
(T’2’1X(§_3)) gn +Z_1 gN° —an n>6
py,l=2 ty
—1 —
e
2 \ﬁQ/—/ 1,2 n 5 1,2 3 11 > 11
pr.l=3 t1 g T2 78 gt —ant g 9 nz
n—
n—2_8 n
( ,6,5,3,1><(5710)) in®—9n+4+13 in®— Bn+15 n > 20
p,l=4 t1
1 _
(L 991 x (M)
2 4_1 1,2 33 1.2 9 >9
piy1=3 t1 s — % g —n—g n =
n n— 10 12 1 Lo s n—3
(5,3,2,1><( 3 ) s’ —in—3 n’—2 n > 10
N——
p,l=3 t1
-1 —11
(“5=3.3.1x (")
N—— 1.2 1 21 1,2 3 11
py,1=3 t1 s — 33— % g —sn+ g n>11
n—4 n—16 1,2 5 1,2 9 n-d
( 553,21 ( ) in®—2n in®—9n+4 n>16
N—— N——
py,l=4 t1
-7 —1
(3T 55.31x (M)
N—— —— 1.2 55 1,2 95
prii=a o s —2n+ 5 s —3n+ 5 n>19
n—2 n—14 . 3 Lo ; n—2>5
(T74727271X( )) s —Zn—5 gn” —4n n>14
— ~——
pr,l=4 t1
—1 —1
(B==03,2,2,1 x (2 . 3))
N—— 1,2 1 61 1.2 3 13
pri=4 t g — 3N~ 7% gNT —ah— % n>13
n n—12 n—06
(5,2,2,2,1><( 5 ) in®—in—9 in®—5n -3 n>12
pr,l=4 t1

Table 3: Partitions p - n and calculation of A(p) for them for As.
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