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Abstract: The paper considers a nonlinear integro-di�erential
system with fast and slow variables. Such systems have not been
considered previously from the point of view of constructing regularized
(according to Lomov) asymptotic solutions. Known works were
mainly devoted to the construction of the asymptotics of the Butuzov-
Vasil'eva boundary layer type, which, as is known, can be applied
only if the spectrum of the matrix of the �rst variation (on the
degenerate solution) is located strictly in the open left half-plane of
a complex variable. In the case when the spectrum of the indicated
matrix falls on the imaginary axis, the method of regularization
by S.A. Lomov. However, this method was developed mainly for
singularly perturbed di�erential systems that do not contain integral
terms, or for integro-di�erential problems without slow variables.
In this paper, the regularization method is generalized to two-
dimensional integro-di�erential equations with fast and slow variables.
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1 Ââåäåíèå

Ðàññìîòðèì ñèíãóëÿðíî âîçìóùåííóþ èíòåãðîäèôôåðåíöèàëüíóþ ñè-
ñòåìó

dy
dt = f(y, z, t) +

∫ t
0 (k11 (t, s) y (s, ε) + k12 (t, s) z (s, ε)) ds,

εdzdt = ω(t)z + εg(y, z, t) + ε
∫ t
0 (k21 (t, s) y (s, ε) + k22 (t, s) z (s, ε)) ds,

y(0, ε) = y0, z(0, ε) = z0, t ∈ [0, T ],
(1)

ãäå y = y (t, ε) è z = z (t, ε) � íåèçâåñòíûå ñêàëÿðíûå ôóíêöèè, ω (t),
f (y, z, t), g (y, z, t) , kij (t, s) (i, j = 1, 2) � èçâåñòíûå ôóíêöèè, ε > 0 � ìà-
ëûé ïàðàìåòð. Ýòà ñèñòåìà ñîäåðæèò êàê áûñòðûå z, òàê è ìåäëåííûå
ïåðåìåííûå y. Òàêèå ñèñòåìû ñ òî÷êè çðåíèÿ ïîñòðîåíèÿ ðåãóëÿðèçî-
âàííûõ (ïî Ëîìîâó [1, 4]) àñèìïòîòè÷åñêèõ ðåøåíèé ðàíåå íå ðàññìàò-
ðèâàëèñü. Èçâåñòíûå ðàáîòû (ñì., íàïðèìåð, [2, 3]) êàñàëèñü ïîñòðîåíèÿ
àñèìïòîòèêè òèïà ïîãðàíè÷íîãî ñëîÿ, êîòîðàÿ, êàê èçâåñòíî, ñïðàâåäëè-
âà ïðè ðàñïîëîæåíèè ñïåêòðà ìàòðèöû ïåðâîé âàðèàöèè (íà âûðîæäåí-
íîì ðåøåíèè) ñòðîãî â ëåâîé ïîëóïëîñêîñòè Reλ < 0(ñì. [2, 3]). Â íàøåì
æå ñëó÷àå ñïåêòð óêàçàííîé ìàòðèöû ìîæåò èìåòü ÷èñòî ìíèìûå ñîá-
ñòâåííûå çíà÷åíèÿ (Reω (t) = 0), ïîýòîìó ìåòîäèêà ðàáîò ïî ìåòîäó
ïîãðàíè÷íûõ ôóíêöèé [3] çäåñü íå ïðîõîäèò. Â ýòîì ñëó÷àå îáû÷íî èñ-
ïîëüçóþò ìåòîä ðåãóëÿðèçàöèè Ñ.À Ëîìîâà [1]. Îäíàêî ýòîò ìåòîä áûë
ðàçðàáîòàí â îñíîâíîì äëÿ ñèíãóëÿðíî âîçìóùåííûõ äèôôåðåíöèàëü-
íûõ ñèñòåì, íå ñîäåðæàùèõ èíòåãðàëüíûå ÷ëåíû (ñì., íàïðèìåð, [1, 4]),
èëè äëÿ èíòåãðîäèôôåðåíöèàëüíûõ çàäà÷ áåç ìåäëåííûõ ïåðåìåííûõ
[5, 6, 7]. Â íàñòîÿùåé ðàáîòå äåëàåòñÿ ïîïûòêà îáîáùèòü ìåòîä ðåãóëÿ-
ðèçàöèè [1] íà óðàâíåíèÿ òèïà (1) ñ áûñòðûìè è ìåäëåííûìè ïåðåìåí-
íûìè.

2 Ðåãóëÿðèçàöèÿ çàäà÷è (1).

Ââåäåì âåêòîð-ôóíêöèþ w = {y, z} è îáîçíà÷èì

w0 =

(
y0

z0

)
, A (t) =

(
0 0
0 ω (t)

)
, F (w, t) =

(
f (y, z, t)
g (y, z, t)

)
,

K (t, s) =

(
k11 (t, s) k12 (t, s)
k21 (t, s) k22 (t, s)

)
.

Òîãäà çàäà÷ó (1) ìîæíî ïåðåïèñàòü â âèäå

ε
dw

dt
= A(t)w + εF (w, t) + ε

∫ t

0
K (t, s)w(s, ε)ds, w(0, ε) = w0.. (2)

Áóäåì ïðåäïîëàãàòü âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ:
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1) ôóíêöèè a (t) , b (t) , ω (t) ∈ C∞ ([0, T ] ,C1
)
, kij (t, s) ∈

C∞ ({0 ≤ s ≤ t ≤ T} ,C1
)
, i, j = 1, 2;

2) âåêòîð-ôóíêöèÿ F (w, t) ÿâëÿåòñÿ ìíîãî÷ëåíîì1 ïî w :

F (w, t) =
N∑

|m|=0

F (m) (t)wm ≡
N∑

m1+m2=0

F (m1,m2) (t)wm1
1 wm2

2

ñ êîýôôèöèåíòàìè F (m) (t) ∈ C∞ ([0, T ] ,C2
)
, |m| ≡ m1 +m2 = 0, N ;

3) Reω (t) ≤ 0 ∀t ∈ [0, T ] .
Òàêèì îáðàçîì, çàäà÷à (2) (à çíà÷èò, è çàäà÷à (1)) ÿâëÿåòñÿ ñèíãóëÿð-

íî âîçìóùåííîé çàäà÷åé ñ íåîáðàòèìûì ïðåäåëüíûì îïåðàòîðîì A(t),
ñ íóëåâûì ñîáñòâåííûì çíà÷åíèåì λ0(t) ≡ 0 (êðàòíîñòè 1) è íåíóëåâûì
ñîáñòâåííûì çíà÷åíèåì λ1(t) ≡ ω(t) (êðàòíîñòè 1), ïðè÷åì ýòîò îïåðà-
òîð è ñîïðÿæåííûé ê íåìó îïåðàòîð A∗(t) èìåþò åäèíè÷íûå ñîáñòâåííûå
âåêòîðû: ϕ0(t) = e1, ϕ1(t) = e2, χ0(t) = e1, χ1(t) = e2. Ñîãëàñíî [1] ââîäèì
ðåãóëÿðèçèðóþùóþ ïåðåìåííóþ

τ =
1

ε

∫ t

0
λ1 (θ) dθ =

1

ε

∫ t

0
ω (θ) dθ ≡ ψ (t)

ε

ïî íåíóëåâîé òî÷êå ñïåêòðà ïðåäåëüíîãî îïåðàòîðà A(t) è ïåðåõîäèì
ê ðàñøèðåííîé çàäà÷å

ε∂w̃∂t + ω (t) w̃ − A(t)w̃ − εF (w̃, t)+

+ε
∫ t
0 K (t, s) w̃(s, ψ(s)ε , ε)ds = 0, w̃(t, τ, ε)|t=τ=0 = w0

(3)

äëÿ ôóíêöèè w̃ = w̃ (t, τ, ε) . ßñíî, ÷òî åñëè w̃ = w̃ (t, τ, ε) � ðåøåíèå
çàäà÷è (3), òî ôóíêöèÿ

w = w̃
(
t, ψ(t)ε , ε

)
ÿâëÿåòñÿ òî÷íûì ðåøåíèåì çàäà÷è (2), ïîýòîìó çà-

äà÷à (3) ÿâëÿåòñÿ ðàñøèðåííîé ïî îòíîøåíèþ ê çàäà÷å (2). Îäíàêî åå
íåëüçÿ ñ÷èòàòü ïîëíîñòüþ ðåãóëÿðèçîâàííîé, òàê êàê â íåé íå ïðîèçâå-
äåíà ðåãóëÿðèçàöèÿ èíòåãðàëüíîãî ÷ëåíà

J
(
w̃ (t, τ, ε) |t=s,τ=,ψ(s)/ε

)
= ε

∫ t

0
K (t, s) w̃ (s, ψ (s) /ε, ε) ds.

Äëÿ ðåãóëÿðèçàöèè èíòåãðàëüíîãî îïåðàòîðà ââåäåì êëàññMε, àñèìï-
òîòè÷åñêè èíâàðèàíòíûé îòíîñèòåëüíî îïåðàòîðà J (ñì. [1], ñòð. 62).
Íàïîìíèì ñîîòâåòñòâóþùåå ïîíÿòèå.

Îïðåäåëåíèå 1. Ãîâîðÿò, ÷òî êëàññ Mε àñèìïòîòè÷åñêè èíâàðèàí-
òåí (ïðè ε → +0) îòíîñèòåëüíî îïåðàòîðà P0, åñëè âûïîëíåíû ñëåäó-
þùèå óñëîâèÿ:

1Ýòî óñëîâèå ïðèíèìàåòñÿ ðàäû ïðîñòîòû ïðèâîäèìûõ íèæå âêëàäîê. Ìîæíî ñ÷è-
òàòü, ÷òî F (w, t) àíàëèòè÷íà ïî w.
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1) Mε ⊂ D(P0) ïðè êàæäîì ôèêñèðîâàííîì ε ̸= 0 (D(P0)� îáëàñòü
îïðåäåëåíèÿ îïåðàòîðà P0);
2) îáðàç P0g(t, ε) ëþáîãî ýëåìåíòà g(t, ε) ∈Mε ðàçëàãàåòñÿ â ðÿä

P0g(t, ε) =
∞∑
n=0

εngn(t, ε),

ñõîäÿùèéñÿ àñèìïòîòè÷åñêè ïðè ε→ +0 (ðàâíîìåðíî ïî t ∈ [t0, T ]).

Èç ýòîãî îïðåäåëåíèÿ âèäíî, ÷òî êëàññ Mε çàâèñèò îò ïðîñòðàíñòâà
U, â êîòîðîì îïðåäåëåí îïåðàòîð P0. Â íàøåì ñëó÷àå P0 = J. Â êà÷åñòâå
ïðîñòðàíñòâà U âîçüì¼ì ïðîñòðàíñòâî ôóíêöèé w(t, τ), ïðåäñòàâèìûõ
ñóììàìè

w(t, τ) = w0(t) + w1 (t) e
τ +

∑Nw
k=2wk (t) e

kτ ,

wk (t) ∈ C∞ ([0, T ] ,C2
)
, k = 0, Nw.

(4)

Â ýòîì ïðîñòðàíñòâå åñòåñòâåííûì îáðàçîì ââîäèòñÿ ñêàëÿðíîå (ïðè
êàæäîì t ∈ [0, T ]) ïðîèçâåäåíèå:

⟨w(t, τ), v(t, τ)⟩ ≡
〈
w0(t) + w1 (t) e

τ +
∑Nw

k=2wk (t) e
kτ ,

v0(t) + v1 (t) e
τ +

∑Nv
k=2 vk (t) e

kτ
〉
≡
∑min(Nw,Nv)

j=0 (wj (t) , vj (t)) ,

ãäå (∗, ∗) � îáû÷íîå ñêàëÿðíîå ïðîèçâåäåíèå â êîìïëåêñíîì ïðîñòðàí-
ñòâå C2. Îòìåòèì, ÷òî ñòåïåíü Nw ìíîãî÷ëåíà w(t, τ) â (4) îòíîñèòåëü-
íî ýêñïîíåíòû eτ çàâèñèò îò ýëåìåíòà w. Ïîêàæåì ñíà÷àëà, ÷òî êëàññ
Mε = U |τ=ψ(t)/ε àñèìïòîòè÷åñêè èíâàðèàíòåí îòíîñèòåëüíî îïåðàòîðà J.
Îáðàç îïåðàòîðà J íà ýëåìåíòå (4) ïðîñòðàíñòâà U èìååò âèä

J
(
w (t, τ, σ) |t=s,τ=ψ(s)/ε

)
=
∫ t
0 K (t, s)w (s, ψ (s) /ε, σ) ds =

=
∫ t
0 K (t, s)w0(s)ds+

∫ t
0 K(t, s)w(s)e

1
ε

∫ s
0 ω(θ)dθds+

+
∑Nw

k=2

∫ t
0 K(t, s)wk(s)e

k
ε

∫ s
0 ω(θ)dθds.

Äëÿ êàæäîãî ñëàãàåìîãî ýòîé ñóììû áóäåì èìåòü:

J1(t, ε) ≡
∫ t

0
K(t, s)w1(s)e

1
ε

∫ s
0 ω(θ)dθds = ε

∫ t

0

K(t, s)w1(s)

ω (s)
de

1
ε

∫ s
0 ω(θ)dθ =

= ε

(
K (t, s)w1(s)

ω (s)
e

1
ε

∫ s
0 ω(θ)dθ

)∣∣∣∣s=t
s=0

−ε
∫ t

0

∂

∂s

(
K (t, s)w1(s)

ω (s)

)
e

1
ε

∫ s
0 ω(θ)dθds =
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= ε
[
K(t,t)w1(t)

ω(t) e
1
ε

∫ t
0 ω(s)ds − K(t,0)w1(0)

ω(0)

]
−

−ε
∫ t
0
∂
∂s

(
K(t,s)w1(s)

ω(s)

)
e

1
ε

∫ s
0 ω(θ)dθds

Ïðîäîëæàÿ ýòîò ïðîöåññ äàëåå, ïîëó÷èì ðàçëîæåíèå

J1(t, ε) =
∑∞

ν=0(−1)νεν+1
[
(Iν1 (K(t, s)w1(s)))s=t e

1
ε

∫ t
0 ω(θ)dθ−

− (Iν1 (K(t, s)w1(s)))s=0

]
,

(5)

ãäå I01 = 1
ω(s) , I

ν
1 = 1

ω(s)
∂
∂sI

ν−1
1 , ν ≥ 1.

Ïîñòóïàÿ àíàëîãè÷íûì îáðàçîì â ñëó÷àå èíòåãðàëà Jk (t, ε) =

=
∫ t
0 K(t, s)wk(s)e

k
ε

∫ s
0 ω(θ)dθds, ïîëó÷èì ðàçëîæåíèå

Jk(t, ε) =
∑∞

ν=0(−1)νεν+1
[
(Iνk (K(t, s)wk (s)))s=t e

k
ε

∫ t
0 ω(θ)dθ−

− (Iνk (K(t, s)wk (s)))s=0

]
, k ≥ 2.

(6)

ãäå I0k = 1
kω(s) , I

ν
k = 1

kω(s)
∂
∂sI

ν−1
1 , ν ≥ 1.

Ó÷èòûâàÿ (5) è (6), âèäèì, ÷òî îáðàç îïåðàòîðà J íà ýëåìåíòå (4)
ïðîñòðàíñòâà U ïðåäñòàâëÿåòñÿ â âèäå ðÿäà

J
(
w(t, τ)|t=s,τ=ψ(s)/ε

)
= ε

∫ t

t0

K(t, s)w0(s)ds+

+
∑Nw

k=1

∑∞
ν=0(−1)νεν+2

[
(Iνk (K(t, s)wk (s)))s=t e

k
ε

∫ t
0 ω(θ)dθ−

− (Iνk (K(t, s)wk (s)))s=0

]
,

Íåòðóäíî ïîêàçàòü (ñì., íàïðèìåð, [7], còð. 291�294), ÷òî ýòîò ðÿä
ñõîäèòñÿ àñèìïòîòè÷åñêè ïðè ε → +0 (ðàâíîìåðíî ïî t ∈ [0, T ]). Ýòî
îçíà÷àåò, ÷òî êëàññ Mε àñèìïòîòè÷åñêè èíâàðèàíòåí (ïðè ε → +0) îò-
íîñèòåëüíî îïåðàòîðà J.
Ââåäåì îïåðàòîðû Rν : U → U, äåéñòâóþùèå íà êàæäûé ýëåìåíò

w(t, τ) ∈ U âèäà (4) ïî çàêîíó:

R0w(t, τ) =

∫ t

0
K(t, s)w0(s)ds, (7)

R1w(t, τ) =
(
I01 (K(t, s)w1(s))

)
s=t

eτ −
(
I01 (K(t, s)w1(s))

)
s=0

(8)

. . .

Rkw (t, τ) = (Iνk (K(t, s)wk (s)))s=t e
kτ − (Iνk (K(t, s)wk (s)))s=0 (9)
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Îïåðàòîðû Rν : U → U, íàçûâàåòñÿ îïåðàòîðàìè ïîðÿäêà ïî òîé ïðè-
÷èíå, ÷òî îíè â âûðàæåíèè Jw(t, τ) âûäåëÿþò ñóììó ÷ëåíîâ ïîðÿäêà ν
îòíîñèòåëüíî ïàðàìåòðà ε.
Ïóñòü òåïåðü w̃(t, τ, ε)� ïðîèçâîëüíàÿ íåïðåðûâíàÿ ïî (t, τ) ∈ [0, T ]×

{τ : Reτ ≤ 0} ôóíêöèÿ, èìåþùàÿ àñèìïòîòè÷åñêîå ðàçëîæåíèå

w̃(t, τ, ε) =

∞∑
l=0

εlwl(t, τ), wl(t, τ) ∈ U, (10)

ñõîäÿùååñÿ ïðè ε→ +0 (ðàâíîìåðíî ïî (t, τ) ∈ [0, T ]×{τ : Reτ ≤ 0}).
Òîãäà îáðàç Jỹ ýòîé ôóíêöèè ðàçëàãàåòñÿ â àñèìïòîòè÷åñêèé ðÿä

J
(
w̃(t, τ, ε)|τ=ψ(t)/ε

)
=

∞∑
l=0

εkJ
(
wl(t, τ)|τ=ψ(t)/ε

)
=

∞∑
r=0

εr
r∑
s=0

Rr−sws(t, τ)|τ=ψ(t)/ε.

Ýòî ðàâåíñòâî ÿâëÿåòñÿ îñíîâàíèåì äëÿ ââåäåíèÿ ðàñøèðåíèÿ îïåðà-
òîðà J íà ðÿäàõ âèäà (10):

J̃ w̃(t, τ, ε) ≡ J̃

( ∞∑
l=0

εkwk(t, τ)

)
≡

∞∑
r=0

εr
r∑
s=0

Rr−sws(t, τ).

Òåïåðü ìîæíî çàïèñàòü çàäà÷ó, ïîëíîñòüþ ðåãóëÿðèçîâàííóþ ïî îò-
íîøåíèþ ê èñõîäíîé ñèñòåìå (2):

Lεw̃(t, τ, ε) ≡ ε∂w̃∂t + ω (t) w̃ − A(t)w̃ − εF (w̃, t)+

+εJ̃w̃ = 0, w̃(t, τ, ε)|t=τ=0 = w0

w̃(0, 0, ε) = w0.

(11)

3 Èòåðàöèîííûå çàäà÷è è èõ ðàçðåøèìîñòü â
ïðîñòðàíñòâå U . Òåîðåìà îá îöåíêå îñòàòî÷íîãî ÷ëåíà.

Îïðåäåëÿÿ ðåøåíèå ñèñòåìû (11) â âèäå ðÿäà (10), ïîëó÷èì ñëåäóþ-
ùèå
èòåðàöèîííûå çàäà÷è:

Lw0 ≡
∂w0

∂τ
ω(t) − A(t)w0 = 0, w0(0, 1) = w0; (12)

Lw1 = − ∂w0

∂t
+ F (w0, t) +R0w0, w1(0, 1) = 0; (13)

Lw2 = − ∂w1

∂t
+
∂F (w0, t)

∂w
w1 +R1w0 +R0w1, w1(0, 1) = 0;

. . .
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Lwl+1 = − ∂wl
∂τ

+Gl(w0, ..., wl, t)+
l∑

j=0

Rl−jwj , wl+1(0, 1) = 0, l ≥ 2, (14)

ãäå Gl(w0, ..., wl, t) � íåêîòîðûå ìíîãî÷ëåíû îò w1, ..., wl ñ êîýôôèöè-
åíòàìè, çàâèñÿùèìè îò ÷àñòíûõ ïðîèçâîäíûõ ôóíêöèè F (w, t) â òî÷êå
w = w0 (t, τ), ïðè÷åì ýòè ìíîãî÷ëåíû ëèíåéíû îòíîñèòåëüíî wl. Êàæäàÿ
èç çàäà÷ (12),(13),
(14) ïðè èõ ïîñëåäîâàòåëüíîì ðåøåíèè â ïðîñòðàíñòâå U èìååò âèä ñè-
ñòåìû

Lw ≡ ∂w

∂τ
ω(t) − A(t)w = h (t, τ) , w (0, 0) = w∗, (15)

ãäå h (t, τ) = h0 (t) + h1 (t) e
τ +

∑Nh
k=2 hk (t) e

kτ � ñîîòâåòñòâóþùàÿ ïðà-
âàÿ ÷àñòü. Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ 1 è 3 è ïðàâàÿ ÷àñòü h (t, τ)
ñèñòåìû (15) ïðèíàäëåæèò ïðîñòðàíñòâó U . Òîãäà äëÿ ðàçðåøèìîñòè
ñèñòåìû (15) â Uíåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

⟨h (t, τ) , χ0 (t)⟩ ≡ 0, ⟨h (t, τ) , χ1 (t) e
τ ⟩ ≡ 0 ∀t ∈ [0, T ] . (16)

Äîêàçàòåëüñòâî. Áóäåì èñêàòü ðåøåíèå ñèñòåìû (15) â âèäå ýëåìåíòà
(4) ïðîñòðàíñòâà U . Ïîäñòàâëÿÿ (4) â (15) è ïðèðàâíèâàÿ îòäåëüíî ñâî-
áîäíûå ÷ëåíû è êîýôôèöèåíòû ïðè ýêñïîíåíòå, ïîëó÷èì ñèñòåìû:

−A(t)w0 = h0 (t) , (17)

[ω (t) I −A(t)]w1 = h1 (t) , (18)

[kω (t) I −A(t)]wk = hk (t) , k = 2, Nw. (19)

Ñèñòåìû (19) èìåþò åäèíñòâåííûå ðåøåíèÿ wk = [kω (t) I −A(t)]−1 hk (t) ,
k = 2, Nw, òàê êàê kω (t) ïðè k ≥ 2 íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíè-
åì ìàòðèöû A (t) . Ïîñêîëüêó λ0 (t) ≡ 0 � ñîáñòâåííîå çíà÷åíèå ìàòðè-
öû A (t) êðàòíîñòè 1, òî äëÿ ðàçðåøèìîñòè ñèñòåìû (17) íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü òîæäåñòâî (h0 (t) , χ0 (t)) ≡ 0. Äàëåå,
ïîñêîëüêó λ1 (t) = ω (t) òàê æå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèå ìàòðè-
öû A (t) êðàòíîñòè 1, òî äëÿ ðàçðåøèìîñòè ñèñòåìû (18) íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû (h1 (t) , χ1 (t)) ≡ 0. Î÷åâèäíî, ÷òî ýòè äâà óñëîâèÿ
îðòîãîíàëíîñòè ýêâèâàëåíòíû óñëîâèÿì (16). □

Ñëåäñòâèå 1. Èç äîêàçàòåëüñòâà òåîðåìû 1 ñëåäóåò, ÷òî ïðè âûïîë-
íåíèè óñëîâèé (16) ñèñòåìà (15) èìååò ñëåäóþùåå ðåøåíèå â ïðîñòðàí-
ñòâå U (ó÷åñòü, ÷òî ϕ0(t) = e1, ϕ1(t) = e2, χ0(t) = e1, χ1(t) = e2):

w (t, τ) = ξ0 (t) e1 − (h0(t),e2)
ω(t) e2 +

(
ξ1 (t) e2 +

(h1(t),e1)
ω(t) e1

)
eτ+

+ [kω (t) I −A(t)]−1 hk (t) , k = 2, Nw,

(20)
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ãäå ξ0 (t) , ξ1 (t) ∈ C∞ ([0, T ] ,C1
)
� ïðîèçâîëüíûå ñêàëÿðíûå ôóíêöèè.

Íå áóäåì ôîðìóëèðîâàòü òåîðåìó îá îäíîçíà÷íîé ðàçðåøèìîñòè ñè-
ñòåìû (15) â ïðîñòðàíñòâå U. Îòìåòèì òîëüêî, ÷òî ïðèìåíåíèå òåî-
ðåìû 1 ê äâóì ïîñëåäîâàòåëüíûì èòåðàöèîííûì çàäà÷àì âèäà (14) ïîç-
âîëÿåò íàéòè ðåøåíèå ïåðâîé èç íèõ â ïðîñòðàíñòâå U îäíîçíà÷íî.

Ïåðåéäåì ê ðåøåíèþ çàäà÷è (12) Òàê êàê åå ïðàâàÿ ÷àñòü h (t, τ) ≡ 0,
òî äëÿ íåå óñëîâèÿ ðàçðåøèìîñòè (15) âûïîëíÿþòñÿ àâòîìàòè÷åñêè, è
ïîýòîìó îíà èìååò ñëåäóþùåå ðåøåíèå (ñì. (20)) â ïðîñòðàíñòâå U :

w0(t, τ) = ξ
(0)
0 (t)e1 + ξ

(0)
1 (t)eτ e2 ≡

(
ξ
(0)
0 (t)

ξ
(0)
1 (t)eτ

)
, (21)

ãäå ξ
(0)
0 (t), ξ

(0)
1 (t) ∈ C∞ ([0, T ] ,C1

)
� ïîêà ïðîèçâîëüíû. Ïîä÷èíÿÿ (21)

íà÷àëüíîìó óñëîâèþ w (0, 0) = w0,íàéäåì ξ
(0)
1 (0) = y0, ξ

(0)
2 (0) = z0. Ïðè

ýòîì çàäà÷à (13) ïðèíèìàåò âèä

Lw1 = − ξ̇
(0)
0 (t)e1 − ξ̇

(0)
1 (t)e2e

τ + f
(
ξ
(0)
0 (t), ξ

(0)
1 (t)eτ , t

)
e1+

+g
(
ξ
(0)
0 (t), ξ

(0)
1 (t)eτ , t

)
e2 +

∫ t
0 K (t, s) e1ξ

(0)
0 (s)ds.

(22)

Äëÿ ïðèìåíåíèÿ óñëîâèé îðòîãîíàëüíîñòè (16) íàäî â ïðàâîé ÷àñòè
ýòîé ñèñòåìû âûäåëèòü ñíà÷àëà ñâîáîäíûé ÷ëåí, à çàòåì ÷ëåí, ñîäåðæà-
ùèé ýêñïîíåíòó eτ ïåðâîãî èçìåðåíèÿ. Ñâîáîäíûé ÷ëåí èìååò âèä

h0 (t) = −ξ̇(0)0 (t)e1 + f
(
ξ
(0)
0 (t), 0, t

)
e1 + g

(
ξ
(0)
0 (t), 0, t

)
e2+

+
∫ t
0 K (t, s) e1ξ

(0)
0 (s)ds

Ïåðâîå óñëîâèå îðòîãîíàëüíîñòè (16) äàåò

(h0 (t) , χ0 (t)) = (h0 (t) , e1) ≡ 0 ⇔ (−ξ̇(0)0 (t)e1 + f
(
ξ
(0)
0 (t), 0, t

)
e1+

+g
(
ξ
(0)
0 (t), 0, t

)
e2 +

(∫ t
0 ξ

(0)
0 (s)K (t, s) e1ds

)
, e1) ≡ 0 ⇔

⇔ −ξ̇(0)0 (t) + f
(
ξ
(0)
0 (t), 0, t

)
+
∫ t
0 k11 (t, s) ξ

(0)
0 (s)ds = 0.

Ïðèñîåäèíÿÿ ê íåìó íà÷àëüíîå óñëîâèå, íàéäåííîå âûøå, ïîëó÷èì
íåëèíåéíóþ èíòåãðîäèôôåðåíöèàëüíóþ çàäà÷ó

−ξ̇(0)0 (t) + f
(
ξ
(0)
0 (t), 0, t

)
+

∫ t

0
k11 (t, s) ξ

(0)
0 (s)ds = 0, ξ

(0)
0 (0) = y0.. (23)

Ýòà çàäà÷à ñîâïàäàåò ñ âûðîæäåííîé ïî îòíîøåíèþ ê (1) ñèñòåìîé:
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{
dȳ
dt = f(ȳ, z̄, t) +

∫ t
0 k11 (t, s) ȳ(s)ds+

∫ t
0 k21 (t, s) z̄(s)ds,

0 = ω(t)z̄ , ȳ (0) = y0,

îòíîñèòåëüíî êîòîðîé îáû÷íî ïðåäïîëàãàþò, ÷òî îíà ðàçðåøèìà â öå-
ëîì íà îòðåçêå [0, T ] (ñì., íàïðèìåð, [2]). Âûäåëÿÿ â ïðàâîé ÷àñòè ñèñòå-
ìû (22) ÷ëåí, ñîäåðæàùèé ýêñïîíåíòó eτ ïåðâîãî èçìåðåíèÿ, çàïèøåì
âòîðîå óñëîâèå îðòîãîíàëüíîñòè (16):〈

− ξ̇(0)1 (t)e2e
τ + fe1

(
ξ
(0)
0 (t), ξ

(0)
1 (t), t

)
eτe1 +

+ge1
(
ξ
(0)
0 (t), ξ

(0)
1 (t), t

)
eτe2, e

τe2

〉
= 0 ⇔

⇔ − ξ̇(0)1 (t) + ge1
(
ξ
(0)
0 (t), ξ

(0)
1 (t), t

)
= 0.

Çàìå÷àÿ, ÷òî ôóíêöèÿ ge1
(
ξ
(0)
0 (t), ξ

(0)
1 (t), t

)
ëèíåéíî çàâèñèò îò ξ

(0)
1 (t) =

0, ïîëó÷àåì ëèíåéíóþ äèôôåðåíöèàëüíóþ çàäà÷ó Êîøè

− ξ̇(0)1 (t) + ge1
(
ξ
(0)
0 (t), ξ

(0)
1 (t), t

)
= 0, ξ

(0)
1 (0) = z0, ðåøàÿ êîòîðóþ íàéäåì

îäíîçíà÷íî ôóíêöèþ ξ
(0)
0 (t), à çíà÷èò, îäíîçíà÷íî íàéäåì ðåøåíèå (21)

çàäà÷è (12) â ïðîñòðàíñòâå U.Àíàëîãè÷íî íàõîäÿòñÿ ðåøåíèÿ ñëåäóþ-
ùèõèòåðàöèîííûõ çàäà÷ (14) ïðè l ≥ 1.
Ñôîðìóëèðóåì òåïåðü îñíîâíîå óòâåðæäåíèå, êîòîðîå äîêàçûâàåòñÿ

òàê æå, êàê è àíàëîãè÷íîå óòâåðæäåíèå â [5].

Òåîðåìà 2. Ïóñòü äëÿ óðàâíåíèÿ (2) âûïîëíåíû óñëîâèÿ 1)�3) è íåëè-
íåéíàÿ âûðîæäåííàÿ ñèñòåìà (23) èìååò ðåøåíèå â êëàññå C∞ ([0, T ] ,C2

)
.

. Òîãäà ïðè ε ∈ (0, ε0] (ε0 > 0� äîñòàòî÷íî ìàëî) çàäà÷à (2) èìååò åäèí-
ñòâåííîå ðåøåíèå w(t, ε) ∈ C1([0, T ],C2); ïðè ýòîì èìååò ìåñòî îöåíêà

||w(t, ε)− wεN (t)||C[0,T ] ≤ cNε
N+1, N = 0, 1, 2, ...,

ãäå wεN (t) ñóæåíèå (ïðè τ = ψ(t)
ε ) N -é ÷àñòè÷íîé ñóììû ðÿäà (10) ñ

êîýôôèöèåíòàìè wk(t, τ) ∈ U, óäîâëåòâîðÿþùèìè èòåðàöèîííûì çàäà-
÷àì (14), à ïîñòîÿííàÿ cN > 0 íå çàâèñèò îò ε ïðè ε ∈ (0, ε0].

Óñëîâèÿ òåîðåìû ðåàëèçóþòñÿ, íàïðèìåð, äëÿ çàäà÷è (2), â êîòîðîé

f (y, z, t) = ay + b (t) z + y2 + z2, g (y, z, t) = yz + z2, k11 (t) ≡ 0,

a = const, [0, T ] ⊂ {t : t ̸= ln(1+ay0
−1

)
a }..

Àíàëèçèðóÿ ãëàâíûé ÷ëåí àñèìïòîòèêè wε0(t) = ξ
(0)
0 (t)e1+

+ξ
(0)
1 (t)e

1
ε

∫ t
0 ω(θ)dθ e2 âèäèì, ÷òî îí çàâèñèò îò ÿäðà K (t, s) (ñì. (23)).

Îäíàêî åñëè k11 (t, s) ≡ 0, òî ãëàâíûé ÷ëåí àñèìïòîòèêè ðåøåíèÿ çàäà÷è
(2) áóäåò òàêèì æå, êàê è â äèôôåðåíöèàëüíîé çàäà÷å (ò.å. â çàäà÷å áåç
èíòåãðàëüíîãî ÷ëåíà).
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