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Abstract: Consider the spaceXcr
ρ of analytic, critical circle homeomorphisms

with rotation number ρ = [k1, k2, k1, k2, ..., k1, k2, ...], k1, k2 ∈ N.
It is well known, that the renormalization transformation R =
R(k1, k2) in Xcr

ρ has a unique fixed point Tcr = T (k1, k2). We
study the behaviour of Poincare’s map πn = (T qncr , T

qn+1
cr ) with

first return time qn and the structure of infinite orbit O(xc) =
{T icr(xc), i ≥ 0} of critical point xc = 0. Denote by Cr(Tcr) the
set of all C1−conjugated to Tcr critical circle maps. We constrict
unique pair of potentials (Uo, Ue) corresponding to all maps from
Cr(Tcr). algebra.

Keywords: circle maps, critical point, rotation number, orbit,
invariant measure.

1 Introduction

Ya. G. Sinai in his fundamental work [3] first applied the ideas of thermodynamic
formalism (TF) for investigating Anosov diffeomorphisms. Later, the TF for
dynamical systems devoloped by D. Ruelle [5].The thermodynamic formalism
for the unimodal Feigenbaum map of the interval was built by E. Vul, Y. Sinai
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and K. Khanin in [1]. A. Dzhalilov in [4] used thermodynamic formalism for
investigating the singular invariant measures of critical circle maps.

The introduction of thermodynamic formalism within the mathematical
field of dynamical systems occurred in the 1970s, and was primarily due to
Y. Sinai, D. Ruelle and R. Bowen. In this paper we build the thermodynamic
formalism for the circle maps with a critical point. The thermodynamic
formalism for the unimodal Feigenbaum map was built by E. Vul, Y. Sinai
and K. Khanin [1]. In fact, our work is an analogy of their work for the
critical circle maps.

The main purpose of this work to study the orbit of critical point of circle
map f with universal renormalization properties (see [1]-[9] ) and on the
basic this orbit build the thermodynamic formalism.

Let k1 ∈ N. Consider the spaceX pairs (ξ(x), η(x)) of real analytic, strictly
increasing homeomorphisms of real line R1 satisfying the following conditions
[4]

a) 0 < ξ(0) < 1;
b) ξ(0) = η(0) + 1;
c) ξ(η(0)) = η(ξ(0));
d) ξ(η(0)) < 0, ξ2(η(0)) < 0, ..., ξk1−1(η(0)) < 0;
e) ξk1(η(0)) > 0;

g) ξ′(0) = η
′
(0) = ξ

′′
(0) = η

′′
(0) = 0; ξ

′′′
(0) 6= 0, η

′′′
(0) 6= 0;

h) (ξ ◦ η)
′′′

(0) = (η ◦ ξ)′′′(0).
Here and later on f i denotes i− iteration of f . Let (ξ, η) ∈ X. Conditions

(a)− (h) allows to build homeomorphism on the circle [η(0), ξ(0)) :

Tξ,η(x) =

{
ξ(x), if x ∈ [η(0), 0),
η(x), if x ∈ [0, ξ(0)).
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We denote by Xcr
ρ the subset of X, consisting all pairs (ξ, η), such that

the rotation number

ρ(Tξ,η(x)) = ρ =
−k2 +

√
k22 −

4·k2
k1

2
, k1, k2 ∈ N.

Note that the continued fraction expansion of irrational rotation number ρ
has the form: ρ = [k1, k2, , k1, k2, ...]. We denote by pn

qn
the n−th convergent

of ρ. The numbers qn are called the of first return times and satisfy the
difference equation

q2n+1 = k1 · q2n + q2n−1,

q2n = k2 · q2n−1 + q2n−2,

with initial conditions q0 = 1, q1 = k1, q2 = k1 · k2 + 1.
Now we define the renormalization transformation Rki (see [4]):

Rki(ξ, η) = (αiξ
ki−1(η(α−1i x)), αiξ

ki−1(η(ξ(α−1i x)))),

where αi = αi(ξ, η) = (ξki−1(η(0))−ξki(η(0)))−1. The conditions (a) and (b)
implies that αi < −1, i = 1, 2.We define the renormalization transformation
R := Rk2 ◦Rk1 on Xcr

ρ .
The renormalization group transformationR has a single hyperbolic periodic

point (ξ, η) ( see [2], [4].)
Note, that ξ(x) and η(x) are analytic functions of x3.

η(x) = η(0) +
η(3)(0)

3!
· x3 +

η(6)(0)

6!
· x6 + ...+

η(3)(0)

(3n)!
· x3n + ...,

ξ(x) = ξ(0) +
ξ(3)(0)

3!
· x3 +

ξ6(0)

6!
· x6 + ...+

ξ(3n)(0)

(3n)!
· x3n + ....

Let T be a circle homeomorphism generated by (ξ, η) and defined on the
unit circle [η(0), ξ(0)).

Definition 1. Two orientation-preserving circle Homeomorphisms T1 and
T2 are said to be Cr−conjugate, r ≥ 1, if there exists an orientation-preserving
circle homeomorphism Tϕ ∈ Cr(S1) here if r ≥ 1, then it is required that
T−1ϕ ∈ C1(S1) ), such that

Tϕ ◦ T1 = T2 ◦ Tϕ.

Note that critical circle maps possess the "rigidity"property. Namely, any
two real-analytic, critical circle maps Tf and Tg with cubic critical point
x0 = 0 and with irrational rotation number ρ = ρ(f) = ρ(g) of "bounded
type"(it means that, the elements of continued fraction expansion of ρ are
uniformly bounded) C1+α− conjugate with some 0 < α < 1, depending on
rotation number ρ. [2].

Denote by E(Tcr) the set of all circle homeomorphisms whose are C1−
conjugated with T and defined on the standard circle S1. It is well known

(see [1]-[8]) that any two topological conjugated homeomorphisms have the
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same rotation number. Therefore, the rotation numbers of homeomorphisms
of E(Tcr) are the same and equal to ρ.

The purpose of this paper is to build thermodynamic formalism for the
set E(Tcr). To formulate our main result,we introduce further notations. Let

pn
qn

= [k1, k2, k1, k2, ..., k1, k2]︸ ︷︷ ︸
n times

be the sequence of rational convergents of the continued fraction
ρ = [k1, k2, k1, k2, ..., k1, k2, ...]. The coprime numbers pn and qn satisfy the

recurrence relations pn = knpn−1 + pn−2 and qn = knqn−1 + qn−2 for n ≥ 1,
where, for convenience we set p0 = 0, q0 = 1 and p−1 = 1, q−1 = 0. Taking
the critical point x0 = 0, we define the nth fundamental segment In0 := In0
as the circle arc [x0, T

qn
cr (x0)] if n is even and [T qncr (x0), x0] if is odd. Certain

number of images of fundamental segments In−10 and In0 , under iterates of
Tcr, cover whole circle without overlapping beyond the endpoints and form
the nth dynamical partition of the circle

Pn = {Inj := T jcr(I
n
0 ), 0 ≤ j < qn−1} ∪ {In−1i := T icr(I

n−1
0 ), 0 ≤ i < qn}.

Obviously, the partition Pn+1 is a refinement of the partition Pn. Indeed,
the "short"intervals Inj are members of Pn+1 and each "long"interval In−1i ∈
τn, 0 ≤ i < qn, is partitioned into kn+1 + 1 intervals belonging to Pn+1 such
that

In−1i = In+1
i ∪

kn+1−1⋃
s=0

Inj+qn−1+sqn .

Next,using the sequence of dynamical rartition (Pn)n we introduce a certain
symbolic representation for the dynamics of Tcr as follows. LetA = {a, 0, 1, ..., k1}
be an alphabet. Consider the set of infinite words L = {a := (a1, a2, ..., an, ...) :
|ai ∈ A} corresponding to S1\OTcr(x0), where OTcr(x0 = {x0, Tcr(x0), ...}
and defined as follows. Take an arbitrary x ∈ S1\OTcr(x0) we associate
the unique word a := (a1, a2, ..., an, ...) defined inductively as: an = 0 if
x ∈ Inj , 0 ≤ j < qn−1; an = k1 − s, if x ∈ Ini+qn−1+sqn

, 0 ≤ s ≤ kn+1 − 1, 0 ≤
i < qn; and an = 0, if In+1

i , 0 ≤ i < qn. Thus, we obtain a one-to-one
correspondence

S1\OTcr(x0)↔ L.
Notice that, the finite word (a1, a2, ..., an) of the length n corresponds to
an interval In of the dynamical partition Pn. We set In = I(a1, a2, ..., an).
Denote by λ0 a probability measure on the space of sequences L induced by
Lebesgue measure on the circle, namely, λ0(a1, a2, ..., an) = |I(a1, a2, ..., an)|.
Consider another space of one-sided sequences,

Ω+ = {ε = (ε1, ε2, ..., εn, ...) | εi ∈ A and εi+1 = 0 if εi = a, i ≥ 1}.

Now, consider another T̃ ∈ E(Tcr). Since T̃ and Tcr are topological conjugated
the sets OTcr(x0) and OT̃cr(y0) have the same order, where y0 = h(x0) and h
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is the conjugation between T̃ and Tcr. Therefore, the symbolic representations
of the points x ∈ S1\OTcr(x0) and h ∈ S1\O

T̃cr
(y0) are the same in L i.e.,

there exists a unique a ∈ L such that a = ψ(x) and a = ψ(h(x)). We set

γ(ε) :=

{
(0, a, 0, a, ...), if ε = a,
(a, 0, a, 0, ...), if ε = a.

4n
i := h(Ini ) and V1 := 4(1)

1 ∪4
(2)
1 .

Our main aim is to prove the following result.

Theorem 1. For any T ∈ E(Tcr) there exists a pair (Uo, Ue), continuous (in
the Tychonoff topology) mappings Uo, Ue : Ω+ → R1, such that the following
properties hold.

1. For any ε = (ε1, ..., εp, εp+1, ..., εn, ...) and
b = (ε1, ..., εp, bp+1, ..., bn, ...) belonging to the space Ω+ there exists a constant
C1 = C1(T ) > 0 such that

|Uo(ε)− Uo(b)| ≤ C1|α|−p, if p is odd number;

|Ue(ε)− Ue(b)| ≤ C1|α|−p, if p is even number,

where α = α1α2 < 1.
2. If I(a1, ..., ar, ar+1..., an) ⊂ I(a1, ..., ar) ⊂ V1, 1 ≤ r < n, and r, n are

odd numbers. Then

|I(a1, ..., an)|
|I(a1, ..., ar)|

= (1+ψo(a1, ..., an))·exp{
n∑

s=r+1

Uo(as, as+1, ..., ar, ..., a1, γ(a1))}

If I(a1, ..., ar, ar+1..., an) ⊂ I(a1, ..., ar) ⊂ V1, 1 ≤ r < n, and r, n are even
numbers. Then

|I(a1, ..., an)|
|I(a1, ..., ar)|

= (1+ψe(a1, ..., an))·exp{
n∑

s=r+1

Ue(as, as+1, ..., ar, ..., a1, γ(a1))},

where |ψ(a1, ..., an)| ≤ Const · |α|−r.

Remark 1. 1) Theorem 1 generalizes the main theorem of [4].
2) The second assertion of Theorem 1 implies that, the length of

any interval In ∈ Pn can be expressed in the "Cibbs"form:

const ≤ In

exp{
∑n

s=r+1 U(as, as+1, ..., ar, ..., a1, γ(a1))}
≤ Const

3) Following the terminology of statistical mechanics, we call U the
potential corresponding to the map T. Due to Teorem 1 the potential
depends on the long-range variables exponentially weakly, i.e., on the
statistical mechanical point of view, it is "good".

4) One can easily verify that the potential U is unique and invariant
under a smooth change of variable.



CRITICAL POINT ORBIT STRUCTURE AND THERMODYNAMIC FORMALISM FOR ERGODIC CRITICAL CIRCLE MAPPINGS OF POINTS149

2 The orbit of critical point

As we have mentioned above the homemorphism Tcr is analytic, has the
cubic critical point x0 = 0 and its rotation number is irrational. Due to
Yoccoz’s [9] theorem Tcr and the linear rotation Tρ(x) = x + ρ (mod1) are
topological equivalent. Hence the topological properties of Tcr and Tρ are
the same. In this section we study the metric properties of the Tcr− orbit of
the critical point x0 = 0. We note that the commuting ξ, η is a fixed point
of renormalization operator R i.e.,

α2 · α1(ξ
k1−1(η...ξk1−1(η(ξ︸ ︷︷ ︸

q2 times

(α−12 α−11 x)))))...) = ξ(x) если x ∈ [η(0), 0),

α2 · α1(ξ
k1−1(η...ξk1−1(η(ξk1(η︸ ︷︷ ︸

q2+q1 times

(α−12 α−11 x)))))...) = η(x) если x ∈ [0, ξ(0)).

We use this fact in the proof of the following theorem.

Theorem 2. For all n ≥ 1 the following relations hold

T q2ncr (α−nx) = α−nξ(x), x ∈ [η(0), 0) (1)

T q2n+q2n−1
cr (α−nx) = α−nη(x), x ∈ [0, ξ(0)), (2)

where α = α1 · α2.

Proof. We prove the theorem by induction. Let x ∈ [η(0), 0). If n = 1,
then q2 = k1 · k2 + 1 and α−1x ∈ [0, ξ(0)). Therefore

T q2cr (α−1x) = T k1·k2+1
cr (α−1x) = T k1·k2cr (Tcr(α

−1x)) = T k1·k2cr (ξ(α−1x)) =

T

(k1 − 1 + 1) + ...+ (k1 − 1 + 1)︸ ︷︷ ︸
k2 time

cr (ξ(α−1x)) =

T

(k1 − 1 + 1) + ...+ (k1 − 1 + 1)︸ ︷︷ ︸
k2−1 time

cr (ξk1−1(η(ξ(α−1x)))) =

ξk1−1(η...ξk1−1(η(ξ︸ ︷︷ ︸
q2 time

(α−1x)))))...).

Relation (1) implies ξk1−1(η...ξk1−1(η(ξ︸ ︷︷ ︸
q2 time

(α−1x)))))...) = α−1ξ(x). Hence

Suppose, that equation (2) holds l ≤ n. The relation (1) and q2n+2 =
k2q2n+1 + q2n imply
T
q2l+2
cr (α−(l+1)x) = T

k2q2l+1+q2l
cr (α−(l+1)x) = T

k2q2l+1
cr (T q2lcr (α−(l+1)x)) =

T
k2q2l+1
cr ((α−lξ(α−1x))) = T

k2(k1q2l+q2l−1)
cr ((α−lξ(α−1x))) =

T
k2k1q2l+k2q2l−1
cr ((α−lξ(α−1x))) =

T
(k2k1−1)q2l+(k2−1)q2l−1
cr ((α−lη(ξ(α−1x)))) = ...

= α−l ξk1−1(η...ξk1−1(η(ξ︸ ︷︷ ︸
q2 time

(α−1x)))))...) = α−lα−1η(x) = α−(l−1)η(x)
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This proves the first assertion of theorem. The proof of the second assertion
is similar.

As a consequence of Theorem 2 we have.

Corollary 1. Let x0 = 0 and xi = T icr(x0), i ≥ 1. For all n ≥ 1 we have

xq2n = α−nξ(0), xq2n+q2n−1 = α−nη(0),

where α = α1 · α2.

Let An be a subset of OTcr(x0) which is generation the nth dynamical
partition i.e., An = {x0, x1, .., xqn+qn−1−1}. We set
A

(1)
n = An ∩ [0, ξ(0)), A

(1)
n,1 = An ∩ [0, xq2), A

(1)
n,2 = An ∩ [xq2 , ξ(0)),

A
(k1+1)
n = An ∩ [xk1 , 0), A

(k1+1)
n,1 = An ∩ [xq2+q1 , 0),

A
(m+1)
n = An ∩ [xm, xm+1), 1 ≤ m ≤ k1 − 1,

A
(k1+1)
n,2 = An ∩ [xk1 , xq2+q1),

where 1 ≤ m ≤ k1. It is clear, that An = ∪k1+1
m=1A

(m)
n and A(1)

n = A
(1)
n,1∪A

(1)
n,2,

A
(k1+1)
n = A

(k1+1)
n,1 ∪A(k1+1)

n,2 .
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Using definitionA(i)
n , i = 1, (k1 + 1) and the structure of dynamical partition

one can show that
|A(i)

n | = knqn−1+kn−1qn−2

k1
, i = 1, k1, |A(k1+1)

n | = qn−2 + qn−3,

where | · |− the cardinality of the finite set.

Lemma 1. For the number of plurality A(i)
n , i ≥ 1 the following equations

are just

|A(1)
n | = |A(2)

n | = |A(3)
n | = ... = |A(k1)

n | = knqn−1 + kn−1qn−2
k1

(3)

|A(k1+1)
n | = qn−2 + qn−3, q−1 = q−2 = q−3 = 0. (4)
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Proof. We verity the (3) and (4) correlation for n = 1. Dynamical partition
P1 has following segments:

I00 , I
0
1 , ..., I

0
q1−1, I

1
0

Now we look through P2 partition. Here in this partition each segment of
0-rank is divided into k2 + 1 segments,and the I10 segments are not divided.
Here in the result the news segments of division will have 1 and 2 rank, etc.

I0j = I2j ∪
k2−1⋃
s=0

I1j+q0+sq1 , 1 ≤ j ≤ k1 − 1

|A(1)
2 | = |A

(2)
2 | = |A

(3)
2 | = ... = |A(k1)

2 | = k2+1 = k2k1+k1
k1

= k2q1+k1q0
k1

, |A(k1+1)
2 | =

q0 = 1.
Thus we have k1 items of 2-rank segments and k1·(k2+1) = k1·(k2k1+k1k1

) =
k2q1 + q1 items of 1-rank segments number k2q1 + q1 + q0 = q2 + q1.

So, the correctness of (3) and (4) are proved. By the method of mathematical
induction we add for n+ 1, supposing that the correlation is true for all n.

The number of segment of Pn partition is equal for k1 · kn·qn−1+kn−1·qn−2

k1
+

qn−2 + qn−3 = qn + qn−1, and the number of segments Pn+2 is equal to
qn+2 + qn+1

In dynamical partition Pn+2, we have In+1 segments of n + 1 in the
quantity of qn+1 and In+2 of n + 2 rank in the quantity of qn+1, here we
have the elements lying on [0, ξ(0)) ∩ An+2 is equal to qn+2 + qn+1, As the
elements Ain+2, i = 1, k1, are made up by the [0, ξ(0)) ∩ An+2 iteration, so
then their element numbers are equal:

|A(1)
n+2| = |A

(2)
n+2| = |A

(3)
n+2| = ... = |A(k1)

n+2| =
kn+2 · qn+1 + kn+1 · qn

k1

The equality (3) is proved. So, the correctness of (3) is proved. We proved
the correctness of (4) for A(k1+1)

n+2 . Suppose, A(k1+1)
n = qn−2+qn−3.It is known,

that I11 segment contents the n−1 rank segments in qn−2 quantity and n rank
segments in qn−3 quantity. While partition Pn+2, each of n rank segments
is divided into one n− 1 rank and kn−1 items n− 1 rank segments. We get
(kn−1+1)qn−1 = kn−1qn−1+qn−1. Now we add preserved n rank segments qn
items. Here we get number of n rank segments as kn−1qn−1 + qn−1 + qn−3 =

qn−1 + qn−2. Thus we proved that A(k1+1)
n+2 = qn + qn−1. Lemma 1 is proved.

The next theorem describes the transition from An to An+2.

Theorem 3. For all n ≥ 1 the following relations hold.
A

(k1+1)
n+2,2 = α−1(An \ (A

(1)
n ), A

(1)
n+2,1 = α−1(A

(1)
n ),

A
(k1+1)
n+2,1 = T k1cr (A

(1)
n+2,1), A

(k1+1)
n+2 = (A

(k1+1)
n+2,1 ∪A

(k1+1)
n+2,2 ),

A
(1)
n+2,2 =

k2−1∑
j=0

T 1+j·k1
cr (A

(k1+1)
n+2 ), A

(1)
n+2 = A

(1)
n+2,1 ∪A

(1)
n+2,2,

A
(s)
n+2 = T s−1cr (A

(1)
n+2), 1 < s ≤ k1.
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Proof. Firstly, we prove that the second statement of the theorem 3. By
the corollary 1 we have xq2+q1 = α−1 · x1 and xq2 = α−1 · ξ(0), for every
point xi ∈ Pn such that α−1xi ∈ τn+2 where 0 < α < 1 from that we take
α−1(A

(1)
n ) ∈ A(1)

n+2,1. From the structure of dynamical partition we can see
that

|A(k1+1)
n+2,1 | = |A

(1)
n+2,1| = |A

(1)
n |

We need to prove |A(k1+1)
n+2,2 | = |An| − |A

(1)
n |. It is easy to see that

|An| − |A(1)
n | = qn + qn−1 −

knqn−1 + kn−1qn−2

k1
.

We evaluate the left side

|A(k1+1)
n+2,2 | = |A

k1+1
n+2 | − |A

(k1+1)
n+1,1 |

= |Ak1+1
n+2 | − |A

(1)
n |

= qn + qn−1 −
knqn−1 + kn−1qn−2

k1
.

Other statements are not difficult. The theorem 3. is proved.

Lemma 2. Let In ∈ Pn and In−k ∈ Pn−k, n > k such that In ⊂ In−k.
There exists a constant C = C(Tcr) > 0 such that

In

In−k
≤ Cα−k, α−3n ≤ C|In0 |.

Proof. The proof of lemma follows closely that of [1] for the Feigenbaum
map.

To formulate our next result we define some subsets of Pn as follow

P1
n = {In ∈ Pn : such that In ⊂ [η(0), 0]},

P2
n = {In ∈ Pn : such that In ⊂ [0, ξ(0)]},

Pn,i = {In ∈ Pn : such that In ⊂ Ii0},
where i = (n− k− 1), (n− k). The following theorem plays an important

role to build the thermodynamical formalism for Tcr.

Theorem 4. The following relations hold, for any 0 < k < n.

Pn,n−k = α
n−k
2 P1

k, Pn,n−k−1 = α
n−k
2 P2

k.

if n− k is an odd number.

Pn,n−k−1 = α
n−k
2 P2

k, Pn,n−k = α
n−k
2 P1

k.

if n− k is an even number.
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Proof. The proof of theorem follows Theorem 4.
Consider the interval V n−k

1 = In−k1 ∪ In−k−11 . Notice that this interval is
a neighborhood of the point x1. Further, taking two intervals I ′ and I such
that I ′ ⊂ I ⊂ V n−k

1 and I ′ ∈ Pn+1, I ∈ Pn we provide an estimate for the
ration R0 = I ′\I and its "iterations"Ri = |T i

cr(I
′)|

|T i
cr(I)|

. Denote

sn−k =

{
qn−k−1, if I ⊂ In−k1 ,

qn−k, if I ⊂ In−k−11

The following lemma will be used below.

Lemma 3. [4] There exists a constant C = C(Tcr) > 0 and a natural number
Ncr > Ncr(Tcr) such that

| ln Ri
R0
| ≤ Cα−k, 0 < i < sn−k.

for all n > Ncr.

3 Construction of a potential for ergodic critical mappings
of a circle

In this section we prove Theorem 1 i.e., we build the potential U for Tcr.
Note that the proof of Theorem 1 follows closely that of Theorem 1.1 [4].
To prove the theorem first we define the prelimit potentials Unk (ε1, ε2, ..., εk)

and Ũnk (ε1, ε2, ..., εk) for 1 ≤ k ≤ n and then we show that these potentials
converge to the limit of Uk(ε1, ε2, ..., εk) exponentially fast as n→∞. Finally
we show that the limit of Uk(ε1, ε2, ..., εk) exists and unique asm→∞. Take
m ≥ 1 and fix it. Consider the V n−m

1 neighborhood of x1 for n ≥ m. It is
clear that Vn−k ⊂ [η(0), xq2+q1 ] ∪ [xq2 , ξ(0)) for n ≥ k + 4. For definiteness
we assume (n− k)− is even. The proof is similar for the case when (n− k)−
is odd. It is obvious

In−k1 ⊂ [x1, xq2+q1 ], In−k−11 ⊂ [xq2 , ξ(0)].

Consider two intervals I ′ ∈ Pn and I ∈ Pn−2 such that I ′ ⊂ I ⊂ I
(n−k)
1 . Let

the words

I(a, 2, 0, a, ..., 0, a, εk, ..., ε2, ε1︸ ︷︷ ︸
n− times

) I(a, 2, 0, ..., a, εk, ..., ε2︸ ︷︷ ︸
(n−2)− times

).

be the symbolic representations of I ′ and I respectively. Define the following
functions

Unk (ε1, ε2, ..., εk) = ln
I(a, 2, 0, a, ..., 0, a, εk, ..., ε2, ε1)

I(a, 2, 0, ..., a, εk, ..., ε2)
.

and

Ũnk (ε1, ε2, ..., εk) = ln
I(2, 0, a, ..., 0, a, 0, εk, ..., ε2, ε1)

I(2, 0, a, ..., a, 0, εk, ..., ε2)
.
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It follows from the structure of dynamical partition and the definition of
symbolical representation that

|I(2, 0, a, 0, ..., a, εk, ..., ε2, a)| = |I(2, 0, a, 0, ..., a, εk, ..., ε2)|.
It is easy to see that

Unk (a, 0, ε3, ..., εk) = Ũnk (a, 0, ε3, ..., εk) = 0.

Using theorem 3 and theorem 4, we get:

I(a, 2, 0, a, ..., 0, a, εk, ..., ε2, ε1) = η(I(0, a, 0, a, ..., 0, a, εk, ..., ε2, ε1)) =

= η(α−
n−k
2 (I(εk, ..., ε2, ε1))), (5)

where I(εk, ..., ε2, ε1) ∈ Pk. Similarly,

I(a, 2, 0, a, ..., 0, a, εk, ..., ε2) = η(I(0, a, 0, a, ..., 0, a, εk, ..., ε2)) =

= η(α−
n−k
2 (I(εk, ..., ε2))) (6)

where I(εk, ..., ε2) ∈ Pk−2. Denote by (β1, β2) and (β3, β4) the intervals that
correspond to I(εk, ..., ε2, ε1) and I(εk, ..., ε2), respectively. It is obvious that
(β1, β2) ⊂ (β3, β4). Using the definition Unk and (5) and (6) we get:

Unk (ε1, ε2, ..., εk) = ln
|η(α−

n−k
2 β2)− η(α−

n−k
2 β1)|

|η(α−
n−k
2 β4)− η(α−

n−k
2 β3)|

=

= ln
β32 − β31
β34 − β33

+O(α−3
n−k
2 ) ≡ Uk(ε1, ε2, ..., εk) +O(α−3

n−k
2 ). (7)

With the same manner one can show

Ũnk (ε1, ε2, ..., εk) = Uk(ε1, ε2, ..., εk) +O(α−3
n−k
2 ). (8)

Next we prove the existence of the limit of Uk(ε1, ε2, ..., εk) when k →∞.
For this we take a word ε = (ε1, ..., εn, ...) ∈ Ω+ and fix it. For a given k
consider the expression Uk := Uk(ε1, ε2, ..., εk). Using (7) and (8), one can
get

Uk+m = ln
|I(γ2n(εk+m), εk+m, ..., ε1)|
|I(γ2n(εk+m), εk+m, ..., ε2)|

+O(α−1,5n), (9)

Where γ2n(εk+m) be 2n− dimensional vector of the form

γ2n(εk+m) =

{
(2, 0, a, 0, ..., a, 0), if εk+m = a

(a, 2, 0, a, ..., 0, a), if εk+m = 0 ∨ 1

and the interval γ2n(εk+m, εk+m, ..., ε1) it is an element of dynamical partition
P2n+k+m. It follows from the definition of symbolical dynamics, that the
interval γ2n(εk+m, εk+m, ..., ε1) belongs to the trajectory of the interval
I(γ2n(εk+m), εk+m, ..., ε1). More precisely

I(γ2n(εk+m), εk+m, ..., εk+1, εk, ..., ε2, ε1) = T icr(I(γ2n+m(εk), εk, ..., ε2, ε1)),

(10)
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where 0 ≤ i < q2n+m, if εk = a and 0 ≤ i < q2n+m+1 if εk = 0∨ 1. Using (5)

| ln{
|T icr(I(γn+m(εk), εk, ..., ε2, ε1))|
|T icr(I(γn+m(εk), εk, ..., ε1))|

·(
|I(γn+m(εk), εk, ..., ε2, ε1)|
|I(γn+m(εk), εk, ..., , ε1)|

)−1}| ≤ Const·α−k.

(11)
On the other hand, by (7) and (8) we have

ln
|I(γn+m(εk), εk, ..., ε2, ε1))|
|I(γn+m(εk), εk, ..., ε1))|

= Uk(ε1, ε2, ..., εk) +O(α−3
n−k
2 ). (12)

Combining (9), (10) and (12) we get

|Uk+m − Uk| ≤ Const · α−k, (13)

where Const depends only on Tcr. Here we see, that {U2k(ε1, ε2, ..., ε2k)}∞k=1
and {U2k−1(ε1, ε2, ..., ε2k−1)}∞k=1− fundamental succession. So we have the
existance this limits:

lim
k→∞

U2k−1(ε1, ε2, ..., ε2k−1) = Uodd(ε),

lim
k→∞

U2k(ε1, ε2, ..., ε2k) = Ueven(ε).

where ε = (ε1, ε2, ..., ε2k−1, ε2k, ...).
We designate the limit function by U(ε1, ε2, ..., εn...). Transiting into (13)

to the limit of m→∞, we get:

|U(ε1, ε2, ..., εn...)− Uk(ε1, ε2, ..., εk)| ≤ Const · α−k,
here

U =

{
Uodd if k is odd number,
Ueven if k is even number.

Thus Theorem 1 is proved.
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