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O mepexoaHbIX SABJIEHUAX B OJHOI TPAaHUYHON 3aja4e JIjid
CJay4daiHbIX OJTyKJaHni '

B.N. JIoTos

Annoraius

Jlokazana mpenesbHad TeOpeMa i PACIpeieIeHus INC/Ia MepecedeHnii T0T0CH
TPAEKTOPUAMHU CJAYIANHOTO OJIYKIAHUSA C MATBIM CHOCOM.

KurrodeBnie cjroBa: npejie/ibHble TEOPEeMbl, IDAHUYHbIE 33/1a91 JIJI5 CIy YallHbIX OJIY 2K TaHuil,
daKTOPU3ANUOHHBIN METOJ, YUCJIO0 MEPECEUCHU TTOJI0CHI, TEPEXOIHbIE STBJICHUI.

1 Bsenenme. IlocTanoBka 3agaun

IIycts Y, Y7, Ys, ... — mocae1oBaTe IbHOCTD HE3ABUCHMBIX OJTUHAKOBO PACIIPEICTCHHBIX
CJIy4alHbIX BEeJAUYUH, IIPAYCM

EY =0, EY?=¢%>0. (1)
Mg e > 0 BBeieM HOBYIO MMOCJIeT0BATEIBHOCTD
X:X(€):Y—€, Xk:Xk(€):Yk—€, kzl,

U yCTh

3

k=

[y

Beenem B paccmorpenme cayuaitnyio Bemuuanny N = N(€), paBHYIO YHCIY Hepece-
YeHuil CHU3Y BBEpPX HmOJOCHl —a < y < b Ha KOOPAMHATHOI ILJIOCKOCTU TOYEK (T,%)
TpaekTopueii caygaiinoro oayxaauus {(n,S,(¢)),n >0}, —a<0<b.

JIJ1s1 5TOrO ONPENe MM CHAYAIa MOMEHTHI OCTAHOBKH (BO3MOYKHO, HECOOCTBEHHbBIE):

=17 =0, 77 =inf{n>7",:5,<—-a}, " =inf{n>7:5,>b}, i>1

)

[Tonaraem Bcerma inf @ = oo.

Ouesuuno, P(N(e) > k) = P(1, < o0).

[esb jgannoil paboThl COCTOMT B M3YyYCHUHU NPEAETHHOIO MOBEJACHUS DPACIPEICJICHMIS
caydaiinoit Besmaunbl N (€) mpu yeaosun, 9to € — 0.

HaxoxkieHne TOYHBIX (hOpPMYJI JJIg paciupeie/eHnil pa3IudHbiX (DYHKIUOHAIOB, CBs-
3aHHBIX C MOMEHTOM JIOCTHUZKEHHsI TPAEKTOPHE CAyYaidHOro Gy KIaHKd OUPeIeJeHHBIX
IPAHUIL, JOCTYIIHO TOIBKO JJIg HEKOTOPBIX YACTHBIX cATyarui. i Gy aanuii obImero
BUJIA TIPUXOIUTCH JOBOJBCTBOBATHCH PA3JMIHBIMU AINIPOKCUMAIAAMEI HCKOMBIX PACIpe-
nenennit m ux xapakrepuctuk. OQHEM n3 CIOCOOOB MOCTPOCHHS TAKHUX ANITPOKCUMAIHIH
SIBJISETCS MCIOJIb30BAHUE IIEPBBIX WIEHOB aCHMITOTUYECKUX PA3JIOXKEHUil HYy?KHBIX pac-
npejieeHnii B paMKax MOIXOASIIEr0 METOIa aCHMITOTHIECKOrO aHa u3a. MoxKHO, HallpH-
Mep, PACCMOTPETh CXeMY CepHil ¢ YMEHBINAIOIMUMUCA PA3MEPaMU CKAYKOB OJIYKIAHUS.
Ha stom myru B |1] Haiimena acuMuToTuKa BepOSITHOCTH HMOIJIOIIEHUST B 33/a9€ ¢ JIBYMS

!Pabora BLINOMHEHA HPH HOEp:KKe IPOrpaMMbl (PYHIAMEHTATLHLIX HayIHLIX nccaegopammii CO

PAH (upoekr FWNF-2022-0010).



HPAMOJTUHERHBIME TpaHunaMu. JIpyroii moaxo mpeJnoiaraet, 9To pacupeaeneine cKad-
KOB OJIy:KJIaHUsI OCTAeTCs HEM3MEHHBIM, HO aCUMITOTHYECKHE PEe3YILTATHI MOJIYIaI0TCS
[IpU yCJIOBUU HEOTPAHUYEHHOIO V/IAJEHUSI I'PAHUIl. ITOMY IMOJIXOY IMOCBSIIIEHO OTPOM-
Hoe 4ucyo pabor. g ciaydaliubix OJIyzKIaHuil ¢ NpAMOJIUHEHHBIMUA TDAHUIIAMH BEChbMa
3deKTUBHBIM OKa3a/ICcsa (DAKTOPUSAMMOHHBI METO/, Oy YeHUsT aCUMITOTHIECKUX Pa3-
J02KeHui, pazpaboranubiit A.A. BopoBKoBbIM [2| U mosyuuBIIMil JabHeIEe pA3BATHE B
paborax ero mocjeaoBaTeseit.

Eme ogua BO3MOXKHBI METO/ aCHMITOTHIECKOTO aHAJIN3a B IPAHUYHBIX 33/[a9aX OC-
HOBBIBAETCSI HA, MPEJIIOJIOKEHUN, 9TO CHOC CJAYIAfHOTO OJIYKIAHHS CTPEMUTCS K HYJIIO.
N3BecTHO H0cTaTOYHO OOJIBINTOE YUCAO0 MyOJUKAINH, B KOTOPBIX HM3YyYaeTCd ITPeJIe/ibHOe
HOBEJICHHE PA3JIUYHBIX (DYHKIMOHAIOB OT TPACKTOPHil CaydalHOro OJyK/IaHUd B TOMH
cuTyarud. TeopeMbl TAKOro cOpTa OOBIYHO OTHOCAT K HCCICJOBAHUIO IEPEXOIHBIX SIBJIE-
uuii. [Tosy4uennble HA 9TOM MYTH Pe3YIbTATHl YACTO UCIOJIb3YIOTCS M1 OMUCAHUS (DYHK-
[UOHUPOBAHKUS CUCTEM OOC/IY’KUBAHUSI B YCJAOBHSX OOJIBINON HATPY3KH, CM., HAIIPUMED,
[3, §24] u Gubanorpaduaeckue 3aMedanns TaM.

N3zydenuio pacipeaeeHus YUCia HepecedeHnil MoI0Chl TaAK2Ke MOCBAIIEHO 3HAUUTEb-
HOoe 4ucJo mybaukamuit. Haunem mepeducienue ¢ m3BecTHOro HepaBencTBa Jlyba s
OJlyMapTUHTAIOB [4, ri. 7, Teopema 3.3|. OueHKN B Buje HEPABEHCTB JJIsl PACIIpe/Ie-
JIGHHUSI YMCJIA NMEPeCeYeHUil MOJIOChl TPACKTOPUIMHU CJIy4afiHOTO OJIyzKIaHus HalJIeHbl B
[5]. Tounbie dboOpMysnbl 115 ITOrO pacHpeneeHns U3ydanauch B [6] ais 1mesodncaieHHbIX
CAYyYalHBIX OJIyKJAHUN C TeOMeTPUYCCKUMHE PACIpe/Ie/IeHUAMI CKAYKOB Ha HMOJIyocdax. B
[7] npuBenensl npejacrasienus pepositHocteit P(N > k) B TepMuHax wrepanuii HEKOTO-
PBIX OIIEPATOPOB, CBI3AHHBIX ¢ KoMnoHenTamu dakropusannu byuxinn 1 —zEexp{\ X},
TaM K€ YCTAHOBJIEHO aCUMITOTHYECKOe MOBEJIEHNE ITONH BEPOSATHOCTH IIPH YCIOBUHU, UTO
0Ji0ca Oe3rpaHUvYHO PACIIUPIETCHd W BBITOJHEHO ycjaoBue Kpamepa Ha pacipejie/ieHue
CKAYKOB paccMaTpuBaeMoro OiyKaanus. B [8| Haiigensl acuMnToTnyueckue mpeacrapie-
aust it P(N > k) npu Apyrux orpaHudeHnsX Ha CKOPOCTh yObIBaHUsT HA GECKOHEYHOCTH
pacipeeeHnss CKauKoB ciaydaiinoro oayxkaanus. B ycmosusax Kpamepa npu EX = 0
JIUTSE pacIpe/ie/IeHnsl 9UCJ1a HePECedeHnil 0I0Ch Ha KOHETHOM HEOIPDAHUYEHHO PACTYIIEM
MHTEepBaJie BpeMeHNd B |9] HallieHbl MOJTHbIe ACHMITOTHIECKHE PA3JIOKEHNs, €CIH IUPHHA,
MOJIOCHI PACTET COTJIACOBAHHO C PACCMATPUBAEMBIM WHTEDBATIOM BpPeMeHH. AHAJIOTH TUX
Pe3yJIbTaTOB HalieHbl TaKKe Jist Oy KIaHuil, 3ajaHHbiX Ha rmenn Mapkosa [10].

fcro, 94To 0bIIee YHCTIO TepecedeHuil MoJa0Ch OyaeT HeOrpaHUuYeHHO BO3PACTATh, €C-
JIN YCTPEMUTDb K HYJIIO CHOC cIydaiinoro onyxkaanusd. [Ipenenbroe pacupeiesienue 9ucia
nepecevdeHnil OJI0CH IPU CXOUMOCTH K HYJII0 CHOCA MOIY9YeHO B [6] 115 e I0InCIeHHBIX
CaydaiiHbrx OTyKIaHUN C JABYCTOPOHHUM TE€OMETPUYECKHM pPaCHpeseleHneM CKadKoB. B
HacTodIell paboTe OyIeT Moy YeH aHAJOTHIHBIH Pe3yJIbTAT JIjIsd JIPYTOro, BeChbMa MUPOKO-
ro KJjacca caydaiusix O1y»kpanuii. VcenepoBanue OyaeT MPOBOJUTHCS € UCIIOIL30BAHAEM
paszpaboTanHoil panee paKTOPU3AMUOHHON TEXHUKH.

2 ®opMyJaupPOBKA OCHOBHOTO Pe3yJbTaTa

O6osraamm P(A) = Ee?Y, p(A) = Ee* = ¥(\) e ™™ u BBemem B paccmorpenme
yenosue (A), BRIIOUAIOIIEe CIepyIONHe IBA TYHKTA.

(A;) Pacupenenenne Y comepKuT abCOTIOTHO HEMTPEPHIBHYK) KOMIOHEHTY.

(Ay)  Hast mekoroporo v > 0 soinosasiercss () + (=) < oo.

[TonoxuM TaxKe

ny =min{n >1: S, > 0}, n- =min{n >1: S, <0},



1 MyCTh
)= E(x%; n <o) | Ex2
2E(x+; ny <o0)  2E[x-|

X+ = Sni>

OTMmeTHM, 9TO BBe/IeHHBIC BeJUIHHBI 3aBUCAT OT €. CyIecTBOBAHUEe MOMEHTOB, BXOAAIMINX
B OIIpeJIeIeHIe BEJININHBI p, ObecednBaeTcs yeaosueM (As).

Teopema 1 Ilycmo das cayuatinot seaununn Y, esedennots 6 (1), swnoaneno ycaosue
(A). Tozda das xasicdozo t > 0

2e N
p( e zt) _ ) L O), >0, e 0, (2)
ag

3 IlIpeaBapurejibHbIE CBeJIeHUM

Jlnst mocste iy oImux T0Ka3aTeIbCTB HaM noTpebyercs psa ceenenuii us [2], [11].
Iycrs mas |z| < 1, Red =0,

r.ae(\)=1—E (z"i exp{A\x+}; n+ < oo). (3)
XopoIo u3BeCTHO cJrenyoree mpeacrasienue (bakropusanusa Bunepa—Xonda):
TN (A)=1—2p(N\), |2/<1, Rex=0. (4)

[Tpu BbmosiHeHNN yeaoBust (Ay) dakTopu3aoHHOe TOXKIECTBO (4) crpaBeinBo U B
6ostee mupokoit obmactu —y < Re\ < 7. @ynknus r,, (\) aBIgeTCS AaHATHTAICCKOH MO A
npu Rel < v, |z| < 1. AHAJTOrHYIHBIM CBOUCTBOM B TOJIYILIOCKOCTH Rel > —v obuiamaer
r,—(A). g dbyuknuii 7,4 (\) n3BecTHB U ApyrEe hOPMYJIHL.

Obo3uaunm depes I muO)kecTBO DyHKIMIT ¢, UMEIOMIUX BU/T

g(\) = / eMdG(y), Re) =0, / |[dG (y)| < oo. (5)

Kaxk u B [13], BBemem omeparopsl A u B coepyomum 06pa3om.
s Besikoii dyukimun g € I1 nomoxkum no onpegesnennto npu |z| < 1, Red =0

(Ag)(z,A) = ro (W) [r(N) g(N)] T,

(Bg)(,A) = ros N[22 g(V)] ™,

rie IpUHATO 0003HAUEHHUE
by D
[ mac)]| = [evac
D

—00

Jist ioboro uzmepumoro D C R. Ecau Beinosiaeno yeaosue (Ap) u |z| <1, Red =0, o
bynxman 7,1 (\) TakzxKe gomycKaoT mpeacTapaenns suaa (5) (em. [2]). OyHKIHMA ¢ B 9TOM
ONpeJIeJIEHIU MOZKET 3aBUCETh OT 2. 3aMETHM, UTO TaK OIPEJE/IseMble OLePATOPbI CAMU
3aBUCAT OT 2z, HO JijIsl KPATKOCTH TO HE MOJYepPKUBaercst B ux obosnauenusx. O6gacrb
JOMYCTHMBIX 3HAYEHHII 2 U A B 9TOM OILPEJICJCHUH MOXKET ObITh PACIINPEHA, €CIU ITO
O3BOJIAIOT CEIATD IpejcTaBicnus suga (5) aig dynkmmit ri ().
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ITosoxkum g Bedroro t € R
Ny (t) =min{n >1: S, > t}, n-(t) =min{n > 1: 5, <t},  xa(t) = Sy,

Ussectro ([12], [13]), 9To BBeACHHDbIE OMEPATODPHI MO3BOJSIOT BBIPA3UTD Yepe3 HHX JBOM-
HbIe TpeoOpa30BaHUS HAJ COBMECTHBIMU PaCIpeIe/IeHUSIMA TIap (n+(b), Sy +(b)) n
(n-(=a), Sy (~a)), & mMenHo:

E (an(_a) GXP{)\Sn_(—a)}Q n_(—a) < OO) = (A@)(Z,)\), |Z| < 1, Re)\ Z O,

E (zm(b) exp{ASy, ) }; n(b) < o0) = (Be)(z,A), |2] <1, ReA <0,

3j1eCh UpUHATO 0003HaueHue e(A) = e(z,\) = 1.

Kpowme toro, B |7| ycranoBien GoJiee OO Pe3yabTAT, COCTOSIMA B CJIEAYIOMIEM.
JIJ1s1 TPOM3BOJILHOTO MOMEHTA OCTAHOBKH 1 > () (BO3MOXKHO, HECOOCTBEHHOI0) Ha COOBITHH
{v < oo} BBOmATCA Caydaiinble BeTHIHHDL

vi(b)=inf{n>v: S, >b}, v_(—a)=inf{n>v: S, <—-a}.

Oryimane OT NpPeIBIIYIHX PACCMOTPEHHU COCTOUT B TOM, UTO 3/1€Ch ONPE/IeIII0TCI MOMEH-
Thl JIOCTUXKEHUHA COOTBETCTBYIONINX YPOBHEH BIepBble He [MoC/Ie HYJIA, a [10CJIe HEKOTOPOTO
MPOM3BOJBHOTO MOMEHTA OCTAHOBKHY V. DTa KOHCTPYKIUS MOTPEOYETCs TP PACCMOTDEHUT
YHCIa IepecedeHnit oJI0Ckl CHU3Y BBePX. JleficTBUTEIBbHO, TepecedeHns MoJI0Chl (DOPMH-
PYIOTCS CJIeYIOIUM 00pa30M: MBI JOJKHBI CHada I8 00eCHednTh B MOMEHT T; JIOCTHZKe-
HUe HUZKHel IpaHulbl TpaeKTopueil, HauuHaroleicd B HyJje, IocjIe 4ero paccMarpuBaeM
CJEIYIONIYIO 9aCTh TPAEKTOPHUH, KOTOPasd yKe HAUNHAeTCd B CAyYailHBIH MOMEHT T, . IDTa
YaCTh TPACKTOPUH JIOJKHA JaJiee JOCTUTHYTH BIIEPBble BEePXHIOIO TPAHUILY HOJIOCHL B MO-
MEHT BpeMeHU 7'1+ , KOTOPBIi 3aTeM dBJIeTCd CTapTOBOl TOUKOM AJisl HOC/IeAyolell yacTu
TpaeKTOpUU, UAYIIEH K HUXKHEN rpanune, 1 T..1.
[Iyctn
g(z,\) = E(2" exp{\S, }; v < 00).

Crenyroiee yTBepzKIeHne TOJYIeHo B [7].
Teopema 2 Jlaa |z| <1 u Rel = 0 cnpasedauso
B (20 exp{AS, (o} v (—a) < 00) = (Ag)(z, ),
E (z”+(b) exp{AS,, i }; v4(b) < 00) = (Bg)(z,\).
[Tpumensist 91y Teopemy, cpa3y ke nojydaem 1upu |z| <1 u ReA =0

E (le— exp{AS -}y < oo) = (Ae)(z, N),

E (zﬁ* exp{AS,+ ;i < oo) — (BAe)(z,\),

E <275 exp{AS - }7y < oo) = (ABAe)(z, N),

" TaK jajee, TO ecTh npu Jawdom k > 1

E (zTij exp{)\STJ};T,j < oo) = ((BA)*e)(z, \), (6)



3JIeCh CTEIeHb OllepaTopa IMOHUMaeTcd KakK cynepno3uius. Takum odpaszom,
P(N(e) > k) = P(r;} < o0) = hrq((BA)’fe)(z, 0). (7)

Pagencrso (7) Takzke ormedeHo B [7], u 910 coorHomenue 6yaeT OCHOBOI JJist JaJbHeHIIx
pPaccMOTpEHA I

OTmeTnM, 9TO UpU BHIMOIHEHUH yeaoBus (As) dbynkmnusa ¢(\) na uarepsane —y <
A < v Beinykaa Bau3, @(0) =1, ¢'(0) <0, ¢¥(v) > 1. [Ipu wekoropom § > 0 u npu Beex
JOCTATOYHO MAJIbIX £ BHITOJHIAETCS TaKyKe HEPABEHCTBO

zo(y) =z2(y)e " >1, ze[l—941].

[ostomy dyuxmus 1 — zp(A\) = 1 — 2¢0()\) e™* umeeT POBHO JBa BEIIECTBEHHBIX HYJIs
Ai(z), z € [1=46,1], A (2) < Ai(2). U3 ycaosuii (Ay) mw EX < 0, oueBugno, cie-
ayer A_(1) = 0, h := A (1) > 0. Hynn dbynkumn 1 — zp(A\) pacnpegessorcs MexK Ly
KOMIIOHeHTaMH (DAKTOPHU3AIMH CJICIYIOIMIHM 00Pa30M:

ra (A (2) = (A_(2)) = 0.

Besnanubl AL (z) GyayT Urparh BaKHYIO POJIb B MOCJAELYIONIAX PACCMOTPEHUSIX.

Ilycts my, = EX* ¢ = —m; > 0. 13 reomeTpudecKux coobpazKeHHil fCHO, 94TO
h = h(e) — 0, ecim € — 0. Bostee Toro, uncsia h u € CTpeMATCA K HYJIIO OJHOBPEMEHHO.
JleficTBUTEIBLHO, U3 PA3I0KEeHUT

2 2
1= p(h) :w(0)+h¢’(0)+3¢”(0)+---:1—h€+7m2+...
CJIesIyeT
2 2
e="2nvo0) =2  om?), h—o. (8)

Do o3HaUaeT TakzxKe, 9To Besmuanna o(1) mpu h — 0 omHOBpemenno ecth o(1) mpu € — 0
1 Ha00OOPOT.

Acummrorudeckoe nmoseieHne omepaTopos A u B ipu a — 00 u b — 00 COOTBETCTBEHHO
uccaegosano B [11], [13]. dast uceaenoBanust aCHMITOTHKH 9THX OMepaTopos mpu £ — ()
IpUBEJIEM AHAJIOIH BCIIOMOraTeIbHBIX JeMM u3 [11], mpenosiarast BBIIOJTHEHHBIM YCIOBHE
(A) m EX < 0. g mamumx mesieil 10cTaTodHo OyAeT OTPAHUYUTHCS PACCMOTPEHHEM
BEIIeCTBEHHBIX 3HadeHuit 2 € (1 — 0, 1) npu mHekoropom masiom 6 > 0.

Urak, ais npoussosbHoro t € R, caenys 2], BBeeM MHOKecTBa

() ={g9(A) : g(A+1) €11},

H_<t>:{g<A>eH<t>: = [ acu) Rexzt},

(—00,0]
I, (t) = {g()\) cll(t): g\ = / e dG(y), Rel= t}.
([0,00)

JIemma 1 ([11]) Cywecmsyem § > 0 maxoe, wmo dasn z € (1 — §,1) cnpasedauen. nped-
CMABAEHUA

() = (A= A2, (s () + s (V),
6 komopvix P+ (A) € ML (AL(1) £ 64) daa nexomopux dL > 0.
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HokazareabcTtBo. OOo3HaYHM

() = Oy - I=AE S, )

D1u GyHKIUE 1pu HEKOTOPHIX § > 0, 04+ > 0 obecreunBaOT KAHOHUIECKYIO V—(haKTOpH3aINio
(em. [2]) dyukuun

(L—2pM)A+y+ DA =y =1
A=A (2= (2) = W, (A)w,—(A)

npu z € (1 —6,1), A. — - <ReA < Ay + 64. D10 03HATAET, B YACTHOCTH, UTO

wit(N) € My +64),  wZ(N) e (A —4.).

13 (9) mosyaaem

_ Ad+y+1 _
r(\) = mwzﬁ@)

= wz’i(k) % w;j()\+(z)) + (X — )\+(2))wz_+()‘> —w,, (A(2))

A=A (2)
_ 1 - . wi (N —w (A (2))
R W) A W ES) I A SR A W W 5

1
+ . (N),
P WE W E) R
rae 1,4 () € T (A, (1) + &) mapaay ¢ wi}(\) (em. [2]).
Vrpepxaenne aud v, ' (\) qoKasbBaeTca aHaTormdHo. [

/Z[aﬂee HaM HOTpe6y10TCH cjaeayronige BCrnoMoraTejJibHbIie YTBEPXKACHUA.

Jlemma 2 Ilycmov dynruyus g umeem eud

[e.9]

g(A) = /e”dG(t), ReA =0, u> —a,

u

mozda daa awbozo 3 <0

\ (—00,—d] e—(A—Pa
s = g(B) :
A=p A=p
HokazareabcTBo. Mmeem

0 00
1

—0o0 u

[Ipouseenenne npeodbpazosanuii Jlamiaca—Cruarbeca paBHseTCst TPeodPA30BAHUIO OT CBEPT-

KI: % 7@”( 7 eﬁ(ty)dG(y))dt.

—o0 max(u,t)

asnee Gepem cyzKeHHe BHEIIHEro0 WHTErpaJia Ha MHOXKeCTBO (—o00, —al:
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[%](_MZ / ( 7 e_ﬁ“_y)dG@))dt:g(ﬁ) / e@—mtdt:g(g)@;i ‘;

(—o0,—al w —00

AnaJiornano I[I0JIydaeTCd U Jipyrad JieMMa.

Jlemma 3 Ilyemov dpynruus g umeem eud

g(\) = /eMdG(t), ReA=0, v<b,

—00

mozda dasn awbozo >0

b,00 _
g(\) [b,00) _, )6()\ B)b
A—p A—p0
WNcnonb3yst iemmbl 1-3, mosydaem cjieayolue mpejcTaBieHus.

Iycrs bynkuus g(\) = [ eMdG(t) € I1_(0). Torna

(70070]

[b,00)
Qg = <A1+<z>> [A = (Q(z)} s s

A (2))edAe @)D -
rerne e R LI

TO €CTh
(Bg)(2, ) = v2(A) e g (n(2)) + s () [0 (N g (V)] "7, (10)
rae 0003HAYEHO

1

v(N) =70 A (A=A (2))ri (A (2)) . z€(1—46,1).

Anasornuno nveem gnis g(\) = [ eMdG(t) € 11.(0)
0

(Ag)(2,A) = u.(A) e~ N2g(A_(2)) + 7, () [t (Mg (V)] 777, (11)

rie

w(N) =) (A=A E)r-(-(2) ' ze(1-4,1).

B coorBercrBum ¢ (7) HAM IPEJCTONT BOCHONB30BAThCs mpeacTasaenusyu (10)—(11).
O6a 3TH 1pecTaBIeHUs COAEPKAT OCTATOUHBIE YJIEHBI, BhIPAKEHHbIE B TEPMUHAX (DYHK-
it 1,4 (A) m g(\). B mampmeiitmem ux Hy:KHO OymeT ONEHHBATH. ZIBHBIE BBIPAYKEHUSI
dynxmuii 1,4+ () gepes w L (\) npusesens B aemme 1. Ormerum, uto mapsay ¢ w4 ()
dbyHKIIH 1,4 (\) aHATUTHYIHBI 10 COBOKYITHOCTH apryMeHTOB (2, A) KaxKaas B cBOeil 00-
gacru (eM. [2]) u, ciaeaoBaTebHO, OPPAHIYEHbI 0 MOJLYJII0 HEKOTOPBIMU KOHCTAHTAMHE, He
3aBUCALIMMHU OT Z:

hm (V)| < K-, e (V)] < K.

HaHOMHI/IM, 9TO BMeECTe C KOMIIOHCHTAaMHM CbaKTOpI/I3aHI/H/I ITHU KOHCTAHTBI 3aBHCAT OT Ma-
qoro mapamerpa: Ky = Ki(g) u TeM caMbIM BO3HHKAET BOIPOC O PABHOMEPHOCTH THX
OIEHOK O MAJIBIM 3HAYCHUSAM €. 3aMETUM, OTHAKO, 4To mpejcTtasienus (10)—(11) Gymyr
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HCII0JIB30BAThCs TOJILKO IpH A = 0 1 2z — 1, 9T0 ymupomniaer curyanuio. B nokasarenbcrse
TeOpeMbl 1 TIPEICTONT MPOAHATHINPOBATH H3YIAEMYIO BepoATHOCTD 1mpu € — 0. Popmyna
(8) cBsI3bIBaET BEJMYMHBL € U h; CXOJUMOCTH BbIpazKeHHH npu ¢ — 0 9KBHBAJEHTHA CXO-
qumvocTr pu h — 0 u mops oK Majgoctu upu h — 0 coBIajaer ¢ MOPAIKOM MaJOCTH MPH
€ — 0. Ham Oyzer ymoOHee cHagaJia mccjieg10BaTh cuTyaimoo, Koraa h — 0.

Pacemorpum onenku s lim, g 7,4 (A). st 9T0r0 3ammmieM cHavajga pasIoKeHHe
dbyukmmit 7,4 (A) COOTBETCTBEHHO B TOUKAX A4 (2), IPUHIMAS BO BHUMAaHHUE, 9TO0 7,4 (A4 (2)) =

0, r,_(A_(2)) =0:
P () = 7o () 7O A = A (2) o = T O (A=A () + s (12)

ree) = (=A@ 0@ + A ey

[TpousBoaabie 10 A aHaTuTHIeCKUX DYHKIMA 7,4 () ToXKe 061a1210T CBOHCTBOM aHA/IN-
TUYHOCTH. VI3 M3BECTHBIX COOTHOIICHHUIT

T, (A) —exp{ Z Eexp{)\ —ne)};Tn<n5)}, T,=Y+...Y,,

r. (N = exp{ Z E (exp{\(T,, —ne)}; T,, > ns)}, |z] <1, Rel =0,

HETPY/IHO BUJIETH, 9TO 1pn € — 0 pyHKIMY 7,4 (\) 1 KX TPOU3BOJHBIE CTPEMATCS COOTBET-
CTBEHHO K KOMIIOHEHTaM (haKTOPH3AIUU U UX HPOU3BOJHBIM, IOCTPOEHHBIM IO CJIyYaiiHO-
my Onyxmanuio {1, }. Ilpu z — 1 Bemmoansiercsts Ay (z) — h > 0, A_(z) — 0, mosromy u3
(12)—(13) momyuaem

lin . (0) = —hr (B) + O(), -0, (14)
lliri r.- (A (2)) = by _(0)+O(R*)  h—0. (15)

Acumnrornueckue dbopmyast (14)—(15) morpebyiores B gaabueiimem. Janee, u3 (13) u
JI0KA3aTe/IbCTBA JIEMMbL 1 Cjiejyer

10 1
R P S WS, P WS
B 1 _ 1
O N V) S VP IS 6 WS WY 5 6 W) Y U 6 WS W ) R O W65 &
1 1

e N = R+ O L2 O R ()

[Ipu h — 0 umeem

1 1 1 1
by 0) = o~ S~ =it (o ) ~ O 09

3aMeTuM, 4TO B COOTBETCTBHH C (3)
rie(A) = 1= E (exp{Ax+}; 7w <00),  711-(\) =1 - E(exp{Ax-}),  (17)
109TOMY

P (h) = ~B(xse™: my <00), ol (h) = ~BOGEN e <o0).  (18)



AHAJIOrHYIHO Oy YaeM

A=A @A) F A= AL ) (A(2)/2 4 . (A=A (@)l (A-(2))]

1 1
hrt_(0) + h2r_(0)/2+ ...  hri_(0)

lim . (A, (2)) = =0(), h—0 (19)

i (0) = —E(x-e"™"), r{_(0) = —E(x* ™).

Taxum obpasoM, s 2, 6iu3KuX K equnuie, byHKIun 1,4 (A) orpaHIYeHbl pABHOMED-
HO 10 h (M 1O £) B OKPECTHOCTH HYJIS.

Eme pa3 orMernM, 9TO NpUBeIEHHBIC BBIIE (POPMY/IL OJHOBPEMEHHO 0OOCHOBLIBAIOT
CXOIUMOCTD 3TUX BeJuduH npu € — 0.

B panbmeitmem ¢ momomnipio dbopmyrt (10)-(11) Oyaer anamn3npoBaThes aCHMITOTHKA
npu h — 0 Beipaxenuit Buna (Ag)(z,\) u (BAg)(z, A), eciau, B cBOWO o4epesib, DyHKITHI
g umeer sug g(z,\) = ((BA)¥e)(z, \) npu pasnbix k.

Kaxk caegyer u3 (6), byHKIMS g TAKOTO BUJA SIBISETCS TBONHBIM MPeoGpa3oBaHUeM
HaJ| paclpe/iejieHueM napbi (7, ST;), HO3TOMY B IIPEJICTABICHUSIX

oo

(Ag)(z.A) = / MG (y),  (BAg)(z, ) = / MG (y).

(—o0,—a] b

BEJIMYNHBI ffooo |dG;i(y)| mpu kaxkmom k > 0 orpaHWdYeHbl pABHOMEPHO MO Z, W, pa3y-

meercd, 110 £. CJiejloBaTe/IbHO, B 9TUX cjyudadx Bbipazkenud Buga [¢,+(N)g(A\)]4 Takuxe
OrPaHUYEHBl KOHCTAHTAMHI PABHOMEPHO IO £.

4 Jloka3aTeJabCTBO TeOpeMbI 1

JloKa3aTeibCTBO OCHOBBIBAETCS HA HUCIOJIb30BaHMU KOMNOHEHT (dakropusamun (4),
dbopmys (6) u (7), a Takxke Ha cBoiicTBax omepatopoB A u B, comeprKammuxcs B Ipeji-
crapienusx (10)—(11). Besage npennomnaraercs, uro z € (1 — 9, 1) 1y1s HEKOTOPOro MaJIOro
gucaa § > 0, COrIACYIOUErocs ¢ yTBEPXKICHUSIME JIeMM.

g myuniero nonuManus (PAaKTOPU3AIMOHHON TEXHUKN JOKA3ATEILCTBA PACCMOTPHM
HA BpeM$S HECKOJIbKO JIPYI'YI0 KOHCTPYKIIUIO CJIy4allHOrO OJIyKJaHUsd C MaJjbIM CHOCOM
{Sn}7 AJIgd KOTOPOT'O KOMIIOHEHTHI CbaKTOpI/I3aLH/H/I BeCbMa ITPOCTO HAXOAATCA B ABHOM BUE.
IIpeamomnoxum, 9T0

P(X >t) = gexp{—at}, t>0,

P(X <t)=rexp{ft}, t<0, r+q=1 EX<O0, (20)

TO €CTh paciipejesieHue CKauYKOB OJIyZKJIaHUs $BJII€TCd JBYCTOPOHHUM 3SKCHOHEHIUAJIb-
ubiM. [Tokazkem, Kak B 9TOi cuTyaruu HaiiTn KommoHeHTHl dakrtopusanuu (4). Jlerko
BBIYHC/IUTH, 9TO

rf3 qa  rfla— ) +qa(A+f)

“O(A):A+ﬁ+a—x_ A+B)(a—A)




1 HaXOXKJeHue myseil dbyukunun 1 — z¢(\) cBeeTcs K pEreHnio KBaJIpaTHOro ypaBHeHs.
IIpu z < 1 xKoperb A_(z) OyJAeT OTPUNATETHHBIM, & Ay (2) — MOJOKHUTETHHBIM.

L) =1 2PN T+ 8) A=A DA =M ()

(A+B)(a =) (A+B)(a=A)
I Z90<)‘) - Rz—()‘> Rz+(/\)7 (21)
rae 0003HAYECHO

[pu z < 1 dysknua R, (\) anasuTudsa B MOJymIockocTn Red < a u orpanndena
Ha Tpanure, dyHkiusa R, (\) obranaer aHAJOIMYHBIME CBOWCTBAME B HOJIYILIOCKOCTH
ReA > — (3, u 0be onu He 0OpAIAIOTCS B HOJIb B YIOMSHYTBIX 001aCTIX CBOeil aHATIUTUY-
uoctu. Jlo6oe mpeacrasiaenue Buga (21) mpu ReAd = 0 ¢ TakuMu CBOHCTBAME KOMIIOHEHT
HA3bIBAETCs KAHOHMYECKOl (pakropusarueii (|15, ri1. 12]) 1 ero KOMIOHEHTHI OIIPeEISIOT-
€S OJTHO3HAYHO C TOYHOCTHIO JI0 MHOYKHUTEIsI, BO3MOYKHO 3aBucamiero ot z. [Ipegcrasienne
(4) Toxke gBiser coboit KamoHMIecKyto (axropmsanumio npu |z| < 1. Dro o3magaer, 4T0
P HEKOTOPOM MHOXKHTEJe ¢ = ¢(z) UMeeT MeCcTo

R.,(\)=cr.i(\), R._(\)=clr._()).

Yerpemstsigs A — o0 B onpejenenun 7, (), yoexkaaeMcs, 9T0 B JAHHOM CJIydae JOJZKHO
BBITTOTHATLCA ¢(z) = 1.

Herpynno BbIUmC/MTh, 9T0 B Hamux ycaousax h = —afEX.

[TpocThiMu BEIYUCTIEHUAMEI YOEKTaeMCsl, ITO JIJIsl CAYUYARHbBIX Oy KIaHUH ¢ YCJIOBHEM
(20) B mpeacrasmenusx (10)—(11) mmeer mecto [¢h,4(A)| = 1, modTOMY OCTATOUHBIE UTCHDI
[0+ (N)g(N)]P2®) 1 [1h,_(N)g(N)] > B 3THX PopMyIaX OTCYTCTBYIOT 32 CYET CPE30K Ha
COOTBETCTBYIOMHUX ypoBHAX npu b > 0, —a < 0, TO ecThb

A(z)+ 0

u(z ) = TR () ) = ulz ) g () O
o) = 2L (B ) = o N g (2 O

Taxkum obpazom, B coorsercTBun ¢ (10)—(11)
(Ae)(z,\) = u(z, \) eP-(INa,

(BAe)(z,\) = v(z,\) eX= 2y (2 A, (2)) eI+ (e,
(ABAe)(z,\) = u(z, A) eX=E V(5 A_(2)) X=X, (2)) e+ EDa
(BABAe)(z,\) = v(z, \) eA+EDby (2 A, (2)) eP- @A+ Day
xv(z, A_(z)) €AMby (2 N, (2)) eP-E) A+ E)a

U TaK JaJjee.
Hanmomumm, 9to A_(1) = 0, A (1) = h > 0. IIycrs H(z) = v(z, A_(2)) u(z, A+ (2)),
Toraa Jaa Jroboro k > 1

P(N > k) = lim((BA)¥e)(2,0) = d*(h) e ") — P(h N > kh),

z—1
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rae 0003HAYECHO
a—h

_8
a B+h

[Tonaras t = kh, nepenuiinem mojry4eHHOE PABEHCTBO B BHUJIE

d(h) := H(1) = v(1,0) u(1, h) =

P(h N >t) = d""(h) e ta+h),

OcraeTrcsd 3aMeTUTh, 4TO pu h — 0

t h t h 1 1
h°g< a)*hog( ﬁ+h> (a+5)+ )
TeM caMBIM MOJYYEHO CJACAYIONIeE YTBeP:KICHHUE.

IIpennoxxenune 1 [Tyecmv evnoaneno (20), moeda daa ecex t > 0

P(tht):eXp{—t(a—i-b—i-é—i-%)}—|—O(h), h — 0.

Hanee, nycrb no-npexkuemy Boinoaeso (1), X =Y — e, € > 0 u BHIIIOJHEHO yCjI0BHE
(A). Cragama paccmorpuM Bepositaocts P(N > 1) = lim,_,;(BAe)(z,0). Umeem B cuty
(10)—(11)

(Ae)(2,A) = wz(\) XDV () b, (A)] 77

(BAe)(z,\) = v(z, \) A A+EDby

z)— z))a —00,—a b,00
“ (W, Ay (2)) - @A) +rz_(A+(z))[¢z_(A)}§Mz)]>+rz+(A) [ (V) (Ae) (2, 0)] ",
(22)
O6o3naunm, Kak u pamnee, H(z) = v(z, A_(2)) u(z, A (2)), u mycTnb
d(h) = H(1) = v(1,0) u(1, h)).
[TokazkeM, 9TO 9Ta BEJUYMHA OTJIEJEHA OT HyJsl IPU MaJbIX h.
Jlemma 4 B ycaosusax meopemvs 1 npu h — 0 umeem mecmo coommowenue
E(v2 - < | DRV
dh)=1-ph+O(?), p=kei M <00) | Bx- (23)

~ 2E(x4; ny <o0)  2E[x_|

Hoxka3zareabcro. 13 (12) cremyer

r=+(A-(2)) _ oy A = M) (A (2))
(A-(2) = Ap(2)) 24 (A1 (2)) 2. (A (2))

Kak n Beime, npumenum coornomntenust (17) u (18), moxydas B urore

+..

v(z,A_(2)) =

hE(X3e™+; ny < 00)
2E (x4 emx+; my < 00)

4 O(hZ) _ hE(X?i-; Ny < OO) + O(hQ) (24)

v(1,0) =1— =
(1.0 2E(xy; ny < o0)

Ananornyno nosrydaem u3 (12) u (17)

r-(A4(2)) _ 14 M= A- () (A-(2))
(At (2) = A-(2)) L (A-(2)) 2r._(A-(2))
11

u(z, A (2) =

+...,



uw(l,h)) =1+
13 (24) u

hry_(0) hEx*
R O(h?
2r1_(0) N * 2Ex_ + O
(25) crenyer yTBepikaenue jeMmbl. [
Teneps u3 (22) BoiBOgEM
P(N > 1) = lim(BAe)(z,0) = d(h) e "et?)
1,0) e " 1i ] I 0) [1hs (A) Ae(z, N)] )
(1,0 e lim - (g () [ (V] 4 lim e (0) [ () Ae(z 1))
[Tpoananu3upyeM mocjaenHue apa ciaraeMbix. B cuty (15)
MEPHO IO £
lim . (A (2)) [ V]

O(h),

. (26)
(19) nmeem mmeeM paBHO-

h — 0.

A=A (2)
Jst mocaeanero ciaraemoro B (26) eisoaum u3 (14)

(27)

u (16)
lim .+ (0) [1h.4 (A) Ae(z, \)] V2 = O(h). (28)
B urore noayuaem u3 (26)—(28) mpu h — 0
P(N > 1) = d(h) e " L O(h)
P(N > k)= llir%((BA)

*e)(z,0)

ITokazkeM, ITO 3TO COOTHOIIEHUE BLIMOJIHACTCS IId k + 1

dk<h) e—kh(a—l—b) +O( )

h).
CrenaeM Terepb UHIYKTUBHOE MIPEJIIONI0KEHHE: TYCTh /s HEKOTOPOro k > 1 BBIIIOJHEHO

Urak, onars B cuity coorHommennii (10)—(11)

(29)
(BA(BA)*)(2,\) = v(z, \)

A2y ()b
><< (2, Ai (2)) A= GIACDYBAY (2 A (2)) + 72— (A (2)) [— (A (BA)F (2, N))]

Kak u B (27)

lim7r,(
z—1

)
A (2) [a= W) (BAY (2, )] %

a TaK2Ke

72 ) [ ) A(BAY (2, 1))
(28), umeeM PaBHOMEDHO TIO €

—a] _
( )

lim .4 (0) [1h.4 (A A(BAY (2, )] 1)

HOSTOMY B COOTBETCTBUM C MHAYKTHBHBIM IIPEAIIOJTO2KEHUEM

Z—)

VAd

Az )]0 =

P(N>k+1) = hm((BA(BA) )(2,0) = lim v(z, 0)u(z, Ay (z)) e M+ EIHA-E A 2)ay
< ((BAF D) + 7o D[ B N

12 (0) [ VA(B — d()e e () O 1 O(R)) + O(h)

d (k+1) (h) —(k+1)h(a+D) + O(h)
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Tem caMbIM yCTAHOBJIEHA CIIPaBeTHBOCTL opmyasl (29) ayst Bcex k > 1. VI3 Hee BBIBO-
auM npu t = kh
P(hN >t) =d/"(h) e """ L O(h),

u nasee, npumenssi Gopmyrry (23), moaygaem
t
log d'/"(h) = 7 log(1 — ph + O(h?)) = —pt + O(h), h — 0.

Takum obOpasom, goKa3aHO CJIeAyIolee yTBEP:KIeHNe.

IIpengoxxenune 2 [lycmv evnoaneno yeaosue (A). Tozda das t > 0
P (hN > t) — ¢7tPtatt) L O(h),  h—0. (30)

Hanomumw, aro O(h) = O(¢) n 3anumem (8) B BIe
h =2/’ +0(*), &—0.

Torma (30) MOXKHO TIepenucaTh:

2¢e 2¢e t
P(=(1 N>t|=P[ZN>_— " | = ¢ tlotatd) — 0.
(Zaroeny 26) =p(5N 2 o) =@ 100, <o

Orcrona cieayer (2). Teopema 1 nokazana.

Bameuanue. Kak 0603HaUEHO BhIIe, YUCI0 p = p(&) ONPEJETALTCS TIO CIyIalHOMY
6uysxmanmio {S,}. O6oznaunm p®) 31y ke XapaxTepHCTHKY, BBIMMCICHHYIO 1O CJIyYaifHo-
My GJIy K JAHUIO, TOPOXKIEHHOMY MOCIe10BaTebHOCTBIO {Y], Y, ... } ¢ HyseBbIM CHOCOM.
B ycaoBusx Teopemsl 1 mpu € — 0 mmeer Mecto cxomumocts p — p0. JeficrBurennuo,
BBEJIEHHBIE T10 TocaeoBaTeabocTh {5, } DyHKIMN pacnpe/eaeHus

Py <z;np<oo) m Px "<z, k=12

npu € — 0 caabo cXomdATcs K aHAJOTHYHBIM paclpeie/IeHusIM, BBIYHCJIEHHBIM IO CJIY-
JafinoMy OJIYZKIAHHUIO, MOPOKIECHHOMY MOCTe0BaTebHOCTRIO { Y], Y, ... }, 910 caemyer,
B wacrHocrH, u3 [14, Teopema 1|. [l cXomuMOCTH MOMEHTOB STHX DACIpeeseHuii j1o-
CTATOYHO yOeMUThCs, HATIPUMED, B HAJIUYUH PABHOMEPHBIX 110 € MazKOPAHT JJIsi COOTBET-
CTBYIOIIMX MOMeHTOB mopsizika k + 1. 3aech momoryT HepasencTBo A. Moryasckoro [14,
Teopema 2|

E+2 E|X|H3
E |X—‘k+l < ki : ‘ ‘ )
“k+1 E|X]?

IpaBasi 9acTh KOTOPOTO OrpaHMYeHa PaAaBHOMEDHO MO £, U OreHKa |3, rr. 4, Teopema 10|

oo
Plxi >z |ny <o) <cP(X >x)+ @/P(X > t)dt,
€T
k+1
KOTODPasi BJI€YeT PABHOMEPHYIO 110 € onenky aiast E(x1™ | 74 < 00). B srom nepasencrse
KOHCTAHTBI C; U Cg PaBHOMEPDHO OI'DaHUYCHBI 110 £.

Astop BeIpaxkaer crot Osarogapuocts B.U. Baxrtenio u A.U. Caxanenko 3a psij 1mo-
JIE3HBIX 3aMEUYaHnil, HAPABJICHHBIX HA yJIydIIeHue paboThl.
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