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Abstract. We study fragments of infinitary action logic, the al-
gebraic logic of ∗-continuous residuated Kleene lattices, from the
point of view of entailment from (possibly infinite) sets of hypothe-
ses. The contribution of this article is twofold. First, we show,
by establishing a cut normalisation result, that elementary frag-
ments obtained by restricting the set of connectives are strongly
conservative. This means that conservativity holds not just for
pure derivability, but also for derivability from sets of hypotheses.
This is proved in the presence of iterative divisions—compound
connectives of a division and Kleene iteration in the denominator.
Second, for the fragment with divisions, intersection, and iterative
divisions, we prove strong completeness w.r.t. natural classes of
models on language algebras and algebras of binary relations.

Keywords: infinitary action logic, conservativity, strong com-
pleteness.

1. Introduction

Infinitary action logic was introduced by Buszkowski and Palka [7,
24] as an axiomatisation of the equational theory of ∗-continuous resid-
uated Kleene lattices, also called ∗-continuous action lattices. The
definition of action lattice was given in the works of Pratt [27] and
Kozen [12], by adding Kleene iteration [11] to residuated lattices de-
fined by Krull [13] and Ward and Dilworth [30]. In the ∗-continuous
case, Kleene iteration is defined as the supremum of powers of an el-
ement; a more general definition uses the fixpoint construction. In
whole, the definition of action lattice is as follows:

Definition. An action lattice (residuated Kleene lattice, RKL) is a
partially ordered algebraic structure K = (K;≤, ·, \, /,∧,∨, ∗, 0, 1),
where
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(1) (K;≤,∧,∨) is a lattice;
(2) (K; ·,∨) is a semiring;
(3) \ and / are residuals of · w.r.t. the ≤ partial order: b ≤ a \ c ⇔

a · b ≤ c ⇔ a ≤ c / b;
(4) a∗ = max{b | 1 ≤ b, a · b ≤ b}.

Definition. An RKL is ∗-continuous, if a∗ = sup{an | n ≥ 0} for any
a ∈ K.

The definition of residuated lattice is similar, but without Kleene it-
eration. The equational theory of residuated lattices is axiomatized by
a substructural logical system called the multiplicative-additive Lambek
calculus, MALC (see the book by Galatos et al. [9]). Infinitary action
logic ACTω extends MALC with Kleene iteration, axiomatized by
means of an ω-rule. The calculus given by Palka [24], in a Gentzen-
style sequent format, is presented in the next section.
Completeness ofACTω w.r.t. the general algebraic semantics—models

on ∗-continuous action lattices—is proved by the standard Lindenbaum–
Tarski construction. Moreover, the completeness result is strong. Namely,
for an arbitrary (possibly infinite) set of inequations H and an inequa-
tion A ≤ B, we have the following: A ≤ B is derivable from H in
ACTω if and only if the corresponding semantic entailment holds on
the class of ∗-continuous action lattices (i.e., any interpretation which
validates all equations from H should also validate A ≤ B).
Notice that, being an infinitary logic,ACTω does not enjoy compact-

ness. The counter-example is readily given by the infinitary definition
of Kleene iteration: while the infinite set H = {1 ≤ q, p ≤ q, p2 ≤
q, . . . , pn ≤ q, . . .} entails p∗ ≤ q, no finite subset H0 ⊂ H does. The
lack of compactness makes some of the arguments (see below) more
involved. In particular, there is no way of reducing entailment from
sets of equations to pure derivability (theoremhood).

This article consists of two parts, a syntactical and a semantical one,
and presents several results about the elementary fragments of ACTω.
These results refine previously known ones and solve some of the open
questions in the area.

First, we address the issue of strong conservativity for elementary
fragments of ACTω. An elementary fragment of obtained by restrict-
ing the set of connectives and constants. For derivability from hypothe-
ses, however, cut elimination does not hold, so it is not obvious that
the connectives removed will not be needed inside the derivations. In
order to establish strong conservativity, we prove a cut normalisation
theorem, which is closely related to the free cut elimination technique
(see [29, 3]). Buszkowski [6] sketches cut normalisation proof forACTω
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with hypotheses of a specific form. Before proving strong conservativity
results, we extend ACTω with extra connectives called iterative divi-
sions. These are composite connectives, expressible in the language
of ACTω: A \\B ↔ A∗ \B and B //A ↔ B /A∗. We shall consider,
however, fragments with iterative divisions, but without Kleene star
itself, as they will enjoy completeness properties which fail for ACTω

in whole (see below). Without Kleene star in the language, iterative di-
visions become independent connectives. Iterative divisions were intro-
duced, in a non-associative setting, by Sedlár [28], and independently
in [16]. In these works, however, they appear in systems without the
unit and without empty left-hand sides of sequents, so they are based
on positive iteration (Kleene plus) rather than Kleene star. In our
setting, we use Kleene star.

Second, we prove two strong completeness results on specialised sub-
classes of algebraic models for fragments of ACTω. A general algebraic
semantical framework for infinitary action logics is given by models
on ∗-continuous action lattices (residuated Kleene lattices), with stan-
dard (Lindenbaum–Tarski) completeness arguments. Natural concrete
examples of ∗-continuous action lattices include lattices of formal lan-
guages (over an alphabet Σ) and lattices of binary relations (on a given
setW ). For models on these concrete algebraic structures, however, the
full ACTω logic fails to be complete: obstacles against completeness
are connected with distributivity for meet and join, constants 0 and 1,
and others. We consider the elementary fragment of ACTω in the lan-
guage with divisions, iterative divisions, and intersection, denoted by
ACTω(\, /,∧, \\, //), and prove strong completeness of this fragment
w.r.t. both models on formal languages and on binary relations.

For the class of all action lattices, not necessarily ∗-continuous, the
corresponding algebraic logic is action logic, denoted by ACT (this
system goes back to Pratt [27] and Kozen [12]). Since natural classes
of action lattices, like lattices of formal languages and lattices of binary
relations, are ∗-continuous, there is no hope for ACT to be complete
w.r.t. such concrete classes of models, even in the weak sense. (For an
example of a sequent derivable inACTω, but not inACT, see [14].) As
for strong conservativity, ACT also differs from ACTω: the fragment
of ACT with the following restricted set of connectives: {\, /, ·, ∗} is
not strongly conservative in ACT (see [15]).
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2. Sequent Calculus for ACTω

Let us recall Palka’s [24] formulation of ACTω as a Gentzen-style
sequent calculus. Our formulation, however, will also include itera-
tive divisions as primary connectives. Namely, formulae are built from
variables and constants 0 and 1 using the following operations:

• unary: ∗ (Kleene iteration, written in postfix form: A∗);
• binary: · (product), ∧ (meet), ∨ (join), \ (left division), / (right
division), \\ (left iterative division), // (right iterative division).

In the presence of Kleene iteration and divisions, iterative divisions
will be expressible by the following equivalences: A \\B ↔ A∗ \B
and B //A ↔ B /A∗. We shall consider, however, fragments without
Kleene iteration, where iterative divisions become independent opera-
tions. Such fragments will be interesting due to strong completeness
results, see Section 4 below.
Axioms and inference rules of ACTω are as follows:

A → A
Id

Γ,0,∆ → C
0L

Γ,∆ → C
Γ,1,∆ → C

1L → 1 1R

Π → A Γ, B,∆ → C

Γ,Π, A \B,∆ → C
\L A,Π → B

Π → A \B \R Γ, A,B,∆ → C
Γ, A ·B,∆ → C

·L

Π → A Γ, B,∆ → C

Γ, B /A,Π,∆ → C
/L

Π, A → B

Π → B /A
/R Γ → A ∆ → B

Γ,∆ → A ·B ·R

Γ, A,∆ → C
Γ, A ∧B,∆ → C

Γ, B,∆ → C
Γ, A ∧B,∆ → C

∧L Π → A Π → B
Π → A ∧B

∧R
Γ, A,∆ → C Γ, B,∆ → C

Γ, A ∨B,∆ → C
∨L Π → A

Π → A ∨B
Π → B

Π → A ∨B
∨R(

Γ, An,∆ → C
)∞
n=0

Γ, A∗,∆ → C
∗Lω

Π1 → A . . . Πn → A
Π1, . . . ,Πn → A∗ ∗Rn, n ≥ 0

Π1 → A . . . Πn → A Γ, B,∆ → C

Γ,Π1, . . . ,Πn, A \\B,∆ → C
\\Ln, n ≥ 0

(
An,Π → B

)∞
n=0

Π → A \\B \\Rω

Π1 → A . . . Πn → A Γ, B,∆ → C

Γ, B //A,Π1, . . . ,Πn,∆ → C
//Ln, n ≥ 0

(
Π, An → B

)∞
n=0

Π → B //A
//Rω

Π → A Γ, A,∆ → C
Γ,Π,∆ → C

Cut

The original Lambek calculus, as introduced in [19], has a distinc-
tive feature called Lambek’s non-emptiness restriction: in that version
of the calculus, all left-hand sides of sequents are required to be non-
empty. This specifically affects the division operations: in the \R and
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/R rules, Π should be forced to be non-empty. Thus, there exist se-
quents which themselves have a non-empty left-hand side, but still do
not have derivations obeying Lambek’s restriction: e.g., (p \ p) \ q → q.
Lambek’s restriction is motivated by linguistic applications (see [22,
Sect. 2.5]); algebraically it corresponds to considering structures with-
out the unit. Lambek’s restriction is obviously incompatible with con-
stant 1, so this constant is not used when Lambek’s restriction is im-
posed. Moreover, the same problem arises with Kleene star: ∗R0 is
an axiom with an empty left-hand side. Therefore, in the presence of
Lambek’s restriction Kleene star is replaced by Kleene plus (positive
iteration), a+ = sup{an | n ≥ 1}, and the same applies to iterative
divisions. The right rules for iterative divisions also have Π forced to
be non-empty.

In general, Lambek’s restriction generates a parallel theory of ex-
tensions of the Lambek calculus, which shares much with the original
framework, but some things there work differently. Throughout this ar-
ticle, we consider systems without Lambek’s non-emptiness restriction.
Moreover, the allowance of empty left-hand sides of sequents is crucial
for our argument in Section 3. However, in some other works which
we refer to this restriction is imposed, and we shall make appropriate
comments on such references.

3. Cut Normalisation, and Strong Conservativity

For a given set of connectives and constants C ⊆ {0,1, ·,∧,∨, \, /, \\, //, ∗},
let ACTω(C ) denote the elementary fragment of ACTω in the lan-
guage restricted to C . More precisely, the axioms and rules ofACTω(C )
are as follows:

(1) the Id axiom;
(2) the Cut rule;
(3) the logical rules operating connectives and constants from C .

For such elementary fragments, the following conservativity issues arise.

(1) Weak conservativity. Let Π → B be a sequent in the language
restricted to C . Is it true that if Π → B is derivable in ACTω,
then it is also derivable in ACTω(C )?

(2) Strong conservativity. Let H and Π → B be, resp., a set of
sequents and a sequent in the language restricted to C . Is it
true that if Π → B is derivable from the set of hypotheses H in
ACTω, then the same holds for ACTω(C )?

Similar questions may be asked for two fragments ofACTω which ex-
tend one another: if C1 ⊂ C2, isACTω(C2) conservative overACTω(C1),
in the weak or strong sense?
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The first issue is resolved using cut elimination. Indeed, as shown
by Palka [24], any sequent derivable in ACTω is derivable without
using Cut. (Palka’s argument did not cover iterative divisions, but
they can be easily handled in the same fashion.) In the cut-free proof,
all rules obey the subformula property: any formula in the premises is
a subformula of the goal sequent. Therefore, any connective occurring
inside the proof also occurs in the final sequent Π → B. Since the
latter sequent is in the restricted language, the proof is valid in the
fragment ACTω(C ).

For derivability from hypotheses, however, cut elimination does not
hold. In order to obtain strong conservativity for finitary fragments
(i.e., where C does not include Kleene iteration and iterative divisions),
this can be solved [18] by extending the calculus with the exponential
modality from linear logic, embedding the hypotheses into the goal
sequent by means of a modalised deduction theorem, and finally ap-
plying cut elimination in the extended system. For this method to work
it is important that H is finite. The whole system ACTω, however,
does not enjoy compactness (see Introduction), therefore, infinite sets
of hypotheses cannot be reduced to finite ones, and the aforementioned
argument does not do the job.

We solve the strong conservativity issue by establishing the following
cut normalisation result. (As noticed in the Introduction, the idea of
cut normalisation goes back to the classical proof-theoretic technique
of free cut elimination.)

Definition. A derivation in ACTω, from a set of hypotheses of the
form → A, is called cut-normal, if for any application of Cut in this
derivation its left premise is a hypothesis:

∈H︷ ︸︸ ︷
→ A Γ, A,∆ → C

Γ,∆ → C
Cut

Theorem 1. Let a sequent Π → B be derivable from a (possibly in-
finite) set of hypotheses H in ACTω, where each hypothesis is of the
form → A. Then there exists a cut-normal derivation of Π → B from
H in ACTω.

We shall proceed by transfinite induction, using the following ordinal
parameter, which generalises the derivation case used in the finitary
case.

Definition. The rank of a derivation is defined as follows:

(1) if the derivation consists of only an axiom or a hypotheses, then
its rank is 1;
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(2) otherwise, one takes the lowermost rule application and com-
putes the rank a the supremum of ranks of premises’ derivations,
plus 1.

The notion of derivation rank is very general, going back to the the-
ory of inductive definitions. It can be shown that if Π → B is derivable
from H, then there exists a derivation with rank less than ωCK

1 . (We
shall not need this upper bound in our arguments.) See [17] for details.

Another parameter we shall use is a natural number:

Definition. The size of a formula, denoted by |A|, is the total number
of variable, constant, and connective occurrences in A.

Let us start by normalising one cut.

Lemma 2. Let Π → A and Γ, A,∆ → C have cut-normal derivations
from a set of hypotheses H, where each hypotheses is of the form → B.
Then Γ,Π,∆ → C also has such a derivation.

Proof. The proof resembles much of the original Palka’s argument for
cut elimination in ACTω (without hypotheses). Thus, we shall give
details only for the cases which are essentially new.

We proceed by induction on lexicographical order on triples (|A|, ρ1, ρ2),
where ρ1 and ρ2 are ranks of the derivations of Π → A and Γ, A,∆ → C
respectively. In what follows, we call these sequents cut premises.

As usual, we call a logical rule (not Cut) application principal, if
it introduces the cut formula A. For this definition, the 0L and 1R
axioms are considered as logical rules introducing the corresponding
constants.

Consider several cases:
Case 1. At least one of the cut premises was introduced by a non-

principal logical rule application. In this case Cut gets propagated
upwards. Now it is now applied to the same formula A, but one of
ρ1, ρ2 became smaller, while the other did not change. Thus, we may
apply the induction hypothesis, and the goal formula of each new Cut
has a cut-normal derivation. Then the original non-principal rule is
applied, yielding a cut-normal derivation of Γ,Π,∆ → C.
For a detailed case analysis, see Palka’s proof. The only case not

covered there is the case of iterative divisions. In this case, we have the
following three possibilities (we consider only \\, since // is symmetric).

First, there could be an non-principal application of \\Ln introducing
Π → A (an application of \\Rω to derive this cut premise is always
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principal):

Π1 → E . . . Πn → E Φ, F,Ψ → A

Φ,Π1, . . . ,Πn, E \\F,Ψ → A
\\Ln

Γ, A,∆ → C

Γ,Φ,Π1, . . . ,Πn, E \\F,Ψ,∆ → C
Cut

This gets rebuilt as follows:

Π1 → E . . . Πn → E
Φ, F,Ψ → A Γ, A,∆ → C

Γ,Φ, F,Ψ,∆ → C
Cut

Γ,Φ,Π1, . . . ,Πn, E \\F,Ψ,∆ → C
\\L

The new Cut has the same |A| and ρ2, but a smaller ρ1. By induction
hypothesis, Γ,Φ, F,Ψ,∆ → C has a cut-normal derivation, thus so
does the goal sequent.

Second, the second cut premise could be introduced by a non-principal
rule application involving \\. The interesting case here is the right rule
\\Rω; the left rule \\Ln is considered exactly as above. Thus, we have
the following:

Π → A

(
En,Γ, A,∆ → F

)∞
n=0

Γ, A,∆ → E \\F \\Rω

Γ,Π,∆ → E \\F Cut

For each n, we consider the following application of Cut:

Π → A En,Γ, A,∆ → F
En,Γ,Π,∆ → F

Cut

These new applications have the same |A| and ρ1 parameters; ρ2 got de-
creased. Thus, each sequent En,Γ,Π,∆ → F has a cut-normal deriva-
tion, by induction hypothesis. We conclude by applying the omega-
rule: (

En,Γ,Π,∆ → F
)∞
n=0

Γ,Π,∆ → E \\F \\Rω

Case 2. Both cut premises were introduced by principal logical rule
applications. Again, we consider only iterative division, for other con-
nectives see Palka’s proof.
We have the following:(
En,Π → F

)∞
n=0

Π → E \\F \\Rω
Φ1 → E . . . Φm → E Γ, F,∆ → C

Γ,Φ1, . . . ,Φm, E \\F,∆ → C
\\Lm

Γ,Φ1, . . . ,Φm,Π,∆ → C
Cut
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Out of the premises of \\Rω we take the one with n = m, and consider
the following Cut applications:

Φ1 → E
Φ2 → E

Em,Π → F Γ, F,∆ → C
Γ, Em,Π,∆ → C

Cut

. ..

Γ, E,Φ2, . . . ,Φm,Π,∆ → C
Cut

Γ,Φ1,Φ2, . . . ,Φm,Π,∆ → C
Cut

Each Cut has a smaller parameter |A|, thus we may gradually apply the
induction hypothesis and conclude that each sequent in the derivation
fragment above, including the goal one, has a cut-normal derivation.

Case 3. One of the cut premises is the Id axiom. Then Cut disap-
pears: the other premise coincides with the goal, and it readily has a
cut-normal derivation.

Case 4. One of the cut premises is a hypothesis. Since all hypotheses
have the form → B, it is the left cut premise. In this case, since the
other premise’s derivation is cut-normal, it can be extended, by adding
Cut with this hypothesis, to a cut-normal derivation of the goal sequent.

Case 5. The left cut premise is itself derived using Cut. Since its
derivation is cut-normal, one of the premises of this Cut is a hypothesis.
Since each hypothesis is of the form → B, this hypothesis should be
the left premise. Thus, we have the following:

∈H︷ ︸︸ ︷
→ B Π1, B,Π2 → A

Π1,Π2 → A
Cut

Γ, A,∆ → C
Γ,Π1,Π2,∆ → C

Cut

Let us reconstruct the derivation:
∈H︷ ︸︸ ︷
→ B

Π1, B,Π2 → A Γ, A,∆ → C
Γ,Π1, B,Π2,∆ → C

Cut

Γ,Π1,Π2,∆ → C
Cut

Here the upper Cut has the same parameters |A| and ρ2 and a smaller
ρ1. By induction hypothesis, Γ,Π1, B,Π2,∆ → C has a cut-normal
derivation. Augmenting it with the lower Cut, which is itself cut-
normal, yields a cut-normal derivation of the goal sequent.
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Case 6. The right cut premise is derived using Cut, whose left
premises is a hypothesis of the form → B:

Π → A

∈H︷ ︸︸ ︷
→ B Γ, A,∆1, B,∆2 → C

Γ, A,∆1,∆2 → C
Cut

Γ,Π,∆1,∆2 → C
Cut

(The case where B occurs to the left of A is considered similarly.) The
transformation here is as follows:

∈H︷ ︸︸ ︷
→ B

Π → A Γ, A,∆1, B,∆2 → C
Γ,Π,∆1, B,∆2 → C

Cut

Γ,Π,∆1,∆2 → C
Cut

Here the upper Cut has a smaller ρ2 with the same |A| and ρ1. By
induction hypothesis, Γ,Π,∆1, B,∆2 → C has a cut-normal derivation,
and adding the lower Cut yields a cut-normal derivation of the goal
sequent. □

Notice that it is crucial for the argument above that our hypotheses
have a specific form. If hypotheses with non-empty left-hand sides were
allowed, the following problematic case could have arisen:

principal

Π → B

∈H︷ ︸︸ ︷
Φ, B,Ψ → A

Φ,Π,Ψ → A
Cut

principal

Γ, A,∆ → C
Γ,Φ,Π,Ψ,∆ → C

Cut

Here both Π → B and Γ, A,∆ → C are derived using principal rule
applications (introducing, respectively, B and A). This prevents from
propagating cuts through these premises. The only transformation we
could have applied is swapping cuts, but it does not help, as the cut
with the hypothesis keeps on top:

Π → B

∈H︷ ︸︸ ︷
Φ, B,Ψ → A Γ, A,∆ → C

Γ,Φ, B,Ψ,∆ → C
Cut

Γ,Φ,Π,Ψ,∆ → C
Cut

Now we are ready to prove the main theorem of this section.

Proof of Theorem 1. Proceed by induction on the rank of the deriva-
tion and consider the lowermost rule. If this rule is Cut, then we may
apply the induction hypothesis to its premises (they have derivations
of smaller ranks). Therefore, these premises, Π → A and Γ, A,∆ → C,
have cut-normal derivations. By Lemma 2, the goal sequent Γ,Π,∆ →
C also has a cut-normal derivation.
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If the lowermost rule is not Cut, then, again, its premises have cut-
normal derivations. Combining these derivations and appending the
original lowermost rule yields a cut-normal derivation of the goal se-
quent. □

Finally, let us prove the desired strong conservativity result:

Theorem 3. If C1 and C2 are sets of connectives and constants such
that \ ∈ C1 ⊆ C2, then ACTω(C1) is a strongly conservative frag-
ment of ACTω(C2) (and, in particular, of the full system ACTω). In
other words, if a set of sequents H (possibly infinite) and a sequent
Π → C are in the language of C1, and Π → C is derivable from H in
ACTω(C2), then Π → B is derivable from H already in the smaller
system ACTω(C1).

Proof. Let us replace each sequent of the form A1, . . . , An → B in H by
→ An \(An−1 \ . . . \(A1 \B) . . .), and denote the new set of hypotheses
by H′. (Sequents of the form → B remain unchanged.) If Π → C is
derivable from H in ACTω(C2), then the same holds for H′. Indeed,
\ ∈ C2, and new hypotheses are derivable from old ones using \L and
Cut:

→ An \(An−1 \ . . . \(A1 \B) . . .)

An → An

A1 → A1 B → B

A1, A1 \B → B
\L

. ..

A1, . . . , An−1, An−1 \ . . . \(A1 \B) → B

A1, . . . , An, An \(An−1 \ . . . \(A1 \B) . . .) → B
\L

A1, . . . , An → B
Cut

Moreover, since \ ∈ C1 and all hypotheses from H were in the language
of C1, hypotheses from H′ also belong to the language of C1.

The new derivation is a derivation in ACTω (even in ACTω(C2)),
where all hypotheses have empty left-hand sides. Thus, Theorem 1 is
applicable, and we may suppose that the derivation is cut-normal. Now
let us take any formula inside this derivation, and track its occurrence
down. There are two possibilities: either this formula gets tracked
down to the goal sequent Π → C, or it gets cut. We claim that in both
cases this formula belongs to the language of C1. Indeed, in the first
case it is a subformula of Π → C, which is in this restricted language.
In the second case, since the derivation is cut-normal, our formula is a
subformula of B, where ( → B) ∈ H′. Again, any sequent in H′ is in
the restricted language.

Hence, all connectives and constants in the derivation belong to C1,
and we have a valid derivation of Π → C from H′ in ACTω(C1).
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Now we return to the original set of hypotheses H: each sequent →
An \(An−1 \ . . . \(A1 \B) . . .) can be derived from A1, . . . , An → B by
\R (recall that \ ∈ C1). □

The condition \ ∈ C1 is essentially used in our argument. Symmet-
rically, it can also be replaced by / ∈ C1, but strong conservativity for
the case where C1 does not include any of the two divisions is still an
open problem. The interest to this question, however, is limited, since
division is the central operation of the Lambek calculus and therefore
of ACTω.

4. Strong Relational and Language Completeness

In this section, we turn from syntax to semantics of ACTω and
its fragments. Let us first recall the general framework of algebraic
semantics. The natural class of algebraic models for ACTω are models
on ∗-continuous RKLs.

Definition. A model on an RKL is a pair M = (K, w), where K is
an RKL on a set K and w : Var → K is the valuation function on
variables. The valuation function is propagated to the interpretation
function w̄ on formulae (w̄ : Fm → K), commuting with all operations
and constants:

w̄(p) = w(p) for p ∈ Var;

w̄(0) = 0;

w̄(1) = 1;

w̄(A⊙B) = w̄(A)⊙ w̄(B); for ⊙ ⊆ {·,∧,∨, \, /};
w̄(A \\B) = (w̄(A)∗) \ w̄(B);

w̄(B //A) = w̄(B) /(w̄(A)∗);

w̄(A∗) = w̄(A)∗.

A sequentA1, . . . , An → B is true inM, denoted byM ⊨ A1, . . . , An →
B, if w̄(A1) · . . . · w̄(An) ≤ w̄(B), and M ⊨ → B, if 1 ≤ w̄(B).

Definition. A sequent Π → B is semantically entailed by a set of
sequents H on the class of all ∗-continuous RKLs (notation: H ⊨ Π →
B), if for any model M on a ∗-continuous RKL if M ⊨ Γ → A for any
(Γ → A) ∈ H, then M ⊨ Π → B.

As mentioned in the Introduction, strong soundness and complete-
ness holds, which is proved by the Lindenbaum – Tarski argument:

Proposition 4. A sequent is semantically entailed by a set of sequents
on the class of all ∗-continuous RKLs if and only if the given sequent
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is derivable from the given set of sequents in ACTω:

H ⊨ Π → B ⇐⇒ H ⊢ Π → B.

For the special case of empty H, we obtain weak completeness.
As noticed in the Introduction, there are two natural classes of mod-

els for ACTω, namely, relational and language models (or R- and L-
models for short). These models are algebraic models on specific classes
of algebras.

Definition. For a given non-empty set W the corresponding algebra
of binary relations is the RKL with K = P(W×W ) and the operations
defined as follows:

(1) the lattice structure is set-theoretic: ∧ is intersection, ∨ is
union, ≤ is the subset relation;

(2) product is relational composition:

R · S = R ◦ S = {(x, z) | ∃y ∈ W (x, y) ∈ R, (y, z) ∈ S};
(3) divisions are defined as follows (the unique way to satisfy the

definition):

R \S = {(y, z) ∈ W ×W | ∀x ∈ W ((x, y) ∈ R ⇒ (x, z) ∈ S)};
S /R = {(x, y) ∈ W ×W | ∀z ∈ W ((y, z) ∈ R ⇒ (x, z) ∈ S)};
(4) Kleene star is the reflexive-transitive closure.

An R-model is a model on an algebra of binary relations.

Accurately speaking, this is the definition of so-called “square” R-
models; there is also a relativised variant of R-models which is used
when Lambek’s non-emptiness restriction is imposed. In relativised
R-models, all relations are required to be subsets of a fixed transitive
relation U ⊆ W × W , and this requirement alters the definition of
divisions.

Definition. For a given alphabet Σ the corresponding algebra of for-
mal languages is the RKL with K = P(Σ∗) and the operations defined
as follows:

(1) the lattice structure is set-theoretic;
(2) product is pairwise concatenation:

M ·N = {uv | u ∈ M, v ∈ N};
(3) divisions are defined in the unique way to satisfy the residuation

conditions:

M \N = {v ∈ Σ∗ | ∀u ∈ M uv ∈ N};
N/M = {v ∈ Σ∗ | ∀u ∈ M vu ∈ N};



14 S. L. KUZNETSOV

(4) Kleene star is defined in the ∗-continuous way:
M∗ = {u1 . . . un | i ≥ 0;u1, . . . , un ∈ M}.

There is also a variant of L-models with Lambek’s restriction, which
disallow the empty word (use P(Σ+) instead of P(Σ∗)). Divisions are
modified accordingly, and Kleene star is replaced by Kleene plus.

Unlike abstract algebraic models, for L- and R-models there are ob-
stacles against completeness of the whole system ACTω, even in the
weak sense.

First, one of the distributivity laws,

(A ∨B) ∧ C → (A ∧ C) ∨ (B ∧ C),

is not derivable in ACTω, but is obviously true under set-theoretic
interpretation of ∨ and ∧. (Non-derivability of this law in substructural
logics without contraction was first noticed by Ono and Komori [23].)

There are also closely connected results that there exist corollar-
ies of the distributivity law in narrower languages, which are also not
derivable in ACTω. Namely, ACTω(\, /,∨) is incomplete, even in the
weak sense, w.r.t. any class of distributive models (in particular, L- or
R-models) [10], and the same for ACTω(\, ·,∧, ∗) [14]. Thus, distribu-
tivity causes problems with completeness in the presence of disjunction
or Kleene star. This motivates replacing Kleene star with iterative di-
visions.

Second, constants 0 and 1 also block completeness, even in the weak
sense. Namely, the following sequents are true in all L- and R-models,
but are not derivable in ACTω (see [5, 2, 18] for R-models; for L-
models, their validity is checked directly):

0 /(0 / p),0 /(0 / q) → (0 /(0 / q)) · (0 /(0 / p));
1 ∧ p ∧ q → (1 ∧ p) · (1 ∧ q);

1 /(p / p) → (1 /(p / p)) · (1 /(p / p)).
Third, there are more sophisticated issues with strong completeness

in the presence of product. For R-models, the counter-example is as
follows. Take H = {a \ a → b · c} and the sequent d → d · b · ((c · b) ∧
(a \ a)) · c. This sequent is semantically entailed by H on the class of
R-models [21], but is not derivable from H in MALC (and, by strong
conservativity, in ACTω) [18].

1

1This example may be simplified, taking H = { → b ·c} and → b ·((c ·b)∧(a \ a)) ·c.
This example works only for systems without Lambek’s non-emptiness restriction.
The fragment of MALC in the language of {\, /, ·,∧}, with Lambek’s restriction
imposed, is strongly complete w.r.t. relativised R-models [1].
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For L-models, we give the following counter-example, based on an
idea of Buszkowski [8]. (Buszkowski showed the failure of strong com-
pleteness w.r.t. L-models when Lambek’s restriction is imposed.)

Proposition 5. Let H = {p → p · p}. The sequent (p \ q) · p → q · p
is not derivable from H in MALC (and therefore in ACTω), but this
sequent is semantically entailed by H on the class of L-models.

Proof. Consider an L-model M = (P(Σ∗), w). We claim that if M ⊨
p → p · p, then either w(p) = ∅ or ε ∈ w(p) (here and further ε
denotes the empty word). Indeed, if neither holds, take the shortest
word u ∈ w(p); let its length be k. Since w(p) ⊆ w(p) · w(p), this
word should also belong to w(p) · w(p). However, the shortest word
in w(p) · w(p) has length 2k. Since k > 0 (u ̸= ε), we have 2k > k.
Contradiction.

If w(p) = ∅, we have w̄((p \ q) · p) = w̄(p \ q) ·∅ = ∅ = w̄(q) ·∅ =
w̄(q · p). If ε ∈ w(p), then M ⊨ → p, and we apply the following
derivation to show that M ⊨ (p \ q) ·p → q ·p (using strong soundness):

→ p q → q

p \ q → q
\L

p → p

p \ q, p → q · p ·R

(p \ q) · p → q · p ·L

Thus, in both cases M ⊨ (p \ q) · p → q · p.
In order to show that p → p · p ̸⊢ (p \ q) · p → q · p, let us construct

an R-model satisfying p → p · p and falsifying (p \ q) · p → q · p. Our
hypothesis semantically means w(p) ⊆ w(p) ◦ w(p), i.e., it holds for
any dense relation. Let W = Q be the set of all rational numbers, and
consider the R-model M = (P(Q×Q), w) defined as follows:

w(p) = {(x, y) | x < y},
w(q) = {(x, y) | x < 0}.

Here w(p) is the < relation on Q, it is dense, therefore M ⊨ p → p · p.
By definition,

w̄(p \ q) = {(y, z) | ∀x ((x, y) ∈ w(p) ⇒ (x, z) ∈ w(q))} =

{(y, z) | ∀x < y (x < 0)} = {(y, z) | y ≤ 0}.
Now we have

w̄((p \ q) · p) = {(x, z) | ∃y (x ≤ 0 and y < z)} = {(x, z) | x ≤ 0};
w̄(q · p) = {(x, z) | ∃y (x < 0 and y < z)} = {(x, z) | x < 0}.

(Here we use the fact that ∃y(y < z) is true on Q for any y.) Having,
for example, (0, 0) ∈ w̄((p \ q) ·p) and (0, 0) /∈ w̄(q ·p), we conclude that
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M ̸⊨ (p \ q) · p → q · p. By strong soundness, p → p · p ̸⊢ (p \ q) · p →
q · p. □

The presence of product, however, does not block weak completeness.
Namely, as shown by Mikulás [20, 21], the fragment of MALC in the
language of {\, /, ·,∧} is weakly complete w.r.t. R-models; later this
result was extended to ACTω(\, /, ·,∧, \\, //) by the author [18].

For L-models, weak completeness in the multiplicative-only Lam-
bek language (\, /, ·) was proved by Pentus, both with and without
Lambek’s restriction [25, 26]. Weak completeness for the fragment of
MALC in the language of {\, /, ·,∧}, is an open problem.

Given the obstacles listed above, we shall now carve out the frag-
ment for which we shall prove strong completeness results (Theorems 6
and 8 below). This fragment is ACTω(\, /,∧, \\, //). Our strong
completeness results generalise the ones of Andréka and Mikulás [1]
and Buszkowski [4], for R-models and L-models respectively. Namely,
strong completeness w.r.t. L-models was previously known for the {\, /,∧}-
fragment; thus, the novel part is adding iterative divisions. For R-
models, besides adding iterative divisions, we replace product with in-
tersection (as having them both makes strong completeness fail).

Theorem 6. ACTω(\, /,∧, \\, //) is strongly complete w.r.t. R-models.

The proof follows the original idea of Andréka and Mikulás [1]: con-
struct a labelled infinite graph of a specific form. In the absence of
product, this construction works without Lambek’s restriction, yield-
ing strong completeness. A similar idea was used in [18] for proving
strong completeness in the \, /,∧ fragment. However, the construction
in [18] internally used product, and therefore needed strong conserva-
tivity. That is why it was not extended to the infinitary system with
iterative divisions. Now (see the previous section) we have strong com-
pleteness, but we also provide a proof for Theorem 6 which does not
need it. The trick is to use sequences of formulae as labels, instead of
individual formulae.

Throughout this section, Fm denotes the set of formulae in the lan-
guage of \, /,∧, \\, //. As usual, Fm∗ denotes the set of sequences of
such formulae, including the empty sequence Λ.

Lemma 7. There exists a directed labelled graph G = (V,E,L), where
V is countable, E ⊆ V × V , and L : E → Fm∗ (for brevity, we shall
write L(x, y) instead of L((x, y))), such that the following holds:

(1) E is transitive, and L(x, z) = L(x, y),L(y, z) for (x, y), (y, z) ∈
E;
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(2) E is reflexive, and L(x, y) = Λ (the empty sequence) for each
vertex x ∈ V ;

(3) E is antisymmetric (if (x, y), (y, x) ∈ E, then x = y);
(4) for each vertex y ∈ V and each formula A ∈ Fm there exists a

vertex x ∈ V such that (x, y) ∈ E, L(x, y) = A, and for each
z ∈ V we have (x, z) ∈ E if and only if (y, z) ∈ E;

(5) for each vertex y ∈ V and each formula A ∈ Fm there exists a
vertex z ∈ V such that (y, z) ∈ E, L(y, z) = A, and for each
x ∈ V we have (x, z) ∈ E if and only if (x, y) ∈ E.

Proof. Let us fix a countable set of vertices V . The graph G will be
constructed as the limit of a sequence of graphs Gn = (Vn, En,Ln):

(1) each Gn is an induced subgraph of Gn+1;
(2) G is the limit: V =

⋃∞
n=0 Vn, E =

⋃∞
n=0 En, L =

⋃∞
n=0 Ln (a

mapping is considered as a set of pairs).

Each of the graphs Gn will satisfy properties 1–3; properties 4 and
5 will be achieved in the limit.

Let the elements of V be enumerated: V = {v0, v1, . . .}; let ⋆ = v0.
The starting graph consists of one vertex: G0 = ({⋆}, {(⋆, ⋆)}, (⋆, ⋆) 7→

Λ). Next, the graph is extended by transitions of one of two types:
t = 0, 1. A transition of type t is the step from G2i+t to G2i+t+1.
In order to control the transition, we introduce a bijective schedule

function σ : N → (V × Fm) × N. The function “visits” pairs (y, A),
where y is a (potential) vertex and A is a formula. The third element
in the output of σ guarantees that each pair is “visited” infinitely many
times.
Transition of type 0, from G2i to G2i+1. Let σ(i) = ((y, A), k). If

y /∈ V2i, then we skip and let G2i+1 = G2i. In this case, the pair (y, A)
will be visited on a later stage, when y becomes a vertex in some G2j.
Otherwise, we take the minimal j such that vj /∈ V2i and add x = vj

as a new vertex to G2i. We also add the following new edges:

(1) the loop (x, x) with L(x, x) = Λ;
(2) for each “old” edge (y, z) ∈ E2i (for the given y), the edge (x, z)

with L(x, z) = A,L(y, z).
(In particular, we add (x, y) with label A, since (y, y) ∈ E2i and
L(y, y) = Λ.) Here we have used the same letter L for both L2i and its
extension L2i+1.
Transition of type 1, from G2i+1 to G2i+2. Similarly, let σ(i) =

((y, A), k). If y ∈ V2i, we add the fresh vertex z = vj with the following
edges:

(1) the loop (z, z) with L(z, z) = Λ;
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(2) for each “old” edge (x, y) ∈ E2i, the edge (x, z) with L(x, z) =
L(x, y), A.

If y /∈ V2i, we skip.
Each transition obviously preserves properties 2 and 3. Let us check

property 1 for transition of type 0 (type 1 is symmetric). Let (x′, y′), (y′, z′) ∈
E2i+1. The only interesting case is when x′ = x is the new added vertex
and y′, z′ ∈ E2i are old ones. Then we get the following picture:

x

y y′

z′

A

Γ

∆

A,Γ,∆

Γ,∆A,
Γ

Λ Λ

Λ Λ

Here new edges are draw in dashed lines, old are sold ones. The edge
(x, z′), which is needed for transitivity, indeed exists and has the correct
label A,Γ,∆ = L(x, y′),L(y′, z′).

The sequence of Vn exhausts the whole set V . Indeed, at least each
pair of the form (⋆,A) yields an infinite sequence of non-trivial transi-
tions.
Now it remains to prove that the limit graph G satisfies properties 4

and 5. Let us check only property 4, as property 5 is symmetric. For
each vertex y ∈ Vn and a formula A there exist such i and k that
σ(i) = ((y, A), k) and 2i ≥ k. The transition of type 0 from G2i to
G2i+1 adds a vertex x with the desired properties. □

Now we are ready to prove strong completeness ofACTω(\, /,∧, \\, //)
w.r.t. R-models.

Proof of Theorem 6. For a given set of hypotheses H we construct the
H-universal R-modelMH = (P(W×W ), wH) using the graph given by
Lemma 7. By H ⊢ Π → A we denote the fact that Π → A is derivable
from H in ACTω(\, /,∧, \\, //). Let W = V and let

wH(p) = {(x, y) ∈ E | H ⊢ L(x, y) → p}
for each variable p. Now let us prove that

w̄H(A) = {(x, y) ∈ E | H ⊢ L(x, y) → A}
for each A ∈ Fm. Proceed by induction on the structure of A.
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Divisions. Let (y, z) ∈ w̄H(A \B), i.e., H ⊢ L(y, z) → A \B. Take
an arbitrary (x, y) ∈ w̄H(A), i.e., such that H ⊢ L(x, y) → A. By
property 1 we have (x, z) ∈ E and L(x, z) = L(x, y),L(y, z). The
following derivation establishes H ⊢ L(x, y),L(y, z) → B.

L(x, y) → A

L(y, z) → A \B
A → A B → B
A,A \B → B

\L

A,L(y, z) → B
Cut

L(x, y),L(y, z) → B
Cut

Thus, (x, z) ∈ w̄H(B), and therefore (y, z) ∈ w̄H(A) \ w̄H(B).
Now let (y, z) ∈ w̄H(A) \ w̄H(B). By property 4 of graph G, there

exists a vertex x such that L(x, y) = A and (x, z′) ∈ E if and only if
(y, z′) ∈ E. In particular, since (x, y) ∈ w̄H(A) and (y, z) ∈ w̄H(A) \ w̄H(B),
we get (x, z) ∈ w̄H(B) ⊆ E. Hence, (y, z) ∈ E, and by property 1 we
have L(x, z) = L(x, y),L(y, z) = A,L(y, z). Since (x, z) ∈ w̄H(B), we
have H ⊢ A,L(y, z) → B, and by \R we derive H ⊢ L(y, z) → A \B.
Therefore, (y, z) ∈ w̄H(A \B).

The case of B /A is considered similarly.
Iterative divisions. Let (y, z) ∈ w̄H(A \\B), i.e., H ⊢ L(y, z) →

A \\B. Take an arbitrary (x, y) such that (x, y) ∈ (w̄H(A))
∗. In other

words, there exists a chain x0, x1, . . . , xn ∈ V , such that n ≥ 0, x0 = x,
xn = y, and (xi−1, xi) belongs to w̄H(A) for each i from 1 to n. By prop-
erty 1 ofG, we have L(x, z) = L(x0, x1), . . . ,L(xn−1, xn),L(y, z). Using
Cut, we derive L(x, z) → B from the following sequents: L(xi−1, xi) →
A (i = 1, . . . , n), L(y, z) → A \\B, and An, A \\B → B. (The lat-
ter is derivable by application of \\Ln.) This concludes the proof of
(y, z) ∈ (w̄H(A))

∗ \ w̄H(B).
Now let (y, z) ∈ (w̄H(A))

∗ \ w̄H(B). We have to proveH ⊢ L(y, z) →
A \\B. Let us use the ω-rule:(

An,L(y, z) → B
)∞
n=0

L(y, z) → A \\B \\Rω

Iterating property 4, let us construct a chain of vertices x0, x1, . . . , xn,
such that x0 = y, (xi+1, xi) ∈ E, and L(xi+1, xi) = A for each i from 0
to n− 1. (Here the numeration is inverted.) By property 1, L(xn, z) =
L(xn, xn+1), . . . ,L(x1, x0),L(y, z) = An,L(y, z).

On the other hand, we have (xn, y) ∈ (w̄H(A))
∗ and (y, z) ∈ (w̄H(A))

∗ \ w̄H(B),
whence (xn, z) ∈ w̄H(B), i.e., H ⊢ L(xn, z) → B. This means ex-
actly that the premises of our ω-rule are derivable from H. Therefore,
H ⊢ L(y, z) → A \\B, i.e., (y, z) ∈ w̄H(A \\B).
Intersection. The sequent L(x, y) → A ∧ B is derivable from H if

and only if so are sequents L(x, y) → A and L(x, y) → B. This is
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established via ∧R and its inversion using Cut:

L(x, y) → A ∧B
A → A

A ∧B → A
∧L

L(x, y) → A
Cut

This yields the desired equality w̄H(A ∧B) = w̄H(A) ∩ w̄H(B).

Now let us show that a sequent is true in MH if and only if it is
derivable from H. We start with the empty left-hand side case, i.e.,
a sequent of the form → B. If H ⊢ → B, we have (x, x) ∈ w̄H(B)
for any x, since L(x, x) is the empty sequence. The unit element of
the algebra of binary relations is the diagonal relation δ = {(x, x) |
x ∈ W}. We have δ ⊆ w̄H(B), whence MH ⊨ → B. A sequent
A1, . . . , An → B with a non-empty left-hand side is equiderivable with
→ An \ . . . (A1 \B). Thus, we have

H ⊢ A1, . . . , An → B ⇐⇒ H ⊢ → An \ . . . (A1 \B) ⇐⇒
MH ⊨ → An \ . . . (A1 \B) ⇐⇒ MH ⊨ A1, . . . , An → B,

where the last equivalence is due to strong soundness: A1, . . . , An is
derivable from → An \ . . . (A1 \B), and therefore semantically en-
tailed.

Now let a sequent Π → B be semantically entailed by H on the class
of all algebras of binary relations. In particular, since MH makes all
sequents from H true (as they are derivable from H), we have MH ⊨
Π → B. Therefore, H ⊢ Π → B, q.e.d. □

Completeness w.r.t. L-models is easier, and proved by the canonical
model construction going back to Buszkowski [4]. The proof given
below is an adaptation of the argument from [16] to the system without
Lambek’s non-emptiness restriction.

Theorem 8. ACTω(\, /,∧, \\, //) is strongly complete w.r.t. L-models.

Proof. For a given set of hypotheses H let us construct a universal
model. Let Σ = Fm and let us define the interpretation of variables as
follows:

wH(p) = {Γ ∈ Fm∗ | H ⊢ Γ → p}.
Next, we routinely check that

w̄H(A) = {Γ ∈ Fm∗ | H ⊢ Γ → A}.
In particular, we shall always have A ∈ w̄H(A). Formally, we proceed
by induction on the structure of A.
Division. If Γ ∈ w̄H(A \B), then for any ∆ ∈ w̄H(A) we have

both H ⊢ Γ → A \B and H ⊢ ∆ → A, and the following derivation
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establishes the fact that ∆Γ ∈ w̄H(B):

Γ → A \B
∆ → A B → B
∆, A \B → B

\L

∆,Γ → B
Cut

Hence, Γ ∈ w̄H(A) \ w̄H(B). On the other hand, if Γ ∈ w̄H(A) \ w̄H(B),
take A ∈ w̄H(A) (by induction hypothesis). We have AΓ ∈ w̄H(B), i.e.,
H ⊢ A,Γ → B. By \R, we get H ⊢ Γ → A \B, that is, Γ ∈ w̄H(A \B).
The case of / is analogous.

Intersection. The sequent Γ → A ∧ B is derivable if and only if so
are Γ → A and Γ → B. Hence, w̄H(A ∧B) = w̄H(A) ∩ w̄H(B).

Iterative division. Let Γ ∈ w̄H(A \\B), and let ∆1, . . . ,∆n ∈ w̄H(A)—
thus, ∆ = ∆1 . . .∆n is an arbitrary element of w̄H(A)

∗. The following
derivation yields ∆Γ ∈ w̄H(B):

Γ → A \\B
∆1 → A . . . ∆n → A B → B

∆1, . . . ,∆n, A \\B → B
\\Ln

∆1, . . . ,∆n,Γ → B
Cut

In particular, n could be zero. In this case we take the empty sequence
as an element of w̄H(A)

∗, and ∆Γ = Γ ∈ w̄H(B):

Γ → A \\B
B → B

A \\B → B
\\L0

Γ → B
Cut

We have proved that Γ ∈ w̄H(A)
∗ \\ w̄H(B). Now let us prove the

other inclusion. Take an arbitrary n ≥ 0 and An ∈ w̄H(A)
∗. We

have H ⊢ An,Γ → B for each n, and by application of \\Rω we get
H ⊢ Γ → A \\B. Hence, Γ ∈ w̄H(A \\B). The case of // is analogous.

We claim that the L-model MH = (P(Fm∗), w) constructed above
validates exactly the sequents derivable fromH. LetH ⊢ A1, . . . , An →
B. Take ∆1 ∈ w̄H(A1), . . .∆n ∈ w̄H(An). By definition, H ⊢ ∆i →
Ai for each i. Applying Cut, we get H ⊢ ∆1, . . . ,∆n → B, whence
∆ = ∆1 . . .∆n ∈ w̄H(B). Therefore, w̄H(A1) · . . . · w̄H(An) ⊆ w̄H(B).
In the other direction: if w̄H(A1) · . . . · w̄H(An) ⊆ w̄H(B), take A1 ∈
w̄H(A1), . . . , An ∈ w̄H(An). We have A1 . . . An ∈ w̄H(B), whence
H ⊢ A1, . . . , An → B.

In particular, each sequent from H is true in MH, and if Π → B
semantically follows from H, then it is true in MH. The latter means
H ⊢ Π → B, q.e.d. □

Theorem 8 provides strong completeness w.r.t. L-models over infinite
alphabets (Σ = Fm). However, this can be reduced to finite alphabets,
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moreover, to a two-letter alphabet Σ2 = {b, c}. (For a one-letter al-
phabet, commutativity becomes valid, which blocks completeness even
in the weak sense.) The reduction is due to Pentus [26]: each letter aj
from a countable alphabet Σ = {a1, a2, . . .} is replaced by g(aj) = bcjb.
This homomorphism g commutes with w̄, provided that w̄(A) ̸= ∅ for
each A ∈ Fm [26, Th. 11.2]. For the model constructed above, this is
indeed the case, as we always have A ∈ w̄(A).

Due to strong conservativity (Theorem 3), both strong completeness
results (Theorems 6 and 8) get inherited by elementary fragments of
ACTω(\, /,∧, \\, //):

Corollary 9. If \ ∈ C ⊆ {\, /,∧, \\, //}, then ACTω(C ) is strongly
complete w.r.t. L-models and w.r.t. R-models.

We conclude with formulating an open question for future work. Is
the fragment ACTω(\, /, ·, \\, //) strongly complete w.r.t. R-models?
On one hand, here we do not have simultaneously ∧ and ·, so the
aforementioned counter-example does not work. However, iterative
divisions may be considered as special kinds of infinite intersections, so
they could give rise to similar issues.
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[2] H. Andréka, Sz. Mikulás, Axiomatizability of positive algebras of binary re-
lations, Algebra Universalis, 66:1–2 (2011), 7–34. https://link.springer.
com/article/10.1007/s00012-011-0142-3

[3] A. Beckmann, S. Buss, Corrected upper bounds for free-cut elimina-
tion, Theor. Comput. Sci., 412:39 (2011), 5433–5445. https://www.

sciencedirect.com/science/article/pii/S0304397511004932

[4] W. Buszkowski, Compatibility of a categorial grammar with an associated
category system, Z. math. Logik Grundl. Math., 28 (1982), 229–237. https:
//doi.org/10.1002/malq.19820281407

[5] W. Buszkowski, On the complexity of the equational theory of relational action
algebras, in: R. A. Schmidt (ed.), RelMiCS 2006: Relations and Kleene Al-
gebra in Computer Science, Lect. Notes Comput. Sci., 4136 (2006), 106–119.
https://link.springer.com/chapter/10.1007/11828563_7

[6] W. Buszkowski, On action logic: equational theories of action algebras, J.
Logic Comput., 17:1 (2007), 199–217. https://doi.org/10.1093/logcom/
exl036

[7] W. Buszkowski, E. Palka, Infinitary action logic: complexity, models and
grammars, Studia Logica, 89:1 (2008), 1–18. https://doi.org/10.1007/
s11225-008-9116-7

[8] W. Buszkowski, Lambek calculus and substructural logics, Linguist. Analysis
36:1–4 (2010), 15–48. http://buszko.home.amu.edu.pl/LCaSLpr.pdf



FRAGMENTS OF INFINITARY ACTION LOGIC 23

[9] N. Galatos, P. Jipsen, T. Kowalski, H. Ono, Residuated lattices: an algebraic
glimpse at substructural logics, vol. 151 of Studies in Logic and Founda-
tions of Mathematics, Elsevier, 2007. https://www.sciencedirect.com/

bookseries/studies-in-logic-and-the-foundations-of-mathematics/

vol/151/

[10] M. Kanovich, S. Kuznetsov, A. Scedrov, Language models for some extensions
of the Lambek calculus, Inform. and Comput., 287 (2022), 104760. https://
www.sciencedirect.com/science/article/abs/pii/S0890540121000754

[11] S. C. Kleene, Representation of events in nerve nets and finite automata, in:
C. Shannon, J. McCarthy (eds.), Automata Studies (1956) Princeton Univer-
sity Press, 3–41. https://doi.org/10.1515/9781400882618-002

[12] D. Kozen, On action algebras, in: J. van Eijck, A. Visser (eds.), Logic and
Information Flow (1994) MIT Press, 78–88. https://www.cs.cornell.edu/

~kozen/Papers/act.pdf

[13] W. Krull, Axiomatische Begründung der allgemeinen Idealtheorie, Sitzber.
Phys.-Med. Soc. Erlangen, 56 (1924), 47–63. https://www.zobodat.at/

pdf/Sitzber-physik-med-Soc-Erlangen_56-57_0047-0063.pdf

[14] S. Kuznetsov, ∗-continuity vs. induction: divide and conquer, in: G.
Bezhanishvili et al. (eds.), Advances in Modal Logic, 12 (2018), College
Publications, London, 493–510. http://www.aiml.net/volumes/volume12/
Kuznetsov.pdf

[15] S. Kuznetsov, The ‘long rule’ in the Lambek calculus with iteration: un-
decidability without meets and joins, in: N. Olivetti et al. (eds.), Ad-
vances in Modal Logic, 13 (2020), College Publications, London, 425–440.
http://www.aiml.net/volumes/volume13/Kuznetsov.pdf

[16] S. L. Kuznetsov, N. S. Ryzhkova, A restricted fragment of the Lam-
bek calculus with iteration and intersection operations, Algebra and Logic,
59:2 (2020), 129–146. https://link.springer.com/article/10.1007/

s10469-020-09586-9

[17] S. L. Kuznetsov, S. O. Speranski, Infinitary action logic with exponentiation,
Ann. Pure Appl. Logic, 173:2 (2022), 103057. https://www.sciencedirect.
com/science/article/pii/S0168007221001159

[18] S. L. Kuznetsov, Relational models for the Lambek calculus with intersection
and constants, Log. Methods Comput. Sci., 19:4 (2023), 32:1–32:27. https:
//lmcs.episciences.org/12708

[19] J. Lambek, The mathematics of sentence structure, Amer. Math.
Monthly, 65:3 (1958), 154–170. https://doi.org/10.1080/00029890.

1958.11989160

[20] Sz. Mikulás, The equational theories of representable residuated semigroups,
Synthese, 192:7 (2015), 2151–2158. https://link.springer.com/article/
10.1007/s11229-014-0513-3

[21] Sz. Mikulás, Lower semilattice-ordered residuated semigroups and substruc-
tural logic, Studia Logica, 103:3 (2015), 453–478. https://link.springer.
com/article/10.1007/s11225-014-9574-z
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