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ON THE DE RHAM COMPLEX ON A SCALE OF
ANISOTROPIC WEIGHTED HOLDER SPACES

K.V. GAGELGANS, A.A. SHLAPUNOV

ABSTRACT. We obtain a solvabilty criterion for the operator equations
induced by de Rham differentials on a scale of anisotropic weighted
Holder spaces on the strip R™ x [0,7], n > 1, where the weight controls
the behavior of elements at the infinity point with respect to the space
variables. Besides, we give a description of the closures in these space
of the set of infinitely differentiable functions on the strip R™ x [0, 7]
that are compactly supported with respect to the space variables. The
results are applied to study the properties of the famous Leray-Helmholtz
projection from the theory of the Navier-Stokes equations on the scale
of these weighted spaces for n > 2.

Keywords: weighted Holder spaces, de Rham complex.

1. INTRODUCTION

The experience of many decades of studying integro-differential equations related
to models of contemporary natural science shows that the choice of suitable function
spaces for data and solutions plays often a key role. It appears that the normed
spaces of functions with finite smoothness are not always fit for this purpose because
the integral operators solving the investigated problems are not continuous. Now
the Banach spaces most popular among the researchers, are the Lebesgue spaces,
the Sobolev spaces the Holder spaces, and their various generalizations (see, for
instance, [1], [2], [3], [4], [5]). Though the Holder spaces have evident advantages
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(their elements are continuous and whence they can be easily restricted to subsets
of lesser dimension, the compositions of mappings are easily defined in these spaces
and there is a natural product operation on the corresponding functions), they
also have some considerable disadvantages (these spaces are not separable and not
reflexive and their elements cannot be approximated by smooth functions in the
Holder topology, see, for instance, [3], [6]).

The present paper is devoted to the investigation of the differentials of the de
Rham complex over R™ on a scale of anisotropic weighted Holder spaces over the
layer R™ x [0, T for n > 1 and with a weight controlling the asymptotic behavior at
infinity with respect to the space variables, i.e., in the situation where the variable
t € [0,T] occurs in the coefficients of differential forms on R™ as a parameter. This
is partially motivated by the mathematical theory of the Navier-Stokes equations,
used for description of the dynamics of viscous fluids where the decreasing of
solutions at the infinity with respect to variables z € R™ is justified by physical
considerations, and the investigation of the operator equations involving the de
Rham differentials (for instance, the operators V, rot and div) is necessary to
describe properties of the famous Leray-Helmholtz projection and/or to exclude
the pressure of the fluid from the consideration, see, for example, [7, Ch. 1, §2], [8].

Though the de Rham cohomologies are well investigated on the scale of Holder
spaces on smooth Riemannian manifolds, see, for instance, [9, §§10.2-10.4], the
introduction of a weight and an additional parameter (the time) can essentially
change the picture, see, for instance, the paper [10], where the Laplace operator
and the heat operator were considered on weighted Holder spaces on a Riemannian
manifold with conical singularity.

Recently, in [11], we described necessary and sufficient solvability conditions for
operator equations generated by the de Rham complex over R™ on weighted Holder
spaces both isotropic in R™ and anisotropic (“parabolic”) in the layer R™ x [0, T7;
the proofs were based on the technique elaborated in [12] and [13] for weighted
Sobolev spaces. Unfortunately, the approach of [11] is appropriate for data from a
closed subspace consisting of the elements from the image of the Laplace operator,
that is not natural studying the cohomologies of the de Rham complex. This weak
point was eliminated in [14] for isotropic weighted Holder spaces on R™. Besides,
a criterion for the approximability of weighted Holder functions R™ by functions
with compact support was obtained in [14] (cf. also [15, §1.3] for the approximability
of Holder functions on open subsets and compacts), which makes it possible to solve
the corresponding operator equations on separable subspaces of the weighted Holder
spaces.

In the present paper, we extend the results of [14] to a scale of anisotropic
weighted Holder spaces on the layer R™ x [0, T].

2. ANISOTROPIC WEIGHTED HOLDER SPACES

Suppose that X is an unbounded domain in R™, n > 1, with piecewise smooth
boundary. The weighted Holder and Sobolev spaces are well known and widely
used for solving boundary value problems for elliptic equations and systems, see,
for instance, [11], [14] for X = R™, [16] for polyhedral domains, [10] for Riemannian
manifolds with conic singularities. In order to define the weighted Hélder spaces,
we set

w(z) = V1+ |z w(z,y) = max{w(z),wy)}, =,y € R™
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For s € Z4 and § € R denote by C’g’o(?) the space of s times continuously
differentiable functions on the closure X of the domain X having the finite the
norm
I 5+l o
lullgsoge = 3 sup wi el @) u(a).

|| <s TEX

Let V be the empty set if X does not contain the origin; otherwise let V/ ny be
a nonempty bounded neighborhood of the origin in the relative topology of X'. For
0< A< 1, we set

_ gy, o 12) — ()
u > = su w X —_— .
< >>\’67X m,?zef\l‘z,m?ﬁy ( 7y) |$ - y|>\
|z—y|<|z|/2

Denote by Cg’)‘(?) the set of continuous functions on X with the finite norm
[ullgor = lullgoawy + lullcoo ) + (W) 5

where || - {|congry = || - [lcoo@r| + ()55 is the norm of the usual Holder space
C%*(V) on the compact set V, see, for instance, [2], [3], [5]. Finally, for s € Z., let
C’(?’)‘(T) stand for the space of all s times continuously differentiable functions on
X with the finite norm

H“Hcg»’\(f) = Z [0%ul| go.x &)

‘ |< S+
al<s

The normed spaces C';’)‘(?), obviously, form a scale of Banach spaces parametrized
by the indices s € Zy, A € [0,1] and § € R. This construction becomes natural
if after a suitable compactification of the domain X is considered as a closed
Riemannian manifold with a singular point corresponding to infinity (cf. the pioneer
paper on the weighted spaces of this kind [17] for parabolic cylindrical domains in
R™ x (0, +00) or more general constructions on Riemannian manifolds with conic
singularities in [10]). The first summand in the norm corresponds to a coordinate
chart of the nonsingular part of the manifold, and the second and third summands
correspond to a coordinate chart of the point at the infinity. We do not need to glue
the summands with the use of a partition of unity in X, because there are global
coordinates in R™.

If X = R” then we set V = By, where Bpg is the ball in R™ of radius R > 0
centered at the origin. We use the notation C3* for C*(R™). The space C3™
is continuously embedded into the Fréchet space Clso’;\(R"). By definition, each

(partial) derivative & maps C3* continuously into C’;;llz“”\ if || < s. Therefore,
the following embedding theorem is expectable:

Theorem 1 (see [11], [14]). Assume that s,s’ € Z, 6,0’ € Ry uw A\, N € [0,1]. If
§<¢,s<s and s+ X< s + )N then the space C5 N s embedded continuously
into the space C’(‘;’)‘. The embedding is compact if 6 < & and s+ A < s + N.

Moreover, in [14], a description was obtained for the closure of the space D(R™) of
infinitely differentiable functions with compact support in R™ in the Banach space
C’g’)‘. Namely, let 0 < A < 1 and let Qg’)‘ stand for the subset in C§’)‘, with elements
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satisfying the following properties: for any € > 0 there is such number v, > 0 that

(1) Z (0%u)x 54)a) <€ if [z =yl < Ye;

oTss w(z,y)

and, in addition,
(2) Jim(Jullges @y gy = 0-

Theorem 2 (see [14]). Let 0 <A< 1, 5,8 €Z; and ' > 6. If0< N <1, s<
and s+ X < s'+ X then the closures of the sets ™ and D(R™) in Cg"’\ coincide
with QZ‘;’)‘.

By analogy with the usual anisotropic Holder spaces (see, for instance, [18])
weighted anisotropic Holder spaces were introduced in [11] for a cylindrical domain
X x (0,T); cf. [10] for the case where the base X is a Riemannian manifold with
conical singularity. The peculiarity of this space consists in the fact that though the
parabolic dilation principle is fulfilled as regards the smoothness of the elements, it
is violated with respect to the weight indices. This was done to ensure under some
additional conditions the continuity of both elliptic and parabolic potentials on the
scale of spaces, see [11, §3,84].

Namely, we set

[v(t) = v(7)]

[vllcoop,ry = sup [v(t)], (V)0 = sup ;
[0.7] t€[0,T] (0] mt;[gﬂ |t - T‘”
[vllco.nio,ry = llvllcoofo,r) + (V) 0,17

for functions defined on the segment [0, T]. For 4 € [0,1], s € Z4 let C*#([0,T]) be
the usual Banach space of functions satisfying the Holder condition on the segment
[0,T] endowed with the norm

[vllconpo,r) = Z ’

Now, as usual, if B is a Banach space we denote by CS’O([ ,T], B) the Banach space
of mappings U : [0,T] — B with the finite norm
cooqors) = Y, sup [H{U( )5, s € Zy.

=0 telo,

div
dti

Cor[0

U]

We also set
<U> 0,7, = Sup ”U(.,t) — U(.7T)HB
w,[0,T),B = .

t#£T |t - T|”
t,7€[0,T]

Let C*H([0,T],B) stand for the space of functions from C*°([0,T],B), s € Z,,
with the finite norm

U] Cs:#([0,T],B) = Z ( sup ||35U('at)\|6 + <agU('at)>u,[0,T],B> .

j=0 te[0,T]

Let ng 20(x) = ([0, 17, CO %(X)) stand for the space of continuous function
on the “layer” X x [0, T with the finite norm

lulcogooey = suwp e, Du’().
’ (z,t)eX x[0,T]
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For s € N, denote by
O30 () = () ([0, 7], €3¢0 (X))
=0

the space of continuous functions on X x [0, T] having continuous partial derivatives
090w for |a| +2j < 2s, s € Z,, with the finite norm

lullcaseooey =" Y 10{0Fullcoson ).

la|4+25<2s
Next, for A € (0,1], € [0, 1], let
Cop ™M () = €00, T], G (X)) N €™ ([0, T], C3(%))
be the space of continuous functions on X' x [0, T'] with the finite norm

||UHC{(SJ1,;1,A,;L(?) = tS[l(l)P ||U('7t)|‘cg~°(?) + <U>>\,M,5,ZT

€[0,T7
where
S (> 0)s s p=0,
te |0,
(u) P luCt)—u( Tl 0.0 %
A, 6,X,T sup (u(-,t))y 57+ sup e O e (0,1].
te[0,T] t#T

t,7€[0,T]
Similarly, for A € (0,1], u € [0,1] denote by
Cap (@) = () (¢7°(10, 71, 63~ @) n ([0, 7], ¢3¢0 ()

j=0
the space of continuous functions on X x [0, T'] having continuous partial derivatives
090w for |a| + 25 < 2s, s € Z,, with the finite norm

lullgze o0 ) = > 197 05 ull oo )-
’ o] +2j<2s ’
Finally,fors € Z,, k € N, A\, p € [0,1], let C;S;k’s’)"”(?) be the space of continuous

functions on X x [0, 7] having continuous partial derivatives 9288 u for |a|+2j <
2s and |B| < k, with the finite norm

Hu||Czs+kst(X) = Z 02 uHnglslx“( %)
181<k
It is convenient to identify CQQTS’)"“(X) with C’QH'k S for k = 0. Clearly,
C3sFRs 2 (X) are Banach spaces.

If X = R™ then we will write simply C35 %M (R?) = C25%M#, The natural
cases for (Petrovskii) parabolic operators of order 2m correspond to p = 0 or
w= ﬁ In this paper, we will concentrate on the simpler case of y = 0; this case
is more convenient for investigating the de Rham differentials.

The following embedding theorems are quite expectable:

Theorem 3 (see [11]). Let s,8' € Z4, 6,8’ € Ry, k € Zy and X\, XN € [0,1]. If
0<¢,s<s, s+A<s+N thenﬁLespaceC’zSJrkS NoF

nto C’;S;k * )\ . The embedding is compact if s+ X < s + X and § < ¢'.

is embedded continuously
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Theorem 4. Let s,s' € Zy, 6,0 €Ry, k€ Zy and \, N € [0,1]. If &' > 6, s’ > s,
'+ N > s+ then the space CQ,S,THC’S A0is embedded continuously into CzSJrk sA0,

s'>s, 8+ XN >s+ X The embedding is compact if and §' > 6.

Proof. The assertion on the continuous embedding follows immediately from the
definition of the space and Theorem 1. The compactness of the embedding follows
from Theorem 3. Indeed, fix indices 4,4, &' > §. By the Lagrange theorem on
finite differences, the space C’z,(SH)Jrk’SH’/\,’O

2€+k 9,1
space Cy, " 2

A< 1. Slnce Cs

C’Q(S+1 PN 0 is embedded compactly into C(;,HkS)‘O if 0 < X < 1. This
precmely corresponds to the assumption that s + 14+ X > s+ A for X € [0, 1].

2 . . . 2(s+1)+k,s+1,),0
As the space C3’ +k 520 is embedded continuously into Cf, (H ) kst for
2s’ +k: s",\,0

is embedded continuously into the

, and this space is embedded compactly into Czﬂ_k’g’)\ if 0 <

25+k EID VS 5 25+k:,s,)\,0

is embedded continuously into Cf, the space

s’ > s, then we conclude that Cy/ Zs ks A0 G

0< A<
Finally, if s'—s > 2, A = 1, then the space 028 520 i embedded continuously
2(s+2 V+k,s+2,A,0 s+2)+k s+2, A 0

embeds compactly mto C5

into Cj, , the space c? 3 is embedded compactly into
C’Q(é+1)+k S+L30 and 02(6+1)+k é+1’2’ is embedded continuously into CszrlC 510,
The theorem is proved ([l

We are ready to formulate and to prove an analog of Theorem 2 for the scale
of anisotropic weighted Holder spaces C’?S”Lk’s’k’o. Denote by C*°([0,T], D(R™)) the
space of infinitely differentiable mappings U : [0,7] — D(R™). Let 0 < A < 1 and
let QQHk =20 for the subset in C§S+k’5’)"0 with elements satisfying the following
propertres: for any € > 0 there is such a 7. > 0 that

e lr—y
(3) Z Z 65(’“) (9 U )\#,6+\a+ﬂ|,T <eif 1|U(x ; < Ve
IBI<K |a|+25<2s Y

and, moreover,

(4) Rh—I>n ||UH02~+I¢ s, O(Rn\BR) =0.

Theorem 5. Let 0 < A <1, k,s,8 € Z, and &’ > 6. If0< N <1,s <, and

s+ A< s + N, then the closures of the sets Cz,s/;k’sl”\l’o and C*=([0,T),D(R™)) in

25+k,s,)\,0 2$+k,s,)\,O

the space C’ coincide with €

2s’ +k,9 A0 29+k,9,)\,0

Proof. First, we note that the continuous embedding CY, — Cf

holds by Theorem 4. If s’ = s and X’ > X then, for any multr—mdex (a,]) ZT’l,
satisfying || 4 2j < 2s, any 8 € Z'}, satisfying |3| < k, and any u € C’Q,S/+k’s")‘,’0,
¢’ > 4, we have

| , [z — 9l
(05 0] u)x 0,54 |atp) T < <ag+ﬁafu>x,o,5+|a+ﬁ\7T(w(x y))
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If s’ > s then, for all the multi-indices mentioned above and any u € 02,8/“”"8 A ’0,
0" > 6, we have

n
, z —y|\ 1A
(O 0siassr < D008 Pulgas (LU

— Cstlatsi+rr \w(z,y)

This shows that the elements of the space CQ,‘(’; /;k’sl”\/’o

s\

satisfy (3) if '+ X > s+ A\

Moreover, if 8’ > § and u € C,
3, we have:

sup sup |00 u(x, t)|wit1oHPl(z) < ||uHCzs+k,s,o,ow‘s_‘5/(R),
te[0,T] |¢|>R s

then, for all admissible multi-indices («, j) and

a j fel r—=y A=A -5
sup (920 u) s 54 jats R\ Br < Sup (02120 u) 6/+\a+6|(u> w’~? (R).
t€[0,T] t€[0,T) (z,y)

This shows that the elements of the space C’25 k,5",2",0 satisfy (4) if p = 0,
s+ X > s+ Xand & > 4, i.e. in this case 02”’“ A0 - 3R Clearly,
C*>([0,T],D(R™)) C 028 ' A0 for any 8 € Zy,0< XN <1,0 €R, and hence
([0, T], D(R")) C €25+k,s,>\,o

Let us check that @26+k $2A0 55 a closed subspace in 026+k $A0 Indeed, the set

is obviously linear. Choose a sequence {u,} C QfQHk’S’)"O converging to a limit u
in C’?‘s"'k #20 Then, for any multi-index (a, j) € ZT‘I with |a| + 2§ < 2s and any

B € Z with |B| < k, we have
(5) <85+B8§u>/\,0,6+\a+5\,T < <3§+ﬂ5’g(u - Uu)>/\,5+|a\ + <8§+58gu1/>/\,0,5+|04+,8‘,T'

By the definition of limit in C(?S;k’s’A’O, for every € > 0 there is a number N, € N
such that for any v > N, we have

; g
(6) Z <8g+56g (u— uy)>>\705+|a|’T < luw— ul,HC;sTJrk,s.A.o < 3
|| <s

Since un. € QZQS'Hc 20 then, using (3), (5) and (6), we conclude that u satisfies (3),

too. Besides, for any € > 0 there is a number N, € N such that for all v > N, and

all R > 0 we have

13
(7) Hu - uy||cgf;k,s,x,o(R,,,\BR) < ||u — UV||C§f;k,s,A,U < >

Moreover, by the triangle inequality, for any v € N,

(8) ||U||Cz~+k S0 (Rn\ Bp) < ||u 'U/VHCgsqj»k,s,A,O(Rn\BR) + ||ul,||C,§a;rk,s,>\,o(Rn\BR).

25+ks>\0 2s+ks)\0

Since un, € €5 then, using (4), (7) and (8), we see that u € €
Thus, we have proved that the closures of the sets CZS k5" A0 and c=(]o, ], D(R™))

lie in Qf;’"’k 20 Tt remains to prove that QZQ‘H'k & )‘ 0 lie in the closure of the space
([0, ), D(R™)) .

For bounded domains in R™ the construction of the corresponding approximating
sequences was given in [15, §1.3]. It was shown in [14] that, using a suitable com-
pactification of R™, one can reduce the problem of approximating Hélder functions
from the isotropic weighted space to the similar problem on relatively compact
submanifold with a conic singular point in R™t! with the induced metric. In
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the case of anisotropic spaces, the arguments become more complicated but the
general scheme is the same. More precisely, we immerse R™ into a compact closed

hypersurface S = S_US,US, with conical singularity in the coordinates (2%, 21,...,2") €
R x R™, where S_ = {|z| = 1, =1 < zp < 0} is the lower semisphere, S; =
{1 -2 = |(z},...,2")|,1/3 < 2 < 1} is a cone, and the surface Sy = {z9 =

p(zt,...,2"),2/3 <|(2%,...,2™)] < 1} is chosen in such a way that the hypersurface
S\(1,0...,0) is infinitely smooth. If we denote R"U{oo} by R™ then the immersion
¢ R™ x [0,T] — R"*2 is given as follows:

—«/1—\:1:|27337t), it o] <1,

Wz, t) = PGHQ’EFJ) it 1<|z| <3/2,
L= ), it o >3/2,
(1,07'~-,07t); lf $:OO,

with a smooth invertible function p, and the inverse mapping is given by
(2Y...,20t), if —1<2<0,
“72)")) t) i 0<z<1/3,

Wt) i 1/3<20 <1,
(00, t) if z=(1,0,...,0).

The mapping ¢ is obviously continuous on R™ x [0, T], smooth and nonsingular on
(S\ (1,0..., 0)) x [0, T]. The function d((z,t), (y, 7)) = |¢(z,t) —t(y, T)| is a metric
on R™ x [0,T] = 8 x [0, 7).

Let u € €2S+k sA0 Using the standard regularization (see, for instance, [19]),
we construct a family {u,},~0 C C°([0,T], D(R™)) convergent to u in the space
C’;S:,j'k’s’)"o if r — 40. With this purpose, we fix a C'°°-smooth function ¢ with the
support in By x [0,1] C R™ x [0, 1], normalized by the condition

1
(9) /O . O(x, t)dx dt = 1.

According to the famous Bochner’s Lemma, for each 0 < r < 2/3 there is a smooth
function 7,.(y) on [—1, 1] with the support on the segment [—1,1 — r] and such that
0<n-<1, n(y)=1on[-1,1—2r] and

| <a ;)

for all £k € N with a constant ¢ independent on y. Set

up(z,t) = 77" e (to(z, 1)) / / u(y, T T ))dydT

where ¢ is the component of the mapping ¢ indexed by 0.
Since 7,- belongs to D(R™) then the Leibniz rule implies that w,. € C°° ([0, T], D(R™)).
On the other hand, after an obvious change of variables,

(10)

up(z,t) an(bo(.%‘,t))/ /|<1 u(ry + x,r7 + ) (y, 7)dydr.
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Property (9) means that
(11) ur(z,t) —u(z,t) =

1
Ny (to(z,t)) / / (u(ry—i—m, r7+t) —u(z, t))w(y, 7)dydr + (1 =1 (eo(2, t)))u(z, t).
0 Jyl<1
Now, it follows from the properties of the function 7, and from (1) that for all the
admissible multi-indices (o, j) € Z}™" and 8 € Z%, and |z| < 1,0 < r < 2 we have

(12) PO (up(z,t) — u(a,t) =
1
/o /I |<1 0x70] (u(ry +a,r7+1) - u(z, t))#i(y, T)dydr,
Y=

(13) 05420] (u(ry + x,rm + 1) — u(, 1)] <
1027P0] (u(ry + x,r7 + ) = ulz, r7 + 1)) +105700] (u(z, 1T+ 1) — u(z,t))] <

Iry|* sup (0% Pu(-, 1)), 5, + sup [02770] (u(z,r7 +t) — u(z,t))|.
te[0,T7] ' lz|<1

Therefore, formulas (9), (12), (13) and the properties of the standard regularization
(see, for instance, [19]) imply that
(14) rl_if(r)l_’_ ||ur - u||czs+k,s,o,0(§2) =0.
After straightforward calculations, we obtain for any v € Z’} that
(15) 0% 0(, )| < ey /|| T

with a constant ¢, independent on z. Since that function 7, (¢o(x, t)) equals identically
to 1 if || < 1/(2r), relations (10), (15) imply that the following equality and
inequality are fulfilled for v # 0:

(16) sup 977, (o2, 1)) = sup_|07n(c0(2,1))] < &yl
x 2 . =
t‘e[‘ofT] ‘ EES%}

with a constant ¢, independent on r. Thus, as ¢g does not depend on ¢, formulas
(3) and (16) imply that, for all admissible multi-indices (o, j) € Z}™" and 8 € Z7,
we have

(17) sup wtotAl(g)

ag+5ag' (T]T(Lo(.%‘, t) (u(ry + z,r7 + t) — u(z, t)) ‘ <

|z|>2
te[0,T]
Corpilryl* sup (0 TPu)x 540t +
t€[0,T)
Capg sup w1 @)[02 0] (u(a, v + ) — ula, 1),
tlez[\ozjg]
(18) sup w41 (2) |00 (1 =y (uo(a, 1) Jula 1)) | <
|z|>2
te[0,T]

casllOg A ull o000 wms, )
, i

with a constant ¢, g ; independent on 7, 0 < r < 2/3. Now, using the Leibniz rule,
formula (4) with ¢ = 0, and formulas (9), (14) — (18), we conclude that

(19) rg%l+ HU/T — u”cgs‘f’k,s,o,o — 0
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Next, it is not difficult to prove the inequality:

|| 3 V13 . |z]

(20) 5 < |yl < 3 ||, w(z) < w(z,y) < Tw(m), if | —y| < 5

Since, for any functions f, g and points p, ¢ from their domain, we have

[(F9)(p) = (f9) @] < 1f(p) = F(@llg®) + |9(p) — 9(DIIf ()],

it follows that, for all ¥ > 0 and |a| < s, the Leibniz rule, (11), and (20) give us

the following inequality with some constants cg:

(21) sup (0] 0T (uy — u)(-,))x 54| <
t€[0,T]

8198 ) - 108 (u, —
S 3 (0% ol ) 10° =)Dl +
" Bp=a

sup (10700 = (o OVlews | a0l ooy ) +
2r 2r

t€[0,T]
(1= 0, (0, ))) s 131 en P )
o (07 = o s O g1 1, 107Dl o)) +
13
Sosm 3 0 ol )l con x
te[0,T] Bt f—c
1
6+>\+|ﬁ| o8 t) — 9P t
- Sup x y)| U(.'L' ) U(y, )Iw(Z,T)dZdT‘i‘
|z —y|*
x,yZ B> Yy
g ° i<t

1
/ w’ x—|—7“z y+r2)|0%u(rz + x, t + 11) — 85u(7’z—|—y,t—|—7'r)|¢(Z,T)dsz>+
|z +7rz —rz—y| 2
0 |z|<1
1 -
5 B —_ 98
wl(z +rz,x)|0Pu(rz + x,t + 7r) — OPulx,t + 7r)| (2, 7)
sup / / 2 (/) dzdT+
z,ygBo Y

lz—y|>2y 0 |z|<1

1 B
w(y,y +r7)|0°%u(rz + y, t +7r) — 0%u(y,t)| ¥(z,7)
/] = i)

sup
z,y¢Ba
lz—yl=y 0 |7|<1

where 0 = 0 + A + |5]. )
On the other hand, it follows from Theorem 4 and (16) that for any 8 € Z%
there is a constant 5 independent on r and such that

sup 19% (e (t0(-,t DDllgepr < sup 10% (- (o (O o < e,
te[0,T 18] t€[0,T7] 18]

and hence, in accordance with (4) with g =0,

(22 R (X )

s, " = 0.
r—0+ te[0,T Cs A(R \B21r)>
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Fix a number ¢ > 0 and set v = ./ in (21), where 7. is the number from (3).
Then (3), (9), (19) and (22) imply that there is a number R, > 0 such that for all
€ (0,R.) and all o € Z7, satisfying |a| < s, we have

(23) sup ((0%u, — O%u)(-,t))re < T
te[0,T]

Similarly, (3), (9) and (12) imply that for any € > 0 and any r from the interval
(0, (6/16)1/>"}/€/16) and all o € Z7, satisfying |a| < s, we have

(24) sup (0% (ur —u)( 1))\ 5, <
te[0,T]
0%u t —0¢ t
sp sup / / |0%u(rz + x,t + r7) /\u(rz +y,t+7r7) Bz, T)dedr+
t€[0,T] «.weB |z =y
s y\<71 |z|<1
a()’ a()(
sup  sup / / | 3 v, )|1/)(277')dzd7'+
tE[OT z,yEBy ‘$7y|
Jo— yl<wls |z|<1
0%y t —0“ t
(L sup / / |[0%u(rz + x,t + ’I“T))\ u(x,t + TT)‘¢(Z,T)dZdT+
V& t€[0,T) |rz|
e.yeBy |z]<1
lz—yl=~ e =
0%u o t
ap () T R A
tE[O,T] fy £ z,y€EBqy ‘TZ| 4
lo—yl27 e |z]<1
Finally, (19), (23) and (24) imply that
TEI(I)IJF ||ur - u”cg:s;k,s)\,o =0.
Theorem 5 is proved. ]

Example 1. For each (xo,t0) € R"™ x [0, T] the function u (g, ) () = (|x —xo|M +

A
|t — t0|3)w_‘s_)‘(x) belongs to C’g”%k’o and even to C’g’;’)\’ 2 0< A<1. Itis clear
that ||u(gy.te) = Uz, o) |ooro > 1, if 2o # @1 and 0 < A < 1, and hence the
s

space C’g’%’A’O is nonseparable for 0 < X\ < 1, because the set of points xo € R™ is
uncountable. Precisely the element of the type u(y, +,) cannot be approzimated in

C’g’%)"o by functions from C’g,’?:,’«X’O o< A< N <1,d >06.

3. THE DE RHAM COMPLEX OVER ANISOTROPIC
WEIGHTED HOLDER spAcEs C3° 540

Denote by A7 the bundle of exterior differential forms of degree 0 < ¢ < n over
R™. Given domain X in R™, we write 29(X) for the space of all differential forms of
degree g with C°°-differentiable coefficients on X. These spaces form the so-called
de Rham complex 2°(X) on X, whose differentials are given by exterior derivatives
d. it is convenient to use the notation du := d%u for u € 29(X’) and to set d? = 0 if
¢ < 0 and g > n (see, for instance, [20]). We omit the index ¢ for graded operators
if this does not lead to misunderstanding. The superscript ¢ in the signs of the
functional spaces always means that we consider differential forms the degree ¢
with the coefficients of the corresponding function class.
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As usual, denote by d* the formal adjoint operator for the operator d; more
exactly, d*g = (d971)*g for g € 29(R™). By the definition,
(25) dod=0, d'od" =0.

For a differential operator A acting on sections of the vector bundle A9 over R",
denote by C(?’;}q NS4 the space of differential forms u € Cg’/’}q satisfying Au = 0 in
the sense of distributions in R™. Obviously, this is a closed subspace in C’(?’/)l‘q, and
hence it is a Banach space with the induced norm.

Then, according to (25), the differential operator d ® d* induces linear bounded
operators

1A A A
(26) dod* : C5l™ = OFl jan NSa® C5y 40 N Sae.
A A A
(27) dod : ChN = €t 1 NSa®EY 4 NSar
The images R;ﬁl,/lq"'l,/l’l_l and 9%2’_317/1(1“7/1(1_1 of the linear bounded operators (26)

and (27), respectively, we described in [14]. Namely, let HZ = stand for the set of
all differential forms of degree ¢ with harmonic polynomials of degree < m as the
coefficients, let L?(X') be the standard Hilbert Lebesgue space of functions on X
with the scalar product (-,-)r2(x)-

Theorem 6. Letn >2,s€Z;,0<A<1.Ifo6>0andd+1—n ¢ Z,, then
operators (26) u (27) are Fredholm. Moreover,

(1) (26) and (27) are isomorphisms if 0 < § <n —1;

(2) (26) and (27) are injections with closed images if n —14+m < d <n+m
for m € Z; more exactly, the image R;’_ilﬂmﬂﬁm_l consists of all the pairs f €

A A iy
C;+1,Aq+1 NSy, g€ C§+17Aq,1 NSy satisfying

(28) (f7 dh)LquA (R™) + (g’ d*h)Liqfl(R") =0 fOT' all h S H%m+1,

and the image 9%;:‘17/1#17/”_1 consists of all the pairs f € Qﬁ‘;i‘l,mﬂ NS4 g €

C;i‘l’m,l N Sa~, satisfying (28).

Denote by A9(t) the induced bundle over the half-space ]R?;Ol = R"™ x [0, +00)
with the coordinates (z,t), i.e., the sections of A9(¢) are differential forms over R™
depending on the parameter ¢ € [0, +00):

U= Z Ur(z,t)der, I = (i1,...9¢), 1 <i;<n, 0<g<n
[I1=q
where, as usual, dr; = dz;, A--- Adx;,, and the symbol A designates the exterior
product of differential forms. Consider the induced de Rham complex {d?, A%(t)}7_q
+1,

over Ri:

0 - CRRE) ® CREEZN - ™5 CRRE) 0,
i.e.,

n
oU(z,t)
(dIU)(z,t) = Z Z Tjdxj ANdzr.
J=11I1=q

We may easily extend Theorem 6 to the bounded linear operators

. 12s+k+1,5,X,0 2s+k,s,A,0 2s+k,\,0
(20) d? @ ()" : O3t h = Ot NS Ot N Sae, k€ Ly,
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q q\* . ¢#25+k+1,5X,0 2s+k,s,2,0 2s+k,A,0
(30) d? & (d?)" : €5'p Ja = & e NSa®C i1 NSax, k€ Zy.
. . 2s+k,s,A,0 2s+k,s,A,0 .
With this purpose, denote by R , and R LT A+ ga— the images of

SH1,T,Aa+1 Aa—
the bounded linear operators (29) and (30), respectively.

Corollary 1. Letn > 2, s € Z1, 0< A< 1. Ifo >0andd+1—n & Z, then
operators (29) are (30) are normally solvable. Moreover,

(1) (29) and (30) are isomorphisms if 0 < <n —1;

(2) (29) and (30) are injections with closed images if n —1+m < d < n+m

. . 2s+k—1,5,,0 . )
for m € Z,; more exactly, the image 1‘%5+1,T7Aq+17/1q,1 consists of all the pairs

25+k,s,A,0 2s4+k,s,\,0 L
fe C(siJLT,SAqH NS&a, g€ C'(;_SJ,Tqu_l N Sy- satisfying
(31)

(f('7t)adh)Liq+l(R”) + (g(ﬁt)ad*h)Liqil(R") =0 f07’ all t € [OaT] uhe H%m—&-la

. 25+k,5,\ . X 25+k,8,\
and the image %614{,7715,}1421,/1‘1—1 consists of all the pairs f € @Qﬁif;lqﬂl NSa, g €

2N NS satisfying (31).

Proof. 1t is known that the Laplacian of the complex 2'(R™) on ¢-forms is given
by

(32) Al = d*d + dd* = — Iy, A,

where k, = (Z), I, is the identity (kg x kq) -matrix, A is the usual Laplace operator
applied componentwise the to the coefficients of the form.

Now we note that if f = 0 and g = 0 then (32) implies that the coefficients of the
form ug(z,t) satisfying dug = 0, d*ug = 0 in R™ are harmonic functions vanishing
at infinity for each fixed ¢ € [0,T] because 6 > 0. Then the Liouville theorem for
harmonic functions means that the operator d @ d* is injective on C?STJrﬁjl’s’)"O for
allk>1,s€Z,,0<g<mnandd>0. o

By the definition, any element u(z,t) € Cg?ﬁjl’s’)"o belongs to C’gSAJZkH’)‘ for
each fixed ¢ € [0,T)]. Hence, for n — 14+ m < § < n+m with m € Zy, Theorem 6

implies that for any pair (f,g) from Rﬁfjl’“;;ﬁl a—1 identity (31) is fulfilled.

To continue the proof of the theorem, we put

(Eg)(a) = [ ulw) neyfa)

for a suitable ¢g-form u, where

1
—In |z, if n=2,
eq(z,y) = Z e(x —y) (xdyr) dzg, e(x) = 771 |z[2—"
[1|=q 0_72_17/7 f 77,23,

i.e. e is the standard fundamental solution of the convolution type in R", and e, is
its analogue for action on exterior differential forms (here o, is the area of the unit
sphere in R"). Now, for f € C’(‘;’j‘l 7 gat1s 9 € C’gﬁl 7 pa—1s let

@) @N@ = [ 1)), G = [ o) ndie

where

Gq(2,y) = (d"" ) eq(2,y), dg(2,y) = dy Teq(z,y), n>2.
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It was shown in [14, Theorem 3] that, under the hypothesis of 6, potentials (33)
induce a bounded linear operator

(34) (@) : Cy ) hen ®Cs 10 = Cia™,
such that
(35) d(@f +dg) = f, d"(@f +bg) =g inR",

if fe C’;i:‘l qa+1NSqand g € C’(‘;i‘l a—1 NSg- satisfy (28) for n—1+m < § <n+m,
s € Z+.

. 2s+k,s,\,0 2s+k,s,A,0
Therefore, for each pair f € C{HLT’A(]Jrl NSy and g € CHLT’AQ,

(31) for n — 1 +m < 6§ < n + m, the differential form u(z,t) = &f(-,t) + Pg(-, 1)
belongs to Cgiﬁﬁ‘tl’)‘, depends on the parameter ¢ € [0,7], and is the unique
solution to the following system of equations:

(36) { A(@f(-,t) +Bg(- 1)) (@) = f(z,t) i R"x[0,T],
d*(glif(,t) + @g(,t))(:c) = g(:c,t) in  R" X [O7T]

1NSy+, satisfying

On the other hand, by the definition of C’?’STJrk'H’S”\’O, for such a pair f €
Otk NSy and g € CTho00 NSy we have 9] f € VT 0 sy,

6+1,T,Aat1 6+1,T,Aa—1 §+1,T,Aat1
j 2(s—5)+hk,5—4,\,0 e
ARS Céfl_%?j;qj 777N Sy- and the identity

(agf(7 t)7 dh’)Liqul (R™) + (agg(7 t)7 d*h)Liq71 (Rm) = 0
holds for all ¢ € [0,T] and h € HL _, if n —1+4m < d < n+ m. Therefore, by
Theorem 6, for all suitable §, we have

sup [[07[DF(-,t) + Bg(-, )]l ooy riin =
t€[0,T7] 6, T,9

Sup ||¢85f(-, t) + q%ag'g(~, t)||c2<s—j>+k+1,x <
t€[0,T7] 5 T,nd

||¢+é‘|j,k( sup ||8gf('at)‘|cz s—i)+k,x T+ SUp ||0fg(~,t)||cg<s,j)+kyx)
te[0,T] 3 tel0,T 5+

(
+1,7,A9+1 1,7,A9-1
if 0 < j <s, where || + ®||; 1, stands for the norm of the operator

5 2(s—j)+k,A 2(s—j)+k,A 2(s—)+k+1,\
(37) PDP: 05+1,:]F,Aq+1 ® Cé+1,ijF,Aq—1 - C&Ta/\]“ ’

Hence, if a differential form u(x,t) is a solution to (36) then it in fact belongs to

2s+k+1,5,1,0 . . .
C(;ST'FAZF MY Moreover, operators (34) induce continuous linear operators

£ . 2s+k,s,2,0 2s+k,s,A,0 2s+k+1,s,1,0
PDP: C(6-1-1,T,A’1‘*'1 ® 615-‘,-17T7A‘1—1 C&,T,A‘I .

If 0 < 6§ < n—1, then the image Rgik;’/f‘q’gl 1a—1 18 closed because it coincides with

25+k,5,A 254k,5,), . . . .
Cai—;,fj)\qfl NSy @ Céiiil’“,gz’qugl N Sz«. Then mapping (29) is an isomorphism.

Ifn—14m<d<n+mthen d+1 > n/2 and Lemma 1 implies that the image

2s+k,s,A,0 .
RS par 18 closed, too.

Finally, the assertions about mapping (30) follow from Theorem 5 and the
continuity of the operators d, d*, @, ¢ on the scale C’g’?k’s”\’o. O
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Since the operators d°, (d°)*, (d')* represent the gradient operator and the
rotation and divergence operators in R? respectively, Corollary 1 in particular
clarifies the behavior of the well-known Leray-Helmholtz projection (from the theory
of the Navier-Stokes equations) on the scale of anisotropic weighted Holder spaces
under consideration (cf. [7, Ch. 1, §2] on the Lebesgue spaces or [14, Corollary 1]).

More precisely, it is not hard to see that the introduced anisotropic weighted
spaces are “physically” acceptable for studying the Navier—Stokes equations for
suitable powers §.

Lemma 1. If1 < p < +oo and § > n/p then there is a constant cs, > 0 such that

sup ||u(-,t)| Lr@ny < cop l|ullgo000 for allt € [0,T] and all u € P00,
tef0, ) nr ’

Next, denote by 7 the closure of DY(R") N Sy- in L%, (R™). The orthogonal
projection II, : L%, (R™) — X is called the Leray—Helmholtz projection.
Denote by ngﬂk’s”\’o the closure of the set C*°([0, 7], D 4« (R™))NSg~ in C’;‘i}tk’s’A’o.

Corollary 2. Letn > 2,0 >1,§—n & Zy, k,s € Z4, 0 < XA < 1. Then the
following decomposition holds for each 0 < q¢ < n:

(38) I =d*d+dd

on Cgs/ltk’s’)"o and (’:gs;ﬁ’s”\’o with bounded linear operators d*® and d® in these

spaces. If § > n/2 then decomposition (38) is L%, (R™)-orthogonal on €§f/;k’s’)"0,

and the projection 11, coincides with d*® on Q?f‘/ﬂk’s’)"o, and it maps this space
. 2s+k,s,\,0

continuously to X5° .

Proof. Recall that d? = 0 for ¢ < 0 and ¢ > n. As we have seen in proving

Corollary 1,if § > 1, d —n & Z, then the linear operators d*® and d® are bounded

in C(?,S/ltk’s’)"o and in Qﬁ?fﬂk’s’)"o. Since e(x — y) is the fundamental solution of the

Laplace operator and it has convolution type, we have for all u € ng’;k’s”\’o, 6>1,

(S —n g Z+:

Al (u(:zc7 t) — d*du(x, t) — ddu(z, t)) =0in R"
in the sense of distributions for all ¢ € [0, T]. On the other hand, the form
(u —d*du — d@u) (z,t)

has harmonic coefficients and equals to zero at infinity with respect to the space
variables if § > 1. Then, by the Liouville Theorem, it is identical zero, i.e., decomposition
(38) holds on C3%H"*% and @2° /50,

It follows from Lemma 1 that, if § > n/2, 6§ — n ¢ Z, then CE’SAJZ]C’S’A’O is

continuously embedded into L%, (R™) and, for each form u € Qfgs/;qu’s’A’O, the forms

d*®u and ddu are L%, (R™)-orthogonal because, in this case, we can integrate by
parts and d o d = 0. Indeed,

(39)

(d*@u, d@U)Liq (R™) = klingo(d*@u, dngk)Liq (R™) = lim lim (d@u, d@'LLk)Liq (Br)

k—o0o0 R—+oo
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for any sequence {ux} C C°°([0,T], D(R™) approximating u in Q:?f;zk’s’A’O. On the
other hand, as d o d = 0, integrating by parts yields
(40)

|(ddu, dPuk) 2, (5| = ‘ /BBR «PupNddu| < oy, 3"725\\¢Uk||c§f&0q71 Hdéuﬂcg:gf‘o,

where x* is the so-called Hodge operator on R™:
*: QIR™) — Q"IR"),

defined (by linearity) with the use of the relation dz! A (xdz!) = dz for all multi-

indices I = (i1,...,4¢) with 1 < i3 < ... < i, < n. Now, since 20 > n and the

sequence {||®Pugl| 0000 }is bounded, formulas (39) and (40) enable us to conclude
§—1,A9—1

that
(d*du, ddu) 2 @y = 0 for all u € €5,

Finally, d*od* = 0, and , as we have seen in the proof of Corollary 1, the operator

d*® maps continuously Qfg,s/;k’S’A’O into ng/ﬂk’s’)"07 which was to be proved. O

It follows from the proof of Corollary 2 that decomposition (38) is L%, (R")-
orthogonal also on C(?’SA'ZIC’S”\’O, if2s+k>1and d >n/2.
At the end, we observe that, though the scale of anisotropic weighted Hélder

spaces Cgiﬁ;k’s’A’O is appropriate for studying the operator equations induced by

the differentials of the de Rham complex, it is not so good for the investigating
parabolic equations. Namely, the parabolic potentials (constructed with the use
of the fundamental solution to the heat operator) may act discontinuously on the
scale. On the other hand, it was shown in [11, §4] that second-order parabolic

equations and the corresponding potentials can be better investigated on the scale
2 .

C§S+k’s’>\’ 2 whereas the continuity of the “elliptic potentials” @ and @ fails and we

have to correct the scale by using the graph norms of the de Rham differentials (see

[11, §3] for a rather narrow interval of the weight indices).
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