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CRITICAL POINT ORBIT STRUCTURE AND
THERMODYNAMIC FORMALISM FOR ERGODIC
CRITICAL CIRCLE MAPPINGS OF POINTS

S.KH. ABDUXAKIMOV

Abstract: Consider the space X" of analytic, critical circle homeomorphisms
with rotation number p = [kq, ko, k1, ka2, ..., k1, ko, ...], ki1,ks € N.

It is well known, that the renormalization transformation R =

R(k1, ke) in X" has a unique fixed point 7., = T'(ki,ks). We

study the behaviour of Poincare’s map m, = (T%, Tar") with

first return time ¢, and the structure of infinite orbit O(z.) =

{T¢ (z.), i > 0} of critical point z. = 0. Denote by Cr(T.,) the

set of all C'!'—conjugated to T, critical circle maps. We constrict

unique pair of potentials (U,,U,) corresponding to all maps from

Cr(T,). algebra.

Keywords: circle maps, critical point, rotation number, orbit,
invariant measure.

1 Introduction

Ya. G. Sinai in his fundamental work [3| first applied the ideas of thermodynamic
formalism (TF) for investigating Anosov diffeomorphisms. Later, the TF for
dynamical systems devoloped by D. Ruelle [5].The thermodynamic formalism
for the unimodal Feigenbaum map of the interval was built by E. Vul, Y. Sinai

ABpUXAKIMOV, S.KH., CRITICAL POINT ORBIT STRUCTURE AND THERMODYNAMIC
FORMALISM FOR ERGODIC CRITICAL CIRCLE MAPPINGS OF POINTS.
© 2024 ABpuxakimov, S.KH.
144


https://orcid.org/0000-0001-8827-2630

CRITICAL POINT ORBIT STRUCTURE AND THERMODYNAMIC FORMALISM FOR ERGODIC CRITICAL

and K. Khanin in [1]. A. Dzhalilov in [4] used thermodynamic formalism for
investigating the singular invariant measures of critical circle maps.

The introduction of thermodynamic formalism within the mathematical
field of dynamical systems occurred in the 1970s, and was primarily due to
Y. Sinai, D. Ruelle and R. Bowen. In this paper we build the thermodynamic
formalism for the circle maps with a critical point. The thermodynamic
formalism for the unimodal Feigenbaum map was built by E. Vul, Y. Sinai
and K. Khanin [1]. In fact, our work is an analogy of their work for the
critical circle maps.

The main purpose of this work to study the orbit of critical point of circle
map f with universal renormalization properties (see [1]-[9] ) and on the
basic this orbit build the thermodynamic formalism.

Let k1 € N. Consider the space X pairs ({(z),n(x)) of real analytic, strictly
increasing homeomorphisms of real line R! satisfying the following conditions

[4]

a) 0 <£(0) <1,

b) £(0) = n(0) + 1;

c) £(n(0)) = n(£(0));

d) £(n(0)) <0, €(n(0)) <0, ..., &171(n(0)) < 0;

e) §’f1 (77(0)),> 0; )

g) £(0) =1 (0)=¢ (0)”/: n (0)=0; £ (0) #0, n (0) #0;
h) (§on) (0) = (no&) (0).

Here and later on f* denotes i— iteration of f. Let (¢,n) € X. Conditions
(a) — (h) allows to build homeomorphism on the circle [7(0),£(0)) :

_J &), if w e n(0),0),
Tenlr) = { n(x), if x € [0,£(0)).

£(x)
O
E —f(k;)l(n(o)‘ i
n(0) ! Em(0) BRSO
b nEO) |
bomosmmonme e 7(x)

Figure 1
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We denote by X7 the subset of X, consisting all pairs (&,m), such that

the rotation number
/1.2 4-k
—k‘g + ]{:2 — k12
N kl, ]432 € N.

p(Tey(z) =p= 5

Note that the continued fraction expansion of irrational rotation number p
has the form: p = [k, ko, , k1, k2, ...]. We denote by f;—: the n—th convergent
of p. The numbers ¢, are called the of first return times and satisfy the
difference equation

Gont+1 = k1 - Gon + Gon—1,
Gon = k2 - @2n—1 + q2n—2,

with initial conditions g9 =1, ¢1 = k1, qo = k1 - ko + 1.
Now we define the renormalization transformation Ry, (see [4]):

Ry, (&) = (au€" (o '), i~ (n(E(ay 1)),

where o; = a;(€,1) = (£¥1(n(0)) —£&¥i(n(0)))~t. The conditions (a) and (b)
implies that a; < —1, ¢ = 1,2. We define the renormalization transformation
R := Ry, o R, on X"

The renormalization group transformation fR has a single hyperbolic periodic

point (&,7) (see [2], [4].)
Note, that &(z) and 7(z) are analytic functions of z3.

(3) (6) (3)
n (0)-953—1—77 (O)'xﬁ +77 (O>'x3n

n(xz) =n(0) + 3 Gl -+ G0 .
_ £®(0) £°(0) E8m0) 5,
§x) = &(0) + = ad + o b+ B0l -a®

Let T be a circle homeomorphism generated by (£,7) and defined on the
unit circle [1(0),£(0)).

Definition 1. Two orientation-preserving circle Homeomorphisms 11 and
Ts are said to be C"—congjugate, r > 1, if there exists an orientation-preserving
circle homeomorphism T, € C"(SY) here if v > 1, then it is required that
T;' e CY(S") ), such that

TooTy =Tp0T,.

Note that critical circle maps possess the "rigidity"property. Namely, any
two real-analytic, critical circle maps Ty and T, with cubic critical point
xo = 0 and with irrational rotation number p = p(f) = p(g) of "bounded
type" (it means that, the elements of continued fraction expansion of p are
uniformly bounded) C'T®— conjugate with some 0 < o < 1, depending on
rotation number p. [2].

Denote by E(T,.) the set of all circle homeomorphisms whose are C'*—

conjugated with T and defined on the standard circle S'. It is well known
(see [1]-[8]) that any two topological conjugated homeomorphisms have the
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same rotation number. Therefore, the rotation numbers of homeomorphisms
of E(T,,) are the same and equal to p.

The purpose of this paper is to build thermodynamic formalism for the
set E(T¢y). To formulate our main result,we introduce further notations. Let

Pn = [kla ko, klv k27 ) kb kQ]

an

n times

be the sequence of rational convergents of the continued fraction

p = ki1, ko, k1, ka, ..., k1, k2, ...]. The coprime numbers p,, and ¢, satisfy the
recurrence relations p, = knpp_1 + pPn—o and ¢, = kngn_1 + gn_o forn > 1,
where, for convenience we set pg = 0,q0 = 1 and p_; = 1,¢q_1 = 0. Taking
the critical point zg = 0, we define the n* fundamental segment Iy =1y
as the circle arc [zg, To" (z0)] if n is even and [Te (o), zo] if is odd. Certain
number of images of fundamental segments Ig_l and I, under iterates of
T.,, cover whole circle without overlapping beyond the endpoints and form
the n'" dynamical partition of the circle

Pp = {I} =T, (I§),0 < j < g1} U{I} " = TE(I1),0<i < gu}

Obviously, the partition P, is a refinement of the partition P,. Indeed,
the "short"intervals I7" are members of P11 and each "long"interval ] in_l €
Tn, 0 < @ < gy, is partitioned into k,41 + 1 intervals belonging to P,41 such
that

fep1—1
Izn_l = Iz'n+1 U U IJnJrqn—1+sqn'

s=0
Next,using the sequence of dynamical rartition (P,),, we introduce a certain
symbolic representation for the dynamics of T, as follows. Let A = {a,0, 1, ..., k;
be an alphabet. Consider the set of in finite words L = {a := (a1, a9, ..., an, ...) :
la; € A} corresponding to S'\Or,, (79), where O1, (zo = {z0, Ter(70), ...}
and defined as follows. Take an arbitrary € S'\Or., (z9) we associate
the unique word a := (a1, ag,...,an,...) defined inductively as: a,, = 0 if
T € I;L,O <j<gn-1;anp=Fk —s,ifx € If+qn_1+sqn, 0<s<kp1—1,0<
i < @gn; and a, = 0, if I{‘H,O < i < ¢pn. Thus, we obtain a one-to-one
correspondence

SN\Or., (w) + L.
Notice that, the finite word (a1, asg,...,a,) of the length n corresponds to
an interval I" of the dynamical partition P,. We set I" = I(a1,ag, ..., a).
Denote by Ay a probability measure on the space of sequences £ induced by
Lebesgue measure on the circle, namely, Ao(a1, ag, ..., an) = |I(a1, az, ..., a,)|.
Consider another space of one-sided sequences,

O ={e=(e1,89,..,en,...) | es€ Aand giy1 =0if g, =a, i > 1}.

Now, consider another TeE (T). Since T and T, o are topological conjugated
the sets Or,, (zo) and Oz (yo) have the same order, where yo = h(zo) and h
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is the conjugation between T and T, Therefore, the symbolic representations
of the points € S'\Or,, (o) and h € S"\Oz (yo) are the same in L i.e.,
there exists a unique a € £ such that a = ¢(z) and a = ¥(h(z)). We set

[ (0,a,0,a,...), if e =a,
V(€)= { (a,0,a,0,...), if e = a.

AP = h(I") and V; = AP U AP,

Our main aim is to prove the following result.

Theorem 1. For any T € E(T,,) there exists a pair (U,, Ue), continuous (in
the Tychonoff topology) mappings Uy, Ue : Q4 — RY, such that the following
properties hold.

1. For any € = (€1,-.-s€p; Ept1y -1 Eny --) aNd
b= (e1,..s€p, bpt1,-..s bn, ...) belonging to the space Q1 there exists a constant
Ci = Cl(T) > 0 such that

|Uo(e) — Uo(b)| < Chla| P, if p is odd number;

Ue(e) = Uelb)] < Cilal ™7, if p is even number,
where a« = ayag < 1.

2. If I(ay, ..oy @py Qpg1.eeyan) C I(ar,...,ar) C V1,1 <r <mn, and r, n are
odd numbers. Then

[I(a,...,an)]

T(ar, )| = (1+vo(aq, ..., an))-exp{ Z Uo(ts, Qsi1y ooy Qry oy ar,y(a1)) }

s=r+1

If I(a1, ...,ap, Gpi1...yap) C I(ag,...;ar) C V1,1 < r < n, and r, n are even
numbers. Then

[ (a,...,an)]

‘I<a1 a )| = (1+¢e(al,---7an))‘€9€p{ Z Ue(as>as+17...,ar,...,al,l(al))},

s=r+1
where (a1, ..., an)| < Const - |a|™".

Remark 1. 1) Theorem 1 generalizes the main theorem of [4].
2) The second assertion of Theorem 1 implies that, the length of
any interval I € P, can be expressed in the "Cibbs"form:

I’n
e:mo{zzzr+1 Ults, sq1, ey Qry ooy a1, ¥(a1)) }

3) Following the terminology of statistical mechanics, we call U the
potential corresponding to the map T. Due to Teorem 1 the potential
depends on the long-range variables exponentially weakly, i.e., on the
statistical mechanical point of view, it is "good".

4) One can easily verify that the potential U is unique and invariant
under a smooth change of variable.

< Const

const <
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2 The orbit of critical point

As we have mentioned above the homemorphism T, is analytic, has the
cubic critical point g = 0 and its rotation number is irrational. Due to
Yoccoz’s [9] theorem T¢, and the linear rotation T),(z) = = + p (modl) are
topological equivalent. Hence the topological properties of T and T are
the same. In this section we study the metric properties of the T,,.— orbit of
the critical point xg = 0. We note that the commuting £, n is a fixed point
of renormalization operator R i.e.,

oz o (§" 7 (0" T (€ (0g a7 1)) =€) ecom @ € [7(0),0),

az - ar(§ 7 (n..£5 T (€™ (n(az a7 '2)))))...) = n(z)  ecan x € [0,£(0)).

q2+q1 times

We use this fact in the proof of the following theorem.
Theorem 2. For all n > 1 the following relations hold
TG (o "z) = a™"¢(x), « € [n(0),0) (1)
Tarten=t(a ") = a”"y(x), = € [0,£(0)), (2)
where o« = a1 - .

Proof. We prove the theorem by induction. Let z € [5(0),0). If n = 1,
then go = k1 - ko + 1 and o~ x € [0,£(0)). Therefore

T#(a te) = Te ™ (a7 te) = T (T (a7 te)) = T2 (E(a 1)) =

(k1 —14+1)+...+ (k1 —1+1)

Ter e (E(a"a)) =
(k1 —1+1)+ ...+ (k1 —1+1)
Ter o (€ (o e))) =
7 (.. (n(E (a7 ). ).

Relation (1) implies €171 (n...€M 7Y (n((a'2)))))...) = o 1&(x). Hence

q2 time

Suppose, that equation (2) holds [ < n. The relation (1) and gant2 =
kaqon+1 + g2n Imply

T2+ (af(lJrl)x) _ Téqumﬂ-i-qm (OF(HI)Q?) _ Tfrzqmﬂ (T (of(l‘Ll)ﬂJ)) =

T£2q21+1((a_l§(a_1x))) _ Tclf?(quZﬁqm’l)((oz_lf(a_lx))) _

T£2k1q21+k2q21_1((oflf(oflx))) _

Tc(kalfl)tIzHr(kZ*l)%zﬂ((a—ln(é(a—l:p)))) -

=t (. T (n(E (a7 )))))-) = aTlaT y(x) = a= (T p(2)

g2 time
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This proves the first assertion of theorem. The proof of the second assertion
is similar.
As a consequence of Theorem 2 we have.

Corollary 1. Let xg = 0 and x; = T..(20), i > 1. For all n > 1 we have

Tgo, = "E(0), Tgoptgen = "(0),
where o = a1 - ag.
Let A, be a subset of Or,, (xg) which is generation the n'® dynamical
partition i.e., A, = {zo, 21, .., Zg,+q,_1—1}. We set
A = 4,010,6(0), AL = AuN1[0,24,), ALy = Au N[y, €(0)),
AP = A, Ay, 0), APTY = AL A (2, 44,5 0),

n,1
A%mﬂ) = A, N [Tm, Tmg1), 1 <m <k — 1,
k1+1
A’Ezé ) = AN [xkl’wq2+q1)7

where 1 < m < ky. It is clear, that A, = UEI%A%m) and AS) = AS&UAS)Q,
A(k1+1) _ A(ki—'—l) UA(ké—H),

Agkln) Afl)
n(0) H , $(0)
L N
\ 1 1
,’l X Gty | 0 %, \\
(ky+1) (K +1)
AD A ALY AL A
Figure 2

Using definition A&f), i =1, (k1 + 1) and the structure of dynamical partition
one can show that

]Cn n— kn— n— y 1 L. k +1
|A’£ll)| :%722171515 |/4£l1 )| :C_In72+Qn737

where | - |— the cardinality of the finite set.

Lemma 1. For the number of plurality Ag),i > 1 the following equations

are just

ann—l + kn—lQn—2 (3)

AW = |AD)| = |AB)| = . = |Alk)| =
A3 = A7 = 1457 A5 o

A*HD) = g, o4 g3, g1 =g 2=q3=0. (4)
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Proof. We verity the (3) and (4) correlation for n = 1. Dynamical partition
P; has following segments:

0 70 0 1
19,010,101}

Now we look through Py partition. Here in this partition each segment of
O-rank is divided into k2 + 1 segments,and the I& segments are not divided.
Here in the result the news segments of division will have 1 and 2 rank, etc.

ko—1

0_ 72 1 :

Ij _Ij U U Ij+qo+sq1’1 <j<ki—1
s=0

4571 = 149 = 1457 = . = A5 = kot = et = faabhie, AR =
q = L.

Thus we have k; items of 2-rank segments and k1 -(ka+1) = kq-(
koq1 + ¢1 items of 1-rank segments number kog1 + g1 + qo = ¢2 + q1-

So, the correctness of (3) and (4) are proved. By the method of mathematical
induction we add for n 4 1, supposing that the correlation is true for all n.

The number of segment of P,, partition is equal for kq - k"'q"‘lzlj”‘l'q”‘z +
Gn—2 + qn-3 = qn + ¢n—1, and the number of segments P,19 is equal to
Gn+2 + Qn+1

In dynamical partition P,yo, we have I"*! segments of n + 1 in the
quantity of g,4+1 and I"*2 of n + 2 rank in the quantity of ¢,41, here we
have the elements lying on [0,£(0)) N A,42 is equal to gnt2 + ¢nt1, As the
elements Afz+27 i =1, k1, are made up by the [0,£(0)) N 4,12 iteration, so
then their element numbers are equal:

koki+ky ) _
k1

1 2 3 k knt2 - qns1 + knt1 -
[Afidal = [AZ] = 1472] = . = |43 = =2
The equality (3) is proved. So, the correctness of (3) is proved. We proved

the correctness of (4) for Affi;l). Suppose, A,(lklﬂ) = @n—92+qn_3.It is known,

that I} segment contents the n—1 rank segments in g,_o quantity and n rank

segments in ¢,—3 quantity. While partition P,2, each of n rank segments

is divided into one n — 1 rank and k,_; items n — 1 rank segments. We get

(kn—1+1)gn—1 = kn—1¢n—1+qn—1. Now we add preserved n rank segments ¢,

items. Here we get number of n rank segments as k,_1¢n—1+ ¢n—1+ Gn_3 =

Gn—1 + qn—2. Thus we proved that Ag&;l) = ¢p + ¢n_1. Lemma 1 is proved.
The next theorem describes the transition from A, to A,s.

Theorem 3. For all n > 1 the following relations hold.
Akt a~ (A, \ <A7(11)) AL a—luﬁ}))

n+2,2 n+2,1 =
k1+1 1 k1+1 k1+1 ki+1
Agiz,l) = Tcli}(Ang)rQ,l)v Agwiz ) = (Aguiz,l) U Agim))v

ko1
ASJ)&,z = Zo Tt (Agijl)), AS+)2 = AiLlJ)rQ,l U A7(11+)2,2,
]:

AiLsJ)rQ = Tcsr_l(AizlJ)rZ% 1 <s<Fk.
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Proof. Firstly, we prove that the second statement of the theorem 3. By
the corollary 1 we have T4 = a1 - 21 and z, = o™ - £(0), for every
point x; € P, such that a la; € Tn+2 Where 0 < o < 1 from that we take

a‘l(Ag)) € ASJ)FQJ. From the structure of dynamical partition we can see
that

k
A% = 140), | = 1AD)

We need to prove \Agﬁi;;)\ = |An| — |A,(11)|. It is easy to see that
ann—l + kn—lQn—Q

[An| = AV = gn + a1 — -
1

We evaluate the left side

kp+1 k1+1 k1+1
’Afzim)’ - |Anl++2 |- ‘Aizil,l)‘

= A5 = 1A

annfl + k’ananQ
k1 ’

=qn+qn-1—

Other statements are not difficult. The theorem 3. is proved.

Lemma 2. Let I" € P, and I"% € P,,_, n > k such that I C I"7F.
There exists a constant C = C(T,) > 0 such that

ITL
m < Ca_k, a < C|I(T)L|'

Proof. The proof of lemma follows closely that of [1] for the Feigenbaum
map.
To formulate our next result we define some subsets of P, as follow

P. = {I" € P, : such that I" C [5(0),0]},
P2 = {I" € P, : such that I" C [0,£(0)]},
P, ={I"€P,: such that I" C Ié},

where i = (n — k — 1), (n — k). The following theorem plays an important
role to build the thermodynamical formalism for T,,.

Theorem 4. The following relations hold, for any 0 < k < n.

n—=k

n=k_q 2
]P)n,nfk =« 2 le ]P)n,nfkfl =« 2 Pk
if n — k is an odd number.
—k —k

R 2 noE ol
]Pn,n—k—l = 2 Pk’ Pn,n—k:a 2 Pk

if n — k is an even number.
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Proof. The proof of theorem follows Theorem 4.

Consider the interval V"% = 177" U [77%~1 Notice that this interval is
a neighborhood of the point x1. Further, taking two intervals I’ and I such
that I' C I C Vln_k and I' € P41, I € P, we provide an estimate for the

ration Ryg = I'\I and its "iterations"R; = ‘|T:,SZZ((II,))|‘.

o @k, i I
n—k Gng, if TCIP !

The following lemma will be used below.

Denote

Lemma 3. [4| There ezists a constant C = C(T¢y) > 0 and a natural number
Nep > Nep(Ter) such that

R.
|lnR—l| <Ca% 0<i< sy
0

for all n > N,.

3 Construction of a potential for ergodic critical mappings
of a circle

In this section we prove Theorem 1 i.e., we build the potential U for T,,.
Note that the proof of Theorem 1 follows closely that of Theorem 1.1 [4].
To prove the theorem first we define the prelimit potentials U}’ (e1, €2, ..., €x)
and (7,?(61,62, y€k) for 1 < k < n and then we show that these potentials
converge to the limit of Ug(e1, €2, ..., €x) exponentially fast as n — oco. Finally
we show that the limit of Ug(e1, €9, ..., £ ) exists and unique as m — oco. Take
m > 1 and fix it. Consider the V"™ neighborhood of z; for n > m. It is
clear that V,,_; C [17(0), Zgotq] U [2g,,£(0)) for n > k + 4. For definiteness
we assume (n — k)— is even. The proof is similar for the case when (n —k)—
is odd. It is obvious

IPF C (21, 2ghq ), I C [2g,,€(0)).
Consider two intervals I’ € P, and I € P,,_5 such that I’ C I C Ifnfk). Let

the words

I(a,2,0,a,...,0,a,c,....e2,61) I(a,2,0,...,a,¢ek,...,£2).

n— times (n—2)— times
be the symbolic representations of I’ and I respectively. Define the following
functions
I(CL, 2, 0, a, ..., 0, A, &k, ...y €2, 81)

Ul'(e1,€9,...,e1) =1
k(l 2 k) & I(a72a0a"'7a?6k""’52)

and

1(2,0,a,...,0,a,0,e, ...,£2,€1)
I(Q,O,a, ey @y O,Sk, ...,62)

ﬁ,?(&l,SQ, ...,Sk) =1In
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It follows from the structure of dynamical partition and the definition of
symbolical representation that
|1(2,0,a,0,...,a,ek,....,e2,a)| =11(2,0,a,0,...,a,ck, ...,£2)|.
It is easy to see that
Uil(a,0,e3,....6) = ﬁﬂ(a,o,sg, ey €g) = 0.
Using theorem 3 and theorem 4, we get:
I(a,2,0,a,...,0,a,ek,....,e2,1) = n(1(0,q,0,a,...,0,a,cg, ...,€2,61)) =
n—k
:n(aiT(I(Skv'”vSQval)))a (5)
where I(eg,...,e2,€1) € Pk. Similarly,
I(a,2,0,a,...,0,a,¢k,....e2) =n((0,a,0,a,...,0,a,¢cg, ..., £2)) =
_n—k
= (a2 (I(ek; - €2))) (6)
where (g, ...,£2) € Pr_s. Denote by (51, f2) and (33, 84) the intervals that

correspond to I (e, ...,€2,¢1) and I (g, ..., €2), respectively. It is obvious that
(B1,B2) C (83, Ba). Using the definition U} and (5) and (6) we get:

_n—k -k
U (ersea, s ep) = In 1002 B2) =mle” = Bl _

n(a="2" B1) — nla™"2" B3)]

-1 ﬁ% - 6% —3n=ky _3gn=k
=In—=——2+0(a” 2 ) =U(er,€2, .., 61) + O™ 2 ). (7)
By — B3
With the same manner one can show
~ n—=k
U£(€17€23 "'agk’) = Uk(€17€27 "'agk) + O(a_gT)' (8)

Next we prove the existence of the limit of Ug(e1, 2, ..., ) when k — oo.
For this we take a word ¢ = (e1,...,&p,...) € Q4 and fix it. For a given k
consider the expression Uy := Ug(e1,€2,...,€k). Using (7) and (8), one can
get

Il!I(jgg(€k+4n)7€k+ana-~a€1)
I (v2n(Ektm), Ektms - €2)
Where 72, (€k4m) be 2n— dimensional vector of the form
(8 ) _ (2,0,&,0,...,&,0), if Ek+m = @
D2n(Ektm) = (,2,0,a,...,0,a), if €pim =0V 1
and the interval y2,, (€k+ms Ek+m, ---, €1) it is an element of dynamical partition

Popikim. It follows from the definition of symbolical dynamics, that the
interval M(slﬁm, Ek+m, -+, €1) belongs to the trajectory of the interval

I(v2n(€k+m), Ek+ms ---, €1). More precisely

Uk—i—m =1 + O(a_LBn)a (9)

I(M(Ekﬁ-m)v Ek+my -5 Ek+15Eky -+ €2, 61) = Tcir(l(’hn—&-m(sk)? €ky -5 €25 51))7
(10)
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where 0 < i < @optm, if e = a and 0 < i < g2pym+1 if e = 0V 1. Using (5)

|Tcir(I(7n+m(8k)’ €ky -5 €2, 61))| |I(r7n+m(5k)a Eky -y €2, 81)|
‘TZT(I(’Yner(Ek)’ €ky o 51))| ’I(P}I'fH‘m(gk)’ €y eevs 751)|

| In{ )71} < Const-a™".

(11)

On the other hand, by (7) and (8) we have
[ (Yntm(Er)s €y -or €25 €1))]
 (Ynam(Er)s €ks s €1))]
Combining (9), (10) and (12) we get
\Upgrm — Ur| < Const - ™", (13)

where Const depends only on T,,. Here we see, that {Ua(e1, €2, ..., e21) }72,
and {Usi—1(e1,€2,...,€2p—1) }721— fundamental succession. So we have the
existance this limits:

= Up(e1,€2,.y6%) + O(a™3"2).  (12)

lim Usg—1(€1,€2, ..., €26-1) = Uodd(€),
k—oo

lim U2k:(€17€27 ---352k) = Ueven(§)-
k—o0

where € = (€1,€9, ..., €951, €2k, ---)-
We designate the limit function by U(e1, €9, ..., €p...). Transiting into (13)
to the limit of m — oo, we get:

|U(e1,€2, ..y €n...) — Uk(e1, €2, ...,ex)| < Const - a”k,

here

U — Uoygq if k is odd number,

Uepen if k is even number.

Thus Theorem 1 is proved.
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