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PERIODIC SOLUTIONS OF THE SPATIAL EXTENSION OF A
CONDITIONALLY PERIODIC SYSTEM

YU.D. KOZLOV

ABSTRACT. We consider a linear system of differential equations ' =
a(t)x — px with a conditionally periodic matrix a and a parameter p € C.
We prove that there exists a nonempty set M C C such that for each p €
M the spatial periodic extension of this system, which is a system of first
order partial differential equations, has a generalized (in the framework
of Schwartz’s theory of distributions) periodic solution.

Keywords: conditionally periodic system, quasi-periodic solution, pe-
riodic Schwartz’s distribution, linear homogenous system.

0. INTRODUCTION

0.1. Consider the system of differential equations

¥ =a(t)r — px (0.1,)
with a real conditionally periodic matrix a(t) = A(et), where A = A(y) is a contin-
uous wj-periodic in ¢; (j=1,...,m) n x n-matrix function, ¢ = (¢1,...,om) € R™,
w=(wi,...,wm), e=(1,...,1) € R™ (not to be confused with the Euler number

e), t € R, u € C, and the frequencies §; = 27 /w; are rationally incommensurable.
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2 YU.D. KOZLOV

Consider also the spatial periodic extension of this system
m
DW= Al — (0.2,,)
j=1

where 1 : R™ — C" is an unknown vector function. Remark that if ¢ is continuous
and wj-periodic in ¢; (j =1,...,m), then the conditionally periodic vector z(t) =
(et) solves system (0.1,).

The idea of the periodic extension of a conditionally periodic function goes back
to P. Bohl [2], who was the founder of the theory of conditionally periodic functions
and who proved that each continuous conditionally periodic function has a unique
periodic extension.

If m = 1, then there exists a non-empty set M C C such that for each p € M
system (0.1,,) has a periodic solution.

We assume that m > 1. The problem is whether system (0.1,,) has a conditionally
periodic solution for some p € C (or system (0.2,,) has a periodic one). This is well-

t
known to be falls in general, even for n = 1. In this case, z(t) = cexp [(a(t) — p)dt
0

t
is a solution of system (0.1,) with 2(0) = ¢, and [(a(t) — p)dt may not be condi-
0

tionally periodic even though p is the mean value of a.

The aforementioned problem is related to that of the existence of almost periodic
solutions of a homogeneous system [I], B, 12} [I1]. In these papers, some conditions
have been given which ensure that a bounded solution of the homogeneous almost
periodic system itself is Bohr almost periodic [I}, 8 [12] or Besicovitch almost periodic
[11].

Our approach is completely different.

Firstly, we assume nothing, but that the matrix A is sufficiently smooth. We
prove that there exists a non-empty set M C C such that, for any p € M, there
exists a periodic distribution ¢ satisfying (0.2,). In a sequel to the present paper,
we will apply this fact to prove that, for any p € M, there exists a conditionally
periodic distribution satisfying (0.1,,).

Secondly, we consider a conditionally periodic system. This allows us to reduce
the problem to the study of difference equation (0.6). This method is unlike any
attempts to solve this problem that we are aware of.

Note that we used an inhomogeneous equation associated with (0.6) to prove
an analogue of the Massera theorem in [10]. Namely, it was proved that if an
inhomogeneous conditionally periodic system has a bounded solution, then almost
every system in its H-class has a Besicovich conditionally periodic bounded solution.
The proof was based on the Schauder-Tikhonov fixed point theorem. Unfortunately,
we were unable to apply this theorem in the case of a homogeneous system.

Thirdly, since in the general case system (0.2,) does not have a continuous
periodic solution, we are looking for a solution in the space of periodic distributions,
where apparently no one has looked for it yet.

0.2. We now present some results in [§] (see also [9]), which we are going to use.
Since this paper is hardly available, we prove these results (Lemma 0.1) and Lemma
0.2 at the end of the paper.
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Consider the system of integral equations

Y1—%10

se)= [ Alp-halo- ) d +a( - il - o) (03)
0
where we use the "hat" operator to remove the first coordinate of the vector.
Thereby, ¢ = (2, ..., om) and é = (1,...,1) € R™~L. For each continuous function
2%: R™~1 — R”, this system has a unique continuous solution z = x(; @19, z°).
This solution is wy -periodic in ¢y if so is #° (k = 2,...,m). The vector x =
x(et; p10,2°) is a solution of system (0.1g) with z(ew10; p10,2°) = 2°(ép10)-
Consider the matrix equation associated with (0.3)

P1—¥10

Xp)= [ Alp-eOX(p- e+ E, (04)
0
where F is the identity matrix. By X (; ¢10) we denote the solution of this equation
and Xo(p) = X(¢;0).

Lemma 0.1 . Let A be a continuous w;-periodic in p; (j=1,...,m) matric
function. Then matriz equation (0.4) has a unique continuous solution X, and the
following properties are true.

(a) The matriz X (¢; 10) is non-singular for all ¢ € R™ and @10 € R, and it is
wj-periodic in @; (j=2,...,m).

(b) The solution of system (0.3) can be represented in the form

2(p; 010, 2%) = X (5 010)2° (¢ — é(p1 — p10))-

(c) X(p1+wi, §5¢10) = X (95 010) X (p10+wi, p—E(p1—p10); P10); in particular,
Xo(p1 + w1, 9) = Xo(p)Xo(wr, P — ép1) [here the vector ¢ has the form (@1, )]

(d) The matriz Xo(et) is the normalized fundamental matriz of system (0.1p).

Lemma 0.2. Let the matriz A be r-times continuously differentiable on R™;
then so is the matriz Xg.

The matrix X is a solution of a differential equation, which we are going to get
now. Put ¢; — & = ( in (0.4). Then

¥1

Xo(p) = / AG @+ 8(C — 91))Xo(C @ + e(C — 1)) dC + B

¥10
Let the matrix A be continuously differentiable; then so is X . Differentiating
both sides of the above equation w.r.t. ¢; and summing w.r.t. j from 1 to m, we
obtain

>_(Xo); = A()Xo. (0.5)
Jj=1
The key role in our research is played by the system
Xo(wr, §)L(p — éwr) = AL($)- (0.6)
Suppose that L : R™~! — C" is a continuous wj-periodic in ¢; (j = 2,...,m)

vector function which satisfies (0.6) for some A € C, A # 0, and let p = w% InX. We
claim that

¥ = Xo(p)L(¢ — ép1) exp (—pp1)
is periodic, #(et) is the conditionally periodic solution of (0.1,), and if L is differ-
entiable, then v satisfies (0.2,,). Indeed, 9 is wj;-periodic in ¢; (j=2,...,m) since X
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and L are so. Let us prove that it is periodic in ¢;. By item (c) of Lemma 0.1, we
have

V(o1 4+ w1, @) = Xo(p1 + w1, @) L(P — é(p1 +wy))e Hre Hen

= Xo(p)Xo(w1, ¢ — ép1)L( — é(p1 +wi))A"Te (0.7)
) Xo(p)L(p — ep) A Le 1 = ().

In view of item (d) of Lemma 0.1, it is clear that 1 (et) = Xo(et)L(0)e™# is the
solution of (0.1,). That v solves (0.2,) one can check by direct calculation using
(0.5) and the relation ) (L(4 — ép1)); = 0.

j=1

In the first section of this paper, we present the basic facts about periodic dis-
tributions. After that we show that if there exists a periodic distribution L that
solves (0.6) for some A # 0, then ¢ = Xo(p)L(p — ép1) exp (—pp1) solves system
(0.2,).

In the second section, we prove that there exists a non-empty set A C C such
that, for each A € A, the distribution L exists. And in the third section we prove
Lemmas 0.1, 0.2.

1. PERIODIC DISTRIBUTIONS

The definition and properties of periodic distributions, which we use, can be
found in the monographs [14] 15} [6]. We introduce the vector periodic distributions
following [6] (see also [4, Ch.1]).

Let P?(w) be the Banach space of wj-periodic in ¢; (j = 1,...,m) g-times
continuously differentiable functions y: R™ — C" with the norm ||y[/ps,) =

max max ||[D"y(p)||, where || - || is a norm on a finite-dimensional space, r =
|r|<q peR™

I
(r1,...,7m), r; are non-negative integers, D"y(yp) = %%; and [r| =1 +

oo + T -
Let ng (w) be the Banach space of periodic q- times continuously differentiable
n x n matrices with the norm [|A|pa () = ax llas|lpr (o), where as € Pi(w)
s|<n

n |s]|

(s=1,...,n) are columns of A.

Denote by P/?(w) the space of linear continuous maps z: P?(w) — C™, where
= (z1,...,7,)7, 2T is the transpose of z, and z;, are linear continuous functionals
on Pf(w).

Every x € P)9(w) determines the linear continuous functional on P?(w) by the
n
rule <$7y>w = Z <mkayk>w7 where Yy = (y17 s 7yn)T € Pg(w) and <xkayk>w is the
k=1
value of z, at the point y; € P} (w).
The space P,?(w), endowed with the norm [|z|pra@) =  sup  [(z,y)wl, is
”ZJHPT‘{(W)Zl
the Banach space, and it is isomorphic to the dual space of P?(w) [6l p.267].
Consider the countably normed space P, (w) = ﬂ:io P%(w) and its dual P! (w) =
U, P,%(w)- By definition, a sequence {y"} in P, (w) converges to y € P, (w) if
l¥* — yllpa(wy — O for every non-negative integer ¢, and {z*} in P} (w) converges
weakly to z € P! (w) if (x* — z,y), — 0 for every y € P,(w) as k — oo. The latter
is equivalent to the fact that 2% — z weakly in some P.9(w) [4, Ch.1].
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The space Pj(w) is isomorphic to the space of the Schwartz periodic distributions
[6, 14]. That is why « € P{(w) is called an w-periodic distribution, and therefore
x € P! (w) we call an w-periodic vector distribution |15 [6]. Note that the term w-
periodic is used for brevity. In fact, z € P} (w) is w;-periodic in ¢; (j =1,...,m),
ie.,

(P15 01,95 + Wi Pj41, -+, Pm) = T(p).

Indeed, by the definitions of equality and translation (see below on this page),

we have

(P15 -1, 05 + Wi, Pj15- - Pm)s Y(P))w
= <x(@),y(§01, ey Pi—1, P T Wiy P41y, (Pm)>w = <l‘(<p),y(<p)>w

for any y € P,(w) .

We are going to mainly deal with the spaces of vector distributions P} %(w) and
spaces of test functions PZ(w). Suppose z,z € P/9(w). Let us remember the
definitions of

equality: © =z < (z,9) = (2,Y)w, Yy € Pl(w);

derivative : (2, y), = —(2,Y)w, Yy € PIT(w);

multiplication by matriz A € P?,(w) : (Az,y)w = (2, ATy)w, Vy € PI(w);

translation by 7 : (z(e — 7),y(¢))w = (2(#),y(p + T))w, Vy € Pi(w),

T € R™.

It was proved in the monographs |14} p.225|, [15, p.130] that every x € P/ (w)
has a unique Fourier-series expansion

2(p) = > cxexpl(i(kByp)), (1.1)

kezm
where

cr = ((x1(9), exp(—i(kBe) s - - -, (Tn (), exp(=i(kBL)))w) T /(w1 - - . W),
k= (k1. km) € Z™, B= (B1,-.., Bm), Br = 27wy, (KByp) = Ji k805
Besides, there exist K > 0 and p € N such that
lexll < K[E[P, ke zZ™. (1.2)

Inversely, if there exist K > 0 and p € N such that, for any & € Z™, inequality
(1.2) holds, then series (1.1) converges weakly and x € P/ (w) [6l pp.265,266], [14]
p.225], [15, p.130].

It was shown in the previous section that if (0.6) has a continuous periodic
solution L, then ¥ (¢) = Xo(¢)L($ — ép1) exp(—pp1) is continuous and periodic.
Now suppose that L € P (@) and X € P’,(w) (for some non-negative integer r);
then ¢ € P'I (@) for any ¢; € R. Likewise (see (0.7)), it can be proved that ¢ is

wi-periodic in ;. That is why we are going to regard v as the distribution given
w1

by (¥, 9)0 = [ (¥, y)e de1, y € Pj(w). Let us prove that ¢ € P}"(w).
0

In this proof we use a standard fact in calculus : Let y : [o, 8] Xx K — C™ be
uniformly continuous for given o, 3 € R and K C R™71, let {p11} C [, B]; then
1k — P10 implies y(p1, @) — y(pr0, @) uniformly for ¢ € K as k — oo,

Lemma 1.1. Let A € P!, (w), L € P} (@), and r > 0; then ¥(p) = Xo(p)L(p—
ép1) exp(—pp1) € P'T (&) for any o1 € R and the function g(o1) = (¥, y)e is
continuous w.r.t. p1 € [0,w1] for every y € P;(w).
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Proof. By Lemma 0.2, it follows that Xy € P’,(w). Hence, ¢ € P;"(w) for each
1 € R. Put Xo,(p) = Xo(p) exp(—up1). Then ¥(p) = Xou(@)L(p — ép1), and
g can be written as g(¢1) = (L(¢), X4, (01, + ép1)y(@ + ép1))s. The vector
v(p) = X{, (@1, 8 + ép1)y(@ + ép1) and its partial derivatives of |j[th order (|j] =
1,...,r) are uniformly continuous on [0,w;] x R™~1. Therefore, if [0,w1] > @1 —
©10 € [0,w1] as k — oo, then v(p1x,P) and DIv(p1x,P) tend uniformly w.r.t.
¢ € R™ ! to v(p10,p) and DIv(pig,p) respectively. From this, remembering
that L is a continuous mapping, we conclude that g(p1x) — g(v10). Hence, g is
continuous. ]

Lemma 1.2.Let A € P),(w), L € P'},(©), and r > 0; then ¢ € P (w).

Proof. First, by using the fact that the mapping (-, ")g: P'7(®) x Pr(&) — C is
bilinear and separately continuous, we prove that (¢, y)s is continuous in ¢ €
[0,w] if y € P} (w).

It follows from Lemma 1.1 that the function ¢ : [0,w;] — P’7 (&) is continuous,
ie., [0,w1]  p1r — @10 lmplies

<w(301ka')32>03 - <¢(90107')7Z>® (13)

for every z € Pl ().
Besides, if y € P (w), then [|y(¢1x, ) —y(¢10, )|l pr(w) — 0 since the derivatives
Diy(p), 0 < || < r are uniformly continuous on R™, and hence

<xay(§01k, )>t§) — <"E7y(50103 )>@' (14)

for each x € P ().
Therefore, by the bilinear mapping continuity theorem [13 Th. 2.17], in view of
relations (1.3) and (1.4), we get

(W(p1xs ) Y(P1k,))o — ((®1057), Y(®10,))es Y € Pp(w).

This proves that (1, y)s is continuous and hence integrable w.r.t. ¢1 € [0, w1].
To conclude the proof, we note that

w1
|/<¢,y>a doi| <wi sup [(¥,y)e] <K sup |lyllpr) < wiK||yllprw)-
0

»1€[0,w1] »1€[0,w1]
The existence of K = sup |[[¢|p;r) follows from the Principle of Uniform
»1€[0,w1]

Boundedness. Indeed, due to Lemma 1.1, (1, y)s is bounded in ¢; € [0, w1] at each
point y € P(&). Hence, the collection {(¢,)s : v1 € [0,w;]} of the continuous
linear mappings from P/ (@) into C is bounded. The inequality just obtained proofs
the lemma. ]

We say that 1) € P"(w) is a solution of system (0.2,,) if
O W y)w = (A — b, y)e, (1.5)
i=1

for any y € P (w).

Lemma 1.3. Let A € P),(w), L € P'},(©) be a solution of (0.6) for some X # 0,
r>1, and p = wi M n \; then the distribution 1 (¢) = Xo.(p)L( — ép1) € P'T (w)
satisfies system (0.2,,).
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Proof. Tt follows from Lemma 1.2 that ¢ € P)"(w), and hence ¢} € P, "'(w),
7=1,.
Let Yy 6 PT“( ). We are going to use the relations

?(L(@ — ép1), (Xq, () AT (@) — X3, (9))y(@))wder
- )Xo () — 1Xou(©) L($ — é01), y())odir (16)
<A1/f m/J, Y)w
and
0X4, (01,8 + ép1)/0p1 = Z(Xou) (01, @ + ép1) (L)

= X5,(01, 0+ ep1) AT (1, @ 4 ep1) — nXg, (91,9 + ép1).

The latter follows from (0.5).
So, remembering that y € P/ *!(w), we have

@ Uy = —(Xop(@)L(@ — ép1), Zyx Do

=— UL — ée1), XT,, (0 )Zyz( N dpr

w1

==/ <L(¢)7X0Tﬂ(so1,s0+e¢1)yi(<ﬁ17<p+és01)>oad<ﬁ1
m
— Jo (@), X5, (1, + €01) 3 i1, + ép1))e dpr.

=2

Denote the first summand at the right in the above relation by I;, the second
by I, and transform I;.

L= — [7HL(@), X3, (e1, 8 + é@l)ay(sﬁl, @+ ép1)/0p1)o dpr

+ Jo (L )Xo,L(sol,sO+e<p1)ZQyz(cm,cp+esm)> o dipy
—ng (L($),0XE, (01,8 + 1) /001y (01, @ + €01))a dipr
HL(9), (Xo#(</>1,s0+es01) (1,8 + €p1))/0p1)0 dpr

f (L(9), Xg,(p1,¢ +6<P1)Zyz(§01790+6801)>®d901,

Iy = — [HL(@), XE, (01, + ép1) ;yi(% @+ ép1))adpr.

Hence,

Lt I = [ (L(9), 0Xg, (01, ¢ + E01)/0p1y(p1,  + é1)) dipn
— Jo HL(2), O(XE, (1,8 + e01)y(p1, @ + €01)) /0p1)i dipr .

We denote the first integral in the previous relation by J; [and the second by Jo]
and transform it using (1.7):

Ji = [y7H(L(g), (Xd,, (01,0 + 1) AT (o1, + é<P1)

—u X3, (01,8 4 €01))y(p1, @ + ép1))o dpr = [ (L(P — epr1), (XT,(0)AT ()
(1.6)

—u X3, (0)y(0))e dpr =" (Ah — pah, y)e.

To transform Jy, we use differentiation of (-, ) w.r.t. parameter ¢ [14], p.105]:
(L(#)s 3(X0T;L(<P1, S+ ep1)y(p1, @+ €p1))/0p1)w
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= O(L(@), X3, (01, & + e01)y(p1, @ + 1)) e /01
As a result, we get

J2 = [ O(L(@), X3, (01, + E01)y(p1, @ + €p1))a /D1 dioy
= (L(2), (Xgu(wn, ¢ + ewn)y(wr, ¢ + éwr) — Xg, 0, ) (0,9)))e
= (Xou(wr, P)L(P — éwr) — Xou(0, ) L(9), 4(0, 9))
Remembering that L satisfies (0.6), Xo, (w1, ®) = Xo(wi, 9)A~
and Xo,(0,¢) = Xo(0,p) = E, we get Jo = 0.
Summarlzmg all the above, we get (1.5). O

2. GENERALIZED SOLUTIONS OF SYSTEMS (0.6) AND (0.2,,)

Consider the system

X0<w1a @)L(SZ) - as) = )‘L(Qﬁ)a (2'1)
where ag = (p2sw2/q2s, - - -, PmsWm/Ams), Pjs € Z, qjs € N. Due to the incommen-
surability of the frequencies §; = 27 /w;, we can choose pjs, g;s such that o, — éw
as s — o0.

First, we want to prove that, for each s € N, there exists a distribution Ly which
solves this system for some A\; € C. Then we prove that the sequence {L;} has a
week partial limit L which satisfies (0.6) for some A € C.

Lemma 2.1. Let A € PY%(w); then, for any s € N, there exist a distribution
Ls € P.°(&) and a complex number s # 0 which satisfy (2.1).

Proof. Let us endeavour to satisfy (2.1) by the distribution

ve—1

Z Fsi0( — jo), (2.2)
where v is the least common multlple of gjs (j =2,...,m), fs; are constant column
vectors, and § € P{°(w) is the Dirac distribution: (fs;0(¢ — ¢°),9)e = fEy(2°),

y € P(w).

Note that, in our case, § is a periodic functional since it is defined on the space
of periodic functions.

Recall that Ly satisfies (2.1) if, for any y € PO(), the following relation holds

(Xo(w1, @) Ls(@ — ), ¥)e = (NsLs (D), ¥) o
Upon substituting L, into the left and right sides of this equation, we find

(Xo(wi, D) Ls(P — as), y(P))a = (Ls( — as), (Xo(w1,9)) y(@))a
= < ( ) (XO(whSO_‘_as))Ty(@'*'as»w

Z <f9j§(¢ - jas)7 (XO(wh @ + as))Ty(Sa + Oés)>u:1

7=0
= yz_:o fSTj(XO(wla (J+ 1)QS))Ty((j +Das) = VZ_:O (Xo(w1, (j + 1)as)fsj)Ty((j + Das)
and
Lo 5B = o 3 (usb(d — Ga),y(@Ne = A 3 1Ty(Go)
Jj=0 7=0

Thus,
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i (XO(wlv (.7 + 1)as)fsj)Ty((j + 1)as) = As i fsj;y(.jas)
j=0 j=0

This relation holds if the vectors fs; satisfy the system

Xo (w1, as) fs0 = Afa
Xo(wi,205) fo1 = Asfs2
XO(Wla (Vs - ]—)as)fsus—Q = /\sfsys—l
XO(Wla Vsas)fsurl = Asfs0-
Indeed, let y € P2(®). Then it follows from (2.3) that
(X0<w17 a8)f80)Ty(a8) = )‘S(fsl)Ty(O‘S)
(XO(wlv 2a5)fsl)Ty(2a8) = /\S(fs2)Ty(2aS)
(Xo(wr, (v = D) far—2)Ty((v = Das) = Alfuwn—1)Ty((vs — ary)
(XO(wla Vsas)fsusfl)Ty(Vsas) = As(st)Ty(VsOls)~

Putting y(vsas) = y(0) in the right-hand side of the last equation and summing
these equations, we obtain the desired relation.
It follows from (2.3) that

Xo(wl, VSOZS)X()(wl, (Vs - I)OLS) R Xo(wl, as)fs() = AI;S st- (24)

Consider some root Gy = (Xo(wy, vsas)Xo(wr, (vs — 1as) . ..Xo(wl,ozs))i, some
eigenvalue Ay of G, and the corresponding eigenvector fyo; then Ag and fyo satisfy
(2.4). Substituting A; and fs into (2.3), we successively find the vectors fsi, k =
1,...,vs — 1. Hence, we get the distribution Lg which is a solution of (2.1). It can
be seen from (2.2) that Ly € P,%(®) since f5;6(p — jas) € PLO(©). O

Lemma 2.2. Let A € P%(w) and let \s be an eigenvalue of G, s € N; then
there exists a convergent subsequence {\s, } of the sequence {\s} with nonzero limit.

Proof. The matrix function Xo(w1, ) is non-singular, continuous, and @-periodic in
» € R™~1. Hence, there exist o, 8 > 0 such that for any x € R" and ¢ € R™ ! we
have afz| < || Xo(w1,9)z| < B|lz||. From these inequalities we get |G%|| < B**
and |G| < a7¥ ( the matrix norm induced by the vector norm ||-|| is also
denoted by [|-||). Since A% and A ¥= are eigenvalues of the matrices G¥= and G *=
respectively, it follows that [AYs| < % and |A;%*| < ™%, and hence o < || < S,
s € N. On the strength of that there exists a partial limit A of {As;} such that
a < |A\| < 5. Hence, the desired subsequence exists. a

Now we want to show that there exist sequences {\;} and {L;} such that {Ls}
has a weak limit L which is a solution of (0.6) with A = lim A;.
Consider the Furier-series of L:

Li@)= > tgexp(i(kBp)),

kezm—1

wheret ; = (w2.. cwm) T YT S exp(—ij(l%Bas)) and (l%ﬁozs) = > krBrDsrwr/qsr-
7=0 r=2
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Lemma 2.3. For each s € N, the mapping k — t.; s vs-periodic w.r.t. k,
(r=2,...,m).

Proof. Recall that k = (k2y...,km), Br = 27 /w,, Vs is the least common multiple
of ¢rs, and as = (P2swa/q2s, - - - s PmsWm/qms)- Since vg/qrs € Z (r =2,...,m), we
have

l/kfl

ts (k2.ooskrtve,..km) — ZO fsj exp(_ij(lgjéaa’ + Vs(QTr/wT')prsz/QT's))
j=

Vk—l

— ZO foj exp(—ij(kBas)) =t ;.
=

O

Lemma 2.4. For any j € Z™™ !, in addition to L, and )\, the pair LJS(@) =
>t exp(i(kB@)) and M = X\, exp(—i(jBas)) also satisfies the system (2.1).
kezm-1
Proof. Making a change k —3 = 7 in the Fourier-series of L?;, we obtain Lf; =
Lgexpi(8j). Then putting L, = LI exp(—i(3j¢)) into (2.1), we conclude that
the lemma is true. O

Lemma 2.5. Let, for any ke 7™~ there exists t; = lim ¢, and let there
S§—00

exists C > 0 such that for all s € N and k € Z™~" the inequality ltill < C holds.

Then Ly, — L = Y t; exp(i(kB@)) and Ly(¢ — o) — L( — ewr) weakly in
hezm-1

P (@) for r > [2L] +1 ([t] stands for the integral part of t).

Proof. Let y € P5(@), yi be the Fourier constants of y, and r > [-1] + 1; then
>~ llyill converges [3]. We say that (Ls,y)e = > tz;;y_,; and (L,y)s =
kezm—1 kezm—1
> tkTy7 - The proofs of these relations are similar since the boundedness of
kezm-1
{t.;.} implies [|t;|| < C for k € Z™' | so we prove the first one. It holds if

y=y"= ¥ y exp(i(kB@)) is a trigonometrical polynomial [15} p.132]. Besides,

k)<

the seriesHkH_Zh tf;;y—ic converges because |téTky_k| < Clly—kl||- Therefore, we can
kezm—1

take the lifnGii in (Lg,y")s = Z tf];y_,; as h — oo and get the desired relation.

Ell<h
To prove the weak converge‘ln!(;of {Ls}toL =3 t; exp(i(kB@)), we consider
kegm—1
(Ls — Lyy)y = ) > (tg — tp)Ty_ 4. For gi\feenzs > 0 we find My, My such
that Z ||yk||k€<ZZ}1(4C’) and Z It — trs|| < €/(2C1) for s > My, where
1)1 > My &l <My

Cy = max{||y;| : |k < Mi}. Then

Y =t <O Y =t 420 >yl <e

hezm—1 Ikl <M -l > M,
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for s > M,. Hence, Ly — L weakly as s — co. By the same argument, we have

(Ls(f — as) — L(@;fiwl),yb = .
> (tpexp(—i(kBas)) — tr exp(—i(kfwi)))Ty_; — 0

kezm—1
as s — 00.
Owing to the weak* sequential completeness of P/"(&), we obtain L € P/ (&)
since Ls € P°(&) C PI"(©). O

Theorem 2.1. Let A € P§(w) and ro = ["5+]+1; then there exist a distribution
L € P/"™(®) and X\ # 0 satisfying (0.6).

Proof. There exists a sequence {L;} such that
[toll =1 = It gl (2.5)

for k # 0 and s € N. Indeed, due to Lemma 2.3, for each s € N, there exists
tS’;a such that [[t; || > [t,zll, ks # k. Owing to Lemma 2.4, the distribution
LR/t = 32t expli(kBp)) satisfies (2.1) for A = A, exp(i(ksBas)); then
' kezm—1

b = tyni /It || satisfy (2.5).

Let the Fourier constants of L satisfy (2.5). Taking a subsequence if necessary,
we may assume, in view of Lemma 2.2, that Ay — X # 0. It follows from (2.5) that
for each k € Z™~! the sequence {t,;} is bounded. Hence, there exists a sequence

{sp} of positive integers such that plgrolot i = t; exists and HtkH < 1 for each

k € Z™='. By Lemma 2.5, we get L, — L weakly in P"°(&). Besides, by Lemma
0.2, Xo(wl, ) € P'3(w). Therefore, Xo(wl, )Ls, = Xo(w1,-)L weakly in P)°(@).
Then taking limit in (2.1), we get Xo(wl, cp)L(ga —ép1) = AL(p). Moreover, L # 0
since t5 # 0. (]

Consider the set of sequences {)\s}, where A is an eigenvalue of G5 and denote
by A the set of partial limits of these sequences.

Theorem 2.2. Let A\ € A, = w; ' In), and A € P’ (w); then there exists a
periodic distribution 1) € P°(w) that satisfies (0.2,,).

Proof. If A € P3(w), then, by Theorem 2.1, there exists L € P;°(w) satisfying
(0.6). Therefore, Theorem 2.2 follows from Lemma 1.3. O

3. PrROOF OF LEMMAS 0.1 AND 0.2

Lemma 0.1.

Proof. System (0.5) has the unique continuous solution

X(¢i10) = E + %me ) de

oo P1—P10 P1—P10—Ek p1—p10—&2—...— &k
+kz f S f Alp — e§p) Alp — e(&r + Ek—1)) - -
=2 0 0 0

k
A (¢€;§i> déy ... d&,
- (3.1)
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which one can get by the method of successive approximations. Let a,8 € R
be arbitrary. Then this series converges uniformly w.r.t. ¢ € [, ], $ € R™~1
because it has the majorant

> 141 o, wylP1 = @10]*/sL.
s=0

This solution is wj;-periodic in ¢; (j = 2,...,m) since so is the right part of (3.1).
Besides,

p1t+t—pio
X (o +et;pi0) = Of Alpte(t =) X(p+e(t—E&));pi0)ds+ E
t
=t-¢=(]= [ Alp +eQ) X (o + eC;p10) d¢ + E.
Therefore, e
dX (¢ + et;p10)/dt = A(p + et) X (o + et; p10) (3.2)

and X (p10,%;¢10) = E. Consequently, the matrix X (¢ + et, ¢19), being a funda-
mental matrix of the system

' = A(p + et)z,

is non-singular for ¢ € R™ and @19 € R. In particular, Xy(et) is the normalized
fundamental matrix of system (0.1p).

The fact that the function z(y;p10,2°) = X (¢;010)2°(P — é(p1 — ©10)) is a
solution of system (0.3) we prove by substituting it into this system. Taking into

account that x(p — e&; 10,2°) = X (o — e&;910)2° (4 — é(p1 — p10)), we get
X (310)2°(@ — (1 — ¢10))

B %;fm“‘“” — €)X (¢ — & 910)2°(p — (o1 — p10)) dE + 2@ — E(1 — p10))
- (“’TOA«O )X (p — €€ p10) dE + E)2($ — é(p1 — p10)).

This is true since X (i; p10) satisfies (0.4).
To prove (c), note that X (t+w1, @+ ét; v10) solves matrix equation (3.2). Hence,

X(t 4wy, @+ ét;010) = X(t, @ + ét;010)Q. (3.3)

Putting ¢t = 10 in this relation, we get @ = X (910 + w1, ® + €v10;¢10). Then
substituting ¢; for ¢ and v for ¢ + ép; in (3.3), we get X(p1 + wi,¥;910) =
X (1,95 010) X (910 + w1, + €(p10 — ¢1); P10)- O

Lemma 0.2.

Proof. Let the matrix A be r-times continuously differentiable on R™. Then the
matrix X, being a solution of system (3.2), is r-times continuously differentiable by
the theorem on differentiability of the solution w.r.t. parameter ¢ [7, p.126].

O

It is noteworthy that if Ay € A and po = wfl In A\p, then some system in the hull
of (0.1,,) has a bounded solution. It follows from this that ;1o belongs to the Sacker-
Sell spectrum of this system and Ag belongs to the spectrum of the monodromy
operator of this system. Besides, system (0.1,,) has a generalized conditionally
periodic solution. But these will be the objects of another paper.
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