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Abstract. We consider some properties of limit distributions of sums
of random variables of stationary sequences. We obtained conditions for
the normality of the limit distribution without using the concepts of weak
dependence and mixing.
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1. Ââåäåíèå

Ïðîáëåìà ïðåäåëüíîãî ðàñïðåäåëåíèÿ ñóìì çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí
â òîì ÷èñëå è ñòàöèîíàðíûõ â óçêîì ñìûñëå ïîñëåäîâàòåëüíîñòåé îáñóæäàåòñÿ
â ëèòåðàòóðå íà÷èíàÿ ñ íà÷àëà ïðîøëîãî âåêà. Îäíîé èç ïåðâûõ ðàáîò ïî-
ñâÿùåííîé ýòîé òåìàòèêå ÿâëÿåòñÿ ðàáîòå Áåðíøòåéíà [1]. Áîëüøîå âíèìàíèå
ðåøåíèþ ýòîé ïðîáëåìû óäåëÿåòñÿ â ðàáîòå Èáðàãèìîâà, Ëèííèêà [2]. Áîëåå
ïîçäíèå ðàáîòû â ýòîé îáëàñòè, òàêèå êàê [3] - [5] ïîêàçûâàþò àêòóàëüíîñòü
ýòîé ïðîáëåìû è â íàøè äíè. Â ýòîé ñòàòüå ïðåäïðèíÿòà ïîïûòêà ïîïîëíèòü
ñóùåñòâóþùèå ðåçóëüòàòû, îòêàçàâøèñü îò èñïîëüçîâàíèÿ ïîíÿòèÿ ñëàáîé ñõî-
äèìîñòè è ïîíÿòèÿ ïåðåìåøèâàíèÿ. Ðåçóëüòàò áàçèðóåòñÿ íà èñïîëüçîâàíèè
ïîëó÷åííûõ àâòîðîì ðåçóëüòàòàõ èç [7],[8] ïðèìåíèòåëüíî ê ñëó÷àþ ñòàöèî-
íàðíûõ â óçêîì ñìûñëå ïîñëåäîâàòåëüíîñòåé.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòè öåíòðèðîâàííûõ àáñîëþòíî íåïðåðûâíûõ
ñëó÷àéíûõ âåëè÷èí ξ(n) = (ξt)t∈In , ãäå In = {1, 2, . . . , n}. Ïî àíàëîãèè ñ [7],[8]
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îáîçíà÷èì ÷åðåç vI = vI(ξ(n)) íà÷àëüíûé ñìåøàííûé ìîìåíò m ñëó÷àéíûõ
âåëè÷èí ξt1 , . . . , ξtm ïîðÿäêà |I| = m:

vI(ξ(n)) = m1,...,1(ξtl , . . . , ξtm) = M(ξtl)
1 · · · (ξtm)1.

Ââåäåì â ðàññìîòðåíèå ñóììàðíûé ñìåøàííûé ìîìåíò ïîðÿäêà m:

(1) vm(ξ(n)) =
∑

|I|=m

vI(ξ(n)), ∀m = 1, . . . , n, ïîëîæèâ v0 = 1,

à òàêæå óñðåäíåííûå ñìåøàííûå ìîìåíòû ïîðÿäêà m:

v̈m(ξ(n)) =
vm(ξ(n))√

Cm
n

è v̇m(ξ(n)) =
vm(ξ(n))

Cm
n

, ∀m = 1, . . . , n.

Äëÿ ðàññìàòðèâàåìûõ ïîñëåäîâàòåëüíîñòåé â [8] ïîëó÷åíî âûðàæåíèå äëÿ
ïëîòíîñòè ïðåäåëüíîãî ðàñïðåäåëåíèÿ ñóìì ýòèõ ñëó÷àéíûõ âåëè÷èí. Âîñïîëü-
çóåìñÿ ýòèìè ðåçóëüòàòàìè ïðè èçó÷åíèè ïðåäåëüíûõ ñâîéñòâ ðàñïðåäåëåíèÿ
êîíå÷íûõ ñóìì ñëó÷àéíûõ âåëè÷èí ñòàöèîíàðíîé â óçêîì ñìûñëå ïîñëåäîâà-
òåëüíîñòè ξ(n) = (ξt)t∈In , ãäå In = {1, 2, . . . , n}. Îáîçíà÷èì

Rn(ξtl , k1, k2, . . . , km−1) = Mξtlξt2 · · · ξtm ,

ãäå

(2) I = {t1, t2, . . . , tm} ∈ In, a t2 − t1 = k1, t3 − t2 = k2, . . . , tm − tm−1 = km−1.

Èçâåñòíî, ÷òî äëÿ ñòàöèîíàðíûõ ïîñëåäîâàòåëüíîñòåé ýòà âåëè÷èíà íå çàâèñèò
îò ξtl , òî åñòü

Rn(ξtl , k1, k2, . . . , km−1) = Rn(k1, k2, . . . , km−1) = vI , ãäå I = {t1 = 1, t2, . . . , tm}.

Â íàøåì ñëó÷àå

vI(ξ(n)) =

∫
x1

∫
xt2

. . .

∫
xtm

x1xt2 · · ·xtmp(x1, xt2 , . . . xtm)dx1dxt2 · · · dxtm .

Ïîëîæèì kr = k1+ . . .+kr. Äîêàæåì äëÿ ñòàöèîíàðíîé â óçêîì ñìûñëå ïîñëå-
äîâàòåëüíîñòè ñëåäóþùåå óòâåðæäåíèå:

Óòâåðæäåíèå 1. Ïóñòü äàíà êîíå÷íàÿ öåíòðèðîâàííàÿ ñòàöèîíàðíàÿ â óç-
êîì ñìûñëå ïîñëåäîâàòåëüíîñòü ξ(n) = (ξt)t∈In íà âåðîÿòíîñòíîì ïðîñòðàí-
ñòâå (ΩIn , AIn ,PξIn

). Òîãäà äëÿ 2 ⩽ m ⩽ n ñïðàâåäëèâû ñîîòíîøåíèÿ

(3) vm(ξ(n)) =

n−m+1∑
k1=1

. . .

n−ki−1−m+i∑
ki=1

. . .

n−km−2−1∑
km−1=1

(n−km−1)Rn(k1, k2, . . . , km−1).

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ k1, . . . , km−1

ìû èìååì ðîâíî n − km−1 íàáîðîâ ïåðåìåííûõ, êîòîðûå îïðåäåëÿþò êîýô-
ôèöèåíò ïðè R(k1, k2, . . . , km−1) â âûðàæåíèè (3). À èìåííî, íàáîð èíäåêñîâ
{t1, t1 + k1, t1 + k1 + k2, . . . , t1 + k1 + k2 + . . . + km−1} ìîæíî ñäâèãàòü íà åäè-
íèöó îò t1 = 1 äî t1 + k1 + k2 + . . . + km−1 = n, òî åñòü n − km−1 ðàç. Ïðè
ýòîì äèàïàçîí äëÿ êàæäîé ïåðåìåííîé k1, k2, . . . , rm−1 ìåíÿåòñÿ îò åäèíèöû
äî n − ki−1 − 1 − (m − 1 − i) = n − ki−1 − m + i ñ ó÷åòîì óæå ôèêñèðîâàí-
íûõ çíà÷åíèé ïðåäûäóùèõ ïåðåìåííûõ è ìèíèìàëüíî âîçìîæíûõ çíà÷åíèé
ïîñëåäóþùèõ. □
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Ó÷èòûâàÿ, ÷òî

Cm
n =

n(n− 1)....(n−m+ 1)

m!
è v̈m(ξ(n)) =

vm(ξ(n))√
Cm

n

,

èìååì
(4)

v̈m(ξ(n)) =
√
m!

n−m+1∑
k1=1

. . .
n−ki−1−m+i∑

ki=1

. . .
n−km−2−1∑
km−1=1

(n− km−1)Rn(k1, k2, . . . , km−1)√
n(n− 1)....(n−m+ 1)

Ðàññìîòðèì áåñêîíå÷íûå ñòàöèîíàðíûå ïîñëåäîâàòåëüíîñòè. Äëÿ íèõ, åñëè
ñóùåñòâóþò ïðåäåëüíûå âåëè÷èíû, èìååì

(5) R(k1, k2, . . . , km−1) = lim
n→∞

Rn(k1, k2, . . . , km−1).

è

(6) v̈m(ξ) = lim
n→∞

v̈m(ξ(n)).

Â ýòîì ñëó÷àå ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:

Óòâåðæäåíèå 2. Ïóñòü äàíà öåíòðèðîâàííàÿ ñòàöèîíàðíàÿ â óçêîì ñìûñ-
ëå ïîñëåäîâàòåëüíîñòü ξ = (ξt)t∈I , ãäå I = {1, 2, . . .} íà âåðîÿòíîñòíîì ïðî-
ñòðàíñòâå (ΩI , AI ,PξI ). Òîãäà ∀m ⩾ 2 èìååò ìåñòî ñëåäóþùåå ñîîòíîøåíèå:

(7) v̈m(ξ) = lim
n→∞

√
m!

nm

n−m+1∑
k1=1

. . .

n−ki−1−m+i∑
ki=1

. . .

n−km−2−1∑
km−1=1

R(k1, . . . , ki, . . . , km−1),

ãäå kr = k1 + . . .+ kr.

Äîêàçàòåëüñòâî. Ñîîòíîøåíèå (7) ñðàçó ñëåäóåò èç (4) è (6) ñ ó÷åòîì òîãî,
÷òî

(8) lim
n→∞

n(n− 1)....(n−m+ 1)

nm
= 1

â ïðåäïîëîæåíèå, ÷òî ïðåäåë (6) ñóùåñòâóåò, ÷òî, â ñâîþ î÷åðåäü, ñëåäóåò èç
óñëîâèé òåîðåìû. □

Îáîçíà÷èì óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå ñëó÷àéíîé âåëè÷èíû ξtm ïðè
óñëîâèè, ÷òî ξ1 = x1, ξt2 = xt2 , . . . ξtm−1

= xtm−1
, ãäå (x1, xt2 , . . . xtm−1

) - ïðîèç-
âîëüíûé âåêòîð â Rm−1 = R1 × Rt2 × . . . × Rtm−1 ( â äàëüíåéøåì, åñëè íàáîð
êîîðäèíàò âåêòîðà íå óêàçàí, òî ìû ïðåäïîëàãàåì, ÷òî äàííîå ñîîòíîøåíèå
ñïðàâåäëèâî äëÿ ëþáîãî äîïóñòèìîãî íàáîðà m− 1 êîîðäèíàò èç Rn ):

M(ξtm |ξ1 = x1, ξt2 = xt2 , . . . ξtm−1 = xtm−1) =

∫
xtm

xtm

p(x1, xt2 , . . . xtm)

p(x1, xt2 , . . . xtm−1
)
dxtm .

È ðàññìîòðèì ôóíêöèþ

Kn(x1, xt2 , . . . xtm−1
) =

1√
n

n∑
tm=tm−1+1

M(ξtm |ξ1 = x1, ξt2 = xt2 , . . . ξtm−1
= xtm−1

).

Â äàëüíåéøåì, â ïðåäïîëîæåíèè ÷òî îáëàñòü çíà÷åíèé ôóíêöèè

Kn((x1, xt2 , . . . xtm−1
)) ∈ (M−,M+),∀(x1, xt2 , . . . xtm−1

) ∈ Rm−1 ⊂ Rn.
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ãäå

M− = inf
(x1,xt2 ,...xtm−1

)∈Rm−1
{Kn(x1, xt2 , . . . xtm−1

)},

M+ = sup
(x1,xt2

,...xtm−1
)∈Rm−1

{Kn(x1, xt2 , . . . xtm−1
)},

âîñïîëüçóåìñÿ òåì ñâîéñòâîì, ÷òî íàéäåòñÿ ÷èñëî K∗
n(x1, xt2 , . . . , xtm−1) â îá-

ëàñòè çíà÷åíèé ýòîé ôóíêöèè, ÷òî ñïðàâåäëèâî

∫
x1

∫
xt2

. . .

∫
xtm−1

x1, · · ·xtm−1
p(x1, . . . xtm−1

)Kn(x1, . . . xtm−1
)dx1 · · · dxtm−1

=

= K∗
n(x1, xt2 , . . . , xtm−1

)

∫
x1

∫
xt2

. . .

∫
xtm−1

x1, · · ·xtm−1
p(x1, . . . xtm−1

)dx1 · · · dxtm−1
,

Ýòî ñïðàâåäëèâî èç òîãî, ÷òî ñóùåñòâóþò è êîíå÷íû îáà èíòåãðàëà. Ïåðâûé èí-
òåãðàë � ñóòü ñëàãàåìîå èç vm(ξ(n)), à âòîðîé � ñóòü vI(ξ(n)), ãäå I = {1, . . . , tm−1}.
â ïðåäïîëîæåíèè, ÷òî∫

x1

∫
xt2

. . .

∫
xtm−1

x1, · · ·xtm−1p(x1, . . . xtm−1)dx1 · · · dxtm−1 ̸= 0.

3. Îñíîâíîé ðåçóëüòàò.

Áóäåì ðàññìàòðèâàòü öåíòðèðîâàííûå ñòàöèîíàðíûå â óçêîì ñìûñëå ïîñëå-
äîâàòåëüíîñòè ξ = (ξt)t∈I íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (ΩI , AI ,PξI ), äëÿ

êîòîðûõ ñóùåñòâóåò íåòðèâèàëüíûé ñëàáûé ïðåäåë ñóìì 1√
n

n∑
i=1

ξi.

Ëåììà 1. Ïóñòü äàíà öåíòðèðîâàííàÿ ñòàöèîíàðíàÿ â óçêîì ñìûñëå ïîñëå-
äîâàòåëüíîñòü ξ = (ξt)t∈I íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (ΩI , AI ,PξI ).
Òîãäà, ïðè n → ∞ è ëþáîì ôèêñèðîâàííîì m ⩾ 2, ñïðàâåäëèâî ñëåäóþùåå
ñîîòíîøåíèå:

(9) |v̈m(ξ(n))| ∼
√
m|K∗

n,m||v̈m−1(ξ(n−1))|,

ãäå K∗
n,m � íåêîòîðîå êîíå÷íîå ÷èñëî.

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ñîîòíîøåíèÿìè (4) è (8). Òîãäà ïðè äîñòà-
òî÷íî áîëüøèõ n áóäåì èìåòü

(10) |v̈m(ξ(n))| ∼

∣∣∣∣∣
√

m!

nm

n−m+1∑
k1=1

. . .

n−km−3−2∑
km−2=1

n−km−2−1∑
km−1=1

R(k1, . . . , ki, . . . , km−1)

∣∣∣∣∣
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Ðàññìîòðèì ñîñòàâíîé ýëåìåíò ïðàâîé ÷àñòè ñîîòíîøåíèÿ (10)

1√
n

n−km−2−1∑
km−1=1

R(k1, . . . , ki, . . . , km−1) =

=
1√
n

n−km−2−1∑
km−1=1

∫
x1

. . .

∫
xtm−1

∫
xtm

x1 · · ·xtm−1xtmp(x1, . . . , xtm−1 , xtm)×

× dxtmdxtm−1 · · · dx1 =

=

∫
x1

. . .

∫
xtm−1

p(x1, . . . , xtm−1)

(
1√
n

n−km−2−1∑
km−1=1

∫
xtm

xtm

p(x1, . . . , xtm−1 , xtm)

p(x1, . . . , xtm−1)
×

× dxtm

)
dxtm−1

· · · dx1 =

=

∫
x1

. . .

∫
xtm−1

x1 · · ·xtm−1
p(x1, . . . , xtm−1

)Kn(x1, . . . , xtm−1
)dxtm−1

· · · dx1 =

= K∗
n(x1, . . . , tm−1)

∫
x1

· · ·
∫

xtm−1

x1 · · ·xtm−1
p(x1, . . . , xtm−1

)dxtm−1
· · · dx1 =

= K∗
n(x1, . . . , tm−1)Mξ1 · · · ξtm−1 = K∗

n(x1, . . . , tm−1)R(k1, . . . , ki, . . . , km−2).

Ïîäñòàâëÿÿ ýòî âûðàæåíèå â ïðàâóþ ÷àñòü ñîîòíîøåíèÿ (10) ïîëó÷àåì∣∣∣∣∣
√

m!

nm−1

n−m+1∑
k1=1

. . .

n−km−3−2∑
km−2=1

K∗
n(x1, . . . , tm−1)R(k1, . . . , ki, . . . , km−2)

∣∣∣∣∣ =
= |K∗

n,m|

∣∣∣∣∣
√

m!

nm−1

n−m+1∑
k1=1

. . .

n−km−3−2∑
km−2=1

R(k1, . . . , ki, . . . , km−2)

∣∣∣∣∣.
Èëè, ó÷èòûâàÿ, ÷òî

|v̈m−1(ξ(n−1))| ∼

∣∣∣∣∣
√

(m− 1)!

(n− 1)m−1

n−m+1∑
k1=1

. . .

n−km−3−2∑
km−2=1

R(k1, . . . , ki, . . . , km−2)

∣∣∣∣∣
ïîëó÷àåì

|v̈m(ξ(n))| ∼

√√√√m

(
n− 1

n

)(m−1)

|K∗
n,m| · |v̈m−1(ξ(n−1))|

îòêóäà è ñëåäóåò óòâåðæäåíèå. □

Ïðåæäå ÷åì ïðåéòè ê ôîðìóëèðîâêå îñíîâíîãî ðåçóëüòàòà, óñòàíîâèì ñâÿçü
ìåæäó ýëåìåíòàìè ïîñëåäîâàòåëüíîñòè γ = (γt)t∈I , â êîòîðóþ ðàçëàãàåòñÿ èñ-
õîäíàÿ ïîñëåäîâàòåëüíîñòü ξ = (ξt)t∈I ïî àíàëîãèè ñ òåì, êàê ýòî äåëàëîñü â
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[8] âîñïîëüçîâàâøèñü ñîîòíîøåíèåì

ξt =
1√
n

n−1∑
j=0

γt,j .

Îòìåòèì, ÷òî ðàçëîæåíèå ïîñëåäîâàòåëüíîñòè ξ = (ξt)t∈I èñïîëüçóÿ ïðèíöèï
ðàâíîìåðíîñòè ìîæíî ñäåëàòü êàê ïî ðàñïðåäåëåíèþ ñóììû ýëåìåíòîâ ýòîé
ïîñëåäîâàòåëüíîñòè òàê è ïî ðàñïðåäåëåíèþ ñàìèõ ýëåìåíòîâ ýòîé ïîñëåäî-
âàòåëüíîñòè è èõ ñâÿçåé. Âî âòîðîì ñëó÷àå ìû áóäåì îáîçíà÷àòü ïîëó÷åííóþ
ïîñëåäîâàòåëüíîñòü êàê γ = (γt)t∈I , à â ïåðâîì ñëó÷àå áóäåì îáîçíà÷àòü ïî-
ëó÷åííóþ ïîñëåäîâàòåëüíîñòü êàê γ̂ = (γ̂t)t∈I . Êðîìå òîãî, ó÷èòûâàÿ ñïîñî-
áû ïîëó÷åíèÿ ýòèõ ïîñëåäîâàòåëüíîñòåé, äëÿ íèõ ñîãëàñíî òåîðåìå 2.3 ([6])
ñïðàâåäëèâî ñâîéñòâî v̇m(γ(n)) = v̇m(γ̂(n)) ∀m,n. Îòìåòèì òàêæå, ÷òî ñóììàð-
íûå ñìåøàííûå ìîìåíòû ïîðÿäêà m ïîñëåäîâàòåëüíîñòè ξ(n) (1) ìîæíî ñ÷è-
òàòü êàê ïî íàáîðàì èíäåêñîâ I( |I| = m) ïîñëåäîâàòåëüíîñòè γ(nn) è òîãäà

v̇m(ξ(n)) =
vm(ξ(n))

nmCm
n

òàê è ïî íàáîðàì èíäåêñîâ I( |I| = m) ïîñëåäîâàòåëüíîñòè

ξ(n) è òîãäà v̇m(ξ(n)) =
vm(ξ(n))

Cm
n

.

Êðîìå òîãî îãîâîðèì óñëîâèÿ, êîòîðûì äîëæíû óäîâëåòâîðÿòü ýòè ïîñëå-
äîâàòåëüíîñòè. Äëÿ ýòîãî ðàññìîòðèì ðàçëîæåíèå

(11) v̈m(γ(nn)) =
vm(γ(nn))√

Cm
nn

=
Cm

nn · v̇m(γ(nn))√
Cm

nn

=
vm(ξ(n)) + Vm(γ(nn))√

Cm
nn

=

Îòêóäà

v̈m(γ(nn)) =
nmCm

n (v̇m(γ(nn)) + ∆1) + (Cm
nn − nmCm

n )(v̇m(γ(nn))−∆2)√
Cm

nn

,

ãäå ñðåäíèå ñìåøàííûå ìîìåíòû m-ãî ïîðÿäêà v̇m(ξ(n)) âçÿòû ïî íàáîðàì èí-
äåêñîâ ïîñëåäîâàòåëüíîñòè γ(nn) (äî ôîðìóëû (13)), à èìåííî:

v̇m(ξ(n)) =
vm(ξ(n))

nmCm
n

= v̇m(γ(nn))+∆1 è V̇m(γ(nn)) =
Vm(γ(nn)))

Cm
nn − nmCm

n

= v̇m(γ(nn))−∆2.

Èç

nmCm
n ∆1 − (Cm

nn − nmCm
n )∆2 = 0 ïîëó÷àåì ∆2 =

nmCm
n

Cm
nn − nmCm

n

∆1.

Ðàññìîòðèì îòíîøåíèå

Vm(γ(nn)))√
Cm

nn

vm(ξ(n)))√
Cm

nn

=
Vm(γ(nn))

vm(ξ(n))
=

(Cm
nn − nmCm

n )(v̇m(γ(nn))−∆2)

nmCm
n (v̇m(γ(nn)) + ∆1)

=
(Cm

nn − nmCm
n )

nmCm
n

·

·
(v̇m(γ(nn)) + ∆1 − (∆1 +∆2)

v̇m(γ(nn)) + ∆1
=

(Cm
nn − nmCm

n )

nmCm
n

(
1− ∆1 +∆2

v̇m(γ(nn)) + ∆1

)
=

=
(Cm

nn − nmCm
n )

nmCm
n

− (Cm
nn − nmCm

n )

nmCm
n

∆1 +∆2

v̇m(γ(nn)) + ∆1
.

Ïðåîáðàçóåì ïîñëåäíåå âûðàæåíèå:

(Cm
nn − nmCm

n )

nmCm
n

∆1 +∆2

v̇m(γ(nn)) + ∆1
=

(Cm
nn − nmCm

n )

nmCm
n

·
∆1

(
1 +

nmCm
n

Cm
nn−nmCm

n

)
v̇m(γ(nn)) + ∆1

=
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(Cm
nn − nmCm

n )

nmCm
n

∆1

v̇m(γ(nn)) + ∆1
+

∆1

v̇m(γ(nn)) + ∆1
.

Ó÷èòûâàÿ, ÷òî

lim
n→∞

nmCm
n

Cm
nn

= 1, lim
n→∞

Cm
nn − nmCm

n

Cm
nn

= 0 è
∆1

v̇m(γ(nn)) + ∆1
=

v̇m(ξ(n))− v̇m(γ(nn))

v̇m(ξ(n))
,

ïîòðåáóåì ÷òîáû âûïîëíÿëîñü óñëîâèå

(12) lim
n→∞

v̇m(ξ(n))− v̇m(γ(nn))

v̇m(ξ(n))
= 0

Òîãäà

lim
n→∞

(
Vm(γ(nn))√

Cm
nn

)/(
vm(ξ(n))√

Cm
nn

)
= 0

è èç (11)

(13) v̈m(γ(nn)) ∼
vm(ξ(n))√

Cm
nn

=

√
Cm

n v̈m(ξ(n))√
Cm

nn

∼
v̈m(ξ(n))√

nm
.

Òåïåðü ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò:

Òåîðåìà 1. Ïóñòü äàíà öåíòðèðîâàííàÿ ñòàöèîíàðíàÿ â óçêîì ñìûñëå ïî-
ñëåäîâàòåëüíîñòü ξ = (ξt)t∈I íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (ΩI , AI ,PξI )
è äëÿ ýòîé ïîñëåäîâàòåëüíîñòè ñóùåñòâóåò íåòðèâèàëüíûé ñëàáûé ïðåäåë

ñóìì 1√
n

n∑
i=1

ξi. Ïîñëåäîâàòåëüíîñòü ξ = (ξt)t∈I è ïîñëåäîâàòåëüíîñòü γ =

(γt)t∈I , â êîòîðóþ ðàçëàãàåòñÿ èñõîäíàÿ ïîñëåäîâàòåëüíîñòü óäîâëåòâîðÿþò
óñëîâèþ (12). Äëÿ òîãî, ÷òîáû ïðåäåëüíîå ðàñïðåäåëåíèå áûëî íîðìàëüíûì
íåîáõîäèìî è äîñòàòî÷íî ÷òîáû

1.

(14) lim
n→∞

1

n2

n∑
k=1

R(k) = 0,

2. ∀m > 2 ñóùåñòâîâàëî òàêîå ÷èñëî Cm < ∞, ÷òî äëÿ ïî÷òè äëÿ âñåõ
(x1, xt2 , . . . xtm−1

) ∈ Rm−1, ãäå Rm−1 - ïðîèçâîëüíîå ïîäïðîñòðàíñòâî
Rn, âûïîëíÿëîñü óñëîâèå

(15) |Kn(x1, xt2 , . . . xtm−1)| ⩽ Cm

√
n

∣∣∣∣∣ v̈m−1(ξ(n−1))√
(n− 1)m−1

∣∣∣∣∣
−α

,

ïðè α ∈ (0, 1) è ëþáîãî n íà÷èíàÿ ñ íåêîòîðîãî n0.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü: Ïóñòü ïðåäåëüíîå ðàñïðåäåëåíèå íîðìàëü-
íî. Òîãäà, ñîãëàñíî ñëåäñòâèþ 1 òåîðåìû 2 [8], v̈m(γ̂) = 0 ∀m ⩾ 2.

Äëÿ m = 2 âûïîëíåíèå (14) ñðàçó ñëåäóåò èç (7),(13).
Ðàññìîòðèì âûïîëíåíèå (15) ∀m > 2 äëÿ äîñòàòî÷íî áîëüøèõ n. Ñîãëàñíî

(9) èìååì

|v̈m(ξ(n))|√
nm

∼
√
m
|K∗

n,m|
√
n

|v̈m−1(ξ(n−1))|√
(n− 1)m−1
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Ïîòðåáóåì, ÷òîáû ïîñëåäîâàòåëíîñòü

|K∗
n,m|
√
n

|v̈m−1(ξ(n−1))|√
(n− 1)m−1

→ 0 ïðè n → ∞.

Î÷åâèäíî, ÷òî äëÿ ýòîãî íåîáõîäèìî ÷òîáû âåëè÷èíû |K∗
n,m| ðîñëè íå áûñòðåå

÷åì óêàçàíî â óñëîâèè (15), èíà÷å âîçíèêíåò ïðîòèâîðå÷èå ñâÿçàííîå ñ òåì,
÷òî ïðè v̈m(γ) = 0 ñîîòíîøåíèå (13) íå áóäåò âûïîëíÿòüñÿ.

Äîñòàòî÷íîñòü: Ïóñòü âûïîëíåíû óñëîâèÿ (14) è (15). Íàäî ïîêàçàòü, ÷òî
v̈m(γ) = 0 ∀m ⩾ 2. Äëÿ m = 2 ýòî ñëåäóåò èç (7),(13) è (14). Ðàññìîòðèì
ñëó÷àé, êîãäà m > 2 ïðè óñëîâèè, ÷òî äëÿ m′ < m ýòî âûïîëíÿåòñÿ. Èñïîëüçóÿ
ñîîòíîøåíèÿ (13),(9) è (15) áóäåì èìåòü ïðè n → ∞

|v̈m(ξ)|√
nm

∼
√
m
|K∗

n,m|
√
n

|v̈m−1(ξ(n−1))|√
(n− 1)m−1

⩽
√
m · Cm ·

(
|v̈m−1(ξ(n−1))|√

(n− 1)m−1

)1−α

→ 0.

Îòêóäà ñëåäóåò, ÷òî lim
n→∞

v̈m(γ(n)) = 0. □
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