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Abstract: Teopema IIporacoBa — BoiimoBa o KoMOuHATOPHOIT
CTPYKTYpE TOJIYTPYIIT HEOTPUIIATEHHBIX MATPUI] PACIIAPSIET U3~
BecTHDIN pe3ynbTaT Ppobennyca 0 KAaHOHUIECKOH (hopMe HEITPUBO-
JIMMOI HeoTpHUIlaTeIbHON MaTpulibl. Hacrosimas pabora mocssiiie-
Ha 000611eHn0 TeopeMbl [IpoTacoBa — BoiinoBa Ha He00sA3aTEIILHO
HEIIPUBOIUMBIE MOJYTPYIIbl MaTpuil. J[jisi 9TOro Ha OCHOBE Iiel-
HBIX CBONCTBA HEOTPUIIATEILHBIX MATPUIL BBEICHO PACIINPEHUE 10~
HATHN MHIEKCA UMIPUMUTHBHOCTYA U KAHOHUYIECKOTO Pa3OneHMsI.

The theorem by Protasov and Voinov on the combinatorial
structure of semigroups of nonnegative matrices extends a well-
known result of Frobenius on the canonical form of an irreducible
nonnegative matrix. We generalize the Protasov — Voinov theorem
to not necessarily irreducible semigroups of matrices. For this
purpose, an extensions of the concepts of imprimitivity index and
canonical partition are introduced which are based on the chain
properties of non-negative matrices.

Keywords: meorpuriaresibHble MATPUIILI, I[EITHbIE MATPHUIIBI, IIETI-
HOIT UHJIEKC
non-negative matrices, chainable matrices, chainable index

ALPIN YU.A., GUTERMAN A.E., SHAFEEV E.R., CHAINABLE SETS OF NONNEGATIVE
MATRICES.
© 2023 .
Hocmynuaa 1 aneapsa 2023 2., onybauxosana 31 dexabps 2023 e.
144



LIEITHBIE CBOVICTBA IIOJIVI'PVYIIII HEOTPUIIATEJIbHBIX MATPUILL 145

1 Bsenenue

CorsacHo u3BecTHO# Teopeme Ppobennyca Jirobasi HeOTpUIATEIbHASI HEITPUBO-
JuMas MaTPHUIa JTUO0 TPUMHUTHUBHA, JTNOO0 Ipeobpa30BaHNEM MIEPECTAHOBOYHOTO TI0-
no6ust IPUBOAUTCS K Tak HasbiBaeMoil ¢popme Ppobennyca (cM., Hanpumep [6]).

B paGore [8] IIporacos u BoitHoB mokazanu o6o6menne Teopembl Ppobenuyca Ha
HEIIPUBOIVMMBIE HIOJIYTPYIIIIbI HEOTPHUIIATEHLHBIX MATPHUIL. JLJIs 9TOr0 OHU IIpeIIIoXKu-
JIX TIOJIYT'PYIIIIOBbIE AHAJIOTU OIpEJIeIeHIiT HETPUBOIUMOM U IPUMUATUBHON MaTpu-
bl 1 c(OOPMYJIMPOBAIN BayKHYIO TEOPEMY O CTPOEHUH HEIPUBOAUMBIX MTOJIYTPYIII
HeoTpUIATeIbHBIX MaTpuil [8, Teopema 1], cM. Takxke Teopemy 4 B pazzene 6, KOTO-
past onuchIBaeT KOMOMHATOPHYIO CTPYKTYPY HEIPUBOIUMOI HMOJIyTDPYIIIbl HEOTPH-
[AaTeJIbHBIX MaTPUIL 6€3 HyJIeBbIX CTPOK U cT0JIONOB. KirtoueBbIM MOHATHEM TEOPEMBI
SIBJISIETCSI TIOHSITAE MHIEKCA UMIIPUMUTUBHOCTHU IIOJIyI'PYIIIIbI.

OCHOBHBIM PE3yJIBTATOM JIAHHON PabOTHI sIBJISeTCsl 0000IIeHne TeopeMbl 1Ipo-
TacoBa — BoitHoBa. MbI mCnosib3yeM MOHSTHsST TOTEHIMAIBLHO IIEITHON MAaTPHUIIBI
U WHIEKCA HECOJTUIAPHOCTH, KOTOPBIE, COOTBETCTBEHHO, SIBJISIIOTCS €CTECTBEHHBI-
MU PACHIUPEHUSMHU IMOHATUNH HPUMUATHBHON MATPUIILI U WHJIEKCA HMIPUMUATHBHO-
CTH M IIOKa3bIBa€M, CM. TEOPEMY 3, UTO JII00as IOJIyrpyla MaTpul] 6e3 HyJeBbIX
CTPOK WJIM CTOJIOIOB, 0e3 JIOIMOJHUTE/IBHOIO IPEIIIOJIOXKEHUsI O ee HEIIPUBOIIMO-
cTH, TakxKe 00J1aaeT CIenuaabHOl KOMOMHATOPHOM CTPYKTYPOil, 3aBUCHIIEil OT ee
WHJIEKCa HeconmmapHocTH. B Teopeme 7 moKazaHO, 9TO /I HEIPUBOIUMON ITOJIY-
rpyHbl pa3bueHne Ha KJIACChI COIMIAPHOCTH COBIIAIAET ¢ Pa3dbueHneM Ha KJIACCHI
COBMECTUMOCTH. DTO IOKA3bIBAET, UTO TeOpeMa 3 SIBJISETCS eCTECTBEHHBIM 0000-
mieHnemM Teopembl [IporacoBa—Boiinosa. HedopmasibHO roBopsi, OHA IIOKA3bIBAET,
9TO ynaercsi cnactu u3 teopembl [IporacoBa—BoitHoBa, eciin 0TKa3aThCs OT Tpe-
6OBaHUs HEIIPUBOJIUMOCTH, OCTABUB JIUIIIh HEOOPEMEHUTEIFHOE TPEIIIOJI0KEHNE 00
OTCYTCTBHUH HYJIEBBIX CTPOK WJIA CTOJIOIOB B MAaTPUIIAX.

ITerable MaTpUIBI GBLIN BIEPBBIE PACCMOTPEHBI B [7], T7€ M3ydaach uxX CTPyK-
Typa u ajiredbpandeckue cBoiicTsa. [lo3/Hee IeHbIE U TOTEHIMAJIBLHO [IEITHBIE MaT-
PHIIBI, & TAKXKe IEIHON paHr, paccMaTpuBasnch B paborax [4] u [5].

B maparpade 2 BBogsgTCS OCHOBHBIE onpejeieHuss u (popMyaIupyroTCs H6a30BbIE
yTBepxienusi. B maparpade 3 dbopmymupyercs Teopema 00 OIEHKE IIEITHOTO PAH-
ra [IpOM3BEEHUs JABYX MATDPHI] U UCCJIEAYETCS CIydail paBeHCTBA B IIPUBEIEHHOM
nepasencTse. [laparpad 4 onucbiBaeT B TEPMHUHAX IEITHOTO PAHTa MATPUIIHI, JTeii-
CTBYIOIIME Ha KJIACCax COJUIAPHOCTH KakK IepecTaHoBKU. B maparpade 5 st mo-
JIyTPYIIII MATPWIL BBOIATCSI HOBBIE OIIPEIeJIeHNs] U JIOKA3BbIBAETCSI OCHOBHAsI T€Ope-
Ma 3Toil paborel. B mecrom maparpade Mbl COOTHOCHM ITOJIy9€HHBIN PE3yJIbTAT C
n3BeCTHBIME (paKTaMU O HENPUBOAMMBIX MATpHUIAX U ¢ Teopemoit IIporacosa —
Boiinosa.

2 O memmHOM paHre

MHOKECTBO TIPSIMOYTOJIBHBIX HEOTPUIATEILHBIX MATPULL, 6€3 HYJIEBBIX CTPOK U
€TOoJI010B 0603HAYETC cuMBOJIOM P, a cumBosiom P, — mmoamuo)ecTBO P, cocTosiimee
u3 Marput nopgaaka n. [lycrs gana (nxm)-marpuna A € P. Toopsr, uro i-as u j-as
cTpoku A nepecexaromcs, eCiu OHU UMEIOT MOJIOKATETHHBIE 3JIEMEHTBI B HEKOTOPOM
obiieM crosbie. O6o3HAYMM MHOXKECTBO MHIEKCOB {1,2,...,n} depes n.

Co Besikoit n X m marpureit A € P cBsi3aHbI cyie/yolue GUHAPHbBIE OTHOIIEHMS
Ha MHOXKECTBE 1.



146 I0.A. Anpnun, A.D. I'yrepman, E.P. Illadeen

Ounpepenenne 1. Nnnekcsl i 1 j coBMecTUMBI MaTpuieit A (A-COBMeCTHMBI), ecJiu
i-asd U j-as CTPOKH A IepeceKkaloTcs.

Omnpegesienne 2. Unjekcnl ¢ u j comupapubl B Mmarpute A (A-conmunapubr), eciu
CYIIECTBYeT TaKasl MOCJIEI0BATETbHOCTh UHAEKCOB ¢ = 11,19, ...,%s = j, YTO CTPOKHI
C HOMEpPaMH ij, i1 1 cCOBMecTUMBI Marpurieit A mpu k=1,...,s— 1.

Ornomenne A-conaapHOCTH UHIEKCOB ABJISIETCs, OUeBUIHO, OTHOIIEHUEM SKBU-
BaJIEHTHOCTH Ha 1.
Ha s13p1ike maTpunibl A onpejesienne 2 o3HaYaeT CJeLyIOIIee:

ITpengioxxenue 1. Hudexco i,j € n corudapmv, 6 mampuye A moeda u Moavko
moeda, K020a NPU HEKOMOPOM NOKA3AMENE S CNPAGEIAUBO HEPABEHCMNEO:
T\s
(AAT):; > 0.
JHoxazamesvemeo. VIHIEKCHI i1 U G COBMECTHMbBI MaTpuileii A Torja u TOJILKO TO-
ria, xorga (AAT); ;, > 0. B cBoto odepesn, TOCIEI0BATEIHBHOCTD U3 OMPeIeIeHsT

2 cymiecTByeT TOT/Ia M TOJILKO TOIJIA, KOTJIa HallIyTCs TaKue WHJIEKCHI 19, ...1s_1,
9TOo
T T T
(AA )ihiz (AA )iz,is s (AA )isflyis >0, (21)
CyiecTBoBaHue TaKoi II0C/IEI0BATEJBHOCTH UHIEKCOB 110 OIIPEJIeJIEHUI0 MaTpUd-
HOT'O TIPOU3BEICHUsI SKBUBAJIEHTHO YCIOBHIO (AAT)f1 .. > 0. O
;

Ompenenenne 3. Marpuma A € P pasmepa n X m Ha3bIBAETCSA IEMHON, ecin
JIOObIE MHJIEKCHI 4, j € N COMUIapHbl B A, T.e. (AAT)fj > 0 mpu HEKOTOPOM S.

Onpepenenne 4. Ilenubiv panrom n X m marpunsl A € P HazbiBaeTcst 9uCIO
kJaccoB A-cosmmmapuoctu u obozuadaercst crkA.

U3 onpesiesiernst 4 BUHO, 9TO MEIHOM paHT n X m Marpuiiel A € P nexxur B cite-
nyrorux rpanunax: 1 < crkA < n. Ipu stom crk(A) = 1 Tosbko eciim A — nennas
Mmarpuna (teopema 2.1 u3 [4]). Makcumanbroe 3uadenne crkA = n jocruraercs, ec-
1 B A HeT epeceKalouxcst CTPOK, TOCJIEIHEE XKEe UMEET MECTO B TOYHOCTH TOT/IA,
KOTJIa B KaXKJIOM CTOJIONE A eCTh POBHO OJIMH IOJIOXKUTEIbHBIN 3J1eMeHT. B 310oM
caydae B A BCEro m MOJIOXKUTETBHBIX 37eMeHTOB. O603HAYNM Yepes3 r; JUCJIO I0-
JIOXKATETLHBIX 9JIEMEHTOB i-if CTpoKu. fcHo, 910 71 + - - - + 1)y = M. DTO PABEHCTBO
BO3MOKHO JIUITh TPH 1 < 1, & €CJIA M = n, TO Ipu 71 = - -+ = 1, = 1. Chopmymnm-
PYeM 3TO TOJIE3HOE YTBEPIKJIEHUE OTIEIBHO (JIPYTOe €ro JOKA3aTeNbCTBO CM. B |5,
aemma 3.7]):

ITpengioxxenune 2. Ecau A € P,, mo ctkA = n moada u moavko mozda, xozda
mampuya A codepacum pPosHO 00UH NOAOHCUMEALHBIT FIAEMERT, 8 KaHCAOT CMpPoKe
U KaAAHCOOM CMONOUE, M.€. ABAAETNCH MOHOMUGALHOT MAMPUYET.

Cornacuo Teopeme 3.1 u3 [4] nenHON paHT TPOU3BENEHUS TPSIMOYTOIBHBIX HEOT-
PHIATENBHBIX MATPUIL YJOBJIETBOPSIET HEPABEHCTBY

crk(AB) < min(crkA, crkB). (2.2)

Hanomunwm (cMm. Hamp. [4]), 9T0 €O BCAKOI HEOTPUIATEIBHON 1 X m MaTpuieii A

CBSI3aH ACCOUUUPOBAHHDIT OTlepaTop A, oTobparKaromuii MHOYXKeCTBO 2" B MHOXKe-
cTBO 2™ u ompeesisieMblit (popMyIIOit

a— aA={jl(A); >0,i€a}. (2.3)
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Kak Bugno u3 (2.3), MHOXKECTBO (A COCTOUT M3 HOMEPOB CTOJIOIOB MATpHUILL A,
MMEIOIIUX TIOJIOYKUTEJIHHBIE 9JIEMEHThI B CTPOKAX C HOMEPaMu U3 (.
JlJ1st TIOJIHOTHI OIpeiesieHns OyieM CYUTaTh, YTo JA = .

Jlemma 1. Onepamop A : 2™ — 2™ accoyuuposarnvill ¢ n X m mampuuetd A € P,
uMeem caedyrouue ceoticmaa:

1) a# @ = ad # J, m.e. nenycmoie MHONHCECTNEA OMOOPANCAIOMCA 8 HENY-
cmole;

2) das M06020 § € M cywecmeyem makoe noOMHONCECNBo o, 4wmo j € aA.

Zloxazameavcmeo. IlepBoe cBOICTBO ciieilyeT U3 TOro, 9ro B Marpuie A Her HyJre-
BBIX CTPOK, & BTOPOE — U3 OTCYTCTBUSA B A HYJIEBLIX CTOJIOIOB. ([

s onpeaeJsieHusd OTHOIIEHUsA COJIMIAAPHOCTU U JIEMMbI 1 BBRITEKAET cJreiyromiee
OIIMCaHue HeL[eHHOﬁ MaTPHUIIBI.

ITpengioxxenne 3. ITycmo danv, mampuua A € P u coomseememeyrowgue eti Kaaccot
coaudaprocmu Q, . .., oy (r > 2). Toeda npu s =1,...,r

1) na nepecenenuu CMpox ¢ HOMEPAMU U3 MHONCECTNBA (s U CTMOAOY08 C HOME-
PaMu U3 MHosicecmsa s A cmoum yennas nodmampuua, o6oznarum eé A

2) 6 cCMPOKAT ¢ HOMEPAMU U3 (s U CTNOAOUAT € HOMEPAMU U3 (s A 6CE INEMENTTIDL,
ne npunadaesicausue A, pasrvi nyano.

3 PasencrBo crk(AB) = min(crkA, crkB).

Jlemma 2. [Iycmov dana yennas mampuya ¢ n cmpokamu. IIpu amobom pasbuenuu
muoocecrnea n = {1,...,n} daa a06020 Kaacca T pasbuenus Hatdémea makot
KAACC T, T, # T2, YMO HEKOMOPAA CTIPOKG C HOMEPOM U3 KAACCA T1 NEPECEKAeMCs
¢ Hexomopoti cmpokoti ¢ HOMEPOM U3 KAACCA T,

Loxazameavcmeo. Ilpenmomoxum nmporuBHoe. Torma cyImecTByeT Takoe pasdueHme
MHOKECTBa N, 9TO CTPOKU HEKOTOPOTO KJIAcCa He MEePECeKaIOTCsl CO CTPOKAMMU, He
[PUHAIJIEXKAIIUMEA 3TOMY KJjaccy. ZICHO, 94TO Takash MATPHUIa HE MOKET ObITh IIell-
HO¥A. (I

Teopema 1. Janvt n X m mampuya A u m X p mampuua B us P. Iycmo yennot
pare mampuy A, B odunaxos u pasen r > 2. Jlano pazbuenue mMHoHCECMEA M HG
Kaaccv, A-coaudaprocmun:

a= (a1, ag, ..., Q), (3.1)
a makoice pazbueHue MHOACECTNEA M Ha KAacchl B-coaudaprocmus:

B: (ﬁlv ﬁQa LR} 67) (32)

Pasencmeo ctk(AB) = r umeem mecmo moz2da u moavko moeda, ko2da 0z
xasrcdozo Kaacca fj natdémes eduncmeennvil xaacc oy, maxol, wmo a;A = Bj,
uau, dpyeumu caosamu, Kozda pasbuerue (3.2) cosnadaem ¢ pasbueruem

a1A, asA, ..., a,A. (3.3)

€ MOYHOCMBIO 00 NOPAJKA INEMEHMOE.
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Hoxaszamesvemeo. Be3 ymeHbIeHNsT OOIMHOCTH MOYKHO CUUTATh, IYTO MaTpura A
pa3buTa HA FOPU30HTAJIBHBIE [OJIOCHL B COOTBETCTBHU ¢ Kjaccamu (3.1):

Ay
Ay
e (3.4)

Ay
JlelicTBUTENIBHO, 9TOTO MOYXKHO JOOUTHCS, YMHOKUB A cjieBa Ha MOIXOJAILYI0 MaT-
puiy nepecranoBku. Panr A npu 3ToMm He Mensiercst. COrJIaCHO MPEJIOKEHUIO 3

MaTpura A CONEPNKUT MEMHYIO MTOIMATPUILY Agh, DPACIIOJIOXKEHHYIO B CTOJIOIAX C
HOMepaMu U3 Kjacca asA, a Bce Jpyrue eé 3JieMeHThl PaBHbI HyJI0. MHOXKecTBa

Ble BQBa ceey ﬁ'l"B (35)

OIIPEJIENIAIOT pa3buenne MaTpuIllbl B Ha BepTUKAIbHBIE ToaMaTpuilbl. Marpurna, co-
cTaBJIeHHasl U3 CTOJIONOB ¢ HOMepamu u3 [B; B, obo3nadaercs: yepes B;. Be3 ymenb-
HIeHUsST OOMIHOCTH MOYKHO CUMATATH, YTO 3T BEPTUKAJIBHBIE ITOMATPHUIIEI 00Pa3yIoT
CIUIOIIHBIE [OJIOCKI, PACIIOJIOKEHHBIE B TI0opsKe (3.5):

B=(Bi|Bs| ... |B,). (3.6)

Takoro Bujia MOXKHO JIOOUTHCSI, YMHOYKUB MATPHILy B clipaBa Ha MOIXOSILY IO MaT-
puity nepectaHoBku. Panr B mpu 5ToM He MeHsiercsi. [1o mpejioKeHnto 3 MaTpuiia
B; COMEpKUT TEeMHy0 MOAMATPUIYY Bf", pacro/ioxenHyo B CTPOKAX ¢ HOMepaMm
u3 Kjacca [, a Mpovne € 3JIEMEeHTHl PABHBI HYJIIO.

Matrpuisl A 1 B MOXKHO IIEPEMHOXKHUTDH 1100JI0YHO:

ﬁl AB; A1Bs ... AiB,
2 AsBy AsBs ... AsB,

AB=| | (BilBo| ... |B,) = | 727t 7R e mEEOL (3.7)
AT A.B;, A.By ... A.B,

IIpenmmonokuM, 9T0 yCI0BHE TEOPEMbI BBLIIOJHEHO, T.€. JJI BCAKOIO Kjacca [y
HaiIEéTcsa eqMHCTBEHHBIN KJIace s, Takoi, yro asA = §;. Torma

ch pch — .
AB, = { ASPBi", ecm ag A = fy;

0 B IpoTHBHOM CiIydae.

Takum obpazom, marpuia (3.7) umeer GJI0UHO-MOHOMHUAJIBHBIN BUI: B KAXKIOM
OJIOYHOM CTPOKE M KAXKJIOM OJIOYHOM CTOJIOIE €CTh POBHO OJWH HEHYJIEBOH, TPUIEM
nerHoi, 6/10k. IlenHON paHr Takoit MATPUIILI PABEH 7.

IIpe/iosioKuM, 9TO yCJIOBUE TEOPEMbBI He BBIIIOJHEHO. DTO ycjoBHe (OTHOCIIee-
sl K JIBYM pa3OueHusIM OJTHOTO KOHEUHOTO MHOYXKECTBA) MOYKHO [IePECKA3aTh TAKAMI
CJIOBAMI: KaK/IbIil KJIACC [3; COAEPIKUTCS B OJHOM U3 Kiaccos a; A. Hesbinosnenne
YCJIOBHsI O3HAYAET, YTO JIEMEHThI HEKOTOPOro Kjacca Sy u3 (3.2) pacupeesieHsl mo
HEKOTOPBIM KJjaccaM pasbuenus (3.3), obo3HaunM ux

O[le ey ajhA.
910 3HAYUT, YTO KJacc Py pa3bUT Ha MTOIKIACCHI
Br. N (Otle), vy BN (OzjhA). (38)

CoorBercTBeHHO, MaTpulla By pasduBaeTcss Ha TOPU30HTAJIBHDBIE TOIMATPHUIILI,
orBevarompe nozakiaaccam (3.8). To ke mpoucxomuT ¢ HENHON mojMarpuiieit th
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MaTpuiibl By, pacloJioKeHHOU B cTpokax ¢ Homepamu u3 (. Ilo memme 2 mrst
nozkacca [, N, A Haiinérea Takoit nogkiace B Naj, A, 9T0 HEKOTOPbIE CTPOKH
¢ HOMEepaMU U3 ITHUX JIBYyX MMOJIKJIACCOB mepecekaroTcs. [IycTh mepecekaroTcsi CTpoKu
¢ HOMepaMu

u€ BrNay, A, v e frNaj, A
[Tycts Takke wepes p € aj, U ¢ € «;, 00O3HAYEHBI HOMEpa CTPOK MATpuibl A,
comepKamux 3meMeHTsl (A)p, > 0, (A)gy > 0.

YMHO)KasT p-10 CTPOKY MaTpuilbl A Ha MaTpuIily B, MoJyduM p-10 CTPOKY MATPH-
ubl AB. B 3Ty CTPOKy B KQuecTBe CJIAraeMoro C IOJIOXKUTETbHBIM KO3 MUIIMEHTOM
(A)py BxomuT u-s1 crpoka B. COOTBETCTBEHHO, B ¢-I0 CTPOKY Marpuipl AB B Kade-
CTBE CJIAraeMOro ¢ IOJIOKUTEIbHBIM KodddunuentoM (A)y, Bxomur v-s cTpoka B.
CrreioBaTeIBHO P-s1 U -1 CTPOKU A B mepeceKaroTest o TOMY Ke CTOJIOIY, O KO-
TOPOMY TIEPECEKAIOTCS U-s1 U V-1 CTpOKM Marpuiibl B. B pedyibrare jjist MaTpuIibl
AB cupaBeJIiBo:

a) MHIEKCHI U3 (vj, COJMJADHBI, OCKOJIBKY OHH COJMIAPHBI B A, mO TOil ke
IPUYMHE COJIMJAPHBI MHIEKCEI U3 aj, (cM. [4, memma 3.1]);

6) CTpOKa p € (j, MepeceKaeTcsi o CTPOKOM ¢ € o, .

U3 cpoiicTs a) u 6) BBITEKAeT, 9TO KTACCH (j, W (vj, BXOJAAT B OMUH Kiaacc AB-
COJIMJIAPHOCTH, CJIEJOBATENIHHO, YUCJIO0 KIACCOB A B-COIMIAPHOCTH MEHbINe YUCya
kitaccoB A-comunapuocty, T.e. crk(AB) < crk(A). O

4 Pasencrso crk(A4?%) = crk(A).

Onpegenenne 5. Ilycrs nmana matpuma A € P,,. lano Tak»ke Hekoropoe pasbue-
HUE (1, Q3, ..., &y MHOXKecTBa n. Cuenys [§], 6Gyaem ropoputs, 9ro mampuya A
deticmeyem 1A KAGCCAT PA3OUEHUA KAK NEPECMAHO6KA, €CIU I KayKJI0ro KJIacca
j HAIETCA eIMHCTBEHHDIN KIace (v, TAKOH, 9TO ;A= Q.

IIpumep 1. Pacemorpum pasbuenne oy = {1,2}, as = {3} u marpuiy

Kak jrerko Bugers, a1 M = as,acM = «q. D710 3HauuT, uro M neiicrByer Ha
KJIaccax JAHHOTO pa30HeHnst KaK MepeCTaHOBKA.

Nnnexc j 6ymem HaszbiBaTh A-nocaedosamenem uuiekca i, ecam (A);; > 0.

Jlemma 3. Mampuua A € P, deticmeyem na xaaccaxr pasbuerus o, g, ...,
MHOIHCECTNBA M KAK MEPECTNAHOBKA, €CAU OAf AOOBT 1,] € M, AEHCQUUT 6 Pa3-
HUWE Kaaccax pasbuenus, uxr A-nocaedosament moogtce AeAHCAM 8 Pa3HHLLT KAACCAT
Pa3dueHUA.

Zloxaszameavcmeo. BoibepeMm B KarxKI0M KJiacce pa3OUEHUs MO OJHOMY IPEICTaBH-
TEJIIO:

11 € Q1yennylp € Q.
IIycrs j, — A-mocaemosaTesb HHEKCA ig, s = 1,...,7. COrIacHO yCJIOBHIO JIEMMBI,
A-miocieToBaTeNn JIeKAT B MOMAPHO PA3JIMIHBIX KJIACCAX pasOueHns. JTO 3HATMT,
YTO €CTh TaKas [ePeCTaHOBKa o Ha MHOXKecTBe {1,...,r}, uro

J1€ ao’(l)w"ajr Gao(r)~ (41)
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Jokaxem, 9To ecin js € (), TO 6¢e A-TIOCTIEIOBATEN WHIICKCA i JIEKAT B Qg (s),
T.e. a5 A C 0y (s). [Ipeamonokun mpoTuBHOE: HEKOTOPDIH A-ToCIe0BaTe b HHICKCA
is, HAIPUMED, WHIEKC Kk, JIEXKHUT B Qy(y),t # . Ho mmeem Taxxe j; € g(y). BoI-
XOJIAT, 9TO A-TI0C/IeIOBATEIN UHIEKCOB i U iy, IPUHAJJIEXKAIUX PA3HBIM KJIACCAM
pasOUeHus v, JIeXKAT B OJIHOM KJIACCE (g (¢). DTO TPOTUBOPEYHUT YCJIOBHIO JIEMMBI.
Urax, mpr gokazamm, 9ro asA C ag(5), s = 1,...,7. U3 Toro, uto A — marpu-
1a 6e3 HyJIEBBIX CTOJIOIOB, CJEIYET, YTO BCE BJIOXKEHUS SABJISAIOTCS HA CAMOM JIeJIe
paBeHCTBaMU:
asA =g, s=1,...,1

O

Jlemma 4. ITyemv mampuua A € P, deticmeyem na kaaccax mekomopozo pa3ou-
EHUA 1, O, . .., 0 MHOICECTNEA M Kak nepecmanoska. Tozda mampuua A nepe-
CMAH0804HO N0JOOHA BAOYHO-MOHOMUAALHOT MATMPUYE BAOYH020 NOPAIKG T .

Zoxazameavcmeo. Ilycts marpuna P nepecrasisier crpoku A Tak, 4ToObBI IIepBbIe
TIO3UIIAN 3aHSIJTU CTPOKU C HOMEPAMU U3 (v1, 3aTEM CJIEJIOBAJIA CTPOKU C HOMEPAMU
u3 oo 1 T.11. Torna PAPT — 6109H0-MOHOMHAJIbHAS MATPUIA GJIOYHOrO IOPSLIKA T

Caencrsue 1. /lis mampuuyv, A € P, pasencmeo
crkA? = crkA (4.2)

UMEEM, MECTMO M020a U MOALKO M020a, K020a 8bINOAHEHVL CACIYOULUE 060 YCAOBUSM:
1) mampuya A delicmsyem na KAQCCAT COAUIGPHOCTIU KAK NEPECMANOBKA,
2) mampuya A nepecmano8ouno n0d0OHA GAOUHO-MOHOMUGALHOT MamMpPUye
orouno20 nopadka r = crkA, 6 Komopotl éce HeHyaesvle OAOKU — UETHbIE MAM-

PUYDL.

JHoxasameavcmeo. Ilycrs paBencTBo (4.2) BBINOJHEHO, TOTIA CBOHCTBO 1) J0Ka3bI-
BaeTcs npuMeHenueM Teopembl 1 K ciaydaio A = B. CsoiicrBo 2) nokasbiBaercs
[IpUMEHEHUEM JIEMMBbI 4, IIPUYEM yTBEPXK/IEHUE OTHOCUTEIHLHO HEHYJIEBBIX OJIOKOB
BBITEKAET U3 CJIeAyIomux coobparkenuit. [lemHoit panr 6,109HO-MOHOMUAILHOM MAT-
PUIIBI paBEH, OYEBUJIHO, CyMMe IIEIHBIX PAHIOB HEHYJIEBBIX OJIOKOB. Tak Kak 4ucjio
HEHYJIEBBIX OJIOKOB paBHO T = crkA, TO IemHble paHrn BCEX HEHYJIEBBIX OJIOKOB
pPaBHBI €IMHUIIE, T.€. STH OJIOKU — IIEITHBIE MATPHUIIHL.

IMycrs ycnosus 1) u 2) Boinossensl. Kpajgpar 6/109HO-MOHOMUAIBHONW MaTPUIIBL
C IENHBIMU 6JIOKAMU SIBJISIETCS OJIOUHO-MOHOMUAJIBHON MaTPUIIEH, KaXKIblil HeHyJIe-
BOil 6JIOK KOTOPOil paBeH IPOU3BEIEHUIO JIBYX IEIHBIX OJIOKOB UCXOIHON MaTpPHUIIBI
B CHJIy Ue€ro U caM siBjseTcs nennoil Marpumeii. Ouenano, uro crkA? = crkA.

5 llemnbie cBoiicTBa moJayrpynn

Buauasie npuBenéM ompejiesieHusi, KOTOpble 0000IIA0T HA MOJIYTPYIIIbI OIIPeIe-
genndg 1 u 2.

Oupepenenne 6. ([3]) Ungekcer 4,j € n coemecmumo, nomyrpynnoit P C P,
€CJIM OHU COBMECTHMbI HEKOTOPOH MaTpuleii A € P.

Onpenenenne 7. Nnnekcol ¢ u j coaudapro, B moayrpymme P C P,, eciu cyie-
CTBYeT IIOCJIE/IOBATETEHOCTD MHIEKCOB

i:ilvi%"'aiszja (51)
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B KOTOPOI COCEIHNE UHIEKCHI i), 1)1 COBMECTUMBI TIOJYTPYTIION P, T.e. COBMECTH-
MbI HEKOTOpOit Marpuneit Ay € P (k=1,...,8s—1).

OrHolenue COJINTaPHOCTU UHJIEKCOB B P ABJIAETCA, O9€BU/IHO, OTHOIIIEHUEM 3IK-
BHUBaJICHTHOCTH Ha 1.

Jlemma 5. ITycmo daa mampuy A, B € P,
crk(A) = crk(A?) = crk(B) = crk(B?) = crk(AB) =7 > 2. (5.2)
Tozda
1) pasbuenue Ha Kaacco, corudaprocmu dan mampuy A u B asasemcs 00unakxo-
BbLM, MPUYEM HA IMUL KAaccaT mampuust A u B deticmsyiom kax nepecmanosku;
2) mampuywn, A u B odnum npeobpaszosaruem nepecmanosownozo nodobus npu-

B00AMCA K OAOYHO-MOHOMUAABHOMY GUAY OAO0UH020 NOPAJKA T, NPUHEM BCE HEHY-
Aesvle OAOKU ABAANOMCA UYENHBIMU MAMPUYUAMU.

Loxazameavcmeo. PaccMoTpuM pasbueHnst MHOXKECTBA, 1

ar, Qo, ..., Q (5.3)
a1 A, asA, ..., oA, (5.4)
Bi, B2s s Brs (5.5)
8B, BaB, ..., B.B. (5.6)

Baecw (5.3) u (5.5) — wuaccel conumapaocru miug marpury, A u B. Ilpu ycnoBun
(5.2) ykazannble deTbipe pasbueHns COBIAJIAIOT (T.e. OTJIMIAIOTCH JIUIIh HOPSIKOM
nepeuncyienus 4ieHos). JeiicrBurensho, pasouenus (5.3) u (5.4), a rakxke (5.5) n
(5.6), coBnanator 1o caeacrsmio 1 (c.150); coBnaxenue (5.4) u (5.5) BbITEKAeT u3
Teopemsbl 1 (c.147).

ITockonbKy MaTpuipl A 1 B ONpesiessiior OHO U TO ¥Ke pasOueHrne MHOYKEeCTBa
n Ha KJIACCHI COMUIAPHOCTH, TO MOYKHO BBIOPATH OJHO TEPECTAHOBOTHOE TOI00ME
(cIoCOBOM, OTTMCAHHBIM B JIOKA3ATEIbCTBE JIEMMBI 4), TPUBOJISIIEE STH MATPUIIHL K
6II0THO-MOHOMUAIBLHOMY BUY. B 9TWX MAaTpHIAX, COTVIACHO JieMMe 4, HeHyJIeBbIe
6JIOKI/I ABJIAIOTCA IEITHBIMU MaTPHUIlaMU. |:|

IMycrs I(P) — MuoxkecTBO MaTpull, noryrpyiisl P C P, uMeonmx MuHuMAa b
HBII [IEITHON paHT:

IP)={AeP|cak(4) = I\I}lé% crk(M)}. (5.7)
N3 (2.2) caenyer, uro I(P) — (aBycroponuuit) unean B P.
CanencrBue 2. /Jlas mampuy udeana I(P) xaacco. coaudaprocmu 00unakosoL.

Joxazamenvcmeo. Herpyauo Bugersb, uro mjist jaobbix A, B € I(P) BbIIOJHAIOTCs
ycaoBus jiemmbl 5. CrienoBaTesibHO, eciau jiig Kakoh-uubynab marpurpl A € 1(P)
M3BECTHBI KJIACCHI COJTUIAPHOCTH, TO OHH SIBJISIOTCS KJIACCAMY COJUIAPHOCTH LISt
sroboit m3 marpur uneana I(P). O

JIemma 6. [3, iemma 2| Iycmo das mampuy, A, B u3 P cywecmeyem npouseedenue
AB. Ecau undexco, i u j cosmecmumv, mampuuetd A, mo owu cosmecmumvs u
mampuuets AB.
Aoxasamenvcmeo. Ilycrs (A)i, > 0,(A)jr > 0,(B)w > 0. Orciona

(AB)it > (A)ir(B)r > 0, (AB)ji = (A);jr(B)r > 0.
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Jlemma 7. Hndexcoi i, j € n coemecmumu, nosyepynnot P mozda u moavko moada,
Ko2da onu cosmecmumbe (10601) mampuued, npunadaesicawet udeany I(P).

Hoxasamesvcmso. COrsacHO CJAEACTBUIO 2 JOCTATOYHO JOKA3aTh, YTO HHIEKCHL ¢, j
COBMECTUMbI Kakoi-uuOya» Marpuneii u3 I(P). Ilycrb uHIEKCHI 4, j € N COBMECTH-
Mbl MaTpureit B € P. B cuty semmsr 6 ipu C' € I(P) OHH COBMECTHMBI MATPHIIEH
BC € I(P).

ObpaTHOe yTBepKIEHNE OUEBUJIHO. O

Teopema 2. Hndexcol i,j € n corudaprov, 6 P mozda u moavko mozda, £020a OHU
coaudaprvl 6 (A10601) mampuue, npunadaescawet udeary I(P).

Zloxasameavcmeo. Ilycrs mumekcsl i, j comumapubl B P. Torma B mocsemoBaTeb-
Hocth (5.1) cocemHMe MHIEKCHI COBMECTMMBI MOJIYTpynmoil P u 1o jemme 7 OHI
A-comupapuel npu joboit A € I(P). ITockonbKy COMMIAPHOCT UHIEKCOB €CTh
TPAH3UTUBHOE OTHOIIEHUE, TO UHIEKCHI 1, j TOKe A-ComuIapHbl.

Ob6parHOe yTBEpXKIeHUE OUEBU/IHO. ([

Omnpenenenne 8. Umaekcom mecommmapuoctu moayrpynnsl P C P, mHasbiBaercs
MakcuMaJsibHoe daucsio r = 7(P) UHIEKCOB, J06ble [[Ba U3 KOTOPLIX HECOJIHUAPHLI B
P. Opyrumu ciosamu, uHjekc r(P) paBeH YUCIy KJIACCOB P-COIMIapHOCTH.

ITo Teopeme 2 KJIACCHI COMMIAPHOCTH TOYTPYIIBL P COBIAIAIOT C KJIACCAMU CO-
JIapHocT Jio6oii u3 marpun uineada I (P). Orciona u u3z omucanus (5.7) uieana
I(P) cnenyer, uro nHmeke HecomumapHocTu nonyrpymnsl P C P, paBeH HanMeHb-
IeMy U3 TeMHBIX PAHIOB MATPHUIL TOJIYTPYIIIIbL:

r(P) = grlel% crk(A). (5.8)

Teopema 3. Ilycmo dana nosyepynna P mampuy ¢ undexcom Hecosudaprocmu,
PABHBLM T, 8 MHONCECTNBE N X N-MAMPUY, OE3 HYAEBHIT CMPOK UL CTOAOYOSE.

1. Ecau r =1, mo noayepynna P uennas (m.e. codepocum yennyio mMampuyy).

2. Ecau r > 2, mo ece mampuyvs noayzpynno, P deticmeyiom na Kaaccax co-
audaprocmu Kax nepecmanosku. Bce mampuyvt nosyepynns, P odhum npeobpaso-
BAHUEM NEPECTNAHOB0WHO020 N0000USA NPUBOIAMNCA K OAOUHO-MOHOMUAALHOMY BUAY
60041020 Nopadka r. IIpeobpasosannas noAyepynNa COOEPHCUM MAMPUYDL, 8 KOMO-
DT BCE HEHYAEBBIE OAOKU ABAAIOMCHA UYENHOMU MAMPUUAMU.

Joxazameavcmeo. 1. YrBepkienue HeMeleHHO cieayer u3 (5.8).

2. ITo nemme 5 Bce marpunbt uiaeasna I (P) HeficTBYIOT Ha KIIACCAX COJIMIAPHOCTI
KaK MEPEeCTAaHOBKY U OJHUM MPeoOpa30BaHNeM IePECTAHOBOYHOIO TOI00UsT TIPUBO-
JATCS K BJI09HO-MOHOMUAJIBHOMY BULY OJIOYHOIO MOPSJIKA I* C HEMHBIMA HEHYJICBbI-
MU OJIOKAMHU.

Tenepnb mokazkem, 4To He TOJbKO MarTpurpl uz I(P), Ho yobas marpurna A €
P neficTByeT Ha KjaccaX COJMUIAPHOCTH Kak mepecraHoBka. CorsmacHo Jjemme 3
JIOCTATOYHO JIOKA3aTh, 4TO A-TIOC/IEOBATENN HECOIMJAPHBIX HMHJIEKCOB HECOJIH-
JapHbl. [IpenonoKuM IIPOTUBHOE: JIJIs HECOJUIAPHBIX WHIEKCOB | W j WMeeM
(A)ir > 0,(A);; > 0, mo ummexcst k u | comunapunl. Torma, ecmu B € I(P) u
(B)ks > 0,(B)it > 0, 10 s u t conrumapusl. g marpuiet AB € I(P) u HHIEKCOB &
U j UMeeM:

(AB)is = (A)ir(B)rs > 0, (AB)jt > (A)ji(B)u > 0,
CJIEJIOBATENIHHO, MHIEKCHI 4 U j, KAK HMEIOIIEe CONUIAPHBIX MOCTIEI0BATENEH, JOK-
HBI OBITH COMUIAPHBIME. [IPUIIIN K TPOTUBOPETNIO. ([l
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6 Csas3b Teopemsbl IIporacoBa—BoiiHoBa u Teopembl 3

HamomuuM, 910 110 OHOMY U3 9KBUBAJEHTHBIX OIPE/IEJICHUN HEOTPUIATETLHAS
MaTpura A mopsiJika 1 HA3bIBAETCS HEIIPUBOIUMOMN, €CIIHU JIJIsT JTIOObIX WHJIEKCOB i, j
u3 MHOXKecTBa n = {1,...,n} cymecTByer Takoii nokasaress I, 910 (i, j)-2J€MEHT
marpunpt Al monoxurenen. U3 teopun Ileppona-®pobenmyca HEOTPHIATEIBHBIX
MATPHI[ U3BECTHO, YTO CIEKTPAJIbHBIN pamuyc p(A) HenpuBomumol marpunbl A
sBJIseTCd €€ MPOCTBIM cobcTBeHHBIM 3HadeHneM. Kommaectso 1 = r(A) coberBeH-
HBIX 3HAYEHUI, pABHBIX p(A) 110 MOJYIIIO, HA3BIBAETCS MHIEKCOM UMIPUMUTUBHOCTH
HenpuBoAUMOi Marpunibl. [Ipu 7 = 1 MaTpuna Ha3bIBaeTCsl TPUMUTUBHON, a €CJIN
r > 1, To nmnpumurusHOit. KoMGuHaTopHast (T. e. onpeessieMasi PACIOIOKEHTEM
HOJIOZKUTEIBHBIX JIEMEHTOB) XaPAKTEPUCTUKA IIPUMUTUBHON MATPHUIILI COCTOUT B
TOM, 9TO HEKOTOpAas €€ CTEIeHb sIBJIeTCS IOJOXKUTEIbHOM Marpureii. [lo uzBect-
oit reopeme OpobeHnyca HEIPUBOANMAS MATPUIA JTUOO MPUMUTUBHA, JTUOO TIpe-
oOpa30oBaHUEM ITEPECTAHOBOTHOTO TOI00Us MPUBOIUTCI K TaK Ha3biBaeMoil hopme
Ppobenmyca:

0 A ... 0
A=l 0 o0 oA, | (6.1)
Ar 0 ... 0

(1) 4)

npuuém B Marpuie A7 = diag(A;j}, Agy ,...,A&Q) JIMaroHaJIbHbIE OJIOKU IIPUMU-
TUBHBI (CM., Hanpumep [6]).

B pabore [8] IIporacos u Boitnos mokazanu obobiienne teopembl Ppobernyca
HA TIOJIYTPYIIIBl HEOTPUIATENbHBIX MATPHUI. [Ipr 3TOM HCIOIB30BAIUCH CJIELYTO-
e HOJIYTPYIIOBLIE aHAJOTU OIpeIeIeHUil HeNPUBOJIUMON U IPUMUTUBHON MaT-
punpl. [omyrpynmna P HeoTpHIATEILHBIX MATPUIL, HOPAIKA 7. HA3BIBACTCS HEIPH-
BOJIUMOIH, ecu Jijist JTIOOBIX 4,j € n B P HaifiiéTcs MaTpHUia ¢ MOJOXKATETHHBIM
(i, j)-snemenToM. JIerko BHIETH, YTO HEIPUBOAUMOCTD HEOTPUIATEIHHONW MaTpU-
upl A skBuBasieHTHa HenpupoguMmocTu nosyrpymnbl (A). IMogyrpynna nasbiBaer-
Csl TIPUMUTUBHON, €CJIM OHA COJNEPIKUT XOTs ObI OJIHY IOJIOKUTEIBHYIO MATPHILY.
Henpusoaumble MOSyrpyInbl, He ABJISIONAECT NPUMATHBHBIME, HA3BIBAIOTCS M-
IPUMATHABHBLIMU.

Teopema IIporacoBa—Boitnoa ([8]) omnucbiBaeT KOMOUHATOPHYIO CTPYKTYDPY
HENPUBOJMMOl TOJYIPYIIBl HEOTPUIATENIBHBIX MATPHUI, 0€3 HYJIEBBIX CTPOK U
cTosb10B. KJI09eBbIM MOHSATHEM TEOPEMBI SIBJISETCST MOHSITHE WHIEKCA MMIIPUMHU-
TUBHOCTH TIOJIYTPYIIBL. MBI IPUBEAEM COOTBETCTBYIOIIEE ONPEIEICHUE U TEOPEMY
B (POPMYJIMPOBKE, HECKOJIBKO OTINYAOINIENCS OT OPUTHHAJIBHOI, HO OoJiee yI00HOM
B KOHTEKCTE JAHHON pabOTHI.

Onpeaenenne 9. Unnekcom nmnpumutuBHOCTH Tostyrpytmsl P C P, HasbiBaeTcs
HanOOJIbIIIEE IHCJIO 7', TAKOE, ITO CYIIECTBYIOT T WHJIEKCOB, JIIOObIE IBA M3 KOTOPBIX
HE COBMECTHMBI ITOJIyTrPyIIoi P.

Teopema 4. (|8, reopema 1|) ITyemv P C P, nenpusoduman noiyzpynna ¢ underk-
com umnpumumusnocmuy . Ecauw v = 1, mo noayepynna P codeporcum noaoorcu-
MEALHYIO MAMPULY.

Ecau v > 2, mo cywecmeyem eduncmeenmoe pa3dbuenue MHOHCECMBA T HA T
KAQCCOB, HG KOMOPOM 6CE MAMPUUDBL NOAY2PYNNLL JeTUCBYIOM KAK NEPECMAHOEKY.
Imo pazbuenue Ha3vlBAEMCEA KAHOHUYECKUM.
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Bce mampuyv, noayepynnos P o0num npeodpasosaHuem nepecmarosouHozo no-
dobus npueodamcsa K OAOUHO-MOHOMUAALHOMY 6UY bA0uH020 nopadka . IIpeob-
PA30BAHHAS NOAYLPYNNG COOEPHCU, MAMPUUDL, 68 KOMOPHLL 6CE HEHYAEEBLE BAOKU
NOAOIHCUMENDHDL.

st majibHeHIero CymecTBeHHO TO, YTO KAHOHWYECKOe PAa30HeHue JI0IyCKaeT
OIICAHNE B TEPMUHAX COBMECTUMOCTH:

Teopema 5. (|2|) Jas nenpusodumoti noayepynnoe P C P, pasbuerue mmooice-
CMBa M HA KAGCCHL COBMECTNUMOCTIUY ABAACNCA KAHOHUYECKUM DA3OUCHUEM.

Teopema 6. Pasbuerue MHOHCECTNEA T HA KAGCCHL COAMUAAPHOCTNUY ABAAETCH N00-
pasbueruem 100020 pasbuerus, Ha KOMOPom mampuyse nosyepynnu, P C P, det-
CMBYM KAK NePecmaHo8Ky.

Jloxaszameavcmeo. Ilyctb Ha pa3dbueHUN T MATPHUIBI MOJYTPYIIBbl P AefiCTBYIOT
KaK [epecTaHOBKU. [IpeioI0:KuM, 9T0 MHJIEKCHI ¢ U j COMUJIAPHBI B TOJIyrpyie P.
Torma, corsacHo ompeesIeHnIo 7, CYIECTBYET TaKas TOC/IEI0BATETbHOCTD HHIEKCOB

§= 1,02, ... i = ], (6.2)

ITO WHJIEKCHI ik, 1)+1 COBMECTUMBI HEKOTOPOit Marpureit A, € P, k=1,...,s — 1.
Wunexcsr, jiexxkaiue B pa3HbIX T-KJIACCAX, HE COBMECTAMBI, OY€BHIHO, HUKAKOI MaT-
purieit u3 P. Ipyrumu cjioBaMu, WHIEKCHI, COBMECTUMbIE MaTpuiieil u3 P, HeoOxomm-
MO JIeXKaT B OJIHOM m-KJiacce. OTCIo/la cjIelyer, ITo JIIOObIE JIBa COCETHUX HHIEKCA
B mocJsieioBaTesbHOCTH (6.2) JIeXKaT B OJHOM TT-KJIacce, a MOTOMY COJIUJIAPHbIE UH-
JIEKCBL § U j JIeXKaT B TOM JKe T-KJjacce. JTO 3HAYUT, UTO pasbueHue Ha KJIACCHI
COJINTAPHOCTH SIBJISIETCS TOAPa3dueHneM pa3doueHus .

Teopema 7. /laa nenpusodumoti noayepynno. P C P, pazbuenue Ha Kaacco, coau-
daprocmu cosnadaem ¢ pasbueruem Ha KAGCCHE COBMECNUMOCTIIU.

JHoxasameavcmeo. 1) Tlo Teopeme 6 pasbuenne Ha KJIACCHL P-COMUIAPHOCTH SABJIg-
ercs noapa3bueHneM pa3dueHnsi Ha KJIACCHI P-COBMECTUMOCTH, T.€. P-COIUIapHbIE
unyekcol P-coBmectuMbl. 2) U3 onpeesienust 7 BUAHO, 9T0 P-COBMECTUMbBIE HHIEK-
cbl P-comunapubl. 13 1) u 2) coenyer yTBepKIeHIE TEOPEMBI. ([

B cuny TeopemMbr 7 nHIEKC HECONMUIAPHOCTH HEITPUBOAUMON rosyrpymnnst P C Py,
COBITAJIAET C €€ MHJIEKCOM UMIIPUMHUTUBHOCTU. B 9YacTHOCTH, MHJIEKC HECOJIMIAPHO-
cTH HenpuBoauMoi Marpullbl A € P, paBeH eé MHJIEKCY UMIPUMUTHBHOCTH.

ITpumMenum 1moJryueHHBIE PE3YIbTATHl K HOJIyrpymnne (A), mopoxIEHHON eauH-
crBerHOl Marpuneit A € P,,. I3 HepaBeHcTBa (2.2) ciieflyeT IEnovYKa HEPABEHCTB

crtkA > crkA? > .- > crkA* > erkAF > .. (6.3)
IIPUYEM UMEET MECTO TeopeMa

Teopema 8. ([5], meop. 3.5) Ecau crkAFHL = crk A% mo crkA*+! = crkA¥ daa
ecex t € N.

O6o3HaINM 1Yepe3 » MUHUMAJBHBIN TOKAa3aTelb, IIPH KOTOPOM B IIEIIOYKE Hepa-
sencts (6.3) nmeer mecto pasenctso crkA” T = crkA”.

Ilpennoxkenne 4. » <n — 1.
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Loxazameavcmeo. Bragase ormerum odeBugHoe: » < n. omyctum, 9to » = n.
DTO paBEHCTBO BO3MOXKHO TOJIBKO ecyu crkA = n, ciiefoBaTesibHO, O MpeJJIoXKe-
Huio 2, A MOHOMHUaJIbHasE MaTpUIia. MHOKECTBO MOHOMHMAIHLHBIX MATPUIL 3aMKHYTO
OTHOCHTEJIBHO yMHOKeHHsI, 1o3ToMy crkA* = n mpu k = 1,2, ... Ho B aTOM cityuae
» = 1. BButy mosry4eHHOro mpoTuBOpeUnsi mojrydaeM »x < n — 1. O

U3 npeyiozkenns 4 ciepyet, ato matpuma A"~ mpunagmexut ugeany I((A)).
YuuThiBas 3T0, U3 TEOPEMbI 2 BLIBOJIUM:

CanencrBue 3. Ilycmo A € P,,. Hndexco i,j € n coaudapnv, 6 noayepynne (A)
moeda U Moavko moada, Koeda onu coaudaprse 6 mampuye A" L.

Nunexe wecommmaproctn nonyrpynnsl (A) obosnadunm cumposiom r(A). Torma
YTBEPKJIEHNE CJIE/ICTBUS 3 MOYKHO 3aINCATh B BHJIE PABEHCTBA

r(A) = crkA™ L. (6.4)

Teopema 9. ITycmos A € P,,.

1. Ecaur(A) =1, mo A — nomenyuaivHo YenHas Mampuya, & UMEHHO, MM~
puuyol AF k> n — 1, a6aa10mea uennvmu Mampuyam.

2. Ecau r = r(A) > 2, mo mampuua A npeobpazosaruem nepecmanogowo-
20 nodobus NPpuBoIUMCA ¥ OAOUHO-MOHOMUAALHOMY 6UY bA04H020 nopadka T. B
mampuyaxr A*, k> n — 1, nenyiesvle 6A0KU AGAAIOMCA UETHOLMU MATMPUUAMU.

IIpeamonoxkum, uro marpuiia A HenmpusoguMa. I1o TeopeMe 7 Kaacchbl COTUIAD-
HocTH TOJIyrpymmsl (A) coBmajaioT ¢ Kiaaccamu copmectumoctu. Ecm r(A) = 1,
T.e. JOObIE J[BA UHIEKCA COBMECTUMBI, TO A — IPUMUTUBHAA MATPHULA, CM. |4,
npenoxkenne 6.1]. Temeps mycts r = r(A) > 2. Torga KiIacchl COBMECTHMOCTH
00pa3yoT Tak Ha3bIBAEMOE IUKJIMIECKOe pa30HeHrne MHOYKECTBa M. IJTO 3HAYMNT,
YTO CyIIECTBYET HyMepalusi KJacCOB COBMECTUMOCTH: (1, (X2, ..., 0, TIPA KOTO-
poit a1 A = g, a0A = az,...,q,A = a1. D10l HyMepaIruu cooTBeTCTBYET (hopmMa
(6.1). Takum 06pa3oM, B HEIIPUBOIUMOM CJIydae GJIOUHO-MOHOMUAIbHAS (hOpMa U3
teopembl 9 npeBpamaercs B dopmy Ppodennyca. [logpodbustit BeiBos opmer Ppo-
GeHnyca ¢ TOMOIBIO OTHOIIEHNsT COBMECTUMOCTH M. B [1].

Baaromapaoctn

Agropsl Osiarogapubl Biragumupy IIporacoBy 3a mHTEpECHBIE 0OCYKIEHUS.

References

[1] Yu.A. Alpin, Nonnegative matrices — Kazan. Fed. University, 2015.

[2] Alpin Yu. A., Al'pina V.S. A New Proof of the Protasov-Voynov Theorem on
Semigroups of Nonnegative Matrices — Math Notes 105, 805-811 (2019).

[3] Yu.A. Alpin, V.S. Alpina, Combinatorial Properties of Entire Semigroups of
Nonnegative Matrices J Math Sci 207, 674-685 (2015).

[4] Yu.A. Alpin, I.V. Bashkin, Nonnegative chainable matrices — Computational methods
and algorithms. Part XXXIII, Zap. Nauchn. Sem. POMI, 496, POMI, St. Petersburg,
5-25, (2020). Translation in J. Math. Sci. (N.Y.) 255, no. 3, 217-230 (2021).

[5] Yu.A. Alpin, A.E. Guterman, E.R. Shafeev An upper bound for the chainable index —
J Math Sci 272, 487-495, (2023).

[6] F.R. Gantmacher, The theory of matrices — Nauka, 1967.


https://doi.org/10.1134/S0001434619050183
https://doi.org/10.1134/S0001434619050183
https://doi.org/10.1007/s10958-015-2390-9
https://doi.org/10.1007/s10958-015-2390-9
https://doi.org/10.1007/s10958-023-06443-9

156

7]

18]

I0.A. Anpnun, A.D. I'yrepman, E.P. Illadeen

J. Hartfiel, J. Maxson, The chainable matrix, a special combinatorial matrix. —
Discrete Math., 12 (1975), 245-256.

V.Yu. Protasov, A.S. Voynov, Sets of nonnegative matrices without positive products.
— Linear Algebra Appl., 437, 749-765 (2012).

(¥O.A. Asbnimn) YURI ABDULLOVICH ALPIN
GOGOL sT. 9, AP. 1,
420015 KazaN, Russia

(A.9. T'yrepman) ALEXANDER EMILEVICH GUTERMAN
DEPARTMENT OF MATHEMATICS, BAR-ILAN UNIVERSITY,
5290002 RamMAT GAN, ISRAEL

(E.P. ITadees) EUGENII RINATOVICH SHAFEEV

DEPARTMENT OF MATHEMATICS AND MECHANICS, MOscOow STATE UNIVERSITY,
119991 Moscow, Russia

Email address: yurialpin016@gmail.com, alexander.guterman@biu.ac.il,

shafeev.ev@yandex.ru


https://doi.org/10.1016/0012-365X(75)90049-7
https://doi.org/10.1016/j.laa.2012.02.029

	Введение
	 О цепном ранге
	Равенство crk(AB)=min(crkA,crkB).
	Равенство crk(A2)=crk(A).
	Цепные свойства полугрупп
	Связь теоремы Протасова–Войнова и теоремы 3

