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Abstract: We prove a limit theorem for the distribution of the
number of crossings of a strip by trajectories of a random walk
with small drift.

Keywords: random walk, transient phenomena in a boundary
crossing problem, limit theorem, factorization method.

1 Ââåäåíèå. Ïîñòàíîâêà çàäà÷è

Ïóñòü Y, Y1, Y2, . . . � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñïðåäå-
ëåííûõ ñëó÷àéíûõ âåëè÷èí, ïðè÷åì

EY = 0, EY 2 = σ2 > 0. (1)

Äëÿ ε > 0 ââåäåì íîâóþ ïîñëåäîâàòåëüíîñòü

X = X(ε) = Y − ε, Xk = Xk(ε) = Yk − ε, k ≥ 1,

è ïóñòü

Sn = Sn(ε) =

n∑
k=1

Xk(ε), n ≥ 1, S0 = 0.

Lotov, V.I. Transient phenomena in a boundary crossing problem for

random walks.
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Ââåäåì â ðàññìîòðåíèå ñëó÷àéíóþ âåëè÷èíó N = N(ε), ðàâíóþ ÷èñëó ïåðå-
ñå÷åíèé ñíèçó ââåðõ ïîëîñû −a ≤ y ≤ b íà êîîðäèíàòíîé ïëîñêîñòè òî÷åê
(x, y) òðàåêòîðèåé ñëó÷àéíîãî áëóæäàíèÿ {(n, Sn(ε)), n ≥ 0}, −a < 0 < b.

Äëÿ ýòîãî îïðåäåëèì ñíà÷àëà ìîìåíòû îñòàíîâêè (âîçìîæíî, íåñîáñòâåí-
íûå):

τ+0 = τ−0 = 0, τ−i = inf{n > τ+i−1 : Sn ≤ −a}, τ+i = inf{n > τ−i : Sn ≥ b}, i ≥ 1.

Ïîëàãàåì âñåãäà inf ∅ = ∞.
Î÷åâèäíî, P(N(ε) ≥ k) = P(τ+k <∞).
Öåëü äàííîé ðàáîòû ñîñòîèò â èçó÷åíèè ïðåäåëüíîãî ïîâåäåíèÿ ðàñïðåäå-

ëåíèÿ ñëó÷àéíîé âåëè÷èíû N(ε) ïðè óñëîâèè, ÷òî ε→ 0.
Íàõîæäåíèå òî÷íûõ ôîðìóë äëÿ ðàñïðåäåëåíèé ðàçëè÷íûõ ôóíêöèîíàëîâ,

ñâÿçàííûõ ñ ìîìåíòîì äîñòèæåíèÿ òðàåêòîðèåé ñëó÷àéíîãî áëóæäàíèÿ îïðå-
äåëåííûõ ãðàíèö, äîñòóïíî òîëüêî äëÿ íåêîòîðûõ ÷àñòíûõ ñèòóàöèé. Äëÿ
áëóæäàíèé îáùåãî âèäà ïðèõîäèòñÿ äîâîëüñòâîâàòüñÿ ðàçëè÷íûìè àïïðîêñè-
ìàöèÿìè èñêîìûõ ðàñïðåäåëåíèé è èõ õàðàêòåðèñòèê. Îäíèì èç ñïîñîáîâ ïî-
ñòðîåíèÿ òàêèõ àïïðîêñèìàöèé ÿâëÿåòñÿ èñïîëüçîâàíèå ïåðâûõ ÷ëåíîâ àñèìï-
òîòè÷åñêèõ ðàçëîæåíèé íóæíûõ ðàñïðåäåëåíèé â ðàìêàõ ïîäõîäÿùåãî ìåòî-
äà àñèìïòîòè÷åñêîãî àíàëèçà. Ìîæíî, íàïðèìåð, ðàññìîòðåòü ñõåìó ñåðèé ñ
óìåíüøàþùèìèñÿ ðàçìåðàìè ñêà÷êîâ áëóæäàíèÿ. Íà ýòîì ïóòè â [1] íàéäåíà
àñèìïòîòèêà âåðîÿòíîñòè ïîãëîùåíèÿ â çàäà÷å ñ äâóìÿ ïðÿìîëèíåéíûìè ãðà-
íèöàìè. Äðóãîé ïîäõîä ïðåäïîëàãàåò, ÷òî ðàñïðåäåëåíèå ñêà÷êîâ áëóæäàíèÿ
îñòàåòñÿ íåèçìåííûì, íî àñèìïòîòè÷åñêèå ðåçóëüòàòû ïîëó÷àþòñÿ ïðè óñëîâèè
íåîãðàíè÷åííîãî óäàëåíèÿ ãðàíèö. Ýòîìó ïîäõîäó ïîñâÿùåíî îãðîìíîå ÷èñëî
ðàáîò. Äëÿ ñëó÷àéíûõ áëóæäàíèé ñ ïðÿìîëèíåéíûìè ãðàíèöàìè âåñüìà ýô-
ôåêòèâíûì îêàçàëñÿ ôàêòîðèçàöèîííûé ìåòîä ïîëó÷åíèÿ àñèìïòîòè÷åñêèõ
ðàçëîæåíèé, ðàçðàáîòàííûé À.À. Áîðîâêîâûì [2] è ïîëó÷èâøèé äàëüíåéøåå
ðàçâèòèå â ðàáîòàõ åãî ïîñëåäîâàòåëåé.

Åùå îäèí âîçìîæíûé ìåòîä àñèìïòîòè÷åñêîãî àíàëèçà â ãðàíè÷íûõ çàäà÷àõ
îñíîâûâàåòñÿ íà ïðåäïîëîæåíèè, ÷òî ñíîñ ñëó÷àéíîãî áëóæäàíèÿ ñòðåìèòñÿ ê
íóëþ. Èçâåñòíî äîñòàòî÷íî áîëüøîå ÷èñëî ïóáëèêàöèé, â êîòîðûõ èçó÷àåò-
ñÿ ïðåäåëüíîå ïîâåäåíèå ðàçëè÷íûõ ôóíêöèîíàëîâ îò òðàåêòîðèé ñëó÷àéíîãî
áëóæäàíèÿ â ýòîé ñèòóàöèè. Òåîðåìû òàêîãî ñîðòà îáû÷íî îòíîñÿò ê èññëå-
äîâàíèþ ïåðåõîäíûõ ÿâëåíèé. Ïîëó÷åííûå íà ýòîì ïóòè ðåçóëüòàòû ÷àñòî èñ-
ïîëüçóþòñÿ äëÿ îïèñàíèÿ ôóíêöèîíèðîâàíèÿ ñèñòåì îáñëóæèâàíèÿ â óñëîâèÿõ
áîëüøîé íàãðóçêè, ñì., íàïðèìåð, [3, �24] è áèáëèîãðàôè÷åñêèå çàìå÷àíèÿ òàì.

Èçó÷åíèþ ðàñïðåäåëåíèÿ ÷èñëà ïåðåñå÷åíèé ïîëîñû òàêæå ïîñâÿùåíî çíà-
÷èòåëüíîå ÷èñëî ïóáëèêàöèé. Íà÷íåì ïåðå÷èñëåíèå ñ èçâåñòíîãî íåðàâåíñòâà
Äóáà äëÿ ïîëóìàðòèíãàëîâ [4, ãë. 7, òåîðåìà 3.3]. Îöåíêè â âèäå íåðàâåíñòâ
äëÿ ðàñïðåäåëåíèÿ ÷èñëà ïåðåñå÷åíèé ïîëîñû òðàåêòîðèÿìè ñëó÷àéíîãî áëóæ-
äàíèÿ íàéäåíû â [5]. Òî÷íûå ôîðìóëû äëÿ ýòîãî ðàñïðåäåëåíèÿ èçó÷àëèñü â [6]
äëÿ öåëî÷èñëåííûõ ñëó÷àéíûõ áëóæäàíèé ñ ãåîìåòðè÷åñêèìè ðàñïðåäåëåíèÿ-
ìè ñêà÷êîâ íà ïîëóîñÿõ. Â [7] ïðèâåäåíû ïðåäñòàâëåíèÿ âåðîÿòíîñòåéP(N ≥ k)
â òåðìèíàõ èòåðàöèé íåêîòîðûõ îïåðàòîðîâ, ñâÿçàííûõ ñ êîìïîíåíòàìè ôàê-
òîðèçàöèè ôóíêöèè 1− zE exp{λX}, òàì æå óñòàíîâëåíî àñèìïòîòè÷åñêîå ïî-
âåäåíèå ýòîé âåðîÿòíîñòè ïðè óñëîâèè, ÷òî ïîëîñà áåçãðàíè÷íî ðàñøèðÿåò-
ñÿ è âûïîëíåíî óñëîâèå Êðàìåðà íà ðàñïðåäåëåíèå ñêà÷êîâ ðàññìàòðèâàåìîãî
áëóæäàíèÿ. Â [8] íàéäåíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ äëÿ P(N ≥ k) ïðè
äðóãèõ îãðàíè÷åíèÿõ íà ñêîðîñòü óáûâàíèÿ íà áåñêîíå÷íîñòè ðàñïðåäåëåíèÿ
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ñêà÷êîâ ñëó÷àéíîãî áëóæäàíèÿ. Â óñëîâèÿõ Êðàìåðà ïðè EX = 0 äëÿ ðàñ-
ïðåäåëåíèÿ ÷èñëà ïåðåñå÷åíèé ïîëîñû íà êîíå÷íîì íåîãðàíè÷åííî ðàñòóùåì
èíòåðâàëå âðåìåíè â [9] íàéäåíû ïîëíûå àñèìïòîòè÷åñêèå ðàçëîæåíèÿ, åñëè
øèðèíà ïîëîñû ðàñòåò ñîãëàñîâàííî ñ ðàññìàòðèâàåìûì èíòåðâàëîì âðåìåíè.
Àíàëîãè ýòèõ ðåçóëüòàòîâ íàéäåíû òàêæå äëÿ áëóæäàíèé, çàäàííûõ íà öåïè
Ìàðêîâà [10].

ßñíî, ÷òî îáùåå ÷èñëî ïåðåñå÷åíèé ïîëîñû áóäåò íåîãðàíè÷åííî âîçðàñòàòü,
åñëè óñòðåìèòü ê íóëþ ñíîñ ñëó÷àéíîãî áëóæäàíèÿ. Ïðåäåëüíîå ðàñïðåäåëå-
íèå ÷èñëà ïåðåñå÷åíèé ïîëîñû ïðè ñõîäèìîñòè ê íóëþ ñíîñà ïîëó÷åíî â [6] äëÿ
öåëî÷èñëåííûõ ñëó÷àéíûõ áëóæäàíèé ñ äâóñòîðîííèì ãåîìåòðè÷åñêèì ðàñïðå-
äåëåíèåì ñêà÷êîâ. Â íàñòîÿùåé ðàáîòå áóäåò ïîëó÷åí àíàëîãè÷íûé ðåçóëüòàò
äëÿ äðóãîãî, âåñüìà øèðîêîãî êëàññà ñëó÷àéíûõ áëóæäàíèé. Èññëåäîâàíèå
áóäåò ïðîâîäèòüñÿ ñ èñïîëüçîâàíèåì ðàçðàáîòàííîé ðàíåå ôàêòîðèçàöèîííîé
òåõíèêè.

2 Ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà

Îáîçíà÷èì ψ(λ) = E eλY , φ(λ) = E eλX = ψ(λ) e−λε è ââåäåì â ðàññìîòðåíèå
óñëîâèå (A), âêëþ÷àþùåå ñëåäóþùèå äâà ïóíêòà.

(A1) Ðàñïðåäåëåíèå Y ñîäåðæèò àáñîëþòíî íåïðåðûâíóþ êîìïîíåíòó.
(A2) Äëÿ íåêîòîðîãî γ > 0 âûïîëíÿåòñÿ ψ(γ) + ψ(−γ) <∞.
Ïîëîæèì òàêæå

η+ = min{n ≥ 1 : Sn ≥ 0}, η− = min{n ≥ 1 : Sn < 0},

è ïóñòü

χ± = Sη± , ρ =
E(χ2

+; η+ <∞)

2E(χ+; η+ <∞)
+

Eχ2
−

2E|χ−|
.

Îòìåòèì, ÷òî ââåäåííûå âåëè÷èíû çàâèñÿò îò ε. Ñóùåñòâîâàíèå ìîìåíòîâ, âõî-
äÿùèõ â îïðåäåëåíèå âåëè÷èíû ρ, îáåñïå÷èâàåòñÿ óñëîâèåì (A2).

Òåîðåìà 1. Ïóñòü äëÿ ñëó÷àéíîé âåëè÷èíû Y , ââåäåííîé â (1), âûïîëíåíî
óñëîâèå (A). Òîãäà äëÿ êàæäîãî t ≥ 0

P

(
2εN(ε)

σ2
≥ t

)
= e−t(ρ+a+b) +O(ε), ε > 0, ε→ 0. (2)

3 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Äëÿ ïîñëåäóþùèõ äîêàçàòåëüñòâ íàì ïîòðåáóåòñÿ ðÿä ñâåäåíèé èç [2], [11].
Ïóñòü äëÿ |z| ≤ 1, Reλ = 0,

rz±(λ) = 1−E
(
zη± exp{λχ±}; η± <∞

)
. (3)

Õîðîøî èçâåñòíî ñëåäóþùåå ïðåäñòàâëåíèå (ôàêòîðèçàöèÿ Âèíåðà�Õîïôà):

rz+(λ) rz−(λ) = 1− zφ(λ), |z| ≤ 1, Reλ = 0. (4)

Ïðè âûïîëíåíèè óñëîâèÿ (A2)ôàêòîðèçàöèîííîå òîæäåñòâî (4) ñïðàâåäëèâî
è â áîëåå øèðîêîé îáëàñòè −γ ≤ Reλ ≤ γ. Ôóíêöèÿ rz+(λ) ÿâëÿåòñÿ àíàëè-
òè÷åñêîé ïî λ ïðè Reλ < γ è ëþáîì ôèêñèðîâàííîì |z| ≤ 1. Àíàëîãè÷íûì
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ñâîéñòâîì â ïîëóïëîñêîñòè Reλ > −γ îáëàäàåò rz−(λ). Äëÿ ôóíêöèé rz±(λ)
èçâåñòíû è äðóãèå ôîðìóëû.

Îáîçíà÷èì ÷åðåç Π ìíîæåñòâî ôóíêöèé g, èìåþùèõ âèä

g(λ) =

∞∫
−∞

eλydG(y), Reλ = 0,

∞∫
−∞

|dG(y)| <∞. (5)

Çäåñü G � ïðîèçâîëüíàÿ ôóíêöèÿ ñ êîíå÷íîé ïîëíîé âàðèàöèåé.
Êàê è â [13], ââåäåì îïåðàòîðû A è B ñëåäóþùèì îáðàçîì.
Äëÿ âñÿêîé ôóíêöèè g ∈ Π ïîëîæèì ïî îïðåäåëåíèþ ïðè |z| < 1, Reλ = 0

(Ag)(z, λ) = rz−(λ)
[
r−1
z−(λ) g(λ)

](−∞,−a]
,

(Bg)(z, λ) = rz+(λ)
[
r−1
z+(λ) g(λ)

][b,∞)
,

ãäå ïðèíÿòî îáîçíà÷åíèå[ ∞∫
−∞

eλydG(y)

]D
=

∫
D

eλydG(y)

äëÿ ëþáîãî èçìåðèìîãî D ⊂ R. Åñëè âûïîëíåíî óñëîâèå (A1) è |z| < 1,
Reλ = 0, òî ôóíêöèè r−1

z±(λ) òàêæå äîïóñêàþò ïðåäñòàâëåíèÿ âèäà (5) (ñì. [2]).
Ôóíêöèÿ g â ýòîì îïðåäåëåíèè ìîæåò çàâèñåòü îò z. Çàìåòèì, ÷òî òàê îïðåäå-
ëÿåìûå îïåðàòîðû ñàìè çàâèñÿò îò z, íî äëÿ êðàòêîñòè ýòî íå ïîä÷åðêèâàåòñÿ
â èõ îáîçíà÷åíèÿõ. Îáëàñòü äîïóñòèìûõ çíà÷åíèé z è λ â ýòîì îïðåäåëåíèè
ìîæåò áûòü ðàñøèðåíà, åñëè ýòî ïîçâîëÿþò ñäåëàòü ïðåäñòàâëåíèÿ âèäà (5)
äëÿ ôóíêöèé r±1

z±(λ).
Ïîëîæèì äëÿ âñÿêîãî t ∈ R

η+(t) = min{n ≥ 1 : Sn ≥ t}, η−(t) = min{n ≥ 1 : Sn ≤ t}, χ±(t) = Sη±(t).

Èçâåñòíî ([12], [13]), ÷òî ââåäåííûå îïåðàòîðû ïîçâîëÿþò âûðàçèòü ÷å-
ðåç íèõ äâîéíûå ïðåîáðàçîâàíèÿ íàä ñîâìåñòíûìè ðàñïðåäåëåíèÿìè ïàð(
η+(b), Sη+(b)

)
è
(
η−(−a), Sη−(−a)

)
, à èìåííî:

E
(
zη−(−a) exp{λSη−(−a)}; η−(−a) <∞

)
= (Ae)(z, λ), |z| < 1, Reλ ≥ 0,

E
(
zη+(b) exp{λSη+(b)}; η+(b) <∞

)
= (Be)(z, λ), |z| < 1, Reλ ≤ 0,

çäåñü ïðèíÿòî îáîçíà÷åíèå e(λ) = e(z, λ) ≡ 1.
Êðîìå òîãî, â [7] óñòàíîâëåí áîëåå îáùèé ðåçóëüòàò, ñîñòîÿùèé â ñëåäóþùåì.

Äëÿ ïðîèçâîëüíîãî ìîìåíòà îñòàíîâêè ν ≥ 0 (âîçìîæíî, íåñîáñòâåííîãî) íà
ñîáûòèè {ν <∞} ââîäÿòñÿ ñëó÷àéíûå âåëè÷èíû

ν+(b) = inf{n ≥ ν : Sn ≥ b}, ν−(−a) = inf{n ≥ ν : Sn ≤ −a}.
Îòëè÷èå îò ïðåäûäóùèõ ðàññìîòðåíèé ñîñòîèò â òîì, ÷òî çäåñü îïðåäåëÿþòñÿ
ìîìåíòû äîñòèæåíèé ñîîòâåòñòâóþùèõ óðîâíåé âïåðâûå íå ïîñëå íóëÿ, à ïîñëå
íåêîòîðîãî ïðîèçâîëüíîãî ìîìåíòà îñòàíîâêè ν. Ýòà êîíñòðóêöèÿ ïîòðåáóåò-
ñÿ ïðè ðàññìîòðåíèè ÷èñëà ïåðåñå÷åíèé ïîëîñû ñíèçó ââåðõ. Äåéñòâèòåëüíî,
ïåðåñå÷åíèÿ ïîëîñû ôîðìèðóþòñÿ ñëåäóþùèì îáðàçîì: ìû äîëæíû ñíà÷àëà
îáåñïå÷èòü â ìîìåíò τ−1 äîñòèæåíèå íèæíåé ãðàíèöû òðàåêòîðèåé, íà÷èíàþ-
ùåéñÿ â íóëå, ïîñëå ÷åãî ðàññìàòðèâàåì ñëåäóþùóþ ÷àñòü òðàåêòîðèè, êîòîðàÿ
óæå íà÷èíàåòñÿ â ñëó÷àéíûé ìîìåíò τ−1 . Ýòà ÷àñòü òðàåêòîðèè äîëæíà äàëåå
äîñòèãíóòü âïåðâûå âåðõíþþ ãðàíèöó ïîëîñû â ìîìåíò âðåìåíè τ+1 , êîòîðûé



1156 Â.È. ËÎÒÎÂ

çàòåì ÿâëÿåòñÿ ñòàðòîâîé òî÷êîé äëÿ ïîñëåäóþùåé ÷àñòè òðàåêòîðèè, èäóùåé
ê íèæíåé ãðàíèöå, è ò.ä.

Ïóñòü
g(z, λ) = E(zν exp{λSν}; ν <∞).

Ñëåäóþùåå óòâåðæäåíèå ïîëó÷åíî â [7].

Òåîðåìà 2. Äëÿ |z| < 1 è Reλ = 0 ñïðàâåäëèâî

E
(
zν−(−a) exp{λSν−(−a)}; ν−(−a) <∞

)
= (Ag)(z, λ),

E
(
zν+(b) exp{λSν+(b)}; ν+(b) <∞

)
= (Bg)(z, λ).

Ïðèìåíÿÿ ýòó òåîðåìó, ñðàçó æå ïîëó÷àåì ïðè |z| < 1 è Reλ = 0

E
(
zτ

−
1 exp{λSτ−

1
}; τ−1 <∞

)
= (Ae)(z, λ),

E
(
zτ

+
1 exp{λSτ+

1
}; τ+1 <∞

)
= (BAe)(z, λ),

E
(
zτ

−
2 exp{λSτ−

2
}; τ−2 <∞

)
= (ABAe)(z, λ),

è òàê äàëåå, òî åñòü ïðè ëþáîì k ≥ 1

E
(
zτ

+
k exp{λSτ+

k
}; τ+k <∞

)
= ((BA)ke)(z, λ), (6)

çäåñü ñòåïåíü îïåðàòîðà ïîíèìàåòñÿ êàê ñóïåðïîçèöèÿ. Òàêèì îáðàçîì,

P(N(ε) ≥ k) = P(τ+k <∞) = lim
z→1

((BA)ke)(z, 0). (7)

Ðàâåíñòâî (7) òàêæå îòìå÷åíî â [7], è ýòî ñîîòíîøåíèå áóäåò îñíîâîé äëÿ äàëü-
íåéøèõ ðàññìîòðåíèé.

Îòìåòèì, ÷òî ïðè âûïîëíåíèè óñëîâèÿ (A2) ôóíêöèÿ φ(λ) íà èíòåðâàëå
−γ ≤ λ ≤ γ âûïóêëà âíèç, φ(0) = 1, φ′(0) < 0, ψ(γ) > 1. Ïðè íåêîòîðîì δ > 0
è ïðè âñåõ äîñòàòî÷íî ìàëûõ ε âûïîëíÿåòñÿ òàêæå íåðàâåíñòâî

zφ(γ) = zψ(γ)e−γε > 1, z ∈ [1− δ, 1].

Ïîýòîìó ôóíêöèÿ 1 − zφ(λ) = 1 − zψ(λ) e−λε èìååò ðîâíî äâà âåùåñòâåííûõ
íóëÿ λ±(z), z ∈ [1− δ, 1], λ−(z) ≤ λ+(z). Èç óñëîâèé (A2) è EX < 0, î÷åâèäíî,
ñëåäóåò λ−(1) = 0, h := λ+(1) > 0. Íóëè ôóíêöèè 1 − zφ(λ) ðàñïðåäåëÿþòñÿ
ìåæäó êîìïîíåíòàìè ôàêòîðèçàöèè ñëåäóþùèì îáðàçîì:

rz+(λ+(z)) = rz−(λ−(z)) = 0.

Ýòî ñðàçó ñëåäóåò èç îïðåäåëåíèÿ (3), ïîñêîëüêó, ê ïðèìåðó, ïðè λ = λ−(z) < 0
è z ∈ [1 − δ, 1) ôóíêöèÿ rz+(λ) â íîëü íå ìîæåò îáðàòèòüñÿ. Ñëåäîâàòåëüíî,
rz−(λ−(z)) = 0. Âåëè÷èíû λ±(z) áóäóò èãðàòü âàæíóþ ðîëü â ïîñëåäóþùèõ
ðàññìîòðåíèÿõ.

Ïóñòü mk = EXk, ε = −m1 > 0. Èç ãåîìåòðè÷åñêèõ ñîîáðàæåíèé ÿñíî,
÷òî h = h(ε) → 0, åñëè ε → 0. Áîëåå òîãî, ÷èñëà h è ε ñòðåìÿòñÿ ê íóëþ
îäíîâðåìåííî. Äåéñòâèòåëüíî, èç ðàçëîæåíèÿ

1 = φ(h) = φ(0) + hφ′(0) +
h2

2
φ′′(0) + · · · = 1− hε+

h2

2
m2 + . . .

ñëåäóåò

ε =
m2

2
h+O(h2) =

σ2

2
h+O(h2), h→ 0. (8)
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Ýòî îçíà÷àåò òàêæå, ÷òî âåëè÷èíà o(1) ïðè h → 0 îäíîâðåìåííî åñòü o(1) ïðè
ε→ 0 è íàîáîðîò.

Àñèìïòîòè÷åñêîå ïîâåäåíèå îïåðàòîðîâ A è B ïðè a→ ∞ è b→ ∞ ñîîòâåò-
ñòâåííî èññëåäîâàíî â [11], [13]. Äëÿ èññëåäîâàíèÿ àñèìïòîòèêè ýòèõ îïåðàòî-
ðîâ ïðè ε → 0 ïðèâåäåì àíàëîãè âñïîìîãàòåëüíûõ ëåìì èç [11], ïðåäïîëàãàÿ
âûïîëíåííûì óñëîâèå (A) è EX < 0. Äëÿ íàøèõ öåëåé äîñòàòî÷íî áóäåò îãðà-
íè÷èòüñÿ ðàññìîòðåíèåì âåùåñòâåííûõ çíà÷åíèé z ∈ (1− δ, 1) ïðè íåêîòîðîì
ìàëîì δ > 0.

Èòàê, äëÿ ïðîèçâîëüíîãî t ∈ R, ñëåäóÿ [2], ââåäåì ìíîæåñòâà

Π(t) = {g(λ) : g(λ+ t) ∈ Π},

Π−(t) =

{
g(λ) ∈ Π(t) : g(λ) =

∫
(−∞,0]

eλy dG(y), Reλ = t

}
,

Π+(t) =

{
g(λ) ∈ Π(t) : g(λ) =

∫
[0,∞)

eλy dG(y), Reλ = t

}
.

Ëåììà 1. ([11]) Ñóùåñòâóåò δ > 0 òàêîå, ÷òî äëÿ z ∈ (1− δ, 1) ñïðàâåäëèâû
ïðåäñòàâëåíèÿ

r−1
z±(λ) =

(
(λ− λ±(z))r

′
z±(λ±(z)

)−1
+ ψz±(λ),

â êîòîðûõ ψz±(λ) ∈ Π±(λ±(1)± δ±) äëÿ íåêîòîðûõ δ± > 0.

Äîêàçàòåëüñòâî. Îáîçíà÷èì

wz+(λ) =
rz+(λ)(λ+ γ + 1)

λ− λ+(z)
, wz−(λ) =

rz−(λ)(λ− γ − 1)

λ− λ−(z)
. (9)

Ýòè ôóíêöèè ïðè íåêîòîðûõ δ > 0, δ± > 0 îáåñïå÷èâàþò êàíîíè÷åñêóþ V�
ôàêòîðèçàöèþ (ñì. [2]) ôóíêöèè

(1− zφ(λ))(λ+ γ + 1)(λ− γ − 1)

(λ− λ+(z))(λ− λ−(z))
= wz+(λ)wz−(λ)

ïðè z ∈ (1 − δ, 1), λ− − δ− ≤ Reλ ≤ λ+ + δ+, ãäå λ± = λ±(1). Ýòî îçíà÷àåò, â
÷àñòíîñòè, ÷òî

w±1
z+(λ) ∈ Π+(λ+ + δ+), w±1

z−(λ) ∈ Π−(λ− − δ−).

Èç (9) ïîëó÷àåì

r−1
z+(λ) =

λ+ γ + 1

λ− λ+(z)
w−1

z+(λ)

= w−1
z+(λ) +

λ+(z) + γ + 1

λ− λ+(z)

[
w−1

z+(λ+(z)) + (λ− λ+(z))
w−1

z+(λ)− w−1
z+(λ+(z))

λ− λ+(z)

]
=

1

(λ− λ+(z))r′z+(λ+(z))
+ w−1

z+(λ) + (λ+(z) + γ + 1)
w−1

z+(λ)− w−1
z+(λ+(z))

λ− λ+(z)

≡ 1

(λ− λ+(z))r′z+(λ+(z))
+ ψz+(λ),

ãäå ψz+(λ) ∈ Π+(λ+(1) + δ+) íàðÿäó ñ w−1
z+(λ) (ñì. [2]).

Óòâåðæäåíèå äëÿ r−1
z−(λ) äîêàçûâàåòñÿ àíàëîãè÷íî. □

Äàëåå íàì ïîòðåáóþòñÿ ñëåäóþùèå âñïîìîãàòåëüíûå óòâåðæäåíèÿ.
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Ëåììà 2. Ïóñòü ôóíêöèÿ g ∈ Π èìååò âèä

g(λ) =

∞∫
u

eλtdG(t), Reλ = 0, u ≥ −a,

òîãäà äëÿ ëþáîãî β < 0[
g(λ)

λ− β

](−∞,−a]

= g(β)
e−(λ−β)a

λ− β
.

Äîêàçàòåëüñòâî. Èìååì

1

λ− β
=

0∫
−∞

e(λ−β)tdt, g(λ) =

∞∫
u

eλtdG(t), Reλ = 0, u ≥ −a.

Ïðîèçâåäåíèå ïðåîáðàçîâàíèé Ëàïëàñà�Ñòèëòüåñà ðàâíÿåòñÿ ïðåîáðàçîâàíèþ
îò ñâåðòêè:

g(λ)

λ− β
=

∞∫
−∞

eλt
( ∞∫
max(u,t)

e−β(t−y)dG(y)

)
dt.

Äàëåå áåðåì ñóæåíèå âíåøíåãî èíòåãðàëà íà ìíîæåñòâî (−∞,−a]:

[
g(λ)

λ− β

](−∞,−a]

=

∫
(−∞,−a]

eλt
( ∞∫

u

e−β(t−y)dG(y)

)
dt =

= g(β)

−a∫
−∞

e(λ−β)tdt = g(β)
e−(λ−β)a

λ− β
.

Àíàëîãè÷íî ïîëó÷àåòñÿ è äðóãàÿ ëåììà.

Ëåììà 3. Ïóñòü ôóíêöèÿ g ∈ Π èìååò âèä

g(λ) =

v∫
−∞

eλtdG(t), Reλ = 0, v ≤ b,

òîãäà äëÿ ëþáîãî β > 0 [
g(λ)

λ− β

][b,∞)

= g(β)
e(λ−β)b

λ− β
.

Èñïîëüçóÿ ëåììû 1�3, ïîëó÷àåì ñëåäóþùèå ïðåäñòàâëåíèÿ.
Ïóñòü ôóíêöèÿ g(λ) =

∫
(−∞,0]

eλtdG(t) ∈ Π−(0). Òîãäà

[r−1
z+(λ)g(λ)]

[b,∞) =
1

r′z+(λ+(z))

[
g(λ)

λ− λ+(z)

][b,∞)

+
[
ψz+(λ)g(λ)

][b,∞)

=
g(λ+(z))e

(λ−λ+(z))b

(λ− λ+(z))r′z+(λ+(z))
+

[
ψz+(λ)g(λ)

][b,∞)
,

òî åñòü

(Bg)(z, λ) = vz(λ) e
(λ−λ+(z))bg(λ+(z)) + rz+(λ)

[
ψz+(λ)g(λ)

][b,∞)
, (10)
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ãäå îáîçíà÷åíî

vz(λ) = rz+(λ)
((
λ− λ+(z)

)
r′z+

(
λ+(z)

))−1
, z ∈ (1− δ, 1).

Àíàëîãè÷íî èìååì äëÿ g(λ) =
∞∫
0

eλtdG(t) ∈ Π+(0)

(Ag)(z, λ) = uz(λ) e
(λ−(z)−λ)ag(λ−(z)) + rz−(λ)

[
ψz−(λ)g(λ)

](−∞,−a]
, (11)

ãäå

uz(λ) = rz−(λ)
((
λ− λ−(z)

)
r′z−

(
λ−(z)

))−1
, z ∈ (1− δ, 1).

Â ñîîòâåòñòâèè ñ (7) íàì ïðåäñòîèò âîñïîëüçîâàòüñÿ ïðåäñòàâëåíèÿìè (10)�
(11). Ïîñëåäíèå ñëàãàåìûå â ïðàâûõ ÷àñòÿõ ýòèõ ïðåäñòàâëåíèé ñîäåðæàò âû-
ðàæåíèÿ âèäà [ψz±(λ)g(λ)]

A. Â äàëüíåéøåì èõ íóæíî áóäåò îöåíèâàòü. ßâ-
íûå âûðàæåíèÿ ôóíêöèé ψz±(λ) ÷åðåç w

−1
z±(λ) ïðèâåäåíû â ëåììå 1. Îòìåòèì,

÷òî íàðÿäó ñ w−1
z±(λ) ôóíêöèè ψz±(λ) àíàëèòè÷íû ïî ñîâîêóïíîñòè àðãóìåíòîâ

(z, λ) êàæäàÿ â ñâîåé îáëàñòè (ñì. [2]) è, ñëåäîâàòåëüíî, îãðàíè÷åíû ïî ìîäóëþ
íåêîòîðûìè êîíñòàíòàìè, íå çàâèñÿùèìè îò z:

|ψz−(λ)| ≤ K−, |ψz+(λ)| ≤ K+.

Íàïîìíèì, ÷òî âìåñòå ñ êîìïîíåíòàìè ôàêòîðèçàöèè ýòè êîíñòàíòû çàâèñÿò
îò ìàëîãî ïàðàìåòðà: K± = K±(ε) è òåì ñàìûì âîçíèêàåò âîïðîñ î ðàâíîìåð-
íîñòè ýòèõ îöåíîê ïî ìàëûì çíà÷åíèÿì ε. Çàìåòèì, îäíàêî, ÷òî ïðåäñòàâëåíèÿ
(10)�(11) áóäóò èñïîëüçîâàòüñÿ òîëüêî ïðè λ = 0 è z → 1, ÷òî óïðîùàåò ñè-
òóàöèþ. Â äîêàçàòåëüñòâå òåîðåìû 1 ïðåäñòîèò ïðîàíàëèçèðîâàòü èçó÷àåìóþ
âåðîÿòíîñòü ïðè ε → 0. Ôîðìóëà (8) ñâÿçûâàåò âåëè÷èíû ε è h; ñõîäèìîñòü
âûðàæåíèé ïðè ε → 0 ýêâèâàëåíòíà ñõîäèìîñòè ïðè h → 0 è ïîðÿäîê ìàëî-
ñòè ïðè h → 0 ñîâïàäàåò ñ ïîðÿäêîì ìàëîñòè ïðè ε → 0. Íàì áóäåò óäîáíåå
ïðåäïîëàãàòü, ÷òî h→ 0.

Ðàññìîòðèì îöåíêè äëÿ limz→1 rz±(λ). Äëÿ ýòîãî çàïèøåì ñíà÷àëà ðàçëî-
æåíèå ôóíêöèé rz±(λ) ñîîòâåòñòâåííî â òî÷êàõ λ±(z), ïðèíèìàÿ âî âíèìàíèå,
÷òî rz+(λ+(z)) = 0, rz−(λ−(z)) = 0:

rz−(λ) = rz−(λ−(z)) + r′z−(λ−(z))(λ− λ−(z)) + ... = r′z−(λ−(z))(λ− λ−(z)) + ...,
(12)

rz+(λ) = (λ− λ+(z)) r
′
z+(λ+(z)) +

(λ− λ+(z))
2

2
r′′z+(λ+(z)) + . . . . (13)

Ïðîèçâîäíûå ïî λ àíàëèòè÷åñêèõ ôóíêöèé rz±(λ) òîæå îáëàäàþò ñâîéñòâîì
àíàëèòè÷íîñòè. Èç èçâåñòíûõ ñîîòíîøåíèé

rz−(λ) = exp

{
−

∞∑
n=1

zn

n
E (exp{λ(Tn − nε)}; Tn < nε )

}
, Tn = Y1 + . . . Yn,

rz+(λ) = exp

{
−

∞∑
n=1

zn

n
E (exp{λ(Tn − nε)}; Tn ≥ nε )

}
, |z| < 1, Reλ = 0,

íåòðóäíî âèäåòü, ÷òî ïðè ε → 0 ôóíêöèè rz±(λ) è èõ ïðîèçâîäíûå ñòðåìÿòñÿ
ñîîòâåòñòâåííî ê êîìïîíåíòàì ôàêòîðèçàöèè è èõ ïðîèçâîäíûì, ïîñòðîåííûì
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ïî ñëó÷àéíîìó áëóæäàíèþ {Tn}. Ïðè z → 1 âûïîëíÿåòñÿ λ+(z) → h > 0,
λ−(z) → 0, ïîýòîìó èç (12)�(13) ïîëó÷àåì

lim
z→1

rz+(0)) = −hr′1+(h)+
h2

2
r′′1+(h)−

h3

6
r′′′1+(h)+· · · = −hr′1+(h)+O(h2), h→ 0,

(14)

lim
z→1

rz−(λ+(z)) = hr′1−(0)+
h2

2
r′′1−(0)+

h3

6
r′′′1−(0)+· · · = hr′1−(0)+O(h2), h→ 0.

(15)
Àñèìïòîòè÷åñêèå ôîðìóëû (14)�(15) ïîòðåáóþòñÿ â äàëüíåéøåì. Äàëåå, èç
(13) è äîêàçàòåëüñòâà ëåììû 1 ñëåäóåò

ψz+(λ) = r−1
z+ (λ)− 1

(λ− λ+(z))r′z+(λ+(z))
=

=
1

(λ− λ+(z))r′z+(λ+(z)) + (λ− λ+(z))2r′′z+(λ+(z))/2 + ...
− 1

(λ− λ+(z))r′z+(λ+(z))
,

lim
z→1

ψz+(λ) =
1

(λ− h)r′1+(h) + (λ− h)2r′′1+(h)/2 + ...
− 1

(λ− h)r′1+(h)
.

Ïðè h→ 0 èìååì

lim
z→1

ψz+(0) =
1

−hr′1+(h) +O(h2)
− 1

−hr′1+(h)
=

1

−hr′1+(h)

(
1

1 +O(h)
−1

)
= O(1).

(16)
Àíàëîãè÷íî ïîëó÷àåì

ψz−(λ) = r−1
z− (λ)− 1

(λ− λ−(z))r′z−(λ−(z))
=

=
1

(λ− λ−(z))r′z−(λ−(z)) + (λ− λ−(z))2r′′z−(λ−(z))/2 + ...
− 1

(λ− λ−(z))r′z−(λ−(z))
,

lim
z→1

ψz−(λ+(z)) =
1

hr′1−(0) + h2r′′1−(0)/2 + ...
− 1

hr′1−(0)
= O(1), h→ 0.

(17)
Çàìåòèì, ÷òî â ñîîòâåòñòâèè ñ (3)

r1+(λ) = 1−E
(
exp{λχ+}; η+ <∞

)
, r1−(λ) = 1−E

(
exp{λχ−}

)
, (18)

ïîýòîìó, ê ïðèìåðó,

r′1−(0) = −Eχ−, r′′1−(0) = −Eχ2
−,

r′1+(h) = −E(χ+e
hχ+ ; η+ <∞), r′′1+(h) = −E(χ2

+e
hχ+ ; η+ <∞). (19)

Òàêèì îáðàçîì, äëÿ z, áëèçêèõ ê åäèíèöå, ôóíêöèè ψz±(λ) îãðàíè÷å-
íû ðàâíîìåðíî ïî h (è ïî ε) â îêðåñòíîñòè íóëÿ.
Åùå ðàç îòìåòèì, ÷òî ïðèâåäåííûå âûøå ôîðìóëû îäíîâðåìåííî

îáîñíîâûâàþò ñõîäèìîñòü ýòèõ âåëè÷èí ïðè ε→ 0.
Â äàëüíåéøåì ñ ïîìîùüþ ôîðìóë (10)�(11) áóäåò àíàëèçèðîâàòüñÿ

àñèìïòîòèêà ïðè h → 0 âûðàæåíèé âèäà (Ag)(z, λ) è (BAg)(z, λ), åñëè,
â ñâîþ î÷åðåäü, ôóíêöèÿ g èìååò âèä g(z, λ) = ((BA)ke)(z, λ) ïðè ðàçíûõ
k.
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Êàê ñëåäóåò èç (6), ôóíêöèÿ g òàêîãî âèäà ÿâëÿåòñÿ äâîéíûì ïðåîáðà-
çîâàíèåì íàä ðàñïðåäåëåíèåì ïàðû (τ+k , Sτ+k

), ïîýòîìó â ïðåäñòàâëåíèÿõ

(Ag)(z, λ) =

∫
(−∞,−a]

eλydG1(y), (BAg)(z, λ) =

∞∫
b

eλydG2(y),

âåëè÷èíû
∫∞
−∞ |dGi(y)| ïðè êàæäîì k ≥ 0 îãðàíè÷åíû ðàâíîìåðíî ïî

z, è, ðàçóìååòñÿ, ïî ε. Ñëåäîâàòåëüíî, â ýòèõ ñëó÷àÿõ âûðàæåíèÿ âèäà
[ψz±(λ)g(λ)]

A òàêæå îãðàíè÷åíû êîíñòàíòàìè ðàâíîìåðíî ïî ε.

4 Äîêàçàòåëüñòâî òåîðåìû 1

Äîêàçàòåëüñòâî îñíîâûâàåòñÿ íà èñïîëüçîâàíèè êîìïîíåíò ôàê-
òîðèçàöèè (4), ôîðìóë (6) è (7), à òàêæå íà ñâîéñòâàõ îïåðàòîðîâ A
è B, ñîäåðæàùèõñÿ â ïðåäñòàâëåíèÿõ (10)�(11). Âåçäå ïðåäïîëàãàåòñÿ,
÷òî z ∈ (1 − δ, 1) äëÿ íåêîòîðîãî ìàëîãî ÷èñëà δ > 0, ñîãëàñóþùåãîñÿ ñ
óòâåðæäåíèÿìè ëåìì.
Äëÿ ëó÷øåãî ïîíèìàíèÿ ôàêòîðèçàöèîííîé òåõíèêè äîêàçàòåëüñòâà

ðàññìîòðèì íà âðåìÿ íåñêîëüêî äðóãóþ êîíñòðóêöèþ ñëó÷àéíîãî áëóæ-
äàíèÿ ñ ìàëûì ñíîñîì {Sn}, äëÿ êîòîðîãî êîìïîíåíòû ôàêòîðèçàöèè
âåñüìà ïðîñòî íàõîäÿòñÿ â ÿâíîì âèäå.
Ïðåäïîëîæèì, ÷òî

P(X ≥ t) = q exp{−αt}, t ≥ 0,

P(X < t) = r exp{βt}, t < 0, r + q = 1, EX < 0, (20)

òî åñòü ðàñïðåäåëåíèå ñêà÷êîâ áëóæäàíèÿ ÿâëÿåòñÿ äâóñòîðîííèì ýêñ-
ïîíåíöèàëüíûì. Ïîêàæåì, êàê â ýòîé ñèòóàöèè íàéòè êîìïîíåíòû ôàê-
òîðèçàöèè (4). Ëåãêî âû÷èñëèòü, ÷òî

φ(λ) =
rβ

λ+ β
+

qα

α− λ
=
rβ(α− λ) + qα(λ+ β)

(λ+ β)(α− λ)
,

è íàõîæäåíèå íóëåé ôóíêöèè 1−zφ(λ) ñâåäåòñÿ ê ðåøåíèþ êâàäðàòíîãî
óðàâíåíèÿ. Ïðè z < 1 êîðåíü λ−(z) áóäåò îòðèöàòåëüíûì, à λ+(z) �
ïîëîæèòåëüíûì.

1− zφ(λ) = 1− z
rβ(α− λ) + qα(λ+ β)

(λ+ β)(α− λ)
=

(λ− λ−(z))(λ− λ+(z))

(λ+ β)(α− λ)
,

òî åñòü

1− zφ(λ) = Rz−(λ)Rz+(λ), (21)

ãäå îáîçíà÷åíî

Rz−(λ) =
λ− λ−(z)

λ+ β
, Rz+(λ) =

λ− λ+(z)

α− λ
.
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Ïðè z < 1 ôóíêöèÿ Rz+(λ) àíàëèòè÷íà â ïîëóïëîñêîñòè Reλ < α è
îãðàíè÷åíà íà ãðàíèöå, ôóíêöèÿ Rz−(λ) îáëàäàåò àíàëîãè÷íûìè ñâîé-
ñòâàìè â ïîëóïëîñêîñòè Reλ > −β, è îáå îíè íå îáðàùàþòñÿ â íîëü â óïî-
ìÿíóòûõ îáëàñòÿõ ñâîåé àíàëèòè÷íîñòè. Ëþáîå ïðåäñòàâëåíèå âèäà (21)
ïðè Reλ = 0 ñ òàêèìè ñâîéñòâàìè êîìïîíåíò íàçûâàåòñÿ êàíîíè÷åñêîé
ôàêòîðèçàöèåé ([15, ãë. 12]) è åãî êîìïîíåíòû îïðåäåëÿþòñÿ îäíîçíà÷íî
ñ òî÷íîñòüþ äî ìíîæèòåëÿ, âîçìîæíî çàâèñÿùåãî îò z. Ïðåäñòàâëåíèå
(4) òîæå ÿâëÿåò ñîáîé êàíîíè÷åñêóþ ôàêòîðèçàöèþ ïðè |z| < 1. Ýòî
îçíà÷àåò, ÷òî ïðè íåêîòîðîì ìíîæèòåëå c = c(z) èìååò ìåñòî

Rz+(λ) = c rz+(λ), Rz−(λ) = c−1rz−(λ).

Óñòðåìëÿÿ λ → ∞ â îïðåäåëåíèè rz−(λ), óáåæäàåìñÿ, ÷òî â äàííîì
ñëó÷àå äîëæíî âûïîëíÿòüñÿ c(z) ≡ 1.
Íåòðóäíî âû÷èñëèòü, ÷òî â íàøèõ óñëîâèÿõ h = −αβEX.
Ïðîñòûìè âû÷èñëåíèÿìè óáåæäàåìñÿ, ÷òî äëÿ ñëó÷àéíûõ áëóæäàíèé

ñ óñëîâèåì (20) â ïðåäñòàâëåíèÿõ (10)�(11) èìååò ìåñòî |ψz±(λ)| ≡ 1,

ïîýòîìó âûðàæåíèÿ [ψz+(λ)g(λ)]
[b,∞) è [ψz−(λ)g(λ)]

(−∞,a] â ýòèõ ôîð-
ìóëàõ îòñóòñòâóþò çà ñ÷åò ñðåçîê íà ñîîòâåòñòâóþùèõ óðîâíÿõ ïðè
b > 0, −a < 0, òî åñòü

u(z, λ) =
λ−(z) + β

λ+ β
, (Ag)(z, λ) = u(z, λ) g(λ−(z))e

(λ−(z)−λ)a,

v(z, λ) =
α− λ+(z)

α− λ
, (Bg)(z, λ) = v(z, λ) g(λ+(z)) e

(λ−λ+(z))b.

Òàêèì îáðàçîì, â ñîîòâåòñòâèè ñ (10)�(11)

(Ae)(z, λ) = u(z, λ) e(λ−(z)−λ)a,

(BAe)(z, λ) = v(z, λ) e(λ−λ+(z))bu(z, λ+(z)) e
(λ−(z)−λ+(z))a, (ABAe)(z, λ) =

= u(z, λ) e(λ−(z)−λ)av(z, λ−(z)) e
(λ−(z)−λ+(z))bu(z, λ+(z)) e

(λ−(z)−λ+(z))a,

(BABAe)(z, λ) = v(z, λ) e(λ−λ+(z))bu(z, λ+(z)) e
(λ−(z)−λ+(z))a×

×v(z, λ−(z)) e(λ−(z)−λ+(z))bu(z, λ+(z)) e
(λ−(z)−λ+(z))a,

è òàê äàëåå.
Íàïîìíèì, ÷òî λ−(1) = 0, λ+(1) = h > 0. Ïóñòü H(z) =

v(z, λ−(z))u(z, λ+(z)), òîãäà äëÿ ëþáîãî k ≥ 1

P(N ≥ k) = lim
z→1

((BA)ke)(z, 0) = dk(h) e−kh(a+b) = P(hN ≥ kh),

ãäå îáîçíà÷åíî

d(h) := H(1) = v(1, 0)u(1, h) =
α− h

α

β

β + h
.

Ïîëàãàÿ t = kh, ïåðåïèøåì ïîëó÷åííîå ðàâåíñòâî â âèäå

P(hN ≥ t) = d t/h(h) e−t(a+b).
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Îñòàåòñÿ çàìåòèòü, ÷òî ïðè h→ 0

log dt/h(h) =
t

h
log

(
α− h

α

)
+
t

h
log

(
β

β + h

)
=

=
t

h
log

(
1− h

α

)
+
t

h
log

(
1− h

β + h

)
= −t

(
1

α
+

1

β

)
+O(h).

Òåì ñàìûì ïîëó÷åíî ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 1. Ïóñòü âûïîëíåíî (20), òîãäà äëÿ âñåõ t ≥ 0

P(hN ≥ t) = exp

{
− t

(
a+ b+

1

α
+

1

β

)}
+O(h), h→ 0.

Äàëåå, ïóñòü ïî-ïðåæíåìó âûïîëíåíî (1), X = Y − ε, ε > 0 è âû-
ïîëíåíî óñëîâèå (A). Ñíà÷àëà ðàññìîòðèì âåðîÿòíîñòü P(N ≥ 1) =
limz→1(BAe)(z, 0). Èìååì â ñèëó (10)�(11)

(Ae)(z, λ) = uz(λ) e
(λ−(z)−λ)a+ rz−(λ)

[
ψz−(λ)

](−∞,−a]
, (BAe)(z, λ) =

= v(z, λ) e(λ−λ+(z))b

(
u(z, λ+(z)) e

(λ−(z)−λ+(z))a+rz−(λ+(z))
[
ψz−(λ)

](−∞,−a]

λ=λ+(z)

)
+

+ rz+(λ)
[
ψz+(λ) (Ae)(z, λ)

][b,∞)
. (22)

Îáîçíà÷èì, êàê è ðàíåå, H(z) = v(z, λ−(z))u(z, λ+(z)), è ïóñòü

d(h) = H(1) = v(1, 0)u(1, h)).

Ïîêàæåì, ÷òî ýòà âåëè÷èíà îòäåëåíà îò íóëÿ ïðè ìàëûõ h.

Ëåììà 4. Â óñëîâèÿõ òåîðåìû 1 ïðè h→ 0 èìååò ìåñòî ñîîòíîøåíèå

d(h) = 1− ρ h+O(h2), ρ =
E(χ2

+; η+ <∞)

2E(χ+; η+ <∞)
+

Eχ2
−

2E|χ−|
. (23)

Äîêàçàòåëüñòâî. Èç (12) ñëåäóåò

v(z, λ−(z)) =
rz+(λ−(z))

(λ−(z)− λ+(z)) r′z+(λ+(z))
= 1+

(λ−(z)− λ+(z)) r
′′
z+(λ+(z))

2 r′z+(λ+(z))
+. . . .

Êàê è âûøå, ïðèìåíèì ñîîòíîøåíèÿ (18) è (19), ïîëó÷àÿ â èòîãå

v(1, 0) = 1−
hE(χ2

+e
hχ+ ; η+ <∞)

2E(χ+ehχ+ ; η+ <∞)
+O(h2) =

hE(χ2
+; η+ <∞)

2E(χ+; η+ <∞)
+O(h2).

(24)
Àíàëîãè÷íî ïîëó÷àåì èç (12) è (18)

u(z, λ+(z)) =
rz−(λ+(z))

(λ+(z)− λ−(z)) r′z−(λ−(z))
= 1+

(λ+(z)− λ−(z)) r
′′
z−(λ−(z))

2 r′z−(λ−(z))
+. . . ,

u(1, h)) = 1 +
h r′′1−(0)

2 r′1−(0)
+ · · · = 1 +

hEχ2
−

2Eχ−
+O(h2). (25)

Èç (24) è (25) ñëåäóåò óòâåðæäåíèå ëåììû. □
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Òåïåðü èç (22) âûâîäèì

P(N ≥ 1) = lim
z→1

(BAe)(z, 0) = d(h) e−h(a+b)

+v(1, 0) e−hb lim
z→1

rz−(λ+(z))
[
ψz−(λ)

](−∞,−a]

λ=λ+(z)
+lim

z→1
rz+(0)

[
ψz+(λ)Ae(z, λ)

][b,∞)

λ=0
.

(26)
Ïðîàíàëèçèðóåì ïîñëåäíèå äâà ñëàãàåìûõ. Â ñèëó (15) è (17) èìååì
ðàâíîìåðíî ïî ε

lim
z→1

rz−(λ+(z))
[
ψz−(λ)

](−∞,−a]

λ=λ+(z)
= O(h), h→ 0. (27)

Äëÿ ïîñëåäíåãî ñëàãàåìîãî â (26) âûâîäèì èç (14) è (16)

lim
z→1

rz+(0)
[
ψz+(λ)Ae(z, λ)

][b,∞)

λ=0
= O(h). (28)

Â èòîãå ïîëó÷àåì èç (26)�(28) ïðè h→ 0

P(N ≥ 1) = d(h) e−h(a+b) +O(h).

Ñäåëàåì òåïåðü èíäóêòèâíîå ïðåäïîëîæåíèå: ïóñòü äëÿ íåêîòîðîãî k ≥
1 âûïîëíåíî

P(N ≥ k) = lim
z→1

((BA)ke)(z, 0) = dk(h) e−kh(a+b) +O(h). (29)

Ïîêàæåì, ÷òî ýòî ñîîòíîøåíèå âûïîëíÿåòñÿ äëÿ k + 1.
Èòàê, îïÿòü â ñèëó ñîîòíîøåíèé (10)�(11)

(BA(BA)k)(z, λ) = v(z, λ) e(λ−λ+(z))bu(z, λ+(z)) e
(λ−(z)−λ+(z))a(BA)k(z, λ+(z))+

+v(z, λ) e(λ−λ+(z))brz−(λ+(z))
[
ψz−(λ)(BA)

k(z, λ))
](−∞,−a]

λ=λ+(z)
+

+rz+(λ)
[
ψz+(λ)A(BA)

k(z, λ))
][b,∞)

.

Êàê è â (27) è (28), èìååì ðàâíîìåðíî ïî ε

lim
z→1

rz−(λ+(z))
[
ψz−(λ)(BA)

k(z, λ))
](−∞,−a]

λ=λ+(z)
= O(h), h→ 0,

à òàêæå

lim
z→1

rz+(0)
[
ψz+(λ)A(BA)

k(z, λ))
][b,∞)

λ=0
= O(h).

Ïîýòîìó â ñîîòâåòñòâèè ñ èíäóêòèâíûì ïðåäïîëîæåíèåì

P(N ≥ k + 1) = lim
z→1

((BA(BA)k)(z, 0) =

lim
z→1

v(z, 0)u(z, λ+(z)) e
−λ+(z)b+(λ−(z)−λ+(z))a×

×
(
(BA)k(z, λ+(z)) + rz−(λ+(z))

[
ψz−(λ)(BA)

k(z, λ))
](−∞,−a]

λ=λ+(z)

)
+

+rz+(0)
[
ψz+(λ)A(BA)

k(z, λ))
][b,∞)

λ=0
= d(h)e−h(a+b)

(
dk(h) e−kh(a+b)+O(h)

)
+O(h)

= d(k+1)(h)e−(k+1)h(a+b) +O(h).
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Òåì ñàìûì óñòàíîâëåíà ñïðàâåäëèâîñòü ôîðìóëû (29) äëÿ âñåõ k ≥ 1.
Èç íåå âûâîäèì ïðè t = kh

P(hN ≥ t) = dt/h(h) e−t(a+b) +O(h),

è äàëåå, ïðèìåíÿÿ ôîðìóëó (23), ïîëó÷àåì

log dt/h(h) =
t

h
log(1− ρh+O(h2)) = −ρt+O(h), h→ 0.

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ïðåäëîæåíèå 2. Ïóñòü âûïîëíåíî óñëîâèå (A). Òîãäà äëÿ t ≥ 0

P

(
hN ≥ t

)
= e−t(ρ+a+b) +O(h), h→ 0. (30)

Íàïîìíèì, ÷òî O(h) = O(ε) è çàïèøåì (8) â âèäå

h = 2ε/σ2 +O(ε2), ε→ 0.

Òîãäà (30) ìîæíî ïåðåïèñàòü:

P

(
2ε

σ2
(1+O(ε))N ≥ t

)
= P

(
2ε

σ2
N ≥ t

1 +O(ε)

)
= e−t(ρ+a+b)+O(ε), ε→ 0.

Îòñþäà ñëåäóåò (2). Òåîðåìà 1 äîêàçàíà.
Çàìå÷àíèå. Êàê îáîçíà÷åíî âûøå, ÷èñëî ρ = ρ(ε) îïðåäåëÿåòñÿ ïî

ñëó÷àéíîìó áëóæäàíèþ {Sn}. Îáîçíà÷èì ρ(0) ýòó æå õàðàêòåðèñòèêó,
âû÷èñëåííóþ ïî ñëó÷àéíîìó áëóæäàíèþ, ïîðîæäåííîìó ïîñëåäîâàòåëü-
íîñòüþ {Y1, Y2, . . . } ñ íóëåâûì ñíîñîì. Â óñëîâèÿõ òåîðåìû 1 ïðè ε → 0

èìååò ìåñòî ñõîäèìîñòü ρ→ ρ(0). Äåéñòâèòåëüíî, ââåäåííûå ïî ïîñëåäî-
âàòåëüíîñòè {Sn} ôóíêöèè ðàñïðåäåëåíèÿ

P(χk
+ < x ; η+ <∞) è P(|χ−|k < x), k = 1, 2,

ïðè ε → 0 ñëàáî ñõîäÿòñÿ ê àíàëîãè÷íûì ðàñïðåäåëåíèÿì, âû÷èñëåí-
íûì ïî ñëó÷àéíîìó áëóæäàíèþ, ïîðîæäåííîìó ïîñëåäîâàòåëüíîñòüþ
{Y1, Y2, . . . }, ýòî ñëåäóåò, â ÷àñòíîñòè, èç [14, òåîðåìà 1]. Äëÿ ñõîäèìî-
ñòè ìîìåíòîâ ýòèõ ðàñïðåäåëåíèé äîñòàòî÷íî óáåäèòüñÿ, íàïðèìåð, â
íàëè÷èè ðàâíîìåðíûõ ïî ε ìàæîðàíò äëÿ ñîîòâåòñòâóþùèõ ìîìåíòîâ
ïîðÿäêà k + 1. Çäåñü ïîìîãóò íåðàâåíñòâî À. Ìîãóëüñêîãî [14, òåîðåìà
2]

E |χ−|k+1 ≤ k + 2

k + 1
· E |X|k+3

E |X|2
,

ïðàâàÿ ÷àñòü êîòîðîãî îãðàíè÷åíà ðàâíîìåðíî ïî ε, è îöåíêà [3, ãë. 4,
òåîðåìà 10]

P(χ+ ≥ x | η+ <∞) ≤ c1P(X ≥ x) + c2

∞∫
x

P(X ≥ t)dt,

êîòîðàÿ âëå÷åò ðàâíîìåðíóþ ïî ε îöåíêó äëÿ E(χk+1
+ | η+ <∞). Â ýòîì

íåðàâåíñòâå êîíñòàíòû c1 è c2 ðàâíîìåðíî îãðàíè÷åíû ïî ε.
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Àâòîð âûðàæàåò ñâîþ áëàãîäàðíîñòü Â.È. Âàõòåëþ è À.È. Ñàõàíåíêî
çà ðÿä ïîëåçíûõ çàìå÷àíèé, íàïðàâëåííûõ íà óëó÷øåíèå ðàáîòû.
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