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ON THE DE RHAM COMPLEX ON A SCALE OF
ANISOTROPIC WEIGHTED HÖLDER SPACES

K.V. GAGELGANS, A.A. SHLAPUNOV

Abstract. We obtain a solvabilty criterion for the operator equations
induced by de Rham differentials on a scale of anisotropic weighted
Hölder spaces on the strip Rn × [0, T ], n ≥ 1, where the weight controls
the behavior of elements at the infinity point with respect to the space
variables. Besides, we give a description of the closures in these space
of the set of infinitely differentiable functions on the strip Rn × [0, T ]
that are compactly supported with respect to the space variables. The
results are applied to study the properties of the famous Leray-Helmholtz
projection from the theory of the Navier-Stokes equations on the scale
of these weighted spaces for n ≥ 2.

Keywords: weighted Hölder spaces, de Rham complex.

1. Introduction

The experience of many decades of studying integro-differential equations related
to models of contemporary natural science shows that the choice of suitable function
spaces for data and solutions plays often a key role. It appears that the normed
spaces of functions with finite smoothness are not always fit for this purpose because
the integral operators solving the investigated problems are not continuous. Now
the Banach spaces most popular among the researchers, are the Lebesgue spaces,
the Sobolev spaces the Hölder spaces, and their various generalizations (see, for
instance, [1], [2], [3], [4], [5]). Though the Hölder spaces have evident advantages
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(their elements are continuous and whence they can be easily restricted to subsets
of lesser dimension, the compositions of mappings are easily defined in these spaces
and there is a natural product operation on the corresponding functions), they
also have some considerable disadvantages (these spaces are not separable and not
reflexive and their elements cannot be approximated by smooth functions in the
Hölder topology, see, for instance, [3], [6]).

The present paper is devoted to the investigation of the differentials of the de
Rham complex over Rn on a scale of anisotropic weighted Hölder spaces over the
layer Rn× [0, T ] for n ≥ 1 and with a weight controlling the asymptotic behavior at
infinity with respect to the space variables, i.e., in the situation where the variable
t ∈ [0, T ] occurs in the coefficients of differential forms on Rn as a parameter. This
is partially motivated by the mathematical theory of the Navier-Stokes equations,
used for description of the dynamics of viscous fluids where the decreasing of
solutions at the infinity with respect to variables x ∈ Rn is justified by physical
considerations, and the investigation of the operator equations involving the de
Rham differentials (for instance, the operators ∇, rot and div) is necessary to
describe properties of the famous Leray-Helmholtz projection and/or to exclude
the pressure of the fluid from the consideration, see, for example, [7, Ch. 1, §2], [8].

Though the de Rham cohomologies are well investigated on the scale of Hölder
spaces on smooth Riemannian manifolds, see, for instance, [9, §§10.2-10.4], the
introduction of a weight and an additional parameter (the time) can essentially
change the picture, see, for instance, the paper [10], where the Laplace operator
and the heat operator were considered on weighted Hölder spaces on a Riemannian
manifold with conical singularity.

Recently, in [11], we described necessary and sufficient solvability conditions for
operator equations generated by the de Rham complex over Rn on weighted Hölder
spaces both isotropic in Rn and anisotropic (“parabolic”) in the layer Rn × [0, T ];
the proofs were based on the technique elaborated in [12] and [13] for weighted
Sobolev spaces. Unfortunately, the approach of [11] is appropriate for data from a
closed subspace consisting of the elements from the image of the Laplace operator,
that is not natural studying the cohomologies of the de Rham complex. This weak
point was eliminated in [14] for isotropic weighted Hölder spaces on Rn. Besides,
a criterion for the approximability of weighted Hölder functions Rn by functions
with compact support was obtained in [14] (cf. also [15, §1.3] for the approximability
of Hölder functions on open subsets and compacts), which makes it possible to solve
the corresponding operator equations on separable subspaces of the weighted Hölder
spaces.

In the present paper, we extend the results of [14] to a scale of anisotropic
weighted Hölder spaces on the layer Rn × [0, T ].

2. Anisotropic weighted Hölder spaces

Suppose that X is an unbounded domain in Rn, n ≥ 1, with piecewise smooth
boundary. The weighted Hölder and Sobolev spaces are well known and widely
used for solving boundary value problems for elliptic equations and systems, see,
for instance, [11], [14] for X = Rn, [16] for polyhedral domains, [10] for Riemannian
manifolds with conic singularities. In order to define the weighted Hölder spaces,
we set

w(x) =
√
1 + |x|2, w(x, y) = max{w(x), w(y)}, x, y ∈ Rn.
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For s ∈ Z+ and δ ∈ R denote by Cs,0
δ (X ) the space of s times continuously

differentiable functions on the closure X of the domain X having the finite the
norm

∥u∥Cs,0
δ (X ) =

∑
|α|≤s

sup
x∈X

wδ+|α|(x)|∂αu(x)|.

Let V be the empty set if X does not contain the origin; otherwise let V ⊂ X be
a nonempty bounded neighborhood of the origin in the relative topology of X . For
0 < λ ≤ 1, we set

⟨u⟩λ,δ,X = sup
x,y∈X\V,x ̸=y
|x−y|≤|x|/2

wδ+λ(x, y)
|u(x)− u(y)|

|x− y|λ
.

Denote by C0,λ
δ (X ) the set of continuous functions on X with the finite norm

∥u∥C0,λ
δ

= ∥u∥C0,λ(V ) + ∥u∥C0,0
δ (X ) + ⟨u⟩λ,δ,X ,

where ∥ · ∥C0,λ(V ) = ∥ · ∥C0,0(V )| + ⟨·⟩λ,V is the norm of the usual Hölder space
C0,λ(V ) on the compact set V , see, for instance, [2], [3], [5]. Finally, for s ∈ Z+, let
Cs,λ

δ (X ) stand for the space of all s times continuously differentiable functions on
X with the finite norm

∥u∥Cs,λ
δ (X ) =

∑
|α|≤s

∥∂αu∥C0,λ
δ+|α|(X ).

The normed spaces Cs,λ
δ (X ), obviously, form a scale of Banach spaces parametrized

by the indices s ∈ Z+, λ ∈ [0, 1] and δ ∈ R. This construction becomes natural
if after a suitable compactification of the domain X is considered as a closed
Riemannian manifold with a singular point corresponding to infinity (cf. the pioneer
paper on the weighted spaces of this kind [17] for parabolic cylindrical domains in
Rn × (0,+∞) or more general constructions on Riemannian manifolds with conic
singularities in [10]). The first summand in the norm corresponds to a coordinate
chart of the nonsingular part of the manifold, and the second and third summands
correspond to a coordinate chart of the point at the infinity. We do not need to glue
the summands with the use of a partition of unity in X , because there are global
coordinates in Rn.

If X = Rn then we set V = B2, where BR is the ball in Rn of radius R > 0

centered at the origin. We use the notation Cs,λ
δ for Cs,λ

δ (Rn). The space Cs,λ
δ

is continuously embedded into the Fréchet space Cs,λ
loc (Rn). By definition, each

(partial) derivative ∂α maps Cs,λ
δ continuously into Cs−|α|,λ

δ+|α| if |α| ≤ s. Therefore,
the following embedding theorem is expectable:

Theorem 1 (see [11], [14]). Assume that s, s′ ∈ Z+, δ, δ′ ∈ R+ и λ, λ′ ∈ [0, 1]. If
δ ≤ δ′, s ≤ s′ and s + λ ≤ s′ + λ′ then the space Cs′,λ′

δ′ is embedded continuously
into the space Cs,λ

δ . The embedding is compact if δ < δ′ and s+ λ < s′ + λ′.

Moreover, in [14], a description was obtained for the closure of the space D(Rn) of
infinitely differentiable functions with compact support in Rn in the Banach space
Cs,λ

δ . Namely, let 0 < λ < 1 and let Cs,λ
δ stand for the subset in Cs,λ

δ , with elements
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satisfying the following properties: for any ε > 0 there is such number γε > 0 that

(1)
∑
|α|≤s

⟨∂αu⟩λ,δ+|α| < ε if
|x− y|
w(x, y)

< γε;

and, in addition,

(2) lim
R→∞

∥u∥Cs,λ
δ (Rn\BR) = 0.

Theorem 2 (see [14]). Let 0 < λ < 1, s, s′ ∈ Z+ and δ′ > δ. If 0 ≤ λ′ ≤ 1, s ≤ s′

and s+ λ < s′ + λ′ then the closures of the sets Cs′,λ′

δ′ and D(Rn) in Cs,λ
δ coincide

with Cs,λ
δ .

By analogy with the usual anisotropic Hölder spaces (see, for instance, [18])
weighted anisotropic Hölder spaces were introduced in [11] for a cylindrical domain
X × (0, T ); cf. [10] for the case where the base X is a Riemannian manifold with
conical singularity. The peculiarity of this space consists in the fact that though the
parabolic dilation principle is fulfilled as regards the smoothness of the elements, it
is violated with respect to the weight indices. This was done to ensure under some
additional conditions the continuity of both elliptic and parabolic potentials on the
scale of spaces, see [11, §3,§4].

Namely, we set

∥v∥C0,0[0,T ] = sup
t∈[0,T ]

|v(t)|, ⟨v⟩µ,[0,T ] = sup
t̸=τ

t,τ∈[0,T ]

|v(t)− v(τ)|
|t− τ |µ

,

∥v∥C0,µ[0,T ] = ∥v∥C0,0[0,T ] + ⟨v⟩µ,[0,T ]

for functions defined on the segment [0, T ]. For µ ∈ [0, 1], s ∈ Z+ let Cs,µ([0, T ]) be
the usual Banach space of functions satisfying the Hölder condition on the segment
[0, T ] endowed with the norm

∥v∥Cs,µ[0,T ] =

s∑
j=0

∥∥∥∥djvdtj
∥∥∥∥
C0,µ[0,T ]

.

Now, as usual, if B is a Banach space we denote by Cs,0([0, T ],B) the Banach space
of mappings U : [0, T ] → B with the finite norm

∥U∥Cs,0([0,T ],B) =
s∑

j=0

sup
t∈[0,T ]

∥∂jtU(·, t)∥B, s ∈ Z+.

We also set
⟨U⟩µ,[0,T ],B = sup

t ̸=τ
t,τ∈[0,T ]

∥U(·, t)− U(·, τ)∥B
|t− τ |µ

.

Let Cs,µ([0, T ],B) stand for the space of functions from Cs,0([0, T ],B), s ∈ Z+,
with the finite norm

∥U∥Cs,µ([0,T ],B) =
s∑

j=0

(
sup

t∈[0,T ]

∥∂jtU(·, t)∥B + ⟨∂jtU(·, t)⟩µ,[0,T ],B

)
.

Let C0,0,0,0
δ,T (X ) = C0,0([0, T ], C0,0

δ (X )) stand for the space of continuous function
on the “layer” X × [0, T ] with the finite norm

∥u∥C0,0,0,0
δ,T (X ) = sup

(x,t)∈X×[0,T ]

|u(x, t)|wδ(x).
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For s ∈ N, denote by

C2s,s,0,0
δ,T (X ) =

s∩
j=0

Cj,0([0, T ], C
2(s−j),0
δ (X ))

the space of continuous functions on X × [0, T ] having continuous partial derivatives
∂αx ∂

j
t u for |α|+ 2j ≤ 2s, s ∈ Z+, with the finite norm

∥u∥C2s,s,0,0
δ,T (X ) =

∑
|α|+2j≤2s

∥∂jt ∂αx u∥C0,0,0,0
δ+|α|,T (X ).

Next, for λ ∈ (0, 1], µ ∈ [0, 1], let

C0,0,λ,µ
δ,T (X ) = C0,0([0, T ], C0,λ

δ (X )) ∩ C0,µ([0, T ], C0,0
δ (X ))

be the space of continuous functions on X × [0, T ] with the finite norm

∥u∥C0,0,λ,µ
δ,T (X ) = sup

t∈[0,T ]

∥u(·, t)∥C0,0
δ (X ) + ⟨u⟩λ,µ,δ,X ,T

where

⟨u⟩λ,µ,δ,X ,T =


sup

t∈[0,T ]

⟨u(·, t)⟩λ,δ,X , µ = 0,

sup
t∈[0,T ]

⟨u(·, t)⟩λ,δ,X + sup
t ̸=τ

t,τ∈[0,T ]

∥u(·,t)−u(·,τ)∥
C

0,0
δ

(X)

|t−τ |µ , µ ∈ (0, 1].

Similarly, for λ ∈ (0, 1], µ ∈ [0, 1] denote by

C2s,s,λ,µ
δ,T (X ) =

s∩
j=0

(
Cj,0([0, T ], C

2(s−j),λ
δ (X )) ∩ Cj,µ([0, T ], C

2(s−j),0
δ (X ))

)
the space of continuous functions on X × [0, T ] having continuous partial derivatives
∂αx ∂

j
t u for |α|+ 2j ≤ 2s, s ∈ Z+, with the finite norm

∥u∥C2s,s,λ,µ
δ,T (X ) =

∑
|α|+2j≤2s

∥∂jt ∂αx u∥C0,0,λ,µ
δ+|α|,T (X ).

Finally, for s ∈ Z+, k ∈ N, λ, µ ∈ [0, 1], let C2s+k,s,λ,µ
δ,T (X ) be the space of continuous

functions on X × [0, T ] having continuous partial derivatives ∂α+β
x ∂jt u for |α|+2j ≤

2s and |β| ≤ k, with the finite norm

∥u∥C2s+k,s,λ,µ
δ,T (X ) =

∑
|β|≤k

∥∂βxu∥C2s,s,λ,µ
δ+|β|,T (X ).

It is convenient to identify C2s,s,λ,µ
δ,T (X ) with C2s+k,s,λ,µ

δ,T (X ) for k = 0. Clearly,
C2s+k,s,λ,µ

δ,T (X ) are Banach spaces.
If X = Rn then we will write simply C2s+k,s,λ,µ

δ,T (Rn) = C2s+k,s,λ,µ
δ,T . The natural

cases for (Petrovskii) parabolic operators of order 2m correspond to µ = 0 or
µ = λ

2m . In this paper, we will concentrate on the simpler case of µ = 0; this case
is more convenient for investigating the de Rham differentials.

The following embedding theorems are quite expectable:

Theorem 3 (see [11]). Let s, s′ ∈ Z+, δ, δ′ ∈ R+, k ∈ Z+ and λ, λ′ ∈ [0, 1]. If

δ ≤ δ′, s ≤ s′, s+λ ≤ s′+λ′ then the space C2s′+k,s′,λ′,λ
′
2

δ′,T is embedded continuously

into C2s+k,s,λ,λ2
δ,T . The embedding is compact if s+ λ < s′ + λ′ and δ < δ′.
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Theorem 4. Let s, s′ ∈ Z+, δ, δ′ ∈ R+, k ∈ Z+ and λ, λ′ ∈ [0, 1]. If δ′ ≥ δ, s′ ≥ s,
s′+λ′ ≥ s+λ then the space C2s′+k,s′,λ′,0

δ′,T is embedded continuously into C2s+k,s,λ,0
δ,T .

s′ > s, s′ + λ′ > s+ λ The embedding is compact if and δ′ > δ.

Proof. The assertion on the continuous embedding follows immediately from the
definition of the space and Theorem 1. The compactness of the embedding follows
from Theorem 3. Indeed, fix indices δ, δ′, δ′ > δ. By the Lagrange theorem on
finite differences, the space C

2(s+1)+k,s+1,λ′,0
δ′,T is embedded continuously into the

space C2s+k,s,1, 12
δ′,T , and this space is embedded compactly into C

2s+k,s,λ,λ2
δ,T if 0 ≤

λ < 1. Since C
2s+k,s,λ,λ2
δ,T is embedded continuously into C2s+k,s,λ,0

δ′,T , the space

C
2(s+1)+k,s+1,λ′,0
δ′,T is embedded compactly into C2s+k,s,λ,0

δ′,T if 0 ≤ λ < 1. This
precisely corresponds to the assumption that s+ 1 + λ′ > s+ λ for λ′ ∈ [0, 1].

As the space C2s′+k,s′,λ′,0
δ′,T is embedded continuously into C2(s+1)+k,s+1,λ′,0

δ′,T for

s′ > s, then we conclude that C2s′+k,s′,λ′,0
δ′,T embeds compactly into C2s+k,s,λ,0

δ′,T if
0 ≤ λ < 1.

Finally, if s′−s ≥ 2, λ = 1, then the space C2s′+k,s′,λ′,0
δ′,T is embedded continuously

into C
2(s+2)+k,s+2,λ′,0
δ′,T , the space C

2(s+2)+k,s+2,λ′,0
δ′,T is embedded compactly into

C
2(s+1)+k,s+1, 12 ,0

δ,T , and C2(s+1)+k,s+1, 12 ,0

δ,T is embedded continuously into C2s+k,s,1,0
δ,T .

The theorem is proved. �

We are ready to formulate and to prove an analog of Theorem 2 for the scale
of anisotropic weighted Hölder spaces C2s+k,s,λ,0

δ . Denote by C∞([0, T ],D(Rn)) the
space of infinitely differentiable mappings U : [0, T ] → D(Rn). Let 0 < λ < 1 and
let C2s+k,s,λ,0

δ,T for the subset in C2s+k,s,λ,0
δ with elements satisfying the following

properties: for any ε > 0 there is such a γε > 0 that

(3)
∑
|β|≤k

∑
|α|+2j≤2s

⟨∂βx∂αx ∂
j
t u⟩λ,µ,δ+|α+β|,T < ε if

|x− y|
w(x, y)

< γε;

and, moreover,

(4) lim
R→∞

∥u∥C2s+k,s,λ,0
δ,T (Rn\BR) = 0.

Theorem 5. Let 0 < λ < 1, k, s, s′ ∈ Z+ and δ′ > δ. If 0 ≤ λ′ ≤ 1, s ≤ s′, and
s+λ < s′ +λ′, then the closures of the sets C2s′+k,s′,λ′,0

δ′,T and C∞([0, T ],D(Rn)) in
the space C2s+k,s,λ,0

δ,T coincide with C2s+k,s,λ,0
δ,T .

Proof. First, we note that the continuous embedding C2s′+k,s′,λ′,0
δ′,T ↪→ C2s+k,s,λ,0

δ,T

holds by Theorem 4. If s′ = s and λ′ > λ then, for any multi-index (α, j) ∈ Zn+1
+ ,

satisfying |α|+ 2j ≤ 2s, any β ∈ Zn
+, satisfying |β| ≤ k, and any u ∈ C2s′+k,s′,λ′,0

δ′ ,
δ′ ≥ δ, we have

⟨∂α+β
x ∂jt u⟩λ,0,δ+|α+β|,T ≤ ⟨∂α+β

x ∂jt u⟩λ′,0,δ+|α+β|,T

( |x− y|
w(x, y)

)λ′−λ

.
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If s′ > s then, for all the multi-indices mentioned above and any u ∈ C2s′+k,s′,λ′,0
δ′ ,

δ′ ≥ δ, we have

⟨∂α+β
x ∂jt ⟩λ,0,δ+|α+β|,T ≤

n∑
i=1

∥∂i∂α+β
x u∥C0,0

δ+|α+β|+1,T

( |x− y|
w(x, y)

)1−λ

.

This shows that the elements of the space C2s′+k,s′,λ′,0
δ′,T satisfy (3) if s′+λ′ > s+λ.

Moreover, if δ′ > δ and u ∈ Cs′,λ′

δ′ then, for all admissible multi-indices (α, j) and
β, we have:

sup
t∈[0,T ]

sup
|x|≥R

|∂α+β
x ∂jt u(x, t)|wδ+|α+β|(x) ≤ ∥u∥C2s+k,s,0,0

δ′
wδ−δ′(R),

sup
t∈[0,T ]

⟨∂α+β
x ∂jt u⟩λ,δ+|α+β|,Rn\BR

≤ sup
t∈[0,T ]

⟨∂α+β
x ∂jt u⟩λ′,δ′+|α+β|

( |x− y|
w(x, y)

)λ′−λ

wδ−δ′(R).

This shows that the elements of the space C2s′+k,s′,λ′,0
δ′,T satisfy (4) if µ = 0,

s′ + λ′ > s + λ and δ′ > δ, i.e. in this case C2s′+k,s′,λ′,0
δ′,T ⊂ C2s+k,s,λ,0

δ,T . Clearly,

C∞([0, T ],D(Rn)) ⊂ C2s′+k,s′,λ′,0
δ′,T for any s′ ∈ Z+, 0 ≤ λ′ ≤ 1, δ′ ∈ R, аnd hence

C∞([0, T ],D(Rn)) ⊂ C2s+k,s,λ,0
δ,T .

Let us check that C2s+k,s,λ,0
δ,T is a closed subspace in C2s+k,s,λ,0

δ,T . Indeed, the set
is obviously linear. Choose a sequence {uν} ⊂ C2s+k,s,λ,0

δ,T converging to a limit u
in C2s+k,s,λ,0

δ,T . Then, for any multi-index (α, j) ∈ Zn+1
+ with |α|+ 2j ≤ 2s and any

β ∈ Zn
+ with |β| ≤ k, we have

(5) ⟨∂α+β
x ∂jt u⟩λ,0,δ+|α+β|,T ≤ ⟨∂α+β

x ∂jt (u− uν)⟩λ,δ+|α| + ⟨∂α+β
x ∂jt uν⟩λ,0,δ+|α+β|,T .

By the definition of limit in C2s+k,s,λ,0
δ,T , for every ε > 0 there is a number Nε ∈ N

such that for any ν ≥ Nε we have

(6)
∑
|α|≤s

⟨∂α+β
x ∂jt (u− uν)⟩λ,0δ+|α|,T ≤ ∥u− uν∥C2s+k,s,λ,0

δ,T
<
ε

2
.

Since uNε ∈ C2s+k,s,λ,0
δ,T then, using (3), (5) and (6), we conclude that u satisfies (3),

too. Besides, for any ε > 0 there is a number Nε ∈ N such that for all ν ≥ Nε and
all R > 0 we have

(7) ∥u− uν∥C2s+k,s,λ,0
δ,T (Rn\BR) ≤ ∥u− uν∥C2s+k,s,λ,0

δ,T
<
ε

2
.

Moreover, by the triangle inequality, for any ν ∈ N,

(8) ∥u∥C2s+k,s,λ,0
δ,T (Rn\BR) ≤ ∥u− uν∥C2s+k,s,λ,0

δ,T (Rn\BR) + ∥uν∥C2s+k,s,λ,0
δ,T (Rn\BR).

Since uNε ∈ C2s+k,s,λ,0
δ,T then, using (4), (7) and (8), we see that u ∈ C2s+k,s,λ,0

δ,T .

Thus, we have proved that the closures of the sets C2s′+k,s′,λ′,0
δ′,T and C∞([0, T ],D(Rn))

lie in C2s+k,s,λ,0
δ,T . It remains to prove that C2s+k,s,λ,0

δ,T lie in the closure of the space
C∞([0, T ],D(Rn)) .

For bounded domains in Rn the construction of the corresponding approximating
sequences was given in [15, §1.3]. It was shown in [14] that, using a suitable com-
pactification of Rn, one can reduce the problem of approximating Hölder functions
from the isotropic weighted space to the similar problem on relatively compact
submanifold with a conic singular point in Rn+1 with the induced metric. In
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the case of anisotropic spaces, the arguments become more complicated but the
general scheme is the same. More precisely, we immerse Rn into a compact closed
hypersurface S = S−∪S0∪S+ with conical singularity in the coordinates (z0, z1, . . . , zn) ∈
R × Rn, where S− = {|z| = 1, −1 ≤ z0 ≤ 0} is the lower semisphere, S+ =
{1 − z0 = |(z1, . . . , zn)|, 1/3 ≤ z0 ≤ 1} is a cone, and the surface S0 = {z0 =
ρ(z1, . . . , zn), 2/3 ≤ |(z1, . . . , zn)| ≤ 1} is chosen in such a way that the hypersurface
S\(1, 0 . . . , 0) is infinitely smooth. If we denote Rn∪{∞} by R̂n then the immersion
ι : R̂n × [0, T ] → Rn+2 is given as follows:

ι(x, t) =



(
−
√
1− |x|2, x, t

)
, if |x| ≤ 1,(

ρ
(

x
|x|2

)
, x
|x|2 , t

)
, if 1 < |x| < 3/2,(

1− 1
|x| ,

x
|x|2 , t

)
, if |x| ≥ 3/2,

(1, 0, . . . , 0, t), if x = ∞,

with a smooth invertible function ρ, and the inverse mapping is given by

ι−1(z, t) =


(z1, . . . , zn, t), if −1 ≤ z0 ≤ 0,(

(z1,...,zn)
(ρ−1(z0))2

, t
)

if 0 < z0 ≤ 1/3,(
(z1,...,zn)
(1−z0)2 , t

)
if 1/3 ≤ z0 < 1,

(∞, t) if z = (1, 0, . . . , 0).

The mapping ι is obviously continuous on R̂n × [0, T ], smooth and nonsingular on(
S \ (1, 0 . . . , 0)

)
× [0, T ]. The function d((x, t), (y, τ)) = |ι(x, t)− ι(y, τ)| is a metric

on R̂n × [0, T ] ∼= S × [0, T ].
Let u ∈ C2s+k,s,λ,0

δ,T . Using the standard regularization (see, for instance, [19]),
we construct a family {ur}r>0 ⊂ C∞([0, T ],D(Rn)) convergent to u in the space
C2s+k,s,λ,0

δ,T if r → +0. With this purpose, we fix a C∞-smooth function ψ with the
support in B1 × [0, 1] ⊂ Rn × [0, 1], normalized by the condition

(9)
∫ 1

0

∫
Rn

ψ(x, t)dx dt = 1.

According to the famous Bochner’s Lemma, for each 0 < r < 2/3 there is a smooth
function ηr(y) on [−1, 1] with the support on the segment [−1, 1− r] and such that
0 ≤ ηr ≤ 1, ηr(y) = 1 on [−1, 1− 2r] and

(10)
∣∣∣dkηr
dyk

(y)
∣∣∣ ≤ ck

(1
r

)k
for all k ∈ N with a constant ck independent on y. Set

ur(x, t) = r−n−1ηr(ι0(x, t))

∫ T

0

∫
Rn

u(y, τ)ψ
( (y − x, τ − t)

r

)
dydτ,

where ι0 is the component of the mapping ι indexed by 0.
Since ηr belongs to D(Rn) then the Leibniz rule implies that ur ∈ C∞([0, T ],D(Rn)).

On the other hand, after an obvious change of variables,

ur(x, t) = ηr(ι0(x, t))

∫ 1

0

∫
|y|≤1

u(ry + x, rτ + t)ψ(y, τ)dydτ.
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Property (9) means that

(11) ur(x, t)− u(x, t) =

ηr(ι0(x, t))

1∫
0

∫
|y|≤1

(
u(ry+x, rτ + t)−u(x, t)

)
ψ(y, τ)dydτ +(1−ηr(ι0(x, t)))u(x, t).

Now, it follows from the properties of the function ηr and from (1) that for all the
admissible multi-indices (α, j) ∈ Zn+1

+ and β ∈ Zn
+, and |x| ≤ 1, 0 < r < 2

3 we have

(12) ∂α+β
x ∂jt (ur(x, t)− u(x, t)) =∫ 1

0

∫
|y|≤1

∂α+β
x ∂jt

(
u(ry + x, rτ + t)− u(x, t)

)
ψ(y, τ)dydτ,

(13) |∂α+β
x ∂jt (u(ry + x, rτ + t)− u(x, t))| ≤

|∂α+β
x ∂jt (u(ry + x, rτ + t)− u(x, rτ + t))|+ |∂α+β

x ∂jt (u(x, rτ + t)− u(x, t))| ≤
|ry|λ sup

t∈[0,T ]

⟨∂α+βu(·, t)⟩λ,B2
+ sup

|x|≤1

|∂α+β
x ∂jt (u(x, rτ + t)− u(x, t))|.

Therefore, formulas (9), (12), (13) and the properties of the standard regularization
(see, for instance, [19]) imply that

(14) lim
r→0+

∥ur − u∥C2s+k,s,0,0(B2)
= 0.

After straightforward calculations, we obtain for any γ ∈ Zn
+ that

(15) |∂γx ι0(x, t)| ≤ cγ/|x||γ|+1

with a constant cγ independent on x. Since that function ηr(ι0(x, t)) equals identically
to 1 if |x| ≤ 1/(2r), relations (10), (15) imply that the following equality and
inequality are fulfilled for γ ̸= 0:

(16) sup
|x|≥2
t∈[0,T ]

|∂γxηr(ι0(x, t))| = sup
|x|≥(2r)−1

t∈[0,T ]

|∂γxηr(ι0(x, t))| ≤ c̃γ |x|−|γ|

with a constant c̃γ independent on r. Thus, as ι0 does not depend on t, formulas
(3) and (16) imply that, for all admissible multi-indices (α, j) ∈ Zn+1

+ and β ∈ Zn
+,

we have

(17) sup
|x|≥2
t∈[0,T ]

wδ+|α+β|(x)
∣∣∣∂α+β

x ∂jt

(
ηr(ι0(x, t)) (u(ry + x, rτ + t)− u(x, t)

)∣∣∣ ≤
cα,β,j |ry|λ sup

t∈[0,T ]

⟨∂α+βu⟩λ,δ+|α+β|+

cα,β,j sup
|x|≥2
t∈[0,T ]

wδ+|α+β|(x)|∂α+β
x ∂jt (u(x, rτ + t)− u(x, t))|,

(18) sup
|x|≥2
t∈[0,T ]

wδ+|α+β|(x)
∣∣∣∂α+β

x ∂jt

(
(1− ηr(ι0(x, t)))u(x, t)

)∣∣∣ ≤
cα,β∥∂α+β

x ∂jt u∥C0,0,0,0
δ+|α+β|,T (Rn\B 1

2r
)

with a constant cα,β,j independent on r, 0 < r < 2/3. Now, using the Leibniz rule,
formula (4) with µ = 0, and formulas (9), (14) – (18), we conclude that

(19) lim
r→0+

∥ur − u∥C2s+k,s,0,0
δ

= 0.
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Next, it is not difficult to prove the inequality:

(20)
|x|
2

≤ |y| ≤ 3

2
|x|, w(x) ≤ w(x, y) ≤

√
13

2
w(x), if |x− y| ≤ |x|

2
.

Since, for any functions f , g and points p, q from their domain, we have

|(fg)(p)− (fg)(q)| ≤ |f(p)− f(q)||g(p)|+ |g(p)− g(q)||f(q)|,

it follows that, for all γ > 0 and |α| ≤ s, the Leibniz rule, (11), and (20) give us
the following inequality with some constants cβ

β̃
:

(21) sup
t∈[0,T ]

⟨∂jt ∂α+β(ur − u)(·, t)⟩λ,δ+|α| ≤

sup
t∈[0,T ]

∑
β+β̃=α

cβ
β̃

(
⟨∂β̃ηr(ι0(·, t))⟩λ,|β̃| ∥∂

β(ur − u)(·, t)∥C0,0
δ+|β|

+

sup
t∈[0,T ]

(
∥∂β̃(1− ηr(ι0(·, t))∥C0,0

δ+|β̃|
(Rn\B 1

2r
)∥∂

βu(·, t)∥C0,λ
δ+|β|(Rn\B 1

2r
)

)
+

sup
t∈[0,T ]

(
⟨∂β̃(1− ηr(ι0(·, t)))⟩λ,|β̃|,Rn\B1/2r

∥∂βu(·, t)∥C0,0
δ+|β|(Rn\B1/2r)

)
+

13

2
sup

t∈[0,T ]

∑
β+β̃=α

cβ
β̃
∥∂β̃(ηr(ι0(·, t)))∥C0,0

δ+|β̃|
×

( 2

13
sup

x,y ̸∈B2
|x−y|
w(x,y)

≤γ

( 1∫
0

∫
|z|≤1

wδ+λ+|β|(x, y)|∂βu(x, t)− ∂βu(y, t)|
|x− y|λ

ψ(z, τ)dzdτ+

1∫
0

∫
|z|≤1

wδ̃(x+ rz, y + rz)|∂βu(rz + x, t+ τr)− ∂βu(rz + y, t+ τr)|
|x+ rz − rz − y|λ

ψ(z, τ)

2
dzdτ

)
+

sup
x,y ̸∈B2
|x−y|≥γ

1∫
0

∫
|z|≤1

wδ̃(x+ rz, x)|∂βu(rz + x, t+ τr)− ∂βu(x, t+ τr)|
|rz|λ

ψ(z, τ)

(γ/r)λ
dzdτ+

sup
x,y ̸∈B2
|x−y|≥γ

1∫
0

∫
|τ |≤1

wδ̃(y, y + rτ)|∂βu(rz + y, t+ τr)− ∂βu(y, t)|
|rz|λ

ψ(z, τ)

(γ/r)λ
dzdτ

)
,

where δ̃ = δ + λ+ |β|.
On the other hand, it follows from Theorem 4 and (16) that for any β̃ ∈ Zn

+

there is a constant cβ̃ independent on r and such that

sup
t∈[0,T ]

∥∂β̃(ηr(ι0(·, t)))∥C0,λ

|β̃|
≤ sup

t∈[0,T ]

∥∂β̃(ηr(ι0(·, t)))∥C1,0

|β̃|
≤ cβ̃ ,

and hence, in accordance with (4) with µ = 0,

(22) lim
r→0+

sup
t∈[0,T ]

(
∥ηr(ι0(·, t)))∥Cs,λ

0
∥u(·, t)∥Cs,λ

δ (Rn\B 1
2r

)

)
= 0.
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Fix a number ε > 0 and set γ = γε/16 in (21), where γε is the number from (3).
Then (3), (9), (19) and (22) imply that there is a number Rε > 0 such that for all
r ∈ (0, Rε) and all α ∈ Zn

+, satisfying |α| ≤ s, we have

(23) sup
t∈[0,T ]

⟨(∂αur − ∂αu)(·, t)⟩λ,δ ≤ 3ε

4
.

Similarly, (3), (9) and (12) imply that for any ε > 0 and any r from the interval
(0, (ε/16)1/λγε/16) and all α ∈ Zn

+, satisfying |α| ≤ s, we have

(24) sup
t∈[0,T ]

⟨∂α(ur − u)(·, t)⟩λ,B2
≤

sup
t∈[0,T ]

sup
x,y∈B2

|x−y|≤γ ε
16

∫ 1

0

∫
|z|≤1

|∂αu(rz + x, t+ rτ)− ∂αu(rz + y, t+ rτ)|
|x− y|λ

ψ(z, τ)dzdτ+

sup
t∈[0,T ]

sup
x,y∈B2

|x−y|≤γ ε
16

∫ 1

0

∫
|z|≤1

|∂αu(x, t)− ∂αu(y, t)|
|x− y|λ

ψ(z, τ)dzdτ+

( r

γ ε
16

)λ
sup

t∈[0,T ]

x,y∈B2
|x−y|≥γ ε

16

∫ 1

0

∫
|z|≤1

|∂αu(rz + x, t+ rτ)− ∂αu(x, t+ rτ)|
|rz|λ

ψ(z, τ)dzdτ+

sup
t∈[0,T ]

( r

γ ε
16

)λ
sup

x,y∈B2
|x−y|≥γ ε

16

∫ 1

0

∫
|z|≤1

|∂αu(rz + y, t)− ∂αu(y, t)|
|rz|λ

ψ(z, τ)dzdτ ≤ ε

4
.

Finally, (19), (23) and (24) imply that

lim
r→0+

∥ur − u∥C2s+k,s,λ,0
δ,T

= 0.

Theorem 5 is proved. �

Example 1. For each (x0, t0) ∈ Rn × [0, T ] the function u(x0,t0)(x) =
(
|x− x0|λ +

|t− t0|
λ
2

)
w−δ−λ(x) belongs to C0,0,λ,0

δ,T and even to C0,0,λ,λ2
δ,T , 0 ≤ λ ≤ 1. It is clear

that ∥u(x0,t0) − u(x1,t0)∥C0,0,λ,0
δ

≥ 1, if x0 ̸= x1 and 0 < λ ≤ 1, and hence the

space C0,0,λ,0
δ,T is nonseparable for 0 < λ ≤ 1, because the set of points x0 ∈ Rn is

uncountable. Precisely the element of the type u(x0,t0) cannot be approximated in
C0,0,λ,0

δ,T by functions from C0,0,λ′,0
δ′,T if 0 < λ < λ′ ≤ 1, δ′ > δ.

3. The de Rham complex over anisotropic
weighted Hölder spaces C2s+k,s,λ,0

δ

Denote by Λq the bundle of exterior differential forms of degree 0 ≤ q ≤ n over
Rn. Given domain X in Rn, we write Ωq(X ) for the space of all differential forms of
degree q with C∞-differentiable coefficients on X . These spaces form the so-called
de Rham complex Ω·(X ) on X , whose differentials are given by exterior derivatives
d. it is convenient to use the notation du := dqu for u ∈ Ωq(X ) and to set dq = 0 if
q < 0 and q ≥ n (see, for instance, [20]). We omit the index q for graded operators
if this does not lead to misunderstanding. The superscript q in the signs of the
functional spaces always means that we consider differential forms the degree q
with the coefficients of the corresponding function class.
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As usual, denote by d∗ the formal adjoint operator for the operator d; more
exactly, d∗g = (dq−1)∗g for g ∈ Ωq(Rn). By the definition,

(25) d ◦ d ≡ 0, d∗ ◦ d∗ ≡ 0.

For a differential operator A acting on sections of the vector bundle Λq over Rn,
denote by Cs,λ

δ,Λq ∩ SA the space of differential forms u ∈ Cs,λ
δ,Λq satisfying Au = 0 in

the sense of distributions in Rn. Obviously, this is a closed subspace in Cs,λ
δ,Λq , and

hence it is a Banach space with the induced norm.
Then, according to (25), the differential operator d⊕ d∗ induces linear bounded

operators

(26) d⊕ d∗ : Cs+1,λ
δ,Λq → Cs,λ

δ+1,Λq+1 ∩ Sd ⊕ Cs,λ
δ+1,Λq−1 ∩ Sd∗ .

(27) d⊕ d∗ : Cs+1,λ
δ,Λq → Cs,λ

δ+1,Λq+1 ∩ Sd ⊕ Cs,λ
δ+1,Λq−1 ∩ Sd∗ .

The images Rs,λ
δ+1,Λq+1,Λq−1 and Rs,λ

δ+1,Λq+1,Λq−1 of the linear bounded operators (26)
and (27), respectively, we described in [14]. Namely, let Hq

≤m stand for the set of
all differential forms of degree q with harmonic polynomials of degree ≤ m as the
coefficients, let L2(X ) be the standard Hilbert Lebesgue space of functions on X
with the scalar product (·, ·)L2(X ).

Theorem 6. Let n ≥ 2, s ∈ Z+, 0 < λ < 1. If δ > 0 and δ + 1 − n ̸∈ Z+, then
operators (26) и (27) are Fredholm. Moreover,

(1) (26) and (27) are isomorphisms if 0 < δ < n− 1;
(2) (26) and (27) are injections with closed images if n − 1 +m < δ < n +m

for m ∈ Z+; more exactly, the image Rs,λ
δ+1,Λq+1,Λq−1 consists of all the pairs f ∈

Cs,λ
δ+1,Λq+1 ∩ Sd, g ∈ Cs,λ

δ+1,Λq−1 ∩ Sd∗ satisfying

(28) (f, dh)L2
Λq+1 (Rn) + (g, d∗h)L2

Λq−1 (Rn) = 0 for all h ∈ Hq
≤m+1,

and the image Rs,λ
δ+1,Λq+1,Λq−1 consists of all the pairs f ∈ Cs,λ

δ+1,Λq+1 ∩ Sd g ∈
Cs,λ
δ+1,Λq−1 ∩ Sd∗ , satisfying (28).

Denote by Λq(t) the induced bundle over the half-space Rn+1
t≥0 = Rn × [0,+∞)

with the coordinates (x, t), i.e., the sections of Λq(t) are differential forms over Rn

depending on the parameter t ∈ [0,+∞):

U =
∑
|I|=q

UI(x, t)dxI , I = (i1, . . . iq), 1 ≤ ij ≤ n, 0 ≤ q ≤ n

where, as usual, dxI = dxi1 ∧ · · · ∧ dxiq , and the symbol ∧ designates the exterior
product of differential forms. Consider the induced de Rham complex {dq, Λq(t)}nq=0

over Rn+1
t≥0 :

0 → C∞
Λ0(Rn+1

t≥0 )
d0→ C∞

Λ1(Rn+1
t≥0 )

d1→ · · · dn−1→ C∞
Λn(Rn+1

t≥0 ) → 0,

i.e.,

(dqU)(x, t) =
n∑

j=1

∑
|I|=q

∂UI(x, t)

∂xj
dxj ∧ dxI .

We may easily extend Theorem 6 to the bounded linear operators

(29) dq ⊕ (dq)∗ : C2s+k+1,s,λ,0
δ,T,Λq → C2s+k,s,λ,0

δ+1,T,Λq+1 ∩ Sd ⊕ C2s+k,λ,0
δ+1,T,Λq−1 ∩ Sd∗ , k ∈ Z+,
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(30) dq ⊕ (dq)∗ : C2s+k+1,s,λ,0
δ,T,Λq → C2s+k,s,λ,0

δ+1,T,Λq+1 ∩ Sd ⊕ C2s+k,λ,0
δ+1,T,Λq−1 ∩ Sd∗ , k ∈ Z+.

With this purpose, denote by R2s+k,s,λ,0
δ+1,T,Λq+1,Λq−1 and R2s+k,s,λ,0

δ+1,T,Λq+1,Λq−1 the images of
the bounded linear operators (29) and (30), respectively.

Corollary 1. Let n ≥ 2, s ∈ Z+, 0 < λ < 1. If δ > 0 and δ + 1 − n ̸∈ Z+ then
operators (29) are (30) are normally solvable. Moreover,

(1) (29) and (30) are isomorphisms if 0 < δ < n− 1;
(2) (29) and (30) are injections with closed images if n − 1 +m < δ < n +m

for m ∈ Z+; more exactly, the image R2s+k−1,s,λ,0
δ+1,T,Λq+1,Λq−1 consists of all the pairs

f ∈ C2s+k,s,λ,0
δ+1,T,Λq+1 ∩ Sd, g ∈ C2s+k,s,λ,0

δ+1,T,Λq−1 ∩ Sd∗ satisfying
(31)
(f(·, t), dh)L2

Λq+1 (Rn) + (g(·, t), d∗h)L2
Λq−1 (Rn) = 0 for all t ∈ [0, T ] и h ∈ Hq

≤m+1,

and the image R2s+k,s,λ,0
δ+1,T,Λq+1,Λq−1 consists of all the pairs f ∈ C2s+k,s,λ,0

δ+1,T,Λq+1 ∩ Sd, g ∈
C2s+k,s,λ,0
δ+1,T,Λq−1 ∩ Sd∗ satisfying (31).

Proof. It is known that the Laplacian of the complex Ω·(Rn) on q -forms is given
by

(32) ∆q := d∗d+ dd∗ = −Ikq ∆,

where kq =
(
n
k

)
, Ikq is the identity (kq×kq) -matrix, ∆ is the usual Laplace operator

applied componentwise the to the coefficients of the form.
Now we note that if f = 0 and g = 0 then (32) implies that the coefficients of the

form u0(x, t) satisfying du0 = 0, d∗u0 = 0 in Rn are harmonic functions vanishing
at infinity for each fixed t ∈ [0, T ] because δ > 0. Then the Liouville theorem for
harmonic functions means that the operator d⊕ d∗ is injective on C2s+k+1,s,λ,0

δ,T,Λq for
all k ≥ 1, s ∈ Z+, 0 ≤ q ≤ n and δ > 0.

By the definition, any element u(x, t) ∈ C2s+k+1,s,λ,0
δ,T,Λq belongs to C2s+k+1,λ

δ,Λq for
each fixed t ∈ [0, T ]. Hence, for n − 1 +m < δ < n +m with m ∈ Z+, Theorem 6
implies that for any pair (f, g) from R2s+k,s,λ,0

δ+1,T,Λq+1,Λq−1 identity (31) is fulfilled.
To continue the proof of the theorem, we put

(Equ)(x) =

∫
Rn

u(y) ∧ eq(x, y)

for a suitable q-form u, where

eq(x, y) =
∑
|I|=q

e(x− y) (⋆dyI) dxI , e(x) =


1

π
ln |x|, if n = 2,

1

σn

|x|2−n

2− n
, if n ≥ 3,

i.e. e is the standard fundamental solution of the convolution type in Rn, and eq is
its analogue for action on exterior differential forms (here σn is the area of the unit
sphere in Rn). Now, for f ∈ Cs,λ

δ+1,T,Λq+1 , g ∈ Cs,λ
δ+1,T,Λq−1 , let

(33) (Φq f)(x) =

∫
Rn

f(y) ∧ ϕq(x, y), (Φ̂q g)(x) =

∫
Rn

g(y) ∧ ϕ̂q(x, y)

where

ϕq(x, y) = (dn−q−1)∗yeq(x, y), ϕ̂q(x, y) = dn−q
y eq(x, y), n ≥ 2.
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It was shown in [14, Theorem 3] that, under the hypothesis of 6, potentials (33)
induce a bounded linear operator

(34) (Φ⊕ Φ̂) : Cs−1,λ
δ+1,Λq+1 ⊕ Cs−1,λ

δ+1,Λq−1 → Cs+1,λ
δ,Λq ,

such that

(35) d(Φf + Φ̂g) = f, d∗(Φf + Φ̂g) = g in Rn,

if f ∈ Cs,λ
δ+1,Λq+1 ∩Sd and g ∈ Cs,λ

δ+1,Λq−1 ∩Sd∗ satisfy (28) for n−1+m < δ < n+m,
s ∈ Z+.

Therefore, for each pair f ∈ C2s+k,s,λ,0
δ+1,T,Λq+1∩Sd and g ∈ C2s+k,s,λ,0

δ+1,T,Λq−1∩Sd∗ , satisfying
(31) for n − 1 +m < δ < n +m, the differential form u(x, t) = Φf(·, t) + Φ̂g(·, t)
belongs to C2s+k+1,λ

δ+1,Λq , depends on the parameter t ∈ [0, T ], and is the unique
solution to the following system of equations:

(36)
{
d(Φf(·, t) + Φ̂g(·, t))(x) = f(x, t) in Rn × [0, T ],

d∗(Φf(·, t) + Φ̂g(·, t))(x) = g(x, t) in Rn × [0, T ].

On the other hand, by the definition of C2s+k+1,s,λ,0
δ,T , for such a pair f ∈

C2s+k,s,λ,0
δ+1,T,Λq+1 ∩ Sd and g ∈ C2s+k,s,λ,0

δ+1,T,Λq−1 ∩ Sd∗ we have ∂jt f ∈ C
2(s−j)+k,s−j,λ,0
δ+1,T,Λq+1 ∩ Sd,

∂jt g ∈ C
2(s−j)+k,s−j,λ,0
δ+1,T,Λq−1 ∩ Sd∗ and the identity

(∂jt f(·, t), dh)L2
Λq+1 (Rn) + (∂jt g(·, t), d∗h)L2

Λq−1 (Rn) = 0

holds for all t ∈ [0, T ] and h ∈ Hq
≤m+1 if n − 1 +m < δ < n +m. Therefore, by

Theorem 6, for all suitable δ, we have

sup
t∈[0,T ]

∥∂jt [Φf(·, t) + Φ̂g(·, t)]∥
C

2(s−j)+k+1,λ

δ,T,Λq
=

sup
t∈[0,T ]

∥Φ∂jt f(·, t) + Φ̂∂jt g(·, t)∥C2(s−j)+k+1,λ

δ,T,Λq
≤

∥Φ+ Φ̂∥j,k
(

sup
t∈[0,T ]

∥∂jt f(·, t)∥C2(s−j)+k,λ

δ+1,T,Λq+1

+ sup
t∈[0,T ]

∥∂jt g(·, t)∥C2(s−j)+k,λ

δ+1,T,Λq−1

)
if 0 ≤ j ≤ s, where ∥Φ+ Φ̂∥j,k stands for the norm of the operator

(37) Φ⊕ Φ̂ : C
2(s−j)+k,λ
δ+1,T,Λq+1 ⊕ C

2(s−j)+k,λ
δ+1,T,Λq−1 → C

2(s−j)+k+1,λ
δ,T,Λq .

Hence, if a differential form u(x, t) is a solution to (36) then it in fact belongs to
C2s+k+1,s,λ,0

δ,T,Λq . Moreover, operators (34) induce continuous linear operators

Φ⊕ Φ̂ : C2s+k,s,λ,0
δ+1,T,Λq+1 ⊕ C2s+k,s,λ,0

δ+1,T,Λq−1 → C2s+k+1,s,λ,0
δ,T,Λq .

If 0 < δ < n−1, then the image R2s+k,s,λ,0
δ+1,T,Λq+1,Λq−1 is closed because it coincides with

C2s+k,s,λ,0
δ+1,T,Λq+1 ∩ Sd ⊕ C2s+k,s,λ,0

δ+1,T,Λq−1 ∩ Sd∗ . Then mapping (29) is an isomorphism.
If n− 1+m < δ < n+m then δ+1 > n/2 and Lemma 1 implies that the image

R2s+k,s,λ,0
δ+1,T,Λq+1 is closed, too.
Finally, the assertions about mapping (30) follow from Theorem 5 and the

continuity of the operators d, d∗, Φ, Φ̂ on the scale C2s+k,s,λ,0
δ,T . �
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Since the operators d0, (d0)∗, (d1)∗ represent the gradient operator and the
rotation and divergence operators in R3 respectively, Corollary 1 in particular
clarifies the behavior of the well-known Leray-Helmholtz projection (from the theory
of the Navier-Stokes equations) on the scale of anisotropic weighted Hölder spaces
under consideration (cf. [7, Ch. 1, §2] on the Lebesgue spaces or [14, Corollary 1]).

More precisely, it is not hard to see that the introduced anisotropic weighted
spaces are “physically” acceptable for studying the Navier–Stokes equations for
suitable powers δ.

Lemma 1. If 1 ≤ p < +∞ and δ > n/p then there is a constant cδ,p > 0 such that

sup
t∈[0,T ]

∥u(·, t)∥Lp(Rn) ≤ cδ,p ∥u∥C0,0,0,0
δ,T

for all t ∈ [0, T ] and all u ∈ C0,0,0,0
δ,T .

Next, denote by Σq the closure of Dq(Rn) ∩ Sd∗ in L2
Λq (Rn). The orthogonal

projection Πq : L2
Λq (Rn) → Σq is called the Leray–Helmholtz projection.

Denote by Σ2s+k,s,λ,0
δ,Λq the closure of the set C∞([0, T ],DΛq (Rn))∩Sd∗ in C2s+k,s,λ,0

δ,Λq .

Corollary 2. Let n ≥ 2, δ > 1, δ − n ̸∈ Z+, k, s ∈ Z+, 0 < λ < 1. Then the
following decomposition holds for each 0 ≤ q ≤ n:

(38) I = d∗Φ̂+ dΦ

on C2s+k,s,λ,0
δ,Λq and C2s+k,s,λ,0

δ,Λq with bounded linear operators d∗Φ̂ and dΦ in these
spaces. If δ > n/2 then decomposition (38) is L2

Λq (Rn)-orthogonal on C2s+k,s,λ,0
δ,Λq ,

and the projection Πq coincides with d∗Φ̂ on C2s+k,s,λ,0
δ,Λq , and it maps this space

continuously to Σ2s+k,s,λ,0
δ,Λq .

Proof. Recall that dq = 0 for q < 0 and q ≥ n. As we have seen in proving
Corollary 1, if δ > 1, δ−n ̸∈ Z+, then the linear operators d∗Φ̂ and dΦ are bounded
in C2s+k,s,λ,0

δ,Λq and in C2s+k,s,λ,0
δ,Λq . Since e(x − y) is the fundamental solution of the

Laplace operator and it has convolution type, we have for all u ∈ C2s+k,s,λ,0
δ,Λq , δ > 1,

δ − n ̸∈ Z+:

∆q
(
u(x, t)− d∗Φ̂u(x, t)− dΦu(x, t)

)
= 0 in Rn

in the sense of distributions for all t ∈ [0, T ]. On the other hand, the form(
u− d∗Φ̂u− dΦu

)
(x, t)

has harmonic coefficients and equals to zero at infinity with respect to the space
variables if δ > 1. Then, by the Liouville Theorem, it is identical zero, i.e., decomposition
(38) holds on C2s+k,s,λ,0

δ,Λq and C2s+k,s,λ,0
δ,Λq .

It follows from Lemma 1 that, if δ > n/2, δ − n ̸∈ Z+ then C2s+k,s,λ,0
δ,Λq is

continuously embedded into L2
Λq (Rn) and, for each form u ∈ C2s+k,s,λ,0

δ,Λq , the forms
d∗Φ̂u and dΦu are L2

Λq (Rn)-orthogonal because, in this case, we can integrate by
parts and d ◦ d = 0. Indeed,
(39)
(d∗Φ̂u, dΦu)L2

Λq (Rn) = lim
k→∞

(d∗Φ̂u, dΦuk)L2
Λq (Rn) = lim

k→∞
lim

R→+∞
(dΦ̂u, dΦuk)L2

Λq (BR)
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for any sequence {uk} ⊂ C∞([0, T ],D(Rn) approximating u in C2s+k,s,λ,0
δ,Λq . On the

other hand, as d ◦ d = 0, integrating by parts yields
(40)

|(dΦ̂u, dΦuk)L2
Λq (BR)| =

∣∣∣ ∫
∂BR

∗Φuk∧dΦ̂u
∣∣∣ ≤ σnR

n−2δ∥Φuk∥C0,0,0,0

δ−1,Λq−1
∥dΦ̂u∥C0,0,0,0

δ,Λq
,

where ∗ is the so-called Hodge operator on Rn:

⋆ : Ωq(Rn) → Ωn−q(Rn),

defined (by linearity) with the use of the relation dxI ∧ (⋆dxI) = dx for all multi-
indices I = (i1, . . . , iq) with 1 ≤ i1 < . . . < iq ≤ n. Now, since 2δ > n and the
sequence {∥Φuk∥C0,0,0,0

δ−1,Λq−1
} is bounded, formulas (39) and (40) enable us to conclude

that
(d∗Φ̂u, dΦu)L2

Λq (Rn) = 0 for all u ∈ C2s+k,s,λ,0
δ,Λq .

Finally, d∗◦d∗ = 0, and , as we have seen in the proof of Corollary 1, the operator
d∗Φ̂ maps continuously C2s+k,s,λ,0

δ,Λq into Σ2s+k,s,λ,0
δ,Λq , which was to be proved. �

It follows from the proof of Corollary 2 that decomposition (38) is L2
Λq (Rn)-

orthogonal also on C2s+k,s,λ,0
δ,Λq , if 2s+ k ≥ 1 and δ > n/2.

At the end, we observe that, though the scale of anisotropic weighted Hölder
spaces C2s+k,s,λ,0

δ,Λq is appropriate for studying the operator equations induced by
the differentials of the de Rham complex, it is not so good for the investigating
parabolic equations. Namely, the parabolic potentials (constructed with the use
of the fundamental solution to the heat operator) may act discontinuously on the
scale. On the other hand, it was shown in [11, §4] that second-order parabolic
equations and the corresponding potentials can be better investigated on the scale
C

2s+k,s,λ,λ2
δ , whereas the continuity of the “elliptic potentials” Φ and Φ̂ fails and we

have to correct the scale by using the graph norms of the de Rham differentials (see
[11, §3] for a rather narrow interval of the weight indices).
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