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Abstract: The transport-di�usion equation with a non-constant
di�usion coe�cient in the whole space Rd is considered and a
family of approximate solutions is de�ned by using the fundamental
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Under appropriate conditions on the regularity of the date, the
uniform convergence of approximate solutions to a function which
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1 Ââåäåíèå

Êàê òèïè÷íîå ïàðàáîëè÷åñêîå óðàâíåíèå, óðàâíåíèå ïåðåíîñà-äèôôó-
çèè

∂tu+ v · ∇u = κ∆u+ f (1)

èçó÷àëîñü âî ìíîãèõ ðàáîòàõ â ðàìêàõ èññëåäîâàíèÿ óðàâíåíèé ïàðà-
áîëè÷åñêîãî òèïà. Êàê õîðîøî èçâåñòíî, íàëè÷èå ñëàãàåìîãî κ∆u ïîç-
âîëÿåò ïîëó÷èòü õîðîøèå îöåíêè, êàê â ïðîñòðàíñòâå Ñîáîëåâà, òàê è â
ïðîñòðàíñòâå Ã¼ëüäåðà, è ñ ïîìîùüþ ýòèõ îöåíîê ïîêàçûâàåòñÿ ðàçðåøè-
ìîñòü óðàâíåíèÿ (1) ñ ðÿäîì óñëîâèé (ñì., íàïðèìåð, [9, 10, 8]). Íàïîì-
íèì òàêæå ìåòîä ñòîõàñòè÷åñêîãî ïðåäñòàâëåíèÿ ðåøåíèÿ, ò.å. îáðàòíî-
ãî óðàâíåíèÿ Êîëìîãîðîâà (ñì., íàïðèìåð, [7], ãë. VIII). Èñïîëüçîâàíèå
ýòîãî ìåòîäà ïîçâîëèëî îõàðàêòåðèçîâàòü íà ÿçûêå òåîðèè âåðîÿòíîñòåé
ïîâåäåíèå ðåøåíèÿ â ñëó÷àå, êîãäà êîýôôèöèåíò äèôôóçèè ñòðåìèòñÿ
ê íóëþ (ñì. [3]).
Íåäàâíî ïðåäëîæèëîñü òàêæå ïðèáëèæåíèå ðåøåíèÿ óðàâíåíèÿ ïåðå-

íîñà-äèôôóçèè, îñíîâàííîå íà èñïîëüçîâàíèè ÿäðà òåïëîïðîâîäíîñòè
(ôóíäàìåíòàëüíîãî ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè) è ïåðåìåùå-
íèè, ñîîòâåòñòâóþùåì ïåðåíîñó, íà êàæäîì øàãå äèñêðåòèçîâàííîãî âðå-
ìåíè, ñíà÷àëà â öåëîì ïðîñòðàíñòâå Rd (ñì. [12, 11]), ïîòîì â ïîëóïðî-
ñòðàíñòâå ñ îäíîðîäíûì ãðàíè÷íûì óñëîâèåì Äèðèõëå (ñì. [2, 5]) è ñ
îäíîðîäíûì ãðàíè÷íûì óñëîâèåì Íåéìàíà (ñì. [6]). Ãëàäêîñòü ðåøåíèÿ,
ïîëó÷åííàÿ ïðè îöåíêå ýòîãî ïðèáëèæåíèÿ, íèæå, ÷åì ïîëó÷åííàÿ äðó-
ãèìè ìåòîäàìè (êàê â [9]), íî ýòî ïðèáëèæåíèå è åãî îöåíêè ïîçâîëÿþò
îõàðàêòåðèçîâàòü, ïðÿìî íà ÿçâêå ìàòåìàòè÷åñêîãî àíàëèçà, ïîâåäåíèå
ðåøåíèÿ â ñëó÷àå, êîãäà êîýôôèöèåíò äèôôóçèè ñòðåìèòñÿ ê íóëþ (ñì.
[1, 4]).
Â ðàáîòàõ [1, 4, 5, 6, 11, 12] ðàññìàòðèâàëñÿ òîëüêî êîýôôèöèåíò äèô-

ôóçèè κ, íå çàâèñÿùèé îò x ∈ Rd, ÷òî ïîçâîëÿëî èçáåæàòü ñëîæíîñòåé,
ñâÿçàííûõ ñ çàâèñèìîñòüþ êîýôôèöèåíòà κ îò x. Â íàñòîÿùåé ðàáîòå
ðàññìàòðèâàåì óðàâíåíèå ïåðåíîñà-äèôôóçèè ñ êîýôôèöèåíòîì äèô-
ôóçèè κ = κ(x), çàâèñÿùèì îò x ∈ Rd, è ïîêàæåì, ÷òî ïðèáëèæåííûå
ðåøåíèÿ, ïîñòðîåííûå èñïîëüçîâàíèåì ÿäðà òåïëîïðîâîäíîñòè è ïåðåìå-
ùåíèåì, ñîîòâåòñòâóþùèì ïåðåíîñó, íà êàæäîì øàãå äèñêðåòèçîâàííîãî
âðåìåíè, ñõîäÿòñÿ ê ôóíêöèè, óäîâëåòâîðÿþùåé óðàâíåíèþ ïåðåíîñà-
äèôôóçèè è íà÷àëüíîìó óñëîâèþ â Rd. ×òîáû ïðåîäîëåòü ñëîæíîñòè,
ñâÿçàííûå ñ çàâèñèìîñòüþ êîýôôèöèåíòà κ îò x, ðàññìàòðèâàåì ïîñëå-

äîâàòåëüíîñòü ïîëîæåíèé Xn,h
k,y (x), ïî êîòîðûì âû÷èñëèòñÿ èíòåãðàë ñ

ÿäðîì òåïëîïðîâîäíîñòè â êàæäîì øàãå äèñêðåòèçîâàííîãî âðåìåíè.
Äåéñòâèòåëüíî, êàê óâèäèì íèæå, îöåíêè ïðèáëèæåííûõ ðåøåíèé îïè-

ðàþòñÿ íà îöåíêè Xn,h
k,y (x), è ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé îïè-

ðàåòñÿ íà ñõîäèìîñòü Xn,h
k,y (x). Îöåíêè X

n,h
k,y (x) è äîêàçàòåëüñòâî ñõîäè-

ìîñòè Xn,h
k,y (x) òðåáóþò çíà÷èòåëüíîé ðàçðàáîòêè. Ïîñòðîåíèå ïîñëåäî-

âàòåëüíîñòè Xn,h
k,y (x) è èõ ñâÿçü ñî çíà÷åíèÿìè ïðèáëèæåííûõ ðåøåíèé
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èìåþò íåñêîëüêî ñõîæèõ àñïåêòîâ ñî ñòîõàñòè÷åñêèì ïðåäñòàâëåíèåì
ðåøåíèÿ. Íî, â äàííîé ðàáîòå âñå ðàññóæäåíèÿ äåëàþòñÿ áåç èñïîëüçî-
âàíèÿ ïîíÿòèÿ âåðîÿòíîñòè.
Â äàííîé ðàáîòå äîêàæåì òàêæå ðàâíîìåðíóþ ñõîäèìîñòü ïðîèçâîä-

íîé ñïðàâà ïî t ïðèáëèæåííûõ ðåøåíèé ê ïðîèçâîäíîé ïî t ðåøåíèÿ
óðàâíåíèÿ. Íàïîìíèì, ÷òî â ïðåäûäóùèõ ðàáîòàõ äîêàçûâàëàñü òîëüêî
ñõîäèìîñòü â èíòåãðàëüíîì ñìûñëå ïðîèçâîäíîé ïî t (îïðåäåëåííîé íà
R+, çà èñêëþ÷åíèåì ñ÷åòíîãî ìíîæåñòâà t) ïðèáëèæåííûõ ðåøåíèé ê
îáîáùåííîé ïðîèçâîäíîé ïî t ðåøåíèÿ óðàâíåíèÿ.
Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåì óðàâíåíèå (1) ñî ñëàãàåìûì f , íå

çàâèñÿùåé îò èñêîìîé ôóíêöèè u. Íàì êàæåòñÿ, ÷òî ìîæíî îáîáùèòü
íàø ðåçóëüòàò íà ñëó÷àé, êîãäà f çàâèñèò îò u ñ åñòåñòâåííûìè óñëîâè-
ÿìè. Îäíàêî, äëÿ ýòîãî íàì ïîíàäîáèòñÿ îöåíêà íîâîãî òèïà. Ïîýòîìó
â äàííîé ðàáîòå ìû îãðàíè÷èìñÿ ñëó÷àåì, êîãäà f íå çàâèñèò îò u, è
áóäåì èçó÷àòü ñëó÷àé çàâèñèìîé îò u ôóíêöèè f â ñëåäóþùåé ðàáîòå.

2 Îïðåäåëåíèå ïðèáëèæåííûõ ðåøåíèé è îñíîâíîé

ðåçóëüòàò

Îïðåäåëèì ñåìåéñòâî ïðèáëèæåííûõ ðåøåíèé u[n](t, x), n = 1, 2, · · · ,
äëÿ óðàâíåíèÿ

∂tu(t, x) + v(t, x) · ∇u(t, x) = κ(x)∆u(t, x) + f(t, x), t > 0, x ∈ Rd, (2)

ñ íà÷àëüíûì óñëîâèåì

u(0, x) = u0(x), x ∈ Rd, (3)

ãäå ∇ = (∂x1 , · · · , ∂xd
)T , ∆ =

∑d
j=1 ∂

2
xj
, à v(t, x), f(t, x), κ(x) (κ(x) > 0),

u0(x) � çàäàííûå ôóíêöèè. Äëÿ ýòîãî, ââåäåì, ïðåæäå âñåãî, äèñêðåòè-
çàöèþ ïî âðåìåíè

0 = t
[n]
0 < t

[n]
1 < · · · < t

[n]
k−1 < t

[n]
k < · · · , t

[n]
k = kδn, δn =

1

2n
, (4)

äëÿ n = 1, 2, · · · , è îáîçíà÷èì ÷åðåç Θn(·) ÿäðî òåïëîïðîâîäíîñòè äëÿ
t = δn, ò. å.

Θn(x) =
1

(4πδn)d/2
exp(−|x|2

4δn
), x ∈ Rd. (5)

Îáîçíà÷èâ

a(x) =
√
κ(x), (6)

îïðåäåëèì ïðèáëèæåííûå ðåøåíèÿ u[n](t, x), n = 1, 2, · · · , ñîîòíîøåíèÿ-
ìè

u[n](t
[n]
0 , x) = u0(x), (7)

u[n](t
[n]
k , x) =

∫
Rd

Θn(y)u
[n](t

[n]
k−1, x− δnv(t

[n]
k , x)− a(x)y)dy + δnf(t

[n]
k−1, x),

k = 1, 2, · · · , (8)
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u[n](t, x) =
t
[n]
k − t

δn
u[n](t

[n]
k−1, x) +

t− t
[n]
k−1

δn
u[n](t

[n]
k , x)

ïðè t
[n]
k−1 ≤ t ≤ t

[n]
k , k = 1, 2, · · · . (9)

Çàìåòèì, ÷òî (8) ýêâèâàëåíòíî ôîðìóëå

u[n](t
[n]
k , x) =

∫
Rd

1

(4πδnκ(x))d/2
exp(− |y|2

4δnκ(x)
)×

×u[n](t[n]k−1, x− δnv(t
[n]
k , x)− y)dy + δnf(t

[n]
k−1, x), k = 1, 2, · · · . (10)

Ýòà ýêâèâàëåíòíîñòü âûòåêàåò íåïîñðåäñòâåííî èç çàìåíû ïåðåìåííûõ
y′ = a(x)y =

√
κ(x)y.

Äàëåå áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ

Dα
x =

∂|α|

∂xα1
1 · · · ∂xαd

d

, |α| =
d∑

j=1

αj , αj ∈ Z, αj ≥ 0.

×åðåç Cb(Rd) áóäåì îáîçíà÷àòü êëàññ íåïðåðûâíûõ è îãðàíè÷åííûõ íà
Rd ôóíêöèé, à ÷åðåç Cb,loc(R+;Cb(Rd)) � êëàññ íåïðåðûâíûõ íà R+×Rd

è îãðàíè÷åííûõ íà [0, τ ]× Rd ïðè ëþáîãî τ > 0 ôóíêöèé.
Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ïóñòü q ∈ Z, q ≥ 1. Ïðåäïîëîæèì, ÷òî

Dα
xv(t, x) ∈ Cb,loc(R+;Cb(Rd)) ïðè |α| ≤ q, (11)

Dα
xκ(x) ∈ Cb(Rd) ïðè |α| ≤ q, (12)

Dα
xf(t, x) ∈ Cb,loc(R+;Cb(Rd)) ïðè |α| ≤ q, (13)

Dα
xu0(x) ∈ Cb(Rd) ïðè |α| ≤ q, (14)

∂tD
α
xv(t, x) ∈ Cb,loc(R+;Cb(Rd)) ïðè |α| ≤ q − 1, (15)

∂tD
α
xf(t, x) ∈ Cb,loc(R+;Cb(Rd)) ïðè |α| ≤ q − 1. (16)

Òîãäà ôóíêöèè u[n](t, x), îïðåäåëåííûå ñîîòíîøåíèÿìè (7)�(9) è èõ ïðî-

èçâîäíûå Dα
xu

[n](t, x), |α| ≤ q − 1, ñõîäÿòñÿ ðàâíîìåðíî íà [0, τ ] × Rd

ñîîòâåòñòâåííî ê îäíîé ôóíêöèè u(t, x) è ê åå ïðîèçâîäíûì Dα
xu(t, x)

ïðè n→ ∞ äëÿ ëþáîãî τ > 0.
Åñëè, êðîìå òîãî, q ≥ 3, òî ïðîèçâîäíàÿ ñïðàâà (∂tu

[n])+(t, x) ôóíê-

öèè u[n](t, x) ïî t ñõîäÿòñÿ ê ∂tu(t, x) ðàâíîìåðíî íà [0, τ ]×Rd ïðè n→ ∞
äëÿ ëþáîãî τ > 0, ïðè÷åì ïðåäåëüíàÿ ôóíêöèÿ u(t, x) óäîâëåòâîðÿåò ïî-
òî÷å÷íî óðàâíåíèþ (2) íà R+ × Rd è íà÷àëüíîìó óñëîâèþ (3) íà Rd.

Ïðåæäå ÷åì ïðèñòóïèòü ê äîêàçàòåëüñòâó òåîðåìû 1, çàìåòèì, ÷òî
ìîæíî ïåðåïèñàòü (8) â áîëåå óäîáíûé äëÿ íàøèõ ðàññóæäåíèé âèä.
Äåéñòâèòåëüíî, åñëè ïèøåì y1 âìåñòî y è ââîäèì îáîçíà÷åíèå

Xn,1
k,y (x) = x− δnv(t

[n]
k , x)− a(x)y1,
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òî ìîæíî ïèñàòü u[n](t
[n]
k , x) â âèäå

u[n](t
[n]
k , x) =

∫
Rd

Θn(y
1)u[n](t

[n]
k−1, X

n,1
k,y (x))dy

1 + δnf(t
[n]
k−1, x).

Ôóíêöèÿ u[n](t
[n]
k−1, ·), â ñâîþ î÷åðåäü, ìîæåò áûòü âûðàæåíà ÷åðåç ôóíê-

öèþ Xn,2
k,y (x) è òàê äàëåå. Ïîýòîìó, åñëè îïðåäåëÿåì

Xn,0
k,y (x) = x, (17)

Xn,h
k,y (x) = Xn,h−1

k,y (x)− δnv(t
[n]
k−h+1, X

n,h−1
k,y (x))− a(Xn,h−1

k,y (x))yh,

h = 1, · · · , k (18)

(çäåñü h â îáîçíà÷åíèè yh ÿâëÿåòñÿ ïðîñòîì èíäåêñîì è íå îáîçíà÷àåò

ñòåïåíü), òî ìîæíî ïèñàòü u[n](t
[n]
k , x) â âèäå

u[n](t
[n]
k , x) =

∫
(Rd)k

(
k∏

h=1

Θn(y
h))u0(X

n,k
k,y (x))dy

1 · · · dyk+

+δn

k−1∑
h=1

∫
(Rd)h

(

h∏
h′=1

Θn(y
h′
))f(t

[n]
k−h−1, X

n,h
k,y (x))dy

1 · · · dyh + δnf(t
[n]
k−1, x),

(19)

ãäå

∫
(Rd)k

· · · dy1 · · · dyk � ýòî àááðåâèàòóðà îò

∫
Rd

· · ·
∫
Rd

· · · dy1 · · · dyk

è àíàëîãè÷íî äëÿ

∫
(Rd)h

· · · dy1 · · · dyh. Â äàëüíåéøåì èñïîëüçóåì âûðà-

æåíèå (19) äëÿ (8).

3 Îöåíêè ïðîèçâîäíûõ ôóíêöèé Xn,h
k,y (x)

Â ýòîì ðàçäåëå ïðîâåäåì îöåíêè ïðîèçâîäíûõ ôóíêöèé Xn,h
k,y (x), îïðå-

äåëåííûõ ñîîòíîøåíèÿìè (17)�(18).
Äîêàæåì ñíà÷àëà ñëåäóþùóþ ëåììó.

Ëåììà 1. Ïóñòü Xn,h
k,y (x) � ôóíêöèÿ, îïðåäåëåííàÿ ñîîòíîøåíèÿìè

(17)�(18). Ïðåäïîëîæèì, ÷òî óñëîâèÿ (11)�(12) ñ q = 1 âûïîëíåíû. Òî-
ãäà äëÿ êàæäîãî (τ ,m), τ > 0, m ∈ Z, m ≥ 1, ñóùåñòâóåò òàêàÿ íåçà-

âèñèìàÿ îò n è k ïîñòîÿííàÿ K1 = K1(τ ,m), ÷òî, åñëè t
[n]
k ≤ τ , òî äëÿ

ëþáîãî i ∈ {1, · · · , d} èìååì

sup
x∈Rd

∫
(Rd)h

( h∏
h′=1

Θn(y
h′
)
)( d∑

j=1

(∂xi(X
n,h
k,y (x))j)

2
)m

dy1 · · · dyh ≤ eK1hδn .

(20)
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Äîêàçàòåëüñòâî. Ïóñòü t
[n]
k ≤ τ . Äèôôåðåíöèðóÿ j-þ êîìïîíåíòó äâóõ

÷àñòåé ðàâåíñòâà (18) ïî xi, ïîëó÷èì

∂xi(X
n,h
k,y (x))j =

= ∂xi(X
n,h−1
k,y (x))j − δn

d∑
l=1

v′j,l∂xi(X
n,h−1
k,y (x))l − yhj

d∑
l=1

a′l∂xi(X
n,h−1
k,y (x))l,

(21)
ãäå

v′j,l = ∂ξlvj(t
[n]
k−h+1, ξ)

∣∣∣
ξ=Xn,h−1

k,y (x)
, a′l = ∂ξla(ξ)

∣∣∣
ξ=Xn,h−1

k,y (x)
. (22)

Òàêèì îáðàçîì èìååì

d∑
j=1

(∂xi(X
n,h
k,y (x))j)

2 =

= Ξ(0)−2δnΞ
(1)−2

d∑
j=1

yhj Ξ
(2)
j +2δn

d∑
j=1

yhj Ξ
(3)
j +δ2nΞ

(4)+
d∑

j=1

(yhj )
2Ξ(5), (23)

ãäå

Ξ(0) =
d∑

j=1

(∂xi(X
n,h−1
k,y (x))j)

2,

Ξ(1) =
d∑

j,l=1

v′j,l∂xi(X
n,h−1
k,y (x))j∂xi(X

n,h−1
k,y (x))l,

Ξ
(2)
j =

d∑
l=1

a′l∂xi(X
n,h−1
k,y (x))j∂xi(X

n,h−1
k,y (x))l,

Ξ
(3)
j =

d∑
l,l′=1

v′j,la
′
l′∂xi(X

n,h−1
k,y (x))l∂xi(X

n,h−1
k,y (x))l′ ,

Ξ(4) =
d∑

j,l,l′=1

v′j,lv
′
j,l′∂xi(X

n,h−1
k,y (x))l∂xi(X

n,h−1
k,y (x))l′ ,

Ξ(5) =
d∑

l,l′=1

a′la
′
l′∂xi(X

n,h−1
k,y (x))l∂xi(X

n,h−1
k,y (x))l′ .

Åñëè âîçâåñòè îáå ÷àñòè (23) â ñòåïåíü m (m = 1, 2, · · · ), òî èìååì( d∑
j=1

(∂xi(X
n,h
k,y (x))j)

2
)m

= (Ξ(0))m−2mδnΞ
(1)(Ξ(0))m−1−

−2m

d∑
j=1

yhj Ξ
(2)
j (Ξ(0))m−1 +m

d∑
j=1

(yhj )
2Ξ(5)(Ξ(0))m−1+
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+2m(m− 1)
d∑

j,j′=1

yhj y
h
j′Ξ

(2)
j Ξ

(2)
j′ (Ξ

(0))m−2 +Rm, (24)

ãäå Rm � ñóììà ñëàãàåìûõ, ñîäåðæàùèõ ìíîæèòåëü δ p0n (yh1 )
p1 · · · (yhd )pd

ñ p0 +
∑d

j=1
pj
2 > 1.

Íàïîìíèì, ÷òî v′j,l, a
′
l è ∂xi(X

n,h−1
k,y (x))j íå çàâèñÿò îò y

h. Ïîýòîìó Ξ(0),

Ξ(1), Ξ
(2)
j , Ξ

(3)
j , Ξ(4) è Ξ(5) òàêæå íå çàâèñÿò îò yh. Íàïîìíèì òàêæå, ÷òî

äëÿ ôóíêöèè Θn(·) èìååì∫
Rd

Θn(y
h)(yh1 )

p1 · · · (yhd )pddyh = 0, åñëè (p1, · · · , pd) ∈ Πd, (25)

∫
Rd

Θn(y
h)|yh1 |p1 · · · |yhd |pddyh = C(p1,··· ,pd)δ

p
2
n , p =

d∑
j=1

pj , (26)

ãäå Πd � ñîâîêóïíîñòü òàêèõ (p1, · · · , pd), ÷òî ïî êðàéíåé ìåðå åñòü îäèí
íå÷åòíûé pj , à C(p1,··· ,pd) � ïîëîæèòåëüíîå ÷èñëî, îïðåäåëåííîå ÷èñëàìè
p1, · · · , pd. Â ÷àñòíîñòè èìååì∫

Rd

Θn(y
h)dyh = 1,

∫
Rd

Θn(y
h)(yhj )

2dyh = 2δn, j = 1, · · · , d. (27)

Òàêèì îáðàçîì, ïîëó÷èì∫
Rd

Θn(y
h)(Ξ(0))mdyh = (Ξ(0))m, (28)∫

Rd

Θn(y
h)Ξ(1)(Ξ(0))m−1dyh = Ξ(1)(Ξ(0))m−1, (29)

∫
Rd

Θn(y
h)

d∑
j=1

yhj Ξ
(2)
j (Ξ(0))m−1dyh = 0, (30)

∫
Rd

Θn(y
h)

d∑
j=1

(yhj )
2Ξ(5)(Ξ(0))m−1dyh = 2dδnΞ

(5)(Ξ(0))m−1, (31)

∫
Rd

Θn(y
h)

d∑
j,j′=1

yhj y
h
j′Ξ

(2)
j Ξ

(2)
j′ (Ξ

(0))m−2dyh = 2δn

d∑
j=1

(Ξ
(2)
j )2(Ξ(0))m−2.

(32)

Çàìåòèì, ÷òî èç îïðåäåëåíèÿ Ξ(r), r = 1, · · · , 5, è óñëîâèé (11)�(12) âû-
òåêàåò ñóùåñòâîâàíèå òàêîé íåçàâèñèìîé îò n, k è h ïîñòîÿííîé C =
C(τ ,m), ÷òî

|Ξ(r)| ≤ C Ξ(0), r = 1, · · · , 5. (33)

×òî êàñàåòñÿ ñëàãàåìîãî Rm, òàê êàê δn ≤ 1
2 , èç (33) è íàëè÷èÿ ìíî-

æèòåëÿ δ p0n (yh1 )
p1 · · · (yhd )pd ñ p0+

∑d
j=1

pj
2 > 1 â êàæäîì ñëàãàåìîì èç Rm
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ñëåäóåò, ÷òî ñóùåñòâóåò íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ C = C(τ ,m)
òàêàÿ, ÷òî ∣∣∣ ∫

Rd

Θn(y
h)Rmdy

h
∣∣∣ ≤ C ′δn(Ξ

(0))m. (34)

Èç (24) è (28)�(32) ñëåäóåò, ÷òî ñóùåñòâóåò íåçàâèñèìàÿ îò n, k è h
ïîñòîÿííàÿ K1 = K1(τ ,m) òàêàÿ, ÷òî∫

(Rd)h

( h∏
h′=1

Θn(y
h′
)
)( d∑

j=1

(∂xi(X
n,h
k,y (x))j)

2
)m

dy1 · · · dyh ≤

≤
(
1 +K1δn

) ∫
(Rd)h−1

( h−1∏
h′=1

Θn(y
h′
)
)
(Ξ(0))mdy1 · · · dyh−1. (35)

Ïîëîæèì

A
(1,m)
h (x) =

∫
(Rd)h

( h∏
h′=1

Θn(y
h′
)
)( d∑

j=1

(∂xi(X
n,h
k,y (x))j)

2
)m

dy1 · · · dyh. (36)

Òàê êàê ∫
(Rd)h−1

( h−1∏
h′=1

Θn(y
h′
)
)
(Ξ(0))mdy1 · · · dyh−1 = A

(1,m)
h−1 (x),

íåðàâåíñòâà (35) ìîæíî íàïèñàòü â âèäå

A
(1,m)
h (x) ≤ (1 +K1δn)A

(1,m)
h−1 (x). (37)

Ñ äðóãîé ñòîðîíû, èç (17) ñëåäóåò, ÷òî

A
(1,m)
0 (x) = 1. (38)

Òàêèì îáðàçîì èç (37) è (38) âûòåêàåò, ÷òî

A
(1,m)
h (x) ≤ (1 +K1δn)

h. (39)

Ïîñêîëüêó (39) ñïðàâåäëèâî äëÿ ëþáîãî x ∈ Rd, ñ ó÷åòîì íåðàâåíñòâà

(1 +K1δn)
h ≤ eK1hδn ,

ïîëó÷èì (20). Ëåììà äîêàçàíà. □

Ëåììà 2. Ïóñòü q ∈ Z, q ≥ 1, à Xn,h
k,y (x) � ôóíêöèÿ, îïðåäåëåííàÿ ñîîò-

íîøåíèÿìè (17)�(18). Ïðåäïîëîæèì, ÷òî óñëîâèÿ (11)�(12) âûïîëíåíû.
Òîãäà äëÿ êàæäîãî (τ ,m), τ > 0, m ∈ Z, m ≥ 1, ñóùåñòâóåò íåïðåðûâ-

íàÿ è âîçðàòàþùàÿ ôóíêöèÿ Φ(q,m)(s) = Φ(τ ;q,m)(s), íå çàâèñÿùàÿ îò n,

k è h, è òàêàÿ, ÷òî, åñëè t
[n]
k ≤ τ , òî äëÿ ëþáîãî α = (α1, · · · , αd) ∈ Zd,

αj ≥ 0, |α| = q, èìååì

sup
x∈Rd

∫
(Rd)h

( h∏
h′=1

Θn(y
h′
)
)( d∑

j=1

(Dα
x (X

n,h
k,y (x))j)

2
)m

dy1 · · · dyh ≤ Φ(q,m)(hδn).

(40)
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Äîêàçàòåëüñòâî. Ïóñòü t
[n]
k ≤ τ . Òàê êàê óòâåðæäåíèå ëåììû óæå äî-

êàçàíî â ñëó÷àå q = 1, òî äîñòàòî÷íî äîêàçàòü åãî, ïðåäïîëàãàÿ, ÷òî îíî
âåðíî äëÿ q′ = 1, · · · , q − 1. Èòàê, çàôèêñèðóåì q ≥ 2 è ïðåäïîëîæèì,
÷òî ñïðàâåäëèâî íåðàâåíñòâî (40) ñ q′ âìåñòî q, q′ = 1, · · · , q − 1.
Åñëè ïðèìåíèì äèôôåðåíöèàëüíûé îïåðàòîð Dα

x (|α| = q) ê j-é êîì-
ïîíåíòå (18), è âîçâåäåì ïîëó÷åííûå âûðàæåíèÿ â êâàäðàò, òî, ñêëàäû-

âàÿ (Dα
x (X

n,h
k,y (x))j)

2 äëÿ j = 1, · · · , d, ïîëó÷èì
d∑

j=1

(Dα
x (X

n,h
k,y (x))j)

2 =

= Ξ(q,0)−2δnΞ
(q,1)−2

d∑
j=1

yhj Ξ
(q,2)
j +2δn

d∑
j=1

yhj Ξ
(q,3)
j +δ2nΞ

(q,4)+

d∑
j=1

(yhj )
2Ξ(q,5),

ãäå

Ξ(q,0) =

d∑
j=1

(Dα
x (X

n,h−1
k,y (x))j)

2,

Ξ(q,1) =
d∑

j=1

(Dα
x (X

n,h−1
k,y (x))j)D

α
xvj(t

[n]
k−h+1, X

n,h−1
k,y (x)),

Ξ
(q,2)
j = (Dα

x (X
n,h−1
k,y (x))j)D

α
xa(X

n,h−1
k,y (x)),

Ξ
(q,3)
j = (Dα

xvj(t
[n]
k−h+1, X

n,h−1
k,y (x)))Dα

xa(X
n,h−1
k,y (x)),

Ξ(q,4) =

d∑
j=1

(Dα
xvj(t

[n]
k−h+1, X

n,h−1
k,y (x)))2,

Ξ(q,5) = (Dα
xa(X

n,h−1
k,y (x)))2.

Òàêèì îáðàçîì, äëÿ m = 1, 2, · · · èìååì( d∑
j=1

(Dα
x (X

n,h
k,y (x))j)

2
)m

= (Ξ(q,0))m−2mδnΞ
(q,1)(Ξ(q,0))m−1−

−2m

d∑
j=1

yhj Ξ
(q,2)
j (Ξ(q,0))m−1 +m

d∑
j=1

(yhj )
2Ξ(q,5)(Ξ(q,0))m−1+

+2m(m− 1)

d∑
j,j′=1

yhj y
h
j′Ξ

(q,2)
j Ξ

(q,2)
j′ (Ξ(q,0))m−2 +R(q)

m , (41)

ãäå R
(q)
m � ñóììà ñëàãàåìûõ, ñîäåðæàùèõ ìíîæèòåëü δ p0n (yh1 )

p1 · · · (yhd )pd
ñ p0 +

∑d
j=1

pj
2 > 1. Ó÷èòûâàÿ íåçàâèñèìîñòü Ξ(q,r), r = 0, 1, · · · , 5, îò yh,

àíàëîãè÷íî èíòåãðàëó îòíîñèòåëüíî Ξ(r), ïîêàçàííîìó âûøå, ïîëó÷èì∫
Rd

Θn(y
h)(Ξ(q,0))mdyh = (Ξ(q,0))m, (42)
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Rd

Θn(y
h)Ξ(q,1)(Ξ(q,0))m−1dyh = Ξ(q,1)(Ξ(q,0))m−1, (43)

∫
Rd

Θn(y
h)

d∑
j=1

yhj Ξ
(q,2)
j (Ξ(q,0))m−1dyh = 0, (44)

∫
Rd

Θn(y
h)

d∑
j=1

(yhj )
2Ξ(q,5)(Ξ(q,0))m−1dyh = 2dδnΞ

(q,5)(Ξ(q,0))m−1, (45)

∫
Rd

Θn(y
h)

d∑
j,j′=1

yhj y
h
j′Ξ

(q,2)
j Ξ

(q,2)
j′ (Ξ(q,0))m−2dyh =

= 2δn

d∑
j=1

(Ξ
(q,2)
j )2(Ξ(q,0))m−2. (46)

Ñîãëàñíî îïðåäåëåíèþ R
(q)
m èìååì òàêæå∣∣∣ ∫

Rd

Θn(y
h)R(q)

m dyh
∣∣∣ ≤ δnΣΞ, (47)

ãäå ΣΞ � ñóììà ïðîèçâåäåíèé |Ξ(q,r)|, r = 0, 1, · · · , 5.
Íàïîìíèì, ÷òî ïðîèçâîäíàÿ Dα

xφ(X(x)) ñëîæíîé ôóíêöèè φ(X(x))
èìååò âûðàæåíèå

Dα
xφ(X(x)) =

|α|∑
q′=1

d∑
j1,··· ,jq′=1

( ∂q
′

∂ξj1 · · · ∂ξjq′
φ(ξ)

∣∣∣
ξ=X(x)

)
×

×
∑

σ∈Σα,q′

Dσ1

x Xj1(x) · · ·Dσq′

x Xjq′ (x), (48)

ãäå Σα,q′ � ìíîæåñòâî òàêèõ ýëåìåíòîâ σ = {σ1, · · · , σq′}, ÷òî

σr = (σr1, · · · , σrd), r = 1, · · · , q′, σri ∈ Z, σri ≥ 0,

d∑
i=1

σri ≡ |σ| ≥ 1,

q′∑
r=1

σri = αi, i = 1, · · · , d.

Èòàê, ñ ó÷åòîì óñëîâèé (11)�(12), èìååì

|Dα
xvj(t

[n]
k−h+1, X

n,h−1
k,y (x))|+ |Dα

xa(X
n,h−1
k,y (x))| ≤

≤ C sup
j′∈{1,··· ,d}

|Dα
x (X

n,h−1
k,y (x))j′ |+ Pq−1. (49)

Çäåñü C � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ (ïîñòîÿííàÿ C, êîòî-
ðóþ èñïîëüçóåì çäåñü, à òàêæå ïîñòîÿííûå C ′, C ′′ è C ′′′, êîòîðûå áóäåì
èñïîëüçîâàòü â äàëüíåéøåì â ýòîì äîêàçàòåëüñòâå, çàâèñÿò îò (τ ,m, q),
íî, ïîñêîëüêó â ýòîì äîêàçàòåëüñòâå ìû çàôèêñèðîâàëè (τ ,m, q), ïðîñòî
ãîâîðèì, ÷òî îíè íåçàâèñèìû îò n, k è h), à Pq−1 � ñóììà ïðîèçâåäåíèé
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|Dσ
x(X

n,h−1
k,y (x))j′ | (j′ = 1, · · · , d, 1 ≤ |σ| ≤ q − 1), óìíîæåííûõ íà àáñî-

ëþòíîå çíà÷åíèå ïðîèçâîäíûõ q′-ãî ïîðÿäêà, 1 ≤ q′ ≤ q, ïî x îò v(t, x)
èëè a(x).

Èç ñîîòíîøåíèÿ (49) è îïðåäåëåíèÿ Ξ(q,r), r = 0, 1, · · · , 5, ñëåäóåò, ÷òî

|Ξ(q,r)| ≤ C ′Ξ(q,0) + P ′
q−1, r = 1, · · · , 5, (50)

ãäå C ′ � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ, à P ′
q−1 � ñóììà ïðîèçâå-

äåíèé ìíîæèòåëåé
d∑

j′=1

(Dσ
x(X

n,h−1
k,y (x))j′)

2 (1 ≤ |σ| ≤ q − 1), óìíîæåííûõ

íà íåçàâèñèìûå îò n, k è h ïîñòîÿííûå.
Ïîëîæèì òåïåðü

A
(q,m)
h (x) =

∫
(Rd)h

( h∏
h′=1

Θn(y
h′
)
)( d∑

j=1

(Dα
x (X

n,h
k,y (x))j)

2
)m

dy1 · · · dyh. (51)

Åñëè èíòåãðèðóåì íà (Rd)h ëåâóþ ÷àñòü (41), óìíîæåííóþ íà
h∏

h′=1

Θn(y
h′
),

òî ïîëó÷èì A
(q,m)
h (x). ×òî êàñàåòñÿ ïåðâîãî ñëàãàåìîãî ïðàâîé ÷àñòè

(41), ñ ó÷åòîì (42) èìååì∫
(Rd)h

( h∏
h′=1

Θn(y
h′
)
)
(Ξ(q,0))mdy1 · · · dyh =

=

∫
(Rd)h−1

( h−1∏
h′=1

Θn(y
h′
)
)
(Ξ(q,0))mdy1 · · · dyh−1 = A

(q,m)
h−1 (x).

Ñ äðóãîé ñòîðîíû, èç (43)�(47) è (50) ñëåäóåò, ÷òî èíòåãðàë íà (Rd)h

äðóãèõ ñëàãàåìûõ ïðàâîé ÷àñòè (41), óìíîæåííûõ íà
h∏

h′=1

Θn(y
h′
), îãðà-

íè÷åí âåëè÷èíîé

C ′′δn

∫
(Rd)h−1

( h−1∏
h′=1

Θn(y
h′
)
)(
(Ξ(q,0))m + (P ′

q−1)
m
)
dy1 · · · dyh−1,

ãäå C ′′ � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ.
Òàêèì îáðàçîì, ïðèíèìàÿ âî âíèìàíèå ïðåäïîëîæåíèå î ñïðàâåäëè-

âîñòè (40) äëÿ q′ ≤ q − 1, ïîëóèì íåðàâåíñòâî

A
(q,m)
h (x) ≤ (1 + C ′′′δn)A

(q,m)
h−1 (x) + C ′′′δnC̃(hδn), (52)

ãäå C ′′′ � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ, à C̃(s) � ôóíêöèÿ, âîç-

ðàñòàþùàÿ ïî s ≥ 0 è íå çàâèñÿùàÿ îò n è k. Òàê êàê A
(q,m)
0 (x) = 0, èç

(52) ñëåäóåò, ÷òî

A
(q,m)
h (x) ≤ C ′′′δn

h∑
j=1

(1 + C ′′′δn)
h−jC̃(hδn). (53)
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Ïîñêîëüêó (53) ñïðàâåäëèâî äëÿ ëþáîãî x ∈ Rd, ó÷èòûâàÿ íåðàâåíñòâî

δn

h∑
j=1

(1 + C ′′′δn)
h−j ≤

∫ hδn

0
e(hδn−s)C′′′

ds =
1

C ′′′ (e
C′′′hδn − 1),

ïîëó÷èì (40) ñ Φ(q,m)(s) = (eC
′′′s − 1)C̃(s). Ëåììà äîêàçàíà. □

4 Îöåíêè ïðèáëèæåííûõ ðåøåíèé è èõ ïðèçâîäíûõ

Â ýòîì ðàçäåëå óñòàíàâëèâàåì îöåíêè ïðèáëèæåííûõ ðåøåíèé u[n](t, x)

è èõ ïðîèçâîäíûõ. Òàê êàê ïðè t
[n]
k−1 < t < t

[n]
k îïðåäåëÿåòñÿ u[n](t, x) çíà-

÷åíèÿìè u[n](t
[n]
k−1, x) è u

[n](t
[n]
k , x) (ñì. (9)), äëÿ îöåíêè u[n](t, x) â îòðåçêå

[0, τ ] èñïîëüçóåì ÷àñòî îòðåçîê [0, τ+], ãäå

τ+ = τ + δ1. (54)

Äîêàæåì ñëåäóþùóþ ëåììó.

Ëåììà 3. Ïóñòü q ∈ Z, q ≥ 0, à u[n](t, x), n = 1, 2, · · · , � ôóíêöèè, îïðå-
äåëåííûå ñîîòíîøåíèÿìè (7)�(9). Ïðåäïîëîæèì, ÷òî óñëîâèÿ (11)�(14)
âûïîëíåíû. Òîãäà ñóùåñòâóåò íåïðåðûâíàÿ è âîçðàòàþùàÿ ôóíêöèÿ

Φ̃q : R+ → R+, íå çàâèñÿùàÿ îò n è óäîâëåòâîðÿþùàÿ íåðàâåíñòó

sup
x∈Rd

|Dα
xu

[n](t, x)| ≤ Φ̃q(t) ∀t ≥ 0 (55)

äëÿ ëþáîãî α = (α1, · · · , αd) ∈ Zd, αj ≥ 0, |α| = q è ëþáîãî n ∈ Z, n ≥ 1.

Äîêàçàòåëüñòâî. Òàê êàê ñîãëàñíî (19) èìååì

|u[n](t[n]k , x)| ≤
∣∣∣ ∫

(Rd)k
(

k∏
h=1

Θn(y
h))u0(X

n,k
k,y (x))dy

1 · · · dyk
∣∣∣+

+δn

k−1∑
h=1

∣∣∣ ∫
(Rd)h

(

h∏
h′=1

Θn(y
h′
))f(t

[n]
k−h−1, X

n,h
k,y (x))dy

1 · · · dyh
∣∣∣+ δn|f(t[n]k−1, x)|,

ó÷èòûâàÿ ïåðâîå ñîîòíîøåíèå (27), ïîëó÷àåì

sup
x∈Rd

|u[n](t[n]k , x)| ≤Mu0 + kδnMf =Mu0 + t
[n]
k Mf , t

[n]
k ≤ τ+, (56)

ãäå Mu0 = supx∈Rd |u0(x)| è Mf = sup(t,x)∈[0,τ+]×Rd |f(t, x)|. Ïîñêîëüêó
íåðàâåíñòâî (56) ñïðàâåäëèâî äëÿ ëþáîãî n ∈ Z, n ≥ 1, ïðèíèìàÿ âî

âíèìàíèå îïðåäåëåíèå (9), âûâîäèì ñóùåñòâîâàíèå ôóíêöèè Φ̃0(t), óäî-
âëåòâîðÿþùåé (55) ñ q = 0.
Ðàññìîòðèì ñëó÷àé q ≥ 1. Ïðèìåíÿÿ äèôôåðåíöèàëüíûé îïåðàòîð

Dα
x , |α| = q, ê îáåèì ÷àñòÿì (19), ïîëó÷àåì

Dα
xu

[n](t
[n]
k , x) = I1 + δn

k−1∑
h=1

I2,h + δnI3, (57)
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ãäå

I1 =

∫
(Rd)k

(

k∏
h=1

Θn(y
h))Dα

xu0(X
n,k
k,y (x))dy

1 · · · dyk,

I2,h =

∫
(Rd)h

(

h∏
h′=1

Θn(y
h′
))Dα

xf(t
[n]
k−h−1, X

n,h
k,y (x))dy

1 · · · dyh,

I3 = Dα
xf(t

[n]
k−1, x).

Ðàññìîòðèì (57) ïðè t
[n]
k ≤ τ+. Ñîãëàñíî (48) èìååì

I1 =

q∑
q′=1

∑
σ∈Σα,q′

∫
(Rd)k

( k∏
h=1

Θn(y
h)
) d∑
j1,··· ,jq′=1

( ∂q
′

∂ξj1 · · · ∂ξjq′
u0(ξ)

∣∣∣
ξ=Xn,k

k,y (x)

)
×

×
(
Dσ1

x (Xn,k
k,y (x))j1 · · ·D

σq′

x (Xn,k
k,y (x))jq′

)
dy1 · · · dyk,

ãäå σ = {σ1, · · · , σq′} è Σα,q′ ÿâëÿþòñÿ îáîçíà÷åíèÿìè, çàïèñàííûìè â
(48). Ïîýòîìó, ó÷èòûâàÿ óñëîâèå (14), ðàññóæäàÿ àíàëîãè÷íî âûâîäó ñî-
îòíîøåíèÿ (49), â êîòîðîì ðàññìàòðèâàåì u0(·) âìåñòî vj(·, ·) è a(·), è
èíòåãðèðóÿ ñîîòâåòñòâåííîå âûðàæåíèå íà (Rd)k, ïîëó÷èì

|I1| ≤ CP (1)
q , (58)

ãäå C = C(τ, q) � íåçàâèñèìàÿ îò n ïîñòîÿííàÿ, à P
(1)
q � ñóììà èíòåãðà-

ëîâ íà (Rd)k ïðîèçâåäåíèé ìíîæèòåëåé |Dσ
x(X

n,k
k,y (x))j′ | (j

′ = 1, · · · , d, 1 ≤

|σ| ≤ q), óìíîæåííûõ íà
k∏

h=1

Θn(y
h).

Àíàëîãè÷íî, ó÷èòûâàÿ óñëîâèå (13), ïîëó÷èì

|I2,h| ≤ C ′P (2,h)
q , (59)

ãäå C ′ = C ′(τ, q) � íåçàâèñèìàÿ îò n è h ïîñòîÿííàÿ, à P
(2,h)
q � ñóì-

ìà èíòåãðàëîâ íà (Rd)h ïðèçâåäåíèé ìíîæèòåëåé |Dσ
x(X

n,h
k,y (x))j′ | (j

′ =

1, · · · , d, 1 ≤ |σ| ≤ q), óìíîæåííûõ íà
h∏

h′=1

Θn(y
h′
).

Òàê êàê â ñèëó (13) I3 îãðàíè÷åíî ïîñòîÿííîé, êîòîðóþ îáîçíà÷èì
C ′′ = C ′′(τ, q), èç (57)�(59) ñëåäóåò, ÷òî

|Dα
xu

[n](t
[n]
k , x)| ≤ CP (1)

q + δnC
′
k−1∑
h=1

P (2,h)
q + δnC

′′. (60)

Èòàê, îöåíèâàÿ P
(1)
q è P

(2,h)
q ñ ïîìîùüþ (20) è (40), ïîëó÷èì

|Dα
xu

[n](t
[n]
k , x)| ≤ C ′′′

[
Φ(q,1)(kδn) +

q−1∑
q′=1

q−q′+1∑
m′=2

Φ(q′,m′)(kδn)
]
+ C ′′,
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ãäå C ′′′ = C ′′′(τ, q) � íåçàâèñèìàÿ îò n ïîñòîÿííàÿ. Ïîñêîëüêó ýòî íåðà-
âåíñòâî ñïðàâåäëèâî äëÿ ëþáîãî x ∈ Rd è ìîæíî âûáðàòü τ êàê ôóíê-
öèþ t, òî, ó÷èòûâàÿ òàêæå îïðåäåëåíèå (9), ìîæíî íàéòè íåïðåðûâíóþ

è âîçðàñòàþùóþ ôóíêöèþ Φ̃q(t), íå çàâèñÿùóþ îò n è óäîâëåòâîðÿþùóþ
íåðàâåíñòâó (55). Ëåììà äîêàçàíà. □

5 Ñõîäèìîñòü ôóíêöèé Xn,h
k,y (x) èõ ïðîèçâîäíûõ

×òîáû äîêàçàòü ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé u[n](t, x) è èõ

ïðîèçâîäíûõ, áóäåì ïîëüçîâàòüñÿ ñîîòíîøåíèåì t
[n+1]
2k = t

[n]
k (ñì. (4))

è ñâîéñòâîì ñâåðòêè ôóíêöèé Θn(x):

Θn(z) =

∫
Rd

Θn+1(z − y)Θn+1(y)dy. (61)

Åñëè îáîçíà÷àåì X̃n,1
k+1,y(x) = x − δnv(t

[n]
k+1, x) − a(x)(y1 + y2), ñîãëàñíî

(61) èìååì∫
Rd

Θn(z)u
[n](t

[n]
k , x− δnv(t

[n]
k+1, x)− a(x)z)dz =

=

∫
Rd

∫
Rd

Θn+1(y
1)Θn+1(y

2)u[n](t
[n]
k , X̃n,1

k+1,y(x))dy
1dy2.

Èòàê, ïîâòîðÿÿ ýòî ðàññóæäåíèå è îïðåäåëÿÿ X̃n,h
k+1,y(x), h = 1, 2, · · · , k+1

(k = 0, 1, · · · ), ñîîòíîøåíèÿìè

X̃n,0
k+1,y(x) = x, (62)

X̃n,h
k+1,y(x) = X̃n,h−1

k+1,y (x)−δnv(t
[n]
k−h+2, X̃

n,h−1
k+1,y (x))−a(X̃

n,h−1
k+1,y (x))(y

2h−1+y2h),

(63)

ìîæíî çàïèñàòü u[n](t
[n]
k+1, x) â âèäå

u[n](t
[n]
k+1, x) =

∫
(Rd)2k+2

(
2k+2∏
h=1

Θn+1(y
h))u0(X̃

n,k+1
k+1,y (x))dy

1 · · · dy2k+2+

+δn

k∑
h=1

∫
(Rd)2h

(
2h∏

h′=1

Θn+1(y
h′
))f(t

[n]
k−h, X̃

n,h
k+1,y(x))dy

1 · · · dy2h + δnf(t
[n]
k , x).

(64)

×òîáû îöåíèòü ðàçíîñòü u[n+1](t
[n+1]
2k+2 , x) − u[n](t

[n]
k+1, x), áóäåì èñïîëüçî-

âàòü âûðàæåíèå (64). Íî, äëÿ ýòîãî íàì ïîíàäîáÿòñÿ îöåíêè ðàçíîñòè

Xn+1,2h
2k+2,y (x)− X̃n,h

k+1,y(x). Äîêàæåì ñíà÷àëà ñëåäóþùóþ ëåììó.

Ëåììà 4. Ïóñòü Xn,h
k,y (x) � ôóíêöèÿ, îïðåäåëåííàÿ ñîîòíîøåíèÿìè

(17)�(18), à X̃n,h
k+1,y(x) � ôóíêöèÿ, îïðåäåëåííàÿ ñîîòíîøåíèÿìè (62)�

(63). Ïðåäïîëîæèì, ÷òî óñëîâèÿ (11), (12) è (15) ñ q = 1 âûïîëíåíòû.
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Òîãäà äëÿ êàæäîãî (τ ,m), τ > 0, m ∈ Z, m ≥ 1, ñóùåñòâóåò íåçàâèñè-

ìàÿ îò n, k è h ïîñòîÿííàÿ K2 = K2(τ ,m) òàêàÿ, ÷òî, åñëè t
[n]
k+1 ≤ τ ,

òî èìååì

sup
x∈Rd

∫
(Rd)2h

( 2h∏
h′=1

Θn+1(y
h′
)
)∣∣Xn+1,2h

2k+2,y (x)− X̃n,h
k+1,y(x)

∣∣2mdy1 · · · dy2h ≤

≤ δn+1e
K2hδn+1 . (65)

Äîêàçàòåëüñòâî. Ïóñòü t
[n]
k+1 ≤ τ . Äëÿ óïðîùåíèÿ çàïèñè îáîçíà÷èì

X2h = Xn+1,2h
2k+2,y (x), X̃h = X̃n,h

k+1,y(x),

t = t
[n+1]
2k−2h+4 = t

[n]
k−h+2, t′ = t

[n+1]
2k−2h+3, (66)

äëÿ h = 0, · · · , k + 1. Òîãäà, â ñèëó (18), (63) è (66), èìååì

X2h − X̃h = Λ(0) − δn+1Λ
(1) − y2h−1Λ(2) − y2hΛ(3), (67)

ãäå

Λ(0) = X2h−2 − X̃h−1,

Λ(1) = 2
(
v(t,X2h−2)− v(t, X̃h−1)

)
−
(
v(t,X2h−2)− v(t′, X2h−1)

)
,

Λ(2) = a(X2h−2)− a(X̃h−1),

Λ(3) = Λ(2) −
(
a(X2h−2)− a(X2h−1)

)
.

Èç (67) âûòåêàåò, ÷òî

|X2h − X̃h|2m = |Λ(0)|2m − 2mΛ(2)y2h−1 · Λ(0)|Λ(0)|2m−2−

−2mΛ(3)y2h · Λ(0)|Λ(0)|2m−2 +Rm, (68)

ãäå Rm � ñóììà ñëàãàåìûõ, ñîäåðæàùèõ ìíîæèòåëü δp0n+1(y
2h−1)p1(y2h)p2

ñ p0 +
p1
2 + p2

2 ≥ 1.

Íàïîìíèì, ÷òî X2h−2 è X̃h−1 íå çàâèñÿò íè îò y2h−1, íè îò y2h, à
X2h−1 íå çàâèñèò îò y2h. Ïîýòîìó Λ(0) è Λ(2) íå çàâèñÿò íè îò y2h−1, íè
îò y2h, à Λ(1) è Λ(3) íå çàâèñÿò îò y2h. Òàêèì îáðàçîì,∫

(Rd)2
Θn+1(y

2h)Θn+1(y
2h−1)|Λ(0)|2mdy2h−1dy2h = |Λ(0)|2m, (69)∫

Rd

Θn+1(y
2h−1)Λ(2)y2h−1 · Λ(0)|Λ(0)|2m−2dy2h−1 = 0, (70)∫

Rd

Θn+1(y
2h)

)
Λ(3)y2h · Λ(0)|Λ(0)|2m−1dy2h = 0. (71)

×òî êàñàåòñÿ Rm, çàìåòèì ñíà÷àëà, ÷òî, â ñèëó óñëîâèé (11), (12) è
(15) ñ q = 1, ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C = C(τ), ÷òî

|v(t, x)− v(s, x′)|+ |a(x)− a(x′)| ≤ C
(
|x− x′|+ |t− s|

)
,

∀t, s ∈ [0, τ ], ∀x, x′ ∈ Rd.
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Ñëåäîâàòåëüíî, èç îïðåäåëåíèé Λ(0), Λ(1), Λ(2) è Λ(3) ñëåäóåò, ÷òî

|Λ(r)| ≤ C ′(|Λ(0)|+ |y2h−1|+ δn+1), r = 1, 2, 3, (72)

ãäå C ′ = C ′(τ) � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ. Íàïîìíèì òàêæå
ñîîòíîøåíèå∫

(Rd)2
Θn+1(y

2h)Θn+1(y
2h−1)|y2h|p′1 |y2h−1|p′2dy2h−1dy2h = Cp′1,p

′
2
δ
(p′1+p′2)/2
n+1 ,

(73)
ãäå Cp′1,p

′
2
� ïîñòîÿííàÿ, çàâèñÿùàÿ îò p′1 è p

′
2. Òàê êàê ñëàãàåìûå, âõî-

äÿùèå â ñîñòàâ Rm, ñîäåðæàò ìíîæèòåëü δ
p0
n+1(y

2h−1)p1(y2h)p2 ñ p0+
p1
2 +

p2
2 ≥ 1, à òàêæå 2m ìíîæèòåëåé Λ(r) (r = 0, 1, 2, 3), òî ñîîòíîøåíèÿ (72)
è (73) ïîçâîëÿþò ïîëó÷èòü íåðàâåíñòâî∣∣∣ ∫

(Rd)2
Θn+1(y

2h)Θn+1(y
2h−1)Rmdy

2h−1dy2h
∣∣∣ ≤

≤ K2δn+1|Λ(0)|2m +K2δ
2
n+1, (74)

ãäå K2 = K2(τ ,m) � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ.
Òåïåðü, ïîëîæèì

B
(m)
h (x) =

∫
(Rd)2h

2h∏
h′=1

Θn+1(y
h′
)
)∣∣X2h − X̃h

∣∣2mdy1 · · · dy2h. (75)

Òîãäà, ó÷èòûâàÿ ñîîòíîøåíèå∫
(Rd)2h−2

( 2h−2∏
h′=1

Θn+1(y
h)
)
|Λ(0)|2mdy1 · · · dy2h−2 = B

(m)
h−1(x),

èç (68)�(71) è (74) ìîæíî âûâåñòè

B
(m)
h (x) ≤ (1 + δn+1K2)B

(m)
h−1(x) + (δn+1)

2K2. (76)

Ñ äðóãîé ñòîðîíû, â ñèëó (17) è (62) èìååì

B
(m)
0 (x) = 0. (77)

Èç (76) è (77) âûòåêàåò, ÷òî

B
(m)
h (x) ≤ K2(δn+1)

2
h∑

j=1

(1 +K2δn+1)
h−j . (78)

Ïîñêîëüêó (78) ñïðàâåäëèâî äëÿ ëþáîãî x ∈ Rd, ïðèíèìàÿ âî âíèìà-
íèå îïðåäåëåíèå (75) è íåðàâåíñòâî

δn+1

h∑
j=1

(1 +K2δn+1)
h−j ≤

∫ hδn+1

0
e(hδn+1−s)K2ds =

1

K2
(eK2hδn+1 − 1),

ïîëó÷èì íåðàâåíñòâî (65). Ëåììà äîêàçàíà. □

Òåïåðü ðàññìîòðèì ïðîèçâîäíûå Xn+1,2h
2k+2,y (x)− X̃n,h

k+1,y(x) ïî x ∈ Rd.
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Ëåììà 5. Ïóñòü q ∈ Z, q ≥ 2. Ïóñòü Xn,h
k,y (x) � ôóíêöèÿ, îïðåäå-

ëåííàÿ ñîîòíîøåíèÿìè (17)�(18), à X̃n,h
k+1,y(x) � ôóíêöèÿ, îïðåäåëåííàÿ

ñîîòíîøåíèÿìè (62)�(63). Ïðåäïîëîæèì, ÷òî óñëîâèÿ (11), (12) è (15)
âûïîëíåíû. Òîãäà äëÿ êàæäîãî (τ ,m), τ > 0, m ∈ Z, m ≥ 1, ñóùåñòâó-

åò íåïðåðûâíàÿ è âîçðàñòàþùàÿ ôóíêöèÿ Ψ(q−1,m)(s) = Ψ(τ ,q−1,m)(s),

íå çàâèñÿùàÿ îò n, k è h, è òàêàÿ, ÷òî, åñëè t
[n]
k+1 ≤ τ , òî

sup
x∈Rd

∫
(Rd)2h

( 2h∏
h′=1

Θn(y
h′
)
)( d∑

j=1

(
Dα

x (X
n+1,2h
2k+2,y (x))j −Dα

x (X̃
n,h
k+1,y(x))j

)2)m
×

× dy1 · · · dy2h ≤ (δn+1)
1

2(q−1)Ψ(q−1,m)(hδn+1) (79)

äëÿ ëþáîãî α = (α1, · · · , αd) ∈ Zd, αj ≥ 0, |α| = q − 1, è ëþáîãî n ∈ Z,
n ≥ 1.

Äîêàçàòåëüñòâî. Ëåììà áóäåò äîêàçàíà ðåêóððåíòíûì îáðàçîì äëÿ q =
2, 3, · · · . Îäíàêî íàì óäîáíî íà÷àòü ñ òîãî, ÷òî âñïîìíèì îáùåå âûðàæå-

íèå Dα
x (X

2h)j −Dα
x (X̃

h(x))j , |α| = q′ ≡ q− 1, äëÿ íåîïðåäåëåííîãî q ïðè

t
[n]
k+1 ≤ τ (â ýòîì äîêàçàòåëüñòâå èñïîëüçóåì îáîçíà÷åíèÿ (66)).

Ïðèìåíÿÿ äèôôåðåíöèàëüíûé îïåðàòîð Dα
x (|α| = q′) ê j-é êîìïîíåí-

òå îáåèõ ÷àñòåé ðàâåíñòâà (67), ïîëó÷èì

Dα
x (X

2h)j −Dα
x (X̃

h(x))j =

= Dα
x (Λ

(0))j − δn+1D
α
x (Λ

(1))j − y2h−1
j Dα

x (Λ
(2))− y2hj Dα

x (Λ
(3)),

ãäå Λ(r), r = 0, · · · , 3, � ôóíêöèè, îïðåäåëåííûå âñëåä çà (67). Èòàê,

d∑
j=1

(
Dα

x (X
2h)j−Dα

x (X̃
h)j

)2
= Λ(q′,0)−2δn+1Λ

(q′,1)−

−2

d∑
j=1

y2h−1
j

(
Λ
(q′,2)
j − δn+1Λ

(q′,4)
j

)
− 2

d∑
j=1

y2hj
(
Λ
(q′,3)
j − δn+1Λ

(q′,5)
j

)
+

+2

d∑
j=1

y2h−1
j y2hj Λ(q′,6)+δ2n+1Λ

(q′,7)+
d∑

j=1

(y2h−1
j )2Λ(q′,8)+

d∑
j=1

(y2hj )2Λ(q′,9),

ãäå

Λ(q′,0) =
∑d

j=1

(
Dα

x (Λ
(0))j

)2
, Λ(q′,1) =

∑d
j=1D

α
x (Λ

(0))jD
α
x (Λ

(1))j ,

Λ
(q′,2)
j = Dα

x (Λ
(0))jD

α
x (Λ

(2)), Λ
(q′,3)
j = Dα

x (Λ
(0))jD

α
x (Λ

(3)),

Λ
(q′,4)
j = Dα

x (Λ
(1))jD

α
x (Λ

(2)), Λ
(q′,5)
j = Dα

x (Λ
(1))jD

α
x (Λ

(3)),

Λ(q′,6) = Dα
x (Λ

(2))Dα
x (Λ

(3)), Λ(q′,7) =
∑d

j=1

(
Dα

x (Λ
(1))j

)2
,

Λ(q′,8) =
(
Dα

x (Λ
(2))

)2
, Λ(q′,9) =

(
Dα

x (Λ
(3))

)2
.
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Îòñþäà âûòåêàåò, ÷òî, äëÿ m = 1, 2, · · · ,( d∑
j=1

(
Dα

x (X
2h)j−Dα

x (X̃
h(x))j

)2)m
= (Λ(q′,0))m−

−2m
d∑

j=1

y2h−1
j Λ

(q′,2)
j (Λ(q′,0))m−1−2m

d∑
j=1

y2hj Λ
(q′,3)
j (Λ(q′,0))m−1+R

(q′)
m , (80)

ãäå R
(q′)
m � ñóììà ñëàãàåìûõ, ñîäåðæàùûõ ìíîæèòåëü

δp0n+1(y
2h−1
1 )p1 · · · (y2h−1

d )pd(y2h1 )pd+1 · · · (y2hd )p2d

ñ p0 +
∑2d

j=1
pj
2 ≥ 1. Òàê êàê Dα

xΛ
(0) è Dα

xΛ
(2) íå çàâèñÿò íè îò y2h−1, íè

îò y2h, à Dα
xΛ

(3) íå çàâèñèò îò y2h, àíàëîãè÷íî (69)�(71) èç îïðåäåëåíèÿ

Λ(q′,0), Λ(q′,2) è Λ(q′,3) ñëåäóþò ñîîòíîøåíèÿ∫
(Rd)2

Θn+1(y
2h)Θn+1(Λ

(q′,0))mdy2h−1dy2h = (Λ(q′,0))m, (81)

∫
Rd

Θn+1(y
2h−1)y2h−1

j Λ
(q′,2)
j (Λ(q′,0))m−1dy2h−1 = 0, (82)∫

Rd

Θn+1(y
2h)y2hj Λ

(q′,3)
j (Λ(q′,0))m−1dy2h = 0. (83)

Çàìåòèì, ÷òî â ñèëó óñëîâèé (11), (12) è (15) (ñ q = 2, 3, · · · ) ñóùåñòâó-
åò ïîñòîÿííàÿ Cq′ = Cq′(τ), q

′ = q − 1, òàêàÿ, ÷òî äëÿ φ,ψ ∈ Cq′(Rd;Rd)
è s, t ∈ [0, τ ] èìååòñÿ

|Dα
xvj(t, φ(x))−Dα

xvj(s, ψ(x))|+|Dα
xa(φ(x))−Dα

xa(ψ(x))| ≤

≤ Cq′

(
sup

j′∈{1,··· ,d}
|Dα

x (φ(x))j′−Dα
x (ψ(x))j′ |+Qq′−1

)
, |α| = q′, (84)

ãäå Qq′−1 ÿâëÿåòñÿ ñóììîé ïðîèçâåäåíèé ìíîæèòåëåé |Dσ
x(φ(x))j′ | èëè

|Dσ
x(ψ(x))j′ | (j′ = 1, · · · , d, 1 ≤ |σ| ≤ q′−1), óìíîæåííûõ íà |Dσ

x(φ(x))j′−
Dσ

x(ψ(x))j′ | (j′ = 1, · · · , d, 1 ≤ |σ| ≤ q′ − 1) è íà àáñîëþòíîå çíà÷å-
íèå ïðîèçâîäíûõ ïî x ïîðÿäêà ≤ q′ ôóíêöèè v(t, x) èëè a(x), à òàêæå
ïðîèçâåäåíèé ìíîæèòåëåé |Dσ

x(φ(x))j′ | èëè |Dσ
x(ψ(x))j′ | (j′ = 1, · · · , d,

1 ≤ |σ| ≤ q′), óìíîæåííûõ íà |φ(x) − ψ(x)| èëè |t − s| è íà àáñîëþòíîå
çíà÷åíèå ïðîèçâîäíûõ ïî x ïîðÿäêà ≤ q′ + 1 ôóíêöèè v(t, x) èëè a(x),
èëè íà àáñîëþòíîå çíà÷åíèå ïðîèçâîäíûõ ïî t ïðîèçâîäíûõ ïî x ïîðÿäêà
≤ q′ ôóíêöèè v(t, x).
Òåïåðü äîêàæåì ëåììó ñ q = 2, ò.å. q′ = 1. Â ýòîì ñëó÷àå, òàê êàê íåò

σ, óäîâëåòâîðÿþùåãî óñëîâèþ 1 ≤ |σ| ≤ q′ − 1, òî Qq′−1, ïîÿâëÿþùååñÿ
â (84), ñîäåðæèò òîëüêî ñëàãàåìûå

|∂xi(φ(x))j′ |
(
|φ(x)− ψ(x)|+ |t− s|

))
, i, j′ = 1, · · · , d.
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Òàêèì îáðàçîì, èç îïðåäåëåíèÿ Λ(1,r) è Λ(r′) (r′ = 0, 1, 2, 3) ñëåäóåò, ÷òî

|Λ(1,r)| ≤ C ′
1

[
Λ(1,0)+ |X2h−2−X̃h−1|2+ |y2h−1|2+δn+1

) d∑
j=1

(∂xi(X
2h−2)j)

2
]

äëÿ r = 1, · · · , 9, ãäå C ′
1 = C ′

1(τ) � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ.

Ñëåäîâàòåëüíî, ïðèíèìàÿ âî âíèìàíèå îïðåäåëåíèå R
(1)
m , ïîëó÷èì∣∣∣ ∫

(Rd)2
Θn+1(y

2h)Θn+1(y
2h−1)R

(1)
m dy2h−1dy2h

∣∣∣ ≤
≤ C ′′

1 δn+1

[
(Λ(1,0))m +

∣∣X2h−2 − X̃h−1|2m + δn+1

)( d∑
j=1

(∂xi(X
2h−2)j)

2
)m]

,

(85)
ãäå C ′′

1 = C ′′
1 (τ ,m) � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ.

Ïîëîæèì

B
(1,m)
h (x) =

=

∫
(Rd)2h

( 2h∏
h′=1

Θn+1(y
h′
)
)( d∑

j=1

(∂xi(X
2h)j − ∂xi(X̃

h)j)
2
)m

dy1 · · · dy2h.

(86)
Òîãäà, àíàëîãè÷íî ïîëó÷åíèþ (76), ââèäó (81)�(83) è (85), èç (80) ïîëó-
÷èì

B
(1,m)
h (x) ≤ (1 + δn+1C

′′)B
(1,m)
h−1 (x) + δn+1C

′′E
(1,m)
h−1 , (87)

ãäå

E
(1,m)
h−1 =

∫
(Rd)2h−2

( 2h−2∏
h′=1

Θn+1(y
h′
)
)
×

×|X2h−2 − X̃h−1|2m
( d∑
j=1

(∂xi(X
h−1)j)

2
)m
dy1 · · · dy2h−2+

+δn+1

∫
(Rd)2h−2

( 2h−2∏
h′=1

Θn+1(y
h′
)
)( d∑

j=1

(∂xi(X
2h−2)j)

2
)m
dy1 · · · dy2h−2.

(88)
Ñ äðóãîé ñòîðîíû, èç (17) è (62) íåïîñðåäñòâåííî âûòåêàåò, ÷òî

B
(1,m)
0 (x) = 0. (89)

Òàêèì îáðàçîì, èç (87) è (89) ïîëó÷èì

B
(1,m)
h (x) ≤ δn+1C

′′
h∑

j=1

(1 + δn+1C
′′)h−jE

(1,m)
j−1 . (90)
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Ïðèìåíÿÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî ê ïåðâîìó ñëàãàåìîìó ïðà-
âîé ÷àñòè (88), èç (20) è (65) âûâîäèì, ÷òî ñóùåñòâóåò íåïðåðûâíàÿ è

âîçðàñòàþùàÿ ôóíêöèÿ Ẽ(s), íå çàâèñÿùàÿ îò n è k, è òàêàÿ, ÷òî

E
(1,m)
h−1 ≤

√
δn+1Ẽ(hδn+1), ∀h ∈ {1, · · · , k + 1}. (91)

Òàê êàê (90) ñïðàâåäëèâî äëÿ ëþáîãî x ∈ Rd, èç (90)�(91) è ñîîòíîøåíèÿ

δn+1

h∑
j=1

(1 + C ′′
1 δn+1)

h−j ≤
∫ hδn+1

0
e(hδn+1−s)C′′

1 ds =
1

C ′′
1

(eC
′′
1 hδn+1 − 1)

âûòåêàåò íåðàâåíñòâî (79) äëÿ q = 2 ñ Ψ(1,m)(s) = Ẽ(s)eC
′′
1 s. Óòâåðæäå-

íèå ëåììû ñ q = 2 äîêàçàíî.
Òåïåðü, ïðåäïîëîãàÿ, ÷òî óòâåðæäåíèå ëåìì äëÿ 2 ≤ q < q âåðíî,

äîêàæåì ëåììó ñ q = q > 2. Îáîçíà÷èì q′ = q − 1.
Èç ñîîòíîøåíèÿ (84) è îïðåäåëåíèÿ Λ(q′,r) íåòðóäíî ïîëó÷èòü

|Λ(q′,r)| ≤ C ′
q′
(
Λ(q′,0) +Q′

q′−1

)
r = 1, · · · , 9,

ãäå C ′
q′ = C ′

q′(τ) � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ, à Q′
q′−1 � ñóììà

ïðîèçâåäåíèé ìíîæèòåëåé
d∑

j′=1

(Dσ
x(X

2h−2)j′)
2 èëè

d∑
j′=1

(Dσ
x(X̃

h−1)j′)
2 (1 ≤

|σ| ≤ q′ − 1), óìíîæåííûõ íà
d∑

j′=1

(Dσ
x(X

2h−2)j′ −Dσ
x(X̃

h−1)j′)
2 (1 ≤ |σ| ≤

q′ − 1), è òàêæå ïðîèçâåäåíèé ìíîæèòåëåé
d∑

j′=1

(Dσ
x(X

2h−2)j′)
2 (1 ≤ |σ| ≤

q′), óìíîæåííûõ íà
∣∣X2h−2 − X̃h−1

∣∣2 èëè |y2h−1|2p ( 1 ≤ p ≤ q′ + 1) èëè
δn+1. Òàêèì îáðàçîì, ïîëó÷èì∣∣∣ ∫

(Rd)2
Θn+1(y

2h)Θn+1(y
2h−1)R

(q)
m dy2h−1dy2h

∣∣∣ ≤
≤ C ′′

q′δn+1

(
(Λ(q′,0))m +Q′′

q′−1

)
, (92)

ãäå C ′′
q′ = C ′′

q′(τ ,m) � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ, à Q′′
q′−1 �

ñóììà ïðîèçâåäåíèé ìíîæèòåëåé( d∑
j′=1

(Dσ
x(X

2h−2)j′)
2
)m

èëè
( d∑
j′=1

(Dσ
x(X̃

h−1)j′)
2
)m

(1 ≤ |σ| ≤ q′ − 1),

óìíîæåííûõ íà
( d∑
j′=1

(Dσ
x(X

2h−2)j′ − Dσ
x(X̃

h−1)j′)
2
)m

(1 ≤ |σ| ≤ q′ − 1),

è òàêæå ïðîèçâåäåíèé ìíîæèòåëåé
( d∑
j′=1

(Dσ
x(X

2h−2)j′)
2
)m

(1 ≤ |σ| ≤ q′),

óìíîæåííûõ íà
∣∣X2h−2 − X̃h−1

∣∣2m èëè δn+1.
Ïîëîæèì

B
(q′,m)
h (x) =



164 À. ÍÅÌÄÈËÈ, Õ. ÔÓÄÆÈÒÀ ßØÈÌÀ

=

∫
(Rd)2h

( 2h∏
h′=1

Θn+1(y
h′
)
)( d∑

j=1

(Dα
x (X

2h)j −Dα
x (X̃

h)j)
2
)m

dy1 · · · dy2h.

(93)
Òîãäà èç (80)�(83) è (92) âûòåêàåò, ÷òî

B
(q′,m)
h (x) ≤ (1 + δn+1C

′′
q′)B

(q′,m)
h−1 (x) + δn+1C

′′
q′E

(q′,m)
h−1 , (94)

ãäå

E
(q′,m)
h−1 =

∫
(Rd)2h−2

( 2h−1∏
h′=1

Θn+1(y
h′
)
)
Q′′

q′−1dy
1 · · · dy2h−2.

Íàïîìíèì, ÷òî â ñèëó (17) è (62) èìååì

B
(q′,m)
0 (x) = 0.

Ïîýòîìó, èç (94) ïîëó÷èòñÿ íåðàâåíñòâî

B
(q′,m)
h (x) ≤ δn+1C

′′
q′

h∑
j=1

(1 + δn+1C
′′
q′)

h−jE
(q′,m)
j−1 . (95)

Òàê êàê, ñîãëàñíî îïðåäåëåíèþ Q′′
q′−1, E

(q′,m)
h−1 ÿâëÿåòñÿ ñóììîé ñëàãà-

åìûõ∫
(Rd)2h−2

( 2h−1∏
h′=1

Θn+1(y
h′
)
)( d∑

j′=1

(Dσ
x(X

2h−2)j′)
2
)m×

×
( d∑
j′=1

(Dσ
x(X

2h−2)j′ −Dσ
x(X̃

h−1)j′)
2
)m
dy1 · · · dy2h−2

è àíàëîãè÷íûõ, òî, ïðèìåíÿÿ ê íèì íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî è
èñïîëüçóÿ íåðàâåíñòâà (40) è (79) äëÿ q ≤ q′ − 1 è òàêæå (65), ìîæíî
óáåäèòüñÿ â òîì, ÷òî ñóùåñòâóåò íåïðåðûâíàÿ è âîçðàñòàþùàÿ ôóíêöèÿ

Ẽ′(s), íå çàâèñÿùàÿ îò n è k, è òàêàÿ, ÷òî

E
(q′,m)
h−1 ≤ (δn+1)

1

2q
′ Ẽ′(hδn+1), ∀h ∈ {1, · · · , k + 1}. (96)

Ïîñêîëüêó (95) ñïðàâåäëèâî äëÿ ëþáîãî x ∈ Rd, ïðèíèìàÿ âî âíèìàíèå
ñîîòíîøåíèå

δn+1

h∑
j=1

(1 + C ′′
q′δn+1)

h−j ≤
∫ hδn+1

0
e
(hδn+1−s)C′′

q′ds =
1

C ′′
q′
(e

C′′
q′hδn+1 − 1),

èç (95) è (96) âûâîäèì íåðàâåíñòâî (79) ñ Ψ(q′,m)(s) = Ẽ′(s)e
C′′

q′s, ÷òî
çàâåðøàåò äîêàçàòåëüñòâî ëåììû. □
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6 Ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé è èõ

ïðîèçâîäíûõ

Òåïåðü äîêàæåì ñõîäèìîñòü ïðèáëèæåííûõ ðåøåíèé u[n](t, x).

Ïðåäëîæåíèå 1. Ïóñòü τ > 0. Ïðåäïîëîæèì, ÷òî ïðåäïîëîæåíèÿ
òåîðåìû 1 ñ q = 1 âûïîëíåíû. Òîãäà ôóíêöèè u[n](t, x), n = 1, 2, · · · ,
îïðåäåëåííûå ñîîòíîøåíèÿìè (7)�(9), ñõîäÿòñÿ ðàâíîìåðíî íà [0, τ ]×Rd

ïðè n→ ∞.

Äîêàçàòåëüñòâî. Â ñèëó (19) è (64), äëÿ 0 ≤ t
[n]
k+1 ≤ τ+ èìååì

u[n+1](t
[n+1]
2k+2 , x)− u[n](t

[n]
k+1, x) =

= J1 + δn+1

k∑
h=1

(
J2,h + J3,h

)
+ δn+1

(
J4 + J5

)
, (97)

ãäå

J1 =

∫
(Rd)2k+2

(
2k+2∏
h=1

Θn+1(y
h))×

×
(
u0(X

n+1,2k+2
2k+2,y (x))− u0(X̃

n,k+1
k+1,y (x))

)
dy1 · · · dy2k+2, (98)

J2,h =

∫
(Rd)2h

(
2h∏

h′=1

Θn+1(y
h′
))×

×
(
f(t

[n+1]
2k−2h+1, X

n+1,2h
2k+2,y )(x)− f(t

[n]
k−h, X̃

n,h
k+1,y(x))

)
dy1 · · · dy2h, (99)

J3,h =

∫
(Rd)2h+1

(
2h+1∏
h′=1

Θn+1(y
h′
))×

×
(
f(t

[n+1]
2k−2h, X

n+1,2h+1
2k+2,y (x))− f(t

[n]
k−h, X̃

n,h
k+1,y(x))

)
dy1 · · · dy2h+1, (100)

J4 =

∫
Rd

Θn+1(y
1)
(
f(t

[n+1]
2k , x− δn+1v(t

[n+1]
2k+2 , x)− a(x)y1)− f(t

[n]
k , x)

)
dy1,

(101)

J5 = f(t
[n+1]
2k+1 , x)− f(t

[n]
k , x). (102)

×òî êàñàåòñÿ J1, ïðèíèìàÿ âî âíèìàíèå óñëîâèå (14), èìååì

|J1| ≤ sup
x∈Rd

|∇u0(x)|×

×
∫
(Rd)2k+2

(
2k+2∏
h=1

Θn+1(y
h))|Xn+1,2k+2

2k+2,y (x)− X̃n,k+1
k+1,y (x)|dy

1 · · · dy2k+2.

Èòàê, ñ ïîìîùüþ (65), ïîëó÷èì

|J1| ≤ sup
x∈Rd

|∇u0(x)|
√
δn+1e

K′
2(k+1)δn+1 , (103)

ãäå K ′
2 =

K2(τ,1)
2 ñ ïîñòîÿííîé K2 = K2(τ, 1), ââåäåííîé â (65).
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Àíàëîãè÷íî, ïðèíèìàÿ âî âíèìàíèå óñëîâèÿ òåîðåìû ñ q = 1, ïîëó÷èì

|J2,h|+ |J3,h| ≤ C
(√

δn+1e
K′

2hδn+1 +
√
δn+1

)
, (104)

ãäå C = C(τ) � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ. Êðîìå òîãî, íåòðóä-
íî âèäåòü, ÷òî ñóùåñòâóåò íåçàâèñèìàÿ îò n è k ïîñòîÿííàÿ C ′ = C ′(τ)
òàêàÿ, ÷òî

|J4|+ |J5| ≤ C ′√δn+1. (105)

Èç (97) è (103)�(105) âûòåêàåò, ÷òî ñóùåñòâóåò íåçàâèñèìàÿ îò n è k
ïîñòîÿííàÿ C ′′ = C ′′(τ) òàêàÿ, ÷òî

|u[n+1](t
[n+1]
2k+2 , x)− u[n](t

[n]
k+1, x)| ≤

√
δn+1C

′′(eK
′
2(k+1)δn+1 + 1) (106)

ïðè óñëîâèè, ÷òî 0 ≤ t
[n]
k+1 ≤ τ+. Òàê êàê íåðàâåíñòâî (106) ñïðàâåäëèâî

äëÿ ëþáîãî x ∈ Rd, òî, ó÷èòûâàÿ òàêæå îïðåäåëåíèå (9), ïîëó÷èì

sup
x∈Rd

|u[n+1](t, x)− u[n](t, x)| ≤
√
δn+1C

′′(eK
′
2τ+ + 1) ïðè 0 ≤ t ≤ τ.

(107)

Èç (107) è ñîîòíîøåíèÿ
∞∑
n=1

√
δn+1 =

1√
2

∞∑
n=1

1

2n/2
< ∞ ñëåäóåò, ÷òî

ôóíêöèè u[n](t, x) ñõîäÿòñÿ ðàâíîìåðíî íà [0, τ ]× Rd ïðè n→ ∞. Ïðåä-
ëîæåíèå äîêàçàíî. □

Òåïåðü ïðîâåðèì ñõîäèìîñòü ïðîèçâîäíûõ ïðèáëèæåííûõ ðåøåíèé.

Ïðåäëîæåíèå 2. Ïóñòü q ∈ N, q ≥ 2, è τ > 0. Ïðåäïîëîæèì, ÷òî
ïðåäïîëîæåíèÿ òåîðåìû 1 âûïîëíåíû. Òîãäà ïðîèçâîäíûå (q− 1)-ãî ïî-

ðÿäêà ïî x ôóíêöèé u[n](t, x), n = 1, 2, · · · , îïðåäåëåííûõ ñîîòíîøåíè-
ÿìè (7)�(9), ñõîäÿòñÿ ïðè n → ∞ ðàâíîìåðíî íà [0, τ ] × Rd ê ñîîò-
âåòñòâåííûì ïðîèçâîäíûì ïðåäåëüíîé ôóíêöèè u(t, x) ïîñëåäîâàòåëü-

íîñòè {u[n](t, x)}∞n=1.

Äîêàçàòåëüñòâî. Ïóñòü α = (α1, · · · , αd) ∈ Zd, αj ≥ 0, j = 1, · · · , d,
|α| = q − 1. Òîãäà, ïðèìåíÿÿ äèôôåðåíöèàëüíûé îïåðàòîð Dα

x ê îáåèì
÷àñòÿì ðàâåíñòâà (97), èìååì

Dα
xu

[n+1](t
[n+1]
2k+2 , x)−D

α
xu

[n](t
[n]
k+1, x) =

= Dα
xJ1+δn+1

k∑
h=1

(
Dα

xJ2,h+D
α
xJ3,h

)
+δn+1

(
Dα

xJ4+D
α
xJ5

)
, 0 ≤ t

[n]
k+1 ≤ τ+,

(108)
ãäå J1, J2,h, J3,h, J4, J5 � ôóíêöèè, îïðåäåëåííûå ñîîòíîøåíèÿìè (98)�
(102).
Èç (98) âûòåêàåò, ÷òî

Dα
xJ1 =

∫
(Rd)2k+2

( 2k+2∏
h=1

Θn+1(y
h)
)
×



Î ÓÐÀÂÍÅÍÈÈ ÏÅÐÅÍÎÑÀ-ÄÈÔÔÓÇÈÈ 167

×
(
Dα

xu0(X
n+1,2k+2
2k+2,y (x))−Dα

xu0(X̃
n,k+1
k+1,y (x))

)
dy1 · · · dy2k+2.

Èòàê, îöåíèâàÿ |Dα
xu0(X

n+1,2k+2
2k+2,y (x))−Dα

xu0(X̃
n,k+1
k+1,y (x))| àíàëîãè÷íî (84)

(â êîòîðîì ðàññìàòðèâàåòñÿ u0(·) ñ óñëîâèåì (14) âìåñòî vj(·, ·) èëè a(·))
è èíòåãðèðóÿ åãî íà (Rd)2k+2 ñ âåñîì

∏2k+2
h=1 Θn+1(y

h), ïîëó÷èì

|Dα
xJ1| ≤ CQ̃

(1)
q−1,

ãäå C = C(τ, q) � íåçàâèñèìàÿ îò n è k ïîñòîÿííàÿ, à Q̃
(1)
q−1 � ñóììà

èíòåãðàëîâ íà (Rd)2k+2 ñ âåñîì
2k+2∏
h=1

Θn+1(y
h) ïðîèçâåäåíèé ìíîæèòåëåé

|Dσ
x(X

n+1,2k+2
2k+2,y (x))j′ | èëè |Dσ

x(X̃
n,k+1
k+1,y (x))j′ | (j

′ = 1, · · · , d, 1 ≤ |σ| ≤ q−1),

óìíîæåííûõ íà |Dσ
x(X

n+1,2k+2
2k+2,y (x))j′−Dσ

x(X̃
n,k+1
k+1,y (x))j′ | (j

′ = 1, · · · , d, 1 ≤
|σ| ≤ q−1) èëè |Xn+1,2k+2

2k+2,y (x)−X̃n,k+1
k+1,y (x)|. Îòñþäà, ñ ïîìîùüþ íåðàâåíñòâ

(40), (65) è (79), âûòåêàåò, ÷òî ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ Ψ̃(1)(s)
îò s ≥ 0, íå çàâèñÿùàÿ îò n è k, è òàêàÿ, ÷òî

|Dα
xJ1| ≤ (δn+1)

1
2q−1 Ψ̃(1)(s1), s1 = (2k + 2)δn+1. (109)

Àíàëîãè÷íî, ðàññìàòðèâàÿ âûðàæåíèå Dα
xJ2,h+D

α
xJ3,h, êîòîðîå ïîëó-

÷àåòñÿ èç (99)�(100) è îöåíèâàÿ

|Dα
xf(t

[n+1]
2k−2h+1, X

n+1,2h
2k+2,y )(x)−Dα

xf(t
[n]
k−h, X̃

n,h
k+1,y(x))|

è

|Dα
xf(t

[n+1]
2k−2h, X

n+1,2h+1
2k+2,y (x))−Dα

xf(t
[n]
k−h, X̃

n,h
k+1,y(x))|

àíàëîãè÷íî (84), â êîòîðîì ðàññìàòðèâàåòñÿ f(·, ·) ñ óñëîâèÿìè (13) è
(16) âìåñòî vj(·, ·) èëè a(·), ïîëó÷àåòñÿ

|Dα
xJ2,h|+ |Dα

xJ3,h| ≤ C ′Q̃
(2,h)
q−1

ãäå C ′ = C ′(τ, q) � íåçàâèñèìàÿ îò n, k è h ïîñòîÿííàÿ, à Q̃
(2,h)
q−1 �

ñóììà èíòåãðàëîâ íà (Rd)2h ñ âåñîì
2h∏

h′=1

Θn+1(y
h′
) ïðîèçâåäåíèé ìíîæè-

òåëåé |Dσ
x(X

n+1,2h
2k+2,y (x))j′ | èëè |Dσ

x(X
n+1,2h+1
2k+2,y (x))j′ | èëè |Dσ

x(X̃
n,h
k+1,y(x))j′ |

(j′ = 1, · · · , d, 1 ≤ |σ| ≤ q − 1), óìíîæåííûõ íà îäèí èëè íåñêîëü-

êî èç ìíîæèòåëåé |Dσ
x(X

n+1,2h
2k+2,y (x))j′ − Dσ

x(X̃
n,h
k+1,y(x))j′ | (j

′ = 1, · · · , d,
1 ≤ |σ| ≤ q − 1), |Xn+1,2h

2k=2,y (x) − X̃n,h
k+1,y(x)|, δn+1, |y2h+1|. Èç ýòîãî ñîîò-

íîøåíèÿ, åùå ðàç ñ ïîìîùüþ íåðàâåíñòâ (40), (65) è (79), âûòåêàåò, ÷òî

ñóùåñòâóåò íåïðåðûâíàÿ ôóêöèÿ Ψ̃(2)(s) îò s ≥ 0, íå çàâèñÿùàÿ îò n, k
è h, è òàêàÿ, ÷òî

|Dα
xJ2,h|+ |Dα

xJ3,h| ≤ (δn+1)
1
2q Ψ̃(2)(s2), s2 = 2hδn+1. (110)

Êðîìå òîãî, âñïîìèíàÿ îïðåäåëåíèÿ (101)�(102) è óñëîâèÿ (13) è (16),
íåòðóäíî âèäåòü, ÷òî ñóùåñòâóåò íåçàâèñèìàÿ îò n è k ïîñòîÿííàÿ C ′′ =
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C ′′(τ, q) òàêàÿ, ÷òî

|Dα
xJ4|+ |Dα

xJ5| ≤ C ′′√δn+1. (111)

Èç (108)�(111) âûòåêàåò, ÷òî, ïðè óñëîâèè 0 ≤ t
[n]
k+1 ≤ τ+, èìååì

|Dα
xu

[n+1](t
[n+1]
2k+2 , x)−D

α
xu

[n](t
[n]
k+1, x)| ≤

≤ (δn+1)
1

2q−1 Ψ̃(1)((2k+2)δn+1)+δn+1

k∑
h=1

(δn+1)
1
2q Ψ̃(2)(2hδn+1)+C

′′(δn+1)
3
2 ,

çíà÷èò,

|Dα
xu

[n+1](t
[n+1]
2k+2 , x)−Dα

xu
[n](t

[n]
k+1, x)| ≤ (δn+1)

1
2q Ψ̃((2k + 2)δn+1), (112)

ãäå Ψ̃(s) = Ψ̃(1)(s) + sΨ̃(2)(s) + C ′′.
Òàê êàê (112) ñïðàâåäëèâî äëÿ ëþáîãî x ∈ Rd, âñïîìèíàÿ òàêæå îïðå-

äåëåíèå (9), ïîëó÷èì

sup
(t,x)∈[0,τ ]×Rd

|Dα
xu

[n+1](t, x)−Dα
xu

[n](t, x)| ≤ (δn+1)
1
2q Ψ̃(τ+). (113)

Òàê êàê
∞∑
n=1

(δn+1)
1
2q =

1

21/2q

∞∑
n=1

1

2n/2q
<∞,

èç (113) âûòåêàåò, ÷òî Dα
xu

[n](t, x) ñõîäÿòñÿ ðàâíîìåðíî íà [0, τ ] × Rd

ïðè n → ∞. ßñíî, ÷òî èõ ïðåäåëüíîé ôóíêöèåé ÿâëÿåòñÿ Dα
xu(t, x), ãäå

u[n](t, x) � ïðåäåëüíàÿ ôóíêöèÿ ïîñëåäîâàòåëüíîñòè {Dα
xu

[n](t, x)}∞n=1,
÷òî çàâåðøàåò äîêàçàòåëüñòâî ïðåäëîæåíèÿ. □

7 Ïåðåõîä ê ïðåäåëó

×òîáû äîêàçàòü, ÷òî ïðåäåëüíàÿ ôóíêöèÿ u(t, x) ïîñëåäîâàòåëüíîñòè

{Dα
xu

[n](t, x)}∞n=1 óäîâëåòâîðÿåò óðàâíåíèþ (2), íàïîìíèì ñíà÷àëà ñâÿçü

ìåæäó ïðèáëèæåííûìè ðåøåíèÿìè u[n](t, x) è óðàâíåíèåì (2).

Ëåììà 6. Ïóñòü τ > 0, à u[n](t
[n]
k , x), n = 1, 2, · · · , � ôóíêöèè, îïðåäå-

ëåííûå ñîîòíîøåíèÿìè (7)�(9). Ïðåäïîëîæèì, ÷òî óñëîâèÿ (11)�(14)

âûïîëíåíû ñ q ≥ 3. Òîãäà ïðè t
[n]
1 ≤ t

[n]
k ≤ τ+ èìååì

u[n](t
[n]
k , x)− u[n](t

[n]
k−1, x)

δn
= −v(t[n]k , x) · ∇u[n](t[n]k−1, x)+

+κ(x)∆u[n](t
[n]
k−1, x) + f(t

[n]
k−1, x) +R, (114)

|R| ≤ δ1/2n C0, (115)

ãäå C0 � íåçàâèñèìàÿ îò n ïîñòîÿííàÿ.
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Äîêàçàòåëüñòâî. Ñîãëàñíî ôîðìóëå Òåéëîðà èìååì

u[n](t
[n]
k−1, x− δnv(t

[n]
k , x)− a(x)y) =

= u[n](t
[n]
k−1, x)− δnv(t

[n]
k , x) · ∇u[n](t[n]k−1, x)− a(x)y · ∇u[n](t[n]k−1, x)+

+
1

2

d∑
i,j=1

[δ2nvi(t
[n]
k , x)vj(t

[n]
k , x) + 2δnvi(t

[n]
k , x)a(x)yj + (a(x))2yiyj ]×

×
∂2u[n](t

[n]
k−1, x)

∂xi∂xj
+

1

6

d∑
i,j,h=1

µiµjµh
∂3u[n](t

[n]
k−1, x̃)

∂xi∂xj∂xh
, (116)

ãäå µi = −δnvi − a(x)yi (è àíàëîãè÷íî äëÿ µj è µh), à x̃ � òî÷êà ìåæäó

x è x− δnv(t
[n]
k , x)− a(x)y.

Çàìåòèì, ÷òî â ñèëó (25) è (27) èìååì∫
Rd

Θn(y)y · ∇u[n](t[n]k−1, x)dy = 0,

∫
Rd

Θn(y)
[1
2

d∑
i,j=1

(
δ2nvi(t

[n]
k , x)vj(t

[n]
k , x)−2δnvi(t

[n]
k , x)a(x)yj+(a(x))2yiyj

)
×

×
∂2u[n](t

[n]
k−1, x)

∂xi∂xj

]
dy =

= δn(a(x))
2∆u[n](t

[n]
k−1, x) + δ2n

1

2

d∑
i,j=1

vi(t
[n]
k , x)vj(t

[n]
k , x)

∂2u[n](t
[n]
k−1, x)

∂xi∂xj
.

Ñ äðóãîé ñòîðîíû, òàê êàê |µiµjµh| ≤ (δn|v| + |a||y|)3, ó÷èòûâàÿ óñëî-
âèÿ (11)�(12), èç ñîîòíîøåíèÿ (26) è ëåììû 3 âûâîäèì, ÷òî ñóùåñòâóåò
íåçàâèñèìàÿ îò n ïîñòîÿííàÿ C0 òàêàÿ, ÷òî∣∣∣ ∫

Rd

Θn(y)
1

6

d∑
i,j,h=1

µiµjµh
∂3u[n](t

[n]
k−1, x̃)

∂xi∂xj∂xh
dy

∣∣∣ ≤ δ3/2n C0.

Îòñþäà ñëåäóåò, ÷òî

u[n](t
[n]
k , x)− u[n](t

[n]
k−1, x) =

= −δnv(t[n]k , x) · ∇u[n](t[n]k−1, x) + δn(a(x))
2∆u[n](t

[n]
k−1, x) + δnf(t

[n]
k−1, x) +R′

ñ |R′| ≤ δ
3/2
n C0. Ñëåäîâàòåëüíî, ðàçäåëèâ îáå ÷àñòè ýòîãî ðàâåíñòâà íà δn

è ïîäñòàâèâ κ(x) = (a(x))2, ïîëó÷èì (114)�(115). Ëåììà äîêàçàíà. □

Ñëåäñòâèå 1. Ïóñòü q ≥ 3 è ïðåäïîëîæåíèÿ òåîðåìû 1 âûïîëíåíû.
Òîãäà äëÿ êàæäîãî τ ≥ 0 ñóùåñòâóåò íåçàâèñèìàÿ îò n ïîñòîÿííàÿ
L = L(τ) òàêàÿ, ÷òî äëÿ ïðèáëèæåííûõ ðåøåíèé u[n](t, x) è ïðåäåëüíîé
ôóíêöèè u(t, x) ñïðàâåäëèâû íåðàâåíñòâà

|u[n](t1, x)− u[n](t2, x)| ≤ L|t1 − t2| ∀t1, t2 ∈ [0, τ+], ∀x ∈ Rd, (117)
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|u(t1, x)− u(t2, x)| ≤ L|t1 − t2| ∀t1, t2 ∈ [0, τ+], ∀x ∈ Rd. (118)

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 3 è ñîîòíîøåíèÿ δn ≤ δ1 ïðàâàÿ ÷àñòü
(114) îãðàíè÷åíà ïîñòîÿííîé L, êîòîðàÿ íå çàâèñèò îò n. Èòàê, ïðèíèìàÿ
âî âíèìàíèå (9), ïîëó÷èì íåðàâåòñòâî (117).

Íåðàâåíñòâî (118) ñëåäóåò èç (117) è ðàâíîìåðíîé ñõîäèìîñòè u[n](t, x)
ê u(t, x). □

Òåïåðü ðàññìîòðèì âîïðîñ î ñõîäèìîñòè ïðîèçâîäíîé (ñïðàâà) ïî t
ïðèáëèæåííûõ ðåøåíèé. Äëÿ ýòîãî ìû íà÷íåì ñ ðàññìîòðåíèåì ðàâíî-
ìåðíîé íåïðåðûâíîñòè u[n](t, x), ∂xiu

[n](t, x) è ∂xj∂xiu
[n](t, x).

Ëåììà 7. Ïóñòü q ≥ 3 è τ > 0. Ïóñòü u[n](t, x) � ôóíêöèè, îïðåäå-
ëåííûå ñîîòíîøåíèÿìè (7)�(9). Ïðåäïîëîæèì, ÷òî óñëîâèÿ (11)�(14)

âûïîëíåíû. Òîãäà ôóíêöèè u[n](t, x), ∂xiu
[n](t, x), è ∂xj∂xiu

[n](t, x), i, j =

1, · · · , d, ðàâíîìåðíî íåïðåðûâíû íà [0, τ ]× Rd.

Äîêàçàòåëüñòâî. Ëåììà 3 è ïðåäëîæåíèÿ 1 è 2 ãàðàíòèðóþò ðàâíîìåð-
íóþ íåïðåðûâíîñòü u[n](t, x), ∂xiu

[n](t, x) è ∂xj∂xiu
[n](t, x) ïî x ∈ Rd. Ïî-

ýòîìó íàì îñòàåòñÿ ïîêàçàòü èõ ðàâíîìåðíóþ íåïðåðûâíîñòü ïî t ∈ [0, τ ].

Ðàâíîìåðíàÿ íåïðåðûâíîñòü u[n](t, x) ïî t ∈ [0, τ ] âûòåêàåò èç ñëåä-
ñòâèÿ 1.
×òî êàñàåòñÿ ðàâíîìåðíîé íåïðåðûâíîñòè ∂xiu

[n](t, x) è ∂xj∂xiu
[n](t, x),

i, j = 1, · · · , d, ïî t ∈ [0, τ ], òî ñíà÷àëà äîêàæåì ñëåäóþùèå ëåììû (ëåì-
ìû 8 è 9).

Ëåììà 8. Ñóùåñòâóåò íåçàâèñèìàÿ îò n ïîñòîÿííàÿ L′ = L′(τ) òà-

êàÿ, ÷òî ïðè 0 ≤ t
[n]
k′ < t

[n]
k ≤ τ+ èìååì

|∂xiu
[n](t

[n]
k , x)− ∂xiu

[n](t
[n]
k′ , x)| ≤ L′

(
|t[n]k − t

[n]
k′ |+

√
|t[n]k − t

[n]
k′ |

)
. (119)

Äîêàçàòåëüñòâî. Ïóñòü 0 ≤ t
[n]
k′ < t

[n]
k ≤ τ+. Òîãäà, èñïîëüçóÿ âûðàæå-

íèå

Xn,h
k,y (x) = x− δn

h∑
h′=1

v(t
[n]
k−h′+1, X

n,h′−1
k,y (x))−

h∑
h′=1

a(Xn,h′−1
k,y (x))yh

′
(120)

äëÿ h = 1, · · · , k−k′, âûòåêàþùåå èç (17)�(18), àíàëîãè÷íûì (19) îáðàçîì
èç (8) ïîëó÷àåòñÿ

u[n](t
[n]
k , x) =

∫
(Rd)k−k′

(
k−k′∏
h=1

Θn(y
h))u[n](t

[n]
k′ , X

n,k−k′

k,y (x))dy1 · · · dyk−k′+

+δn

k−k′−1∑
h=1

∫
(Rd)h

(

h∏
h′=1

Θn(y
h′
))f(t

[n]
k−h−1, X

n,h
k,y (x))dy

1 · · · dyh+

+δnf(t
[n]
k−1, x),
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îòêóäà

u[n](t
[n]
k , x)−u[n](t[n]k′ , x) =

=

∫
(Rd)k−k′

(

k−k′∏
h=1

Θn(y
h))

[
u[n](t

[n]
k′ , X

n,k−k′

k,y (x))− u[n](t
[n]
k′ , x)

]
dy1 · · · dyk−k′+

+δn

k−k′−1∑
h=1

∫
(Rd)h

(
h∏

h′=1

Θn(y
h′
))f(t

[n]
k−h−1, X

n,h
k,y (x))dy

1 · · · dyh + δnf(t
[n]
k−1, x).

(121)
Äèôôåðåíöèðóÿ îáå ÷àñòè ðàâåíñòâà (121) ïî xi (i ∈ {1, · · · , d}) è

ó÷èòûâàÿ (120), ïîëó÷èì

∂xiu
[n](t

[n]
k , x)−∂xiu

[n](t
[n]
k′ , x) = U1+δn

k−k′∑
h=1

U2,h+U3+δn

k−k′−1∑
h=1

U4,h+δnU5,

(122)
ãäå

U1 =

∫
(Rd)k−k′

(

k−k′∏
h=1

Θn(y
h))

[
∂ξiu

[n](t
[n]
k′ , ξ)

∣∣
ξ=Xn,k−k′

k,y (x)
−∂ξiu

[n](t
[n]
k′ , ξ)

∣∣
ξ=x

]
×

× dy1 · · · dyk−k′ ,

U2,h =

d∑
j,j′=1

∫
(Rd)k−k′

(

k−k′∏
h=1

Θn(y
h))∂ξju

[n](t
[n]
k′ , ξ)

∣∣
ξ=Xn,k−k′

k,y (x)
×

× ∂ξj′vj(t
[n]
k−h+1, ξ)

∣∣
ξ=Xn,h−1

k,y (x)
∂xi(X

n,h−1
k,y (x))j′dy

1 · · · dyk−k′ ,

U3 =
d∑

j,j′=1

U3,jj′ ,

U3,jj′ =

∫
(Rd)k−k′

(
k−k′∏
h=1

Θn(y
h))∂ξju

[n](t
[n]
k′ , ξ)

∣∣
ξ=Xn,k−k′

k,y (x)
×

×
k−k′∑
h=1

yhj ∂ξj′a(ξ)
∣∣
ξ=Xn,h−1

k,y (x)
∂xi(X

n,h−1
k,y (x))j′dy

1 · · · dyk−k′ ,

U4,h =

∫
(Rd)h

(

h∏
h′=1

Θn(y
h′
))

d∑
j=1

∂ξjf(t
[n]
k−h−1, ξ)

∣∣
ξ=Xn,h

k,y (x)
∂xi(X

n,h
k,y (x))j×

×dy1 · · · dyh,
U5 = ∂xif(t

[n]
k−1, x).

Îöåíèì ñíà÷àëà |U1|. Èç ëåììû 3 ñ q = 2 ñëåäóåò, ÷òî ñóùåñòâóåò
íåçàâèñèìàÿ îò n, k è k′ ïîñòîÿííàÿ C = C(τ) òàêàÿ, ÷òî∣∣∣∂ξiu[n](t[n]k′ , ξ)

∣∣
ξ=Xn,k−k′

k,y (x)
− ∂ξiu

[n](t
[n]
k′ , ξ)

∣∣
ξ=x

∣∣∣ ≤ C
∣∣Xn,k−k′

k,y (x)− x
∣∣.
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Ñëåäîâàòåëüíî, ó÷èòûâàÿ (120), ïîëó÷èì∣∣∣∂ξiu[n](t[n]k′ , ξ)
∣∣
ξ=Xn,k−k′

k,y (x)
− ∂ξiu

[n](t
[n]
k′ , ξ)

∣∣
ξ=x

∣∣∣ ≤
≤ C

(
sup

(t,ξ)∈[0,τ ]×Rd

|vi(t, ξ)|δn(k − k′) +
∣∣∣ k−k′∑
h=1

a(Xn,h−1
k,y (x))yh

∣∣∣). (123)

Ñ äðóãîé ñòîðîíû, èìååì∫
(Rd)k−k′

(
k−k′∏
h=1

Θn(y
h))

∣∣∣ k−k′∑
h=1

a(Xn,h−1
k,y (x))yh

∣∣∣dy1 · · · dyk−k′ ≤

≤
(∫

(Rd)k−k′
(

k−k′∏
h=1

Θn(y
h))

( k−k′∑
h=1

a(Xn,h−1
k,y (x))yhj

)2
dy1 · · · dyk−k′

)1/2
=

=
(∫

(Rd)k−k′
(
k−k′∏
h=1

Θn(y
h))(Σ1 +Σ2)dy

1 · · · dyk−k′
)1/2

,

ãäå

Σ1 =
k−k′∑
h=1

(yhj )
2(a(Xn,h−1

k,y (x)))2,

Σ2 = 2

k−k′∑
h=2

h−1∑
h′=1

yhj y
h′
j a(X

n,h−1
k,y (x))a(Xn,h′−1

k,y (x)).

Òàê êàê a(Xn,h−1
k,y (x)) íå çàâèñèò îò yh, èìååì∫

(Rd)k−k′
(

k−k′∏
h=1

Θn(y
h))Σ1dy

1 · · · dyk−k′ ≤ 2(k − k′) sup
ξ∈Rd

|a(ξ)|δn.

Êðîìå òîãî, òàê êàê yh
′

j a(X
n,h−1
k,y (x))a(Xn,h′−1

k,y (x)) íå çàâèñèò îò yh, èìååì∫
(Rd)k−k′

(

k−k′∏
h=1

Θn(y
h))Σ2dy

1 · · · dyk−k′ = 0.

Ñëåäîâàòåëüíî,∫
(Rd)k−k′

(
k−k′∏
h=1

Θn(y
h))

∣∣∣ k−k′∑
h=1

a(Xn,h−1
k,y (x))yh

∣∣∣dy1 · · · dyk−k′ ≤

≤
√
2 sup
ξ∈Rd

|a(ξ)|
√
δn(k − k′). (124)

Èç îïðåäåëåíèÿ U1 è íåðàâåíñòâ (123) è (124) âûòåêàåò, ÷òî ñóùåñòâóåò
íåçàâèñèìàÿ îò n, k è k′ ïîñòîÿííàÿ L1 = L1(τ) òàêàÿ, ÷òî

|U1| ≤ L1

(
|kδn − k′δn|+

√
|kδn − k′δn|

)
. (125)
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×òî êàñàåòñÿ U2,h, èç ëåììû 3 ñ q = 1, ëåììû 1 è óñëîâèÿ íà v(t, x)
ñëåäóåò íåïîñðåäñòâåííî, ÷òî ñóùåñòâóåò íåçàâèñèìàÿ îò n, k è k′ ïîñòî-
ÿííàÿ L2 = L2(τ) òàêàÿ, ÷òî

|U2,h| ≤ L2. (126)

×òîáû îöåíèòü |U3|, çàìå÷àåì, ÷òî

|U3,jj′ | ≤
(

sup
(t,ξ)∈[0,τ ]×Rd

|∂ξju
[n](t, ξ)|

)∫
(Rd)k−k′

(
k−k′∏
h=1

Θn(y
h))×

×
∣∣∣ k−k′∑
h=1

yhj ∂ξj′a(ξ)
∣∣
ξ=Xn,h−1

k,y (x)
∂xi(X

n,h−1
k,y (x))j′

∣∣∣dy1 · · · dyk−k′ .

Òàê êàê â ñèëó ëåììû 3 ñ q = 1 sup
(t,ξ)∈[0,τ ]×Rd

|∂ξju
[n](t, ξ)| îãðàíè÷åí íåçà-

âèñèìîé îò n ïîñòîÿííîé, à ∂ξj′a(ξ)
∣∣
ξ=Xn,h−1

k,y (x)
∂xi(X

n,h−1
k,y (x))j′ íå çàâèñèò

îò yh, òî, ó÷èòûâàÿ óñëîâèå (12) è ëåììó 2, àíàëîãè÷íûì âûâîäó (124)
îáðàçîì ïîëó÷èì ñóùåñòâîâàíèå íåçàâèñèìîé îò n, k è k′ ïîñòîÿííîé
L3 = L3(τ) òàêîé, ÷òî

|U3| ≤ L3

√
|kδn − k′δn|. (127)

Íàêîíåö, â ñèëó ëåììû 1 è óñëîâèé íà a(·) è f(·, ·), èç âûðàæåíèé
U4,h è U5 ñëåäóåò, ÷òî ñóùåñòâóåò íåçàâèñèìûå îò n, k è k′ ïîñòîÿííûå
L4 = L4(τ) è L5 = L5(τ) òàêèå, ÷òî

|U4,h| ≤ L4, |U5| ≤ L5. (128)

Îáúåäèíÿÿ ñîîòíîøåíèÿ (122) è (125)�(128), ïîëó÷àåì

|∂xiu
[n](t

[n]
k , x)− ∂xiu

[n]u[n](t
[n]
k′ , x)| ≤

≤ (L1 + L2 + L4)|kδn − k′δn|+ (L1 + L3)
√
|kδn − k′δn|+ L5δn. (129)

Òàê êàê δn ≤ (k− k′)δn, èç (129) ñëåäóåò íåðàâåíñòâî (119). Ëåììà äîêà-
çàíà. □

Ëåììà 9. Ñóùåñòâóåò íåçàâèñèìàÿ îò n ïîñòîÿííàÿ L′′ = L′′(τ) òà-

êàÿ, ÷òî ïðè 0 ≤ t
[n]
k′ < t

[n]
k ≤ τ+ èìååì

|∂xj∂xiu
[n](t

[n]
k , x)− ∂xj∂xiu

[n](t
[n]
k′ , x)| ≤ L′′

(
|t[n]k − t

[n]
k′ |+

√
|t[n]k − t

[n]
k′ |

)
.

(130)

Äîêàçàòåëüñòâî. Ïóñòü 0 ≤ t
[n]
k′ < t

[n]
k ≤ τ+. Äèôôåðåíöèðóÿ îáå ÷àñòè

(122) ïî xj (j ∈ {1, · · · , d}), ïîëó÷èì

∂xj∂xiu
[n](t

[n]
k , x)− ∂xj∂xiu

[n](t
[n]
k′ , x) =

= ∂xjU1 + δn

k−k′∑
h=1

∂xjU2,h + ∂xjU3 + δn

k−k′−1∑
h=1

∂xjU4,h + δn∂xjU5. (131)
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Íåòðóäíî âèäåòü, ÷òî â ñèëó ëåììû 2 (äëÿ q = 1, 2) è ëåììû 3 (äëÿ
q = 1, 2, 3) ïðàâàÿ ÷àñòü (131) îöåíèòñÿ àíàëîãè÷íî îöåíêå ïðàâîé ÷àñòè
(122). Òàêèì îáðàçîì, ïîëó÷èì íåðàâåíñòâî (130) ñ íåçàâèñèìîé îò n, k
è k′ ïîñòîÿííîé L′′ = L′′(τ). Ëåììà äîêàçàíà. □

Âåðíåìñÿ ê äîêàçàòåëüñòâó ëåììû 7. Èç ëåììû 8 è îïðåäåëåíèÿ (9)

ñëåäóåò ðàâíîìåðíàÿ íåïðåðûâíîñòü ôóíêöèé ∂xiu
[n](t, x), i ∈ {1, · · · , d},

ïî t ∈ [0, τ ], à èç ëåììû 9 è îïðåäåëåíèÿ (9) ñëåäóåò ðàâíîìåðíàÿ íåïðå-

ðûâíîñòü ôóíêöèé ∂xj∂xiu
[n](t, x), i, j ∈ {1, · · · , d}, ïî t ∈ [0, τ ], ÷òî çà-

âåðøàåò äîêàçàòåëüñòâî ëåììû 7. □

Ñëåäñòâèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 ñ q = 3. Ïóñòü τ >
0. Òîãäà ôóíêöèè u(t, x), ∂xiu(t, x) è ∂xj∂xiu(t, x) ðàâíîìåðíî íåïðåðûâíû

íà [0, τ ]× Rd.

Äîêàçàòåëüñòâî. Òàê êàê u(t, x), ∂xiu(t, x) è ∂xj∂xiu(t, x) ÿâëÿþòñÿ ïðå-

äåëîì ðàâíîìåðíîé ñõîäèìîñòè ïðè n→ ∞ôóíêöèé u[n](t, x), ∂xiu
[n](t, x)

è ∂xj∂xiu
[n](t, x) ñîîòâåòñòâåííî, òî èç ëåììû 7 ñëåäóåò óòâåðæäåíèå

ñëåäñòâèÿ. □

Ëåììà 10. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 ñ q = 3. Ïóñòü τ > 0.
Òîãäà ïðîèçâîäíàÿ ñïðàâà (∂tu

[n])+(t, x) ôóíêöèè u
[n](t, x) ïî t ñõîäÿòñÿ

ðàâíîìåðíî íà [0, τ ]×Rd ê −v(t, x) · ∇u(t, x) + κ(x)∆u(t, x) + f(t, x) ïðè
n→ ∞.

Äîêàçàòåëüñòâî. Ïîëîæèì

φ[n](t, x) = −v(t, x) · ∇u[n](t, x) + κ(x)∆u[n](t, x) + f(t, x),

φ[∞](t, x) = −v(t, x) · ∇u(t, x) + κ(x)∆u(t, x) + f(t, x).

Ïîêàæåì, ÷òî ñóùåñòâóåò òàêàÿ ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {ε̃(n)}∞n=1,
÷òî ε̃(n) → 0 ïðè n→ ∞ è

|(∂tu[n])+(t, x)− φ[∞](t, x)| ≤ ε̃(n) ∀(t, x) ∈ [0, τ ]× Rd. (132)

Ïóñòü 0 ≤ t ≤ τ . Òîãäà äëÿ ëþáîãî n íàéäåòñÿ òàêîé t
[n]
k , ÷òî t

[n]
k ≤ t <

t
[n]
k+1 ≤ τ+, à ñîãëàñíî îïðåäåëåíèþ (9) èìååì

(∂tu
[n])+(t, x) = (∂tu

[n])d(t
[n]
k , x) ∀x ∈ Rd.

Ñîãëàñíî ëåììå 6 èìååì

|(∂tu[n])+(t[n]k , x)− φ[n](t
[n]
k , x)| ≤ C

√
δn,

ãäå C � íåçàâèñèìàÿ îò n ïîñòîÿííàÿ.
Ñ äðóãîé ñòîðîíû, òàê êàê φ[n](t, x) ðàâíîìåðíî íåïðåðûâíà (ñì. ñëåä-

ñòâèå 2) è |t− t
[n]
k | ≤ δn, òî ìîæíî íàéòè òàêîé ε̃1(n), ÷òî ε̃1(n) → 0 ïðè

n→ ∞ è

|φ[n](t
[n]
k , x)− φ[n](t, x)| ≤ ε̃1(n).
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Êðîìå òîãî, èç ïðåäëîæåíèÿ 2 ñëåäóåò, ÷òî ìîæíî íàéòè òàêèå ÷èñëà
ε̃2(n), n = 1, 2, · · · , ÷òî ε̃2(n) → 0 ïðè n→ ∞ è

|φ[n](t, x)− φ[∞](t, x)| ≤ ε̃2(n).

Îáúåäèíÿÿ ýòè ñîîòíîøåíèÿ, ïîëó÷èì

|(∂tu[n])+(t, x)− φ[∞](t, x)| ≤ C
√
δn + ε̃1(n) + ε̃2(n).

Òàê êàê ýòî íåðàâåíñòâî ñïðàâåäëèâî äëÿ ëþáîãî (t, x) ∈ [0, τ ] × Rd,
ïîëó÷èì (132) ñ ε̃(n) = C

√
δn + ε̃1(n) + ε̃2(n) → 0 ïðè n → ∞, ÷òî

çàâåðøàåò äîêàçàòåëüñòâî ëåììû. □

Òåïåðü ìû ìîæåì ïðèñòóïèòü ê äîêàçàòåëüñòâó òåîðåìû 1.

Äîêàçàòåëüñòâî. Ïóñòü τ > 0. Îáîçíà÷èì ÷åðåç ω∗(t, x) ïðåäåëüíóþ

ôóíêöèþ ïîñëåäîâàòåëüíîñòè {(∂tu[n])+(t, x)}∞n=1. Òîãäà ïðè 0 ≤ t1 <
t2 ≤ τ èìååòñÿ∫ t2

t1

ω∗(t, x)dt = lim
n→∞

∫ t2

t1

(∂tu
[n])+(t, x)dt =

= lim
n→∞

[u[n](t2, x)− u[n](t1, x)] = u(t2, x)− u(t1, x). (133)

Â ñèëó ñëåäñòâèÿ 2 è ëåììû 10 ôóíêöèÿ ω∗(t, x) ðàâíîìåðíî íåïðåðûâ-
íà íà [0, τ ] × Rd. Òàêèì îáðàçîì, èç (133) âûòåêàåò, ÷òî îïðåäåëÿåòñÿ
ïðîèçâîäíàÿ ∂tu(t, x) íà âñåì [0, τ ]× Rd è

∂tu(t, x) = ω∗(t, x) = −v(t, x) · ∇u(t, x) + κ(x)∆u(t, x) + f(t, x),

÷òî âìåñòå ñ ïðåäëîæåíèÿìè 1 è 2 çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû
1. □
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