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Abstract

We obtain an estimate of the convergence rate in the central limit theorem for the number
of triangles in an heterogeneous Erdds-Rényi graphs. Our approach is reminiscent of Hoeffding
decomposition (a common technique in the theory of U-—statistics). We demonstrate that the
centered and normalized number of triangles asymptotically behaves as well as the normalized
sum of centered independent random variables, as the number of vertices of the graph increases.
The proposed method is characterized by its simplicity and probabilistic intuition.

1 Introduction

The counting number of triangles and subgraphs in the random Erddés-Rényi graph G(n,p) starts
from the original works of Erdgs and Rényi, and it is not a new research area. For the history of
the central limit theorem (CLT) for the number of triangles (and subgraphs in general), we refer the
reader to [1], where we found a good history introduction. This note contributes to this matter in
the following points.

e We extend CLT to the case where the probability of an edge between two vertices can depend
on vertices.

When the probability p, , to connect two vertices v and v can depend on vertices, we call inhomo-
geneous Erdds-Rény random graph, G(n, (p..)). We impose the strong condition (2.1) requiring a
non-zero gap p > 0 between 0 and 1. However, even with this restrictive assumption, a large class of
real-world networks can be effectively modeled by G(n, (py.)). For example, a stochastic block model
has such characteristics, [2]. At a first glance, it appears, that all inhomogeneous random graph
models mentioned in [3] can be accommodated within our condition. It is worth noting that a term
inhomogeneous random graph utilized in [3] differs somewhat from our usage. Therefore, we will
refrain from referring to the random graph G(n, (p.)) as an inhomogeneous random graph, opting
instead for the term heterogeneous Erdds-Rényi random graph or simply G(n, (pu.v))-

e We reduce the problem to the classic problem of the sum of independent random variables. It
makes the proof easy and more “probabilistic”.
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We show that in the simple decomposition for the sum of triangles, (2.3), the main contribution
to the count of triangles is provided by the sum of independent random variables (the term 7;,, in
the decomposition (2.3)). This fact allows us to use well-developed machinery to deal with sums of
independent random variables. In all earlier works, the results were obtained using combinatorics,
the method of moments, and a detailed analysis of the characteristic function. All this complicates
the proof, although it gives more accurate results [4].

Our proof is both simple and purely probabilistic, making it highly accessible to students who have
completed a standard course in probability theory. It is notably concise, serving as an illustrative
example of standard techniques for centering random variables and the application of Chebyshev and
Berry-Essen inequalities.

It’s worth noting that decomposition (2.3) can be viewed as a Hoeffding-type decomposition
commonly used in U-statistics. Additionally, many graph statistics can be considered as incomplete
U-statistics. This is another, statistics, way to establish the normal approximation. The validity of
the Central Limit Theorem for these cases are well-established facts applied for homogeneous Erdds-
Rényi (see [1, 5, 8]). Perhaps one of the earliest proofs of normal approximation for U-statistics can
be attributed to the work of Wassily Hoeffding, as referenced in [18].

We establish convergence based on the Barry-Essen bound outlined in [6, p. 115, Theorem
6], which provides a convergence rate in the Kolmogorov distance of order n=/3. We will show (see
section 3) that our approach can, unfortunately, improve this rate only to the form n=%, a < % While
our paper does not primarily focus on the rate of convergence, it is worth noting that recent research
has yielded more profound Barry-Essen-type bounds for the rate of convergence. For instance,
references such as [15, 16, 17] offer improved rates of order n~! applied for homogeneous Erdds-
Rényi random graph. We believe extending these results to the case of heterogeneous random graphs
presents a promising avenue for future research.

Consequently, we have established moderate deviation within a somewhat restricted area (see
(2.13)). Recently, the precise asymptotic behavior of moderate deviation for the number of subgraphs
in the homogeneous Erdés-Rényi random graph, G(n, p), has been derived in [9].

It’s also worth noting the significance of papers such as [10], [11], which explore the principle of
large deviations for the number of subgraphs in the homogeneous Erdés-Rényi random graph, and
[12]-[14], which encompass the Hoeffding-type inequalities for the number of subgraphs in random
graphs of diverse types.

e Finally, we are sure that our approach can readily apply to the number of copies of some fixed
arbitrary subgraph G in considered heterogeneous random graphs.

It is easy to see that the decomposition (2.3) works for any subgraph. Moreover, rough combinatorics
shows that the sum of independent random variables provides the main asymptotic. We comment it
in Remark 2.6.

In the next section we formulate and prove the main results. Throughout the paper, we consider
all random elements on the probability space (2, F, P), and E, D are expectation and variance with
respect to the probability measure P.



2 Main result

We define the heterogeneous Frdés-Rényi random graph with n vertices, n € N by the following.
Denote [n], the set of vertices, [n] = {1,...,n}. Consider the family of independent random variables
Xij, 1 <i < j <n with Bernoulli distribution with success probability p;;, (i.e. P(X;; = 1) = pijn,
P(X;; =0) =1 —p;jn). We assume that if X;; = 1, then the vertices ¢ and j are connected by an
edge, and there is no edge, otherwise. In other words, X;; is an indicator of an edge between vertex
¢ and j. Note that p;;, also depends on n, the total number of vertices. For this random graph we
adopt the notation G(n, (pijn))-

In this way, a heterogeneous Erdés-Rényi graph, G(n, (pij»)), differs from a homogeneous Erdds-
Rényi graph, G(n,p), by the distributions of Xj;;: in homogeneous case the all p;;,, = p for all
1 <i < j < n). Sometimes the following notations X(;jyn,p@j)» for random variables X;;,, and
probabilities will be useful. We denote (i) the pair of vertices i and j without obeying the order, for
example, X(;;), where 1 < j and Xj;), are the same variable X ), = X(ji)», and for probabilities
P(ij).,n = P(ji),n-

Throughout the paper, we require a (small) gap from 0 and 1 for probabilities p;;,: there exist
Pmin and Prax such that

0 < Pmin < Pijn < Pmax < 1, (2.1)

for all 1 <7 < j < n, n € N. While this assumption may appear restrictive, it’s worth noting
that the most intriguing phenomena often emerge when connection probabilities decrease with n.
But in practical terms, when dealing with finite networks, this assumption may not be as stringent.
Nevertheless, we will also describe and discuss cases where the probabilities p;;, or 1 — p;;, tend to
zero, see Remark 2.7 and Remark 2.8.

Let T}, be the number of triangles in our heterogeneous Erdgs-Rényi graph. Then

T, = Z Xinijz’k;; ET, = Z PijnPjknPikn-
1<i<j<k<n 1<i<j<k<n
Let
n—1 n
Z(n) = Z Z pij,n(]- - pij,n)Q?j,na
i=1 j=i+1
where
i—1 Jj—1 n
Qij,n = Zpri,nprj,n + Z PirnPrjn + Z PirmPjrmn- (22)
r=1 r=i+1 r=j+1

n

0 i
Here we obviously assume that > = > = > =0.
r=1 r=i41 r=n+1
We are interested in the rate of convergence in CLT for the sequence

T, —ET,

T )

Let’s formulate and prove the main result of the paper.



Theorem 2.1. Let the condition (2.1) holds. Then for all n >3

1 /3724 18 4
P, <z)—®@)| < — | —0— 4+ =+ — |,
up Pl <o) (x)'—n1/3< 207 U”m)

z 2
where ®(z) = = e_%dt, A is the Berry-FEsseen constant, and p := min(pmin, 1 — Pmax) -
var J P

Proof. Let write n, in the following way.

Z (Xij + pij,n)<Xjk + pjk,n)<Xik + pik,n) - Z DPijnPjknPikn
n :1§z‘<j<k:§n 1<i<j<k<n
! Z(n)
Z (Xij - pij,n)<Xjk - pjk,n)<Xik - pik,n)
:1§z‘<j<k:§n
Z(n) (2.3)
> P 2 ( Xk — Pawyn) (Xk) — Pikyn)
1<i<j<n ken)\{i,j}
>, (X — pz‘jn) Z p(zk),np(jk),n
1<i<j<n €n\{4,5}
= Mmn + T2.n + 13,n-
V ( )
Note that in (ij) notation Qsj, = > Dik),nD(jk)n. and thus
ken]\{4.5}
2 _Z (Xij = Pijin) Qijin
N3n = ——

Z(n)
Moreover, observe that Z(n) is exactly the variance of the numerator of 7s,, and the following
inequality holds true for all n > 3

% > 7 DZ Z — Pijn Qun Z Z pl]”l pij,n) ?j,”

i=1 j=i+1 i=1 j=i+1 (2.4)
S n(n—1)(n—2)%p°  n*(1—1/n)(1—2/n)%p° S ntpS
- 2 N 2 2T

Using Chebyshev inequality, uncorrelatedness of terms in the sum, and using (2.4), we obtain that
the “contribution” of 1, , and 72, into 7, is negligible. Indeed,

2
n*E ( Z (Xij - pij,n)(Xjk - pjk,n)(Xik - pzkn))
<

p | ’ 1 1<i<j<k<n
nl > =
m, nl/3 Z(n) (2.5)
o Z(n) = nips T 2p6p1/3



In the same way, we will obtain the obtain bound for the 7,. But to make the calculation easier
instead of 7y, we apply Chebyshev inequality to the following three terms which compose 7,

Yo (X — pijn) (Xjk — Djkn)Pikn Yo (X — pijm)Pjkn(Xik — Dikn)
. 1<i<j<k<n 1<i<j<k<n
2n —
Z(n) Z(n)
Yo Dijn(Xjk — Pikn) (Xik — Dikn)
1<i<j<k<n (1) (2) (3)
= n + n + n*
20 7o, Mo, 7o,
Finally, for r = 1,2, 3 we obtain
2/3(n
GINE 270 (5) 9
P <|772,n| > n1/3> < i b < 2060173 (2.6)

For the rate of convergence in CLT for 73, we use the following statement

Theorem 2.2. [6, p. 115, Theorem 6] Let Y1, ...,Y,, independent random variables with EY; = 0,
E|Y;|?*? < 0o for some 6 € (0,1], 1 < j < m. Then

>, 4o
Jj= _ } : 246
WP\ VB < WS g LB

m

where By, := Y EY}.
j=1

Using formulas (2.4) and inequality Q;;,, < n, we obtain for ¢ € (0, 1]

n—1 n n n4+5
Z Z E|(Xyj — pijn)Qijn] > < (2)n2+5 < 5 (2.7)
=1 j=i+1
P20 436
(Z(n))l+6/2 > 3302 (2.8)
From (2.7), (2.8), and from Theorem 2.2, for § = %, m = (3) it is follows that
37/2,,13/3 37/2

ilé]g IP(nsn <) — ®(x)] < A%T/Sp? = AW (2.9)

We finish the proof by constructing the upper and lower bounds for P(n, < z) — ®(z). It is easy to
see that for all 0 > 0, z € R

0<®(x+0)—d(x) < —. (2.10)

¥~
3



Let denote 7, := |n1.,| + |7} | + |772 | + |7} )|, Using inequalities (2.5), (2.6), (2.9), (2.10), we obtain
for all z € R
. 4 5 4
P(n,<z)—®(z) <P 77n<5U>77n§m +P > 75 — O(x)

4 18 4
<P (773,n <xz+ nl/s) + YINTE +o (x + W) — O(2) (2.11)

A 37/ 18 4
= 2pTnl/3 + pOnl/3 + V2rnl/3’

Applying (2.5), (2.6), (2.9), (2.10), and the inequality P(AN B) > P(A) — P(B), for all x € R we
obtain

4
. 4 4
>P(n3, <z-— 1/3 -P T > 75 + & T — P(2)
. . 4 36 4 (2.12)
>P (s, <z— n1/3 ~O\e= 5 ) < g~ T
7/2
> A 3 18 4

207n1/3 - ponl/3  /2mnl/3
From (2.11), (2.12) it follows that

1 372 18 4
P(n, <z)—® S B ,
ilelg‘ (1 <) (@)] < ni/3 < 207 pb \/27)

O

Corollary 2.3. The proof of Theorem 2.1 implies that DT,, ~ Z(n) as n goes to infinity. Thus,
CLT works with normalization /DT,,.

Consider the following family of numeric sequences

X = {x =z(n): lim z(n) =00, lim z(n) = O}. (2.13)
n—00 n—oo \/Inn
Let

gn::n—n, reX.
x

Corollary 2.4. Theorem 2.1 implies the following moderate deviation principle for the sequence &,.
Let x € X then, for any Borelian set B C R

1 2
hmsup ;P (&, € B) < — inf 7

n—+00 ac[B]

o2
hmlnf—lnP(fn € B)>— inf —,

n—oo 12 ae(B) 2

where [B], (B) are the closure and interior of B correspondingly.
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Proof. Theorem 2.1 implies that for any o € R

a+te) 2) 37/2A 18 4
Von eEd+ — (24 = ——) > P (& € ().
277'/04 B) 1/3 ( 2p7 ,06 \/%) = (5 (a) )

/W“ g 2 (37/2A+18+ 4)
— /271' n1/3 2p7 p6 /277' :

Thus, denoting C' := 2 (372;27’4 + 18 4 W) we have

2 _ o2(max(la—c|,late]))? C 2e  _ o2(min(ja—c||a+e))2 C
Nors ’ + i 2 P 6 € (a)d) 2 —=e 2 - (2.14)

Using the condition (2.13) and inequality (2.14), we obtain

1 1 € 2 (max(|a—cl,a+e[))? a?
— > — - - _
lli% hgglf :1:2 InP (&, € (o)) llil(l) h}gggf = In <\/%e 3 )

1 3e  _z’(min(a—cllate))? a?

lim lim sup — lnP (&n € (@)e) < limlimsup — In e . =——.
e=0 oo X2 L V2

It means the moderate large deviation principle for the sequence &,.

In order to prove the exponential tightness we need to show that for any M > 0 there exists
Ny < oo such that

I 1
imsup ——
n—oo  T2(1)

Theorem 2.1 and condition (2.13) imply that for any N, > 0 and for sufficiently large n the following
inequality holds

P (€] > Nag) < —M.

2 o t2 C 3 2?(n) N,
P (| = Ny) £ — e rdt+ —7= < e~ 2 .
e 2 M) < o= [ e

Thus, choosing Ny, := v/2M, we have

1 3 T
lim su —lnP nl > Nar) < limsu —ln e 2 =—-M.
n%oop (|£ ‘ M) n%oop iIZ' (\/ 2T )

It finishes the proof of exponential tightness for &,. The local large deviation principle and exponential
compactness imply the large deviation principle for &, (see, for example, |7, Lemma 4.1.23]). O

Remark 2.5. Note that the method does not allow us to improve the bound of the rate of convergence
O(1/n'/3). Indeed, if we want to improve the bound (2.5), then we need to consider

1
P (\Wl,n| > —a) ,
n
for a < 1/3, then for any fized x

1 1 1
(I)<IL‘—|—E)—(I)({L') O(E>>>W’

which will make the bound (2.10) worse.



Remark 2.6. The method allows (with simple modifications) to prove similar statements for the
number of any fixed subgraphs in heterogeneous Erdds-Rényi graph.

Indeed, we saw that only the sum of independent variables 13, contributed to the n,. The same
holds for any subgraph under the condition (2.1). Suppose a subgraph contains k vertices. Then the
decomposition (2.3) will contain again the sums of random variables 0y, + ...+ nk_1,, each of them
is represented by a sum of uncorrelated products of (X;; — pij)’s and the last sum ny., is the sum
of independent variables. The variance of all uncorrelated sums will be negligible with respect to the
variance of the last sum of independent variables:

I; Dnl,n +... .+ an—l,n
1m

= 0.
n—roo an,n

Let us consider a weaker than (2.1) condition (2.15) in which the numbers pyin = Pminn > 0,
Pmax = Pmax,n < 1 can depend on the parameter n € N:

0< Pmin,n S DPijn S Pmax,n < 17 (215)
forall 1 <i<j<n,néeN.

Remark 2.7. Note that the condition (2.1) can be replaced by the weaker condition (2.15). Theo-
rem 2.1 will hold if we require additional condition

) 1
Jim —r =0,

which come from the “worst” bound (2.9). In this case the CLT holds for n, with the rate of conver-
gence O (W), as n goes to infinity.

Let us consider the following conditions:

> max(Pijn, 1 — pijp)? max(Djxn, 1 — Pikn)® max(Pign, 1 — pikn)?

lim =<h=n - =0, (2.16)
n—o00 n- n
> > Pijn(l = pijn) Qi
i=1 j=it+1
n—1 n
. 1
Tim o) Y. ) E (Q?j,n<Xij7” = Pijn) " L(|Qijn(Xijn — pijin)| > € Z(”))) =0, (2.17)
i=1 j=i+1

here I(-) is an indicator of the set, Q;;, defined in (2.2).

Remark 2.8. If we are interested in the CLT only (without estimating of the rate of convergence),
then conditions (2.16), (2.17) are sufficient.

Indeed, we used Chebyshev inequality to bound variability of the terms ., and 12,. To maintain
the contribution of these terms negligible we need the condition (2.16). And, we can impose, for
example, the Lindeberg’s condition (2.17) for the CLT to hold for a sum of independent random
variables (see, for example, [6]).



Writing conditions (2.16) and (2.17) in the homogeneous case, when p, = pijn for all i,j € [n],
we obtain the following conditions

np? — 0o, n*(1—p,) — oo.

Observe that these conditions coincide with that was obtained in [8]. Note that this condition is
stronger than necessary and sufficient conditions obtained in [4]:

np, — 00, n2(1 — Pn) — 0.

3 An improvement of the convergence rate estimate of the
Kolmogorov distance

We showed that the contribution of bounds like (2.5) is of order n~'/3. Note that we used the second
moments in these bounds. The only way to improve the rate is by utilizing the moments greater
than two in inequality (2.5). Let us show that within this approach, for any o € [%, %) the following
bounds hold: there exists a positive constant C,, such that
Ca
sup |[P(n, < z) — ®(z)] < —. (3.1)

zeR ne

When we expand the brackets in the expression

2r
( Z (Xij — Pijn) (Xji — Pjen) (X — pzkn)) )

1<i<j<k<n

each term will be a product of the form

2r 2r
n
]'_‘[l = H (Xi’ulj’ul - pivljvl 7n)(Xj“lk’“l - pjvlkvl 771)(X7;/ulk3/ul - pivlkvl 7”)7 ]‘ S l S (3) )

'Ulzl

where [ denote a number of an ordered set of 2r triangles, and for each its factor

(Xivl.jvl - pivljvlyn)(valkvl - pjvlkvl,n)(Xivlkvl - pivlkvl,n)7 (32>

we established a one-to-one correspondence with the triangle (iy,, ju,, kv, ), and index v; stands for the
ordinal number of the triangle (i,,, ju,, ky,) in the ordered set of 2r triangles in term II;.

Note that EII; # 0 if and only if each factor in (3.2) appears at least twice in the product II;.
In simpler terms, every side of a triangle shares at least two triangles included in II;. It means that
term II; with a non-zero expectation contains no more than 3r distinct vertices. Indeed, when each
vertex appears at least twice among 2r triangles, the total number of vertices cannot exceed 3r. This
observation provides an upper bound for the number of arrangements of 2r triangles that yield a
non-zero expectation for I1;:



choosing 3r vertices gives us

n 3r.
(37’) R

the upper bound for the number of an ordered set of 2r triangles with chosen vertices is

Ultimately, the number of terms II; with a non-zero expectation does not exceed
n3(3r)5". (3.3)

Denote f(r) := (3r)%. Finally, utilizing the bound |EI;| < 1 we obtain

E < > (X = pijn) (X = Djien) (X — Pik,n)> <n¥ f(r). (3.4)

1<i<j<k<n

To ensure that the expectation aligns with the same order as the upper bound in (3.4), we will
establish the lower bound for the expectation. Note that 2r triangles can cover each of the 3r sides
and vertices exactly twice only if they are r pairs of coincident triangles. Let U and |U| is the set
and number of such configurations, respectively. It is easy to see, that

v <£) (™) (37"3320!. -5 (2;) (27»2— 2) (;L) (3) _n(n— 1)...(7112;!?” +1)(2n)! (35)

If IT; ¢ U and EII; # 0 then I, is constructed by at most 3r — 3 vertices. The number of such I,
has the following upper bound

{0, : 10, € U, B} # 0} < n® 3(3r — 3)5" < n® 3 f(r). (3.6)

Using (3.5) and (3.6), we can conclude that there exists f(r, p) > 0 such that for sufficiently large n

n¥f(r,p) <E ( o (X = i) Xk — i) (Xik — pz’km)) <n*f(r). (3.7)

1<i<j<k<n

The last means that for a given r and for sufficiently large n there exists constant C,. > 0 such that

2r
E ( Z (Xij — Pijn) (Xjk — i) (X — pik,n)) ~ Con™,

1<i<j<k<n
as nm — 0o.
Utilizing Markov inequality for 2r-th moment and relation (3.7) we obtain
1 ?(r)n3rn2ar 277"?(7,)”2&7"
P nl>— 1 < < ) 3.8
<|7]1, | na) = Zr<n) — nrpb’r ( )
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In a similar way, one can obtain an estimate of the same order for |ns,]|.
We can now determine the optimal o by solving the equation

n2er 1 r

(3.9)

—, a= .
n" ne 2r +1

From (3.8), (3.9) it follows that for any a € [1,1) and choosing 1 < r < oo we can obtain upper

bound (3.1). Thus, we have proved the following theorem.

Theorem 3.1. Let the condition (2.1) holds. Then for any « € [%, %) there exists a constant C, > 0
such that inequality (3.1) is met for all n > 3.
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