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Abstract: The article examines some properties of quasiconformal
mappings on the Heisenberg group. In particular, an explicit expression
for the Beltrami coe�cient is obtained for the composition of two
quasiconformal mappings. It is also shown that if two maps have
identical Beltrami coe�cients almost everywhere, then these maps
are conformally equivalent. Ðàññìîòðåí ðÿä ïðèìåðîâ..

Keywords:Heisenberg group, quasiconformal mappings, Beltrami
coe�cients, Brownian motion.

1 Ââåäåíèå

Â äàííîé ðàáîòå ìû âûâîäèì ôîðìóëó äëÿ êîýôôèöèåíòà Áåëüòðàìè
êîìïîçèöèè äâóõ êâàçèêîíôîðìíûõ îòîáðàæåíèé íà ãðóïïå Ãåéçåíáåðãà
H. Êâàçèêîíôîðìíûå îòîáðàæåíèÿ íà H àêòèâíî èçó÷àþòñÿ íà÷èíàÿ ñ
ðàáîò À. Êîðàíüè è Õ. Ì. Ðàéìàíà [1]. Òàê â [2] ïîêàçàíî, ÷òî êâàçèêî-
íîôîðíîå îòîáðàæåíèå ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû Áåëüòðàìè. Îäíàêî,
íàñêîëüêî íàì èçâåñòíî, ÿâíàÿ ôîðìóëà êîýôôèöèåíòà Áåëüòðàìè êîì-
ïîçèöèè îòîáðàæåíèé ðàíåå â ëèòåðàòóðå íå âñòðå÷àëàñü. À ìåæäó òåì
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ñ å¼ ïîìîùüþ ìîæíî äîêàçàòü àíàëîã ôàêòîðèçàöèÿ Ñòîéëîâà è èññëå-
äîâàòü êâàçèáðîóíîâñêèå äâèæåíèÿ íà ãðóïïå Ãåéçåíáåðãà.
Íà ïëîñêîñòè âåðíà òåîðåìà(ôàêòîðèçàöèÿ Ñòîéëîâà):

Òåîðåìà 1 ([3, Theorem 5.5.1]). Ïóñòü Ω,Ω′ ⊂ C è f : Ω→ Ω′ � ãîìåî-

ìîðôèçì êëàññà W 1,2
loc (Ω), ÿâëÿþùèéñÿ ðåøåíèåì óðàâíåíèÿ

∂f

∂z
= µ(z)

∂f

∂z
,

ãäå µ(z) - èçìåðèìàÿ ôóíêöèÿ è |µ(z)| 6 k < 1 ïî÷òè âñþäó â Ω.

Ïóñòü g ∈W 1,2
loc (Ω) áóäåì äðóãèì ëþáûì ðåøåíèåì óðàâíåíèÿ â Ω. Òîãäà

ñóùåñòâóåò ãîëîìîðôíàÿ ôóíêöèÿ h : Ω′ → C, òàêàÿ ÷òî

g = h ◦ f.
Îáðàòíî, åñëè h ãîëîìîðôíî â Ω′, òî êîìïîçèöèÿ h◦f ýòîW 1,2

loc -ðåøåíèå
óðàâíåíèÿ â Ω.

Áîëåå òîãî, èçâåñòíî, ÷òî íà ïëîñêîñòè ëþáîå äèñêðåòíîå îòêðûòîå
îòîáðàæåíèå òîïîëîãè÷åñêè ýêâèâàëåíòíî àíàëèòè÷åñêîé ôóíêöèè h =
ϕ ◦ f , ãäå f ãîìåîìîðôèçì, à ϕ ãîëîìîðôíàÿ ôóíêöèÿ. Þ. Ã. Ðåøåò-
íÿêîì áûë äîêàçàí([4]) îáùèé ôàêò, ÷òî êâàçèðåãóëÿðíîå îòîáðàæåíèå
ÿâëÿåòñÿ îòêðûòûì è äèñêðåòíûì. Â ñâîþ î÷åðåäü, êâàçèêîíôîðìíîå
îòîáðàæåíèå - ýòî èíúåêòèâíîå êâàçèðåãóëÿðíîå îòîáðàæåíèå. Òîãäà, èç
òåîðåìû 1, ìû ïðèõîäèì ê òîìó, ÷òî åñëè íà ïëîñêîñòè äàíû äâà êâàçè-
êîíôîðìíûõ îòîáðàæåíèÿ f : Ω → Ω1 è g : Ω1 → Ω2, òî êîýôôèöèåíò
Áåëüòðàìè äëÿ îòîáðàæåíèÿ f ◦ g−1 : Ω2 → Ω1 èìååò âèä

µf◦g−1 ◦ g =
gz
gz
·
µf − µg
1− µfµg

,

ãäå µf , µg ýòî êîýôôèöèåíòû Áåëüòðàìè äëÿ ôóíêöèé f, g, ñîîòâåòñòâåí-

íî, è gz = 1
2( ∂
∂x −

∂
∂y )g. Âûâîäèì, ÷òî åñëè êîýôôèöèåíòû Áåëüòðàìè

äâóõ ôóíêöèé ñîâïàäàþò ïî÷òè âñþäó, òî ñàìè ôóíêöèè îòëè÷àþòñÿ
äðóã îò äðóãà íåêîòîðûì êîíôîðìíûì ïðåîáðàçîâàíèåì ñëåâà.
Â ýòîé ñòàòüå ìû ñòàâèì çàäà÷ó ïîëó÷èòü àíàëîãè÷íûé ðåçóëüòàò íà

ãðóïïå Ãåéçåíáåðãà H. Ñíà÷àëà, ìû íàõîäèì, ÷åìó áóäóò ðàâíû äèô-
ôåðåíöèàëüíûå îïåðàòîðû îò êîìïîçèöèè ôóíêöèé. Ïîòîì ðàññìàòðè-
âàåì êîýôôèöèåíòû Áåëüòðàìè îò êîìïîçèöèè, èñïîëüçóÿ ïîëó÷åííûå
ôîðìóëû. È çàòåì ïîëó÷àåì òåîðåìó àíàëîãè÷íóþ òåîðåìå Ñòîéëîâà,
÷òî ðàâåíñòâî êîýôôèöèåíòîâ Áåëüòðàìè êâàçèêîíôîðìíûõ îòîáðàæå-
íèé ïî÷òè âñþäó íà ãðóïïå Ãåéçåíáåðãà ðàâíîñèëüíî òîìó, ÷òî íàéä¼ò-
ñÿ êîíôîðìíàÿ ôóíêöèÿ, êîìïîçèöèîííî ïîäåéñòâîâàâ êîòîðîé ñëåâà,
ìû ïîëó÷èì ðàâåíñòâî îäíîãî îòîáðàæåíèÿ ÷åðåç äðóãîå. Òàêæå ýòè ðå-
çóëüòàòû ïîìîãàþò â àíàëèçå êâàçèêîíôîðìíûõ îáðàçîâ áðîóíîâñêîãî
äâèæåíèÿ íà ãðóïïå Ãåéçåíáåðãà. Çàäà÷à ñîñòîèò â ñëåäóþùåì, ïóñòü äà-
íû äâà êâàçèêîíôîðìíûõ îòîáðàæåíèÿ ñ îáùèì êîýôôèöèåíòîì Áåëü-
òðàìè, áóäóò ëè òîãäà ñîîòâåòñòâóþùèå îáðàçû áðîóíîâñêîãî äâèæåíèÿ
ýêâèâàëåíòíû?
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2 Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Îñíîâû òåîðèè êâàçèêîíôîðìíûõ îòîáðàæåíèé ïðåäñòàâëåíû â [1].
Íèæå ìû ïðèâîäèì íåîáõîäèìûå íàì îïðåäåëåíèÿ è ðåçóëüòàòû.
Ãðóïïó Ãåéçåíáåðãà H ìîæíî îòîæäåñòâëÿòü ñ R3, à ýëåìåíòû ãðóïïû

ìîæíî ïðåäñòàâèòü êàê (z, t) ∈ C×R. Òîãäà ãðóïïîâàÿ îïåðàöèÿ çàäà¼òñÿ
ñîîòíîøåíèåì

(z1, t1)∗(z2, t2) = (z1+z2, t1+t2−2 Im(z1·z̄2)) = (z1+z2, t1+t2−2(x1y2−x2y1)),

ãäå z1 = x1 + iy1, z2 = x2 + iy2.
Îäíîïàðàìåòðè÷åñêàÿ ãðóïïà ðàñòÿæåíèé: δs(z, t) = (sz, s2t), s > 0. Ëå-
âîèíâàðèàíòíûå âåêòîðíûå ïîëÿ

X =
∂

∂x
+ 2y

∂

∂t
, Y =

∂

∂y
− 2x

∂

∂t
, T = − [X,Y ]

4
=

∂

∂t

îáðàçóþò ñòàíäàðòíûé áàçèñ àëãåáðû Ëè. Îäíîðîäíàÿ íîðìà (íîðìà Êî-

ðàíüè) ρ(z, t) = (|z|4 + t2)
1
4 çàäà¼ò ìåòðèêó íà H: ρ((z1, t1), (z2, t2)) :=

ρ((z2, t2)−1 ∗ (z1, t1)).

Îïðåäåëåíèå 1 ([1]). Ïóñòü f = (f1, f2, f3) : Ω → H îòîáðàæåíèå,
îïðåäåë¼ííîå íà îòêðûòîì ìíîæåñòâå Ω ⊂ H. Áóäåì ãîâîðèòü, ÷òî f
óäîâëåòâîðÿåò óñëîâèþ êîíòàêòíîñòè, åñëè îíî ñîõðàíÿåò êîíòàêò-
íóþ ñòðóêòóðó:

−2f2Xf1 + 2f1Xf2 +Xf3 = 0;

−2f2Y f1 + 2f1Y f2 + Y f3 = 0.

Ïóñòü Ω ⊂ H � îòêðûòîå ìíîæåñòâî. Ïðîñòðàíñòâî ÑîáîëåâàW 1,q(Ω),
ãäå 1 ≤ q ≤ ∞, ñîñòîèò èç ëîêàëíî èíòåãðèðóåìûõ ôóíêöèé f : Ω → R
îáëàäàþùèõ îáîáù¼ííûìè ïðîèçâîäíûìè Xf è Y f è òàê ÷òî íîðìà
‖f‖W 1,q(Ω) = ‖f‖Lq(Ω) + ‖∇hf‖Lq(Ω) <∞, ãäå ∇hf = (Xf, Y f) � ãîðèçîí-

òàëüíûé ãðàäèåíò. Áóäåì ãîâîðèòü, ÷òî f ∈ W 1,q
loc (Ω) åñëè f ∈ W 1,q(U)

äëÿ ëþáîãî îòêðûòîãî ìíîæåñòâà U òàêîãî ÷òî Ū ⊂ Ω.
Îòîáðàæåíèå f : Ω → H ïðèíàäëåæèò êëàññó W 1,q

loc (Ω;H) åñëè f ∈
Lq(Ω;H) è âûïîëíåíû äâà óñëîâèÿ:
(A) Äëÿ ëþáîãî w ∈ H ôóíêöèÿ [f ]w : x ∈ Ω 7→ ρ(f(x), w) ïðèíàäëåæèò

ïðîñòðàíñòâó W 1,q
loc (Ω);

(B) Ñåìåéñòâî ôóíêöèé∇h[f ]w èìååò ìàæîðàíòó, ïðèíàäëåæàùóþ Lqloc(Ω).

Äëÿ îòîáðàæåíèé f = (f1, f2, f3) : Ω→ H êëàññà Ñîáîëåâà W 1,q
loc (Ω;H)

îïðåäåëèì ôîðìàëüíûé ãîðèçîíòàëüíûé äèôôåðåíöèàë Dhf êàê ìàò-
ðèöó

Dhf =

(
Xf1 Y f1

Xf2 Y f2

)
,

à Jf = det(Dhf) áóäåì íàçûâàòü ÿêîáèàíîì îòîáðàæåíèÿ f .

Îïðåäåëåíèå 2. Ãîìåîìîðôèçì f : Ω → H, îïðåäåë¼ííûé íà îòêðû-
òîì ìíîæåñòâå Ω ⊂ H ÿâëÿåòñÿ êâàçèêîôíîðìíûì îòîáðàæåíèåì,
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åñëè f ∈ W 1,4
loc (Ω;H), è ñóùåñòâóåò êîíñòàíòà K > 1, òàêàÿ, ÷òî

íåðàâåíñòâî

|Dhf |4 6 KJf

âûïîëíåíî ïî÷òè âñþäó íà Ω.

Òåîðåìà 2 ([5] ñòð. 326). Ëþáîå 1-êâàçèêîíôîìðíîå (ò.å. êîíôîðìíîå)
îòîáðàæåíèå íà ãðóïïå Ãåéçåíáåðãà ïðåäñòàâëÿåòñÿ êàê êîìïîçèöèÿ
îòîáðàæåíèé ñëåäóþùåãî òèïà:

(1) ñäâèã πa(x) = a ∗ x, a ∈ H;
(2) ðàñòÿæåíèå δs(x) = (sz, s2t), s > 0;
(3) ïîâîðîò φα(x) = (eiαz, t), α ∈ R;
(4) èíâåðñèÿ j(x) = ( z

|z|2−it ,
−t
ρ(x)4

);

(5) îòðàæåíèå ι(x) = (z, t).

3 Óðàâíåíèå Áåëüòðàìè íà ãðóïïå Ãåéçåíáåðãà

×òîáû ñôîðìóëèðîâàòü óðàâíåíèå Áåëüòðàìè ðàññìîòðèì âåêòîðíûå
ïîëÿ â êîìïëåêñíîé ôîðìå

Z =
1

2
(X − iY ) è Z =

1

2
(X + iY ).

Òåîðåìà 3 ([1, Theorem 7]). C2-äèôôåîìîðôèçì f ÿâëÿåòñÿ K-êâàçèêîíôîðìíûì
îòîáðàæåíèåì, òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò êîìïëåêñíàÿ
ôóíêöèÿ µ ñ |µ| 6 K−1

K+1 , êîòîðàÿ óäîâëåòâîðÿåò

ZfI = µZfI,

ZfII = µZfII.

ãäå fI = f1 + if2 è fII = f3 + i|fI|2.

Ëåììà 1. Ïóñòü Ω,Ω′,Ω′′ îáëàñòè â H, g : Ω → Ω′ è h : Ω′ → Ω′′ �
êâàçèêîíôîðìíûå îòîáðàæåíèÿ. Òîãäà

Z(hI ◦ g) = (ZhI ◦ g)ZgI + (ZhI ◦ g)ZgI,

Z(hI ◦ g) = (ZhI ◦ g)ZgI + (ZhI ◦ g)ZgI.

Äîêàçàòåëüñòâî. Ïóñòü g : Ω → Ω′ è h : Ω′ → Ω′′ êâàçèêîíôîðìíûå
ôóíêöèè.
Íàéä¼ì ÷åìó ðàâåí êîýôôèöèåíò Áåëüòðàìè äëÿ êîìïîçèöèè ôóíêöèé.
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Äëÿ ýòîãî ñíà÷àëà íàéä¼ì îïåðàòîðû Z è Z îò êîìïîçèöèè ôóíêöèé:

Z(hI ◦ g) =
1

2
(X − iY )(hI ◦ g) =

1

2
([X(h1 ◦ g) + Y (h2 ◦ g)] + i[X(h2 ◦ g)− Y (h1 ◦ g)]) =

=
1

2
([(h1x ◦ g)g1x + (h1y ◦ g)g2x + (h1t ◦ g)g3x + 2y((h1x ◦ g)g1t + (h1y ◦ g)g2t+

+ (h1t ◦ g)g3t)] + [(h2x ◦ g)g1y + (h2y ◦ g)g2y + (h2t ◦ g)g3y − 2x((h2x ◦ g)g1t+

+ (h2y ◦ g)g2t + (h2t ◦ g)g3t)] + i[(h2x ◦ g)g1x + (h2y ◦ g)g2x + (h2t ◦ g)g3x+

+ 2y((h2x ◦ g)g1t + (h2y ◦ g)g2t + (h2t ◦ g)g3t)]− i[(h1x ◦ g)g1y + (h1y ◦ g)g2y+

+ (h1t ◦ g)g3y − 2x((h1x ◦ g)g1t + (h1y ◦ g)g2t + (h1t ◦ g)g3t)]) =

Ñêîìáèíèðóåì gix + 2ygit è giy − 2xgit â Xg1 è Y g1, ñîîòâåòñòâåííî,
äëÿ âñåõ i = 1, 2, 3:

=
1

2
([(h1x ◦ g)Xg1 + (h1y ◦ g)Xg2 + (h1t ◦ g)Xg3] + [(h2x ◦ g)Y g1+

+ (h2y ◦ g)Y g2 + (h2t ◦ g)Y g3] + i[(h2x ◦ g)Xg1 + (h2y ◦ g)Xg2+

+ (h2t ◦ g)Xg3]− i[(h1x ◦ g)Y g1 + (h1y ◦ g)Y g2 + (h1t ◦ g)Y g3] =

Ïî óñëîâèþ êîíòàêòíîñòè, ðàñêðîåì Xg3 è Y g3:

=
1

2
([(Xh1 ◦ g)Xg1 + (Y h1 ◦ g)Xg2] + [(Xh2 ◦ g)Y g1 + (Y h2 ◦ g)Y g2]+

+ i[(Xh2 ◦ g)Xg1 + (Y h2 ◦ g)Xg2]− i[(Xh1 ◦ g)Y g1 + (Y h1 ◦ g)Y g2] =

=
1

2
([(XhI ◦ g)Xg1 + (Y hI ◦ g)Xg2]− i[(XhI ◦ g)Y g1 + (Y hI ◦ g)Y g2]) =

= (XhI ◦ g)Zg1 + (Y hI ◦ g)Zg2 = ((Z + Z)hI ◦ g)Zg1 − i((Z − Z))hI ◦ g)Zg2 =

= (ZhI ◦ g)ZgI + (ZhI ◦ g)ZgI.

Àíàëîãè÷íî:

Z(hI ◦ g) =
1

2
(X + iY )(hI ◦ g) =

1

2
([X(h1 ◦ g)− Y (h2 ◦ g)] + i[X(h2 ◦ g) + Y (h1 ◦ g)]) =

= (ZhI ◦ g)ZgI + (ZhI ◦ g)ZgI.

�

Ëåììà 2. Ïóñòü f : Ω → Ω1 è g : Ω → Ω2 êâàçèêîíôîðìíûå îòîáðà-
æåíèÿ íà ãðóïïå Ãåéçåíáåðãà ñ êîýôôèöèåíòàìè Áåëüòðàìè µf è µg,
ñîîòâåòñòâåííî. Òîãäà êîìïîçèöèÿ
f ◦ g−1 : Ω2 → Ω1 ýòî êâàçèêîíôîðìíàÿ ôóíêöèÿ ñ êîýôôèöèåíòîì
Áåëüòðàìè

µf◦g−1 ◦ g =
ZgI

ZgI

·
µf − µg
1− µfµg

.



ÊÎÝÔÔÈÖÈÅÍÒÛ ÁÅËÜÒÐÀÌÈ ÊÎÌÏÎÇÈÖÈÈ ÍÀ ÃÐÓÏÏÅ ÃÅÉÇÅÍÁÅÐÃÀ149

Äîêàçàòåëüñòâî. Ïîëîæèì h = f ◦ g−1, òîãäà fI = hI ◦ g. Ïðèìåíÿÿ
ëåììó 1 ê ZfI è ZfI, ïîëó÷èì

ZfI = (ZhI ◦ g)ZgI + (ZhI ◦ g)ZgI,

ZfI = (ZhI ◦ g)ZgI + (ZhI ◦ g)ZgI.

Âûðàçèì òåïåðü ZhI ◦ g è ZhI ◦ g

ZhI ◦ g =
ZfIZgI − ZfIZgI

ZgIZgI − ZgIZgI

,

ZhI ◦ g = −ZfIZgI − ZfIZgI

ZgIZgI − ZgIZgI

.

Îòñþäà íàõîäèì µh ◦ g

µh ◦ g = −ZfIZgI − ZfIZgI

ZfIZgI − ZfIZgI

=
1

ZfIZgI

ZfIZgI − ZfIZgI

1− µfµg
=
ZgI

ZgI

µf − µg
1− µfµg

.

�

Êàê ñëåäñòâèå, ïîëó÷àåì âûðàæåíèå äëÿ êîýôôèöèåíòà Áåëüòðàìè
îáðàòíîãî îòîáðàæåíèÿ (â ëåììå 2 íóæíî ïîëîæèòü f(x) = x):

µg−1 ◦ g = −ZgI

ZgI

· µg.

Òåîðåìà 4. Ïóñòü f : Ω → Ω1 è g : Ω → Ω2 êâàçèêîíôîðìíûå îòîá-
ðàæåíèÿ íà ãðóïïå Ãåéçåíáåðãà ñ êîýôôèöèåíòàìè Áåëüòðàìè µf è µg.
Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

(1) µf = µg ïî÷òè âñþäó â Ω;
(2) Íàéä¼òñÿ êîíôîðìíîå îòîáðàæåíèå h : Ω2 → Ω1 òàê, ÷òî f =

h ◦ g.

Äîêàçàòåëüñòâî. (1)⇒ (2) Ïî ëåììå 2 ðàññìîòðèì îòîáðàæåíèÿ ñ ðàâ-
íûìè ïî÷òè âñþäó êîýôôèöèåíòàìè Áåëüòðàìè. Ïîëó÷èì, ÷òî êîýôôè-
öèåíò Áåëüòðàìè ôóíêöèè h = f ◦ g−1 ðàâåí íóëþ è, ñëåäîâàòåëüíî, h -
êîíôîðìíàÿ ôóíêöèÿ òàêàÿ, ÷òî f = h ◦ g.

(2)⇒ (1) Ïóñòü f ◦ g−1 = h. Òîãäà ïî ëåììå 2 ïîëó÷àåì

0 = µf◦g−1 ◦ g =
ZgI

ZgI

·
µf − µg
1− µfµg

.

Ñëåäîâàòåëüíî µf = µg ïî÷òè âñþäó.
�

4 Ïðèìåðû

Äëÿ äåìîíñòðàöèè ïîëó÷åííûõ ðåçóëüòàòîâ ðàññìîòðèì ðÿä ïðèìå-
ðîâ.
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4.1. Èíâàðèàíòíîñòü êîýôôèöèåíòà Áåëüòðàìè îòíîñèòåëüíî êîí-

ôîðìíîãî îòîáðàæåíèÿ. Ïðîâåðèì, ÷òî êîìïîçèöèÿ ñëåâà íà êîí-
ôîðìíîå îòîáðàæåíèå íå ìåíÿåò êîýôôèöèåíò Áåëüòðàìè îòîáðàæåíèÿ.

Ðàññìîòðèì ôóíêöèè g = (tz, t
3

3 ) è h = j ◦ g = ( 3z
3t|z|2−it2 ,−

3
9t|z|4+t3

), ãäå j

èíâåðñèÿ íà ãðóïïå Ãåéçåíáåðãà. Íàéä¼ì µg

µg =
ZgI

ZgI
= − izz

t+ i|z|2
.

Ïðîâåðèì, ÷òî µg è µh ñîâïàäàþò ïî÷òè âñþäó:

µh =
ZhI

ZhI
=

−9tzz+i3zz(3|z|2−2it)
(3t|z|2−it2)2

9t|z|2−3it2−9tzz−i3zz(3|z|2−2it)
(3t|z|2−it2)2

=
−3tzz + izz(3|z|2 − 2it)

−it2 − izz(3|z|2 − 2it)
=

−izz(3|z|2 + it)

(t+ i|z|2)(3|z|2 + it)
= − izz

t+ i|z|2
.

4.2. Êîýôôèöèåíò Áåëüòðàìè äëÿ îáðàòíîé ôóíêöèè. Ïîêàæåì,
÷òî êîýôôèöèåíò Áåëüòðàìè äëÿ îáðàòíîé ôóíêöèè ìîæíî âûðàçèòü
÷åðåç êîýôôèöèåíò Áåëüòðàìè äàííîé ôóíêöèé. Ðàññìîòðèì ôóíêöèè

h = (tz, t
3

3 ), è h−1 = ( z
3√3t

, 3
√

3t). Íàéä¼ì µh è µh−1

µh =
ZhI

ZhI
= − izz

t+ i|z|2
,

µh−1 =
Zh−1

I

Zh−1
I

=
izz

3t− i|z|2
.

Ñ äðóãîé ñòîðîíû, ïî ëåììå 2

µh−1 =
Z(h−1

I)

Z(h−1
I)

= −(
ZhI

ZhI

µh)◦h−1 = (
t+ izz

t− izz
· izz

t+ i|z|2
)◦h−1 =

izz

3t− i|z|2
.

4.3. Êîýôôèöèåíò Áåëüòðàìè êîìïîçèöèè îòîáðàæåíèé. Ïîêà-
æåì, ÷òî êîýôôèöèåíò Áåëüòðàìè äëÿ êîìïîçèöèè ôóíêöèé ìîæíî âû-
ðàçèòü ÷åðåç êîýôôèöèåíòû Áåëüòðàìè äâóõ äðóãèõ ôóíêöèé. Ðàññìîò-

ðèì ôóíêöèè h = (2z + z, 3t), g = (tz, t
3

3 ) è g−1 = ( z

(3t)
1
3
, (3t)

1
3 ). Íàéä¼ì

µh, µg è µg−1

µh =
ZhI

ZhI
=

1

2
,

µg =
ZgI

ZgI
= − izz

t+ i|z|2
,

µg−1 =
Zg−1

I

Zg−1
I

=
izz

3t− i|z|2
.
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Ðàññìîòðèì êîýôôèöèåíò Áåëüòðàìè äëÿ f = h ◦ g = (2tz + tz,−t3)

µf =
ZfI

ZfI
=

t− iz(2z + z)

2t+ iz(2z + z)
.

Ïî ëåììå 2,

µh◦g =
Z(hI ◦ g)

Z(hI ◦ g)
= (

Zg−1
I

Zg−1
I

·
µh − µg−1

1− µhµg−1

)◦g = (
(3t)−

1
3 − (3t)−

4
3 · izz

(3t)−
1
3 + (3t)−

4
3 · izz

·
1
2 −

izz
3t−i|z|2

1 + 1
2

izz
3t+i|z|2

)◦g =

= (
3t− izz
3t+ izz

·
3t−i|z|2−2izz

3t−i|z|2
6t+2i|z|2+izz

3t+i|z|2
) ◦ g =

t3 − it2|z|2 − 2it2zz

2t3 + 2it2|z|2 + it2zz
=

t− iz(2z + z)

2t+ iz(2z + z)
.

4.4. Êâàçèáðîóíîâñêîå äâèæåíèå íà ãðóïïå Ãåéçåíáåðãà. Èç-
âåñòíî ñâîéñòâî êîíôîðìíîé èíâàðèàíòíîñòè áðîóíîâñêîãî äâèæåíèÿ:
íà ïëîñêîñòè êîíôîðìíûé îáðàç áðîóíîâñêîãî äâèæåíèÿ åñòü áðîóíîâ-
ñêîå äâèæåíèå ñ èçìåí¼ííûì âðåìåíåì, à â Rn ýòî âîçìîæíî òîëüêî, åñ-
ëè îòîáðàæåíèå ÿâëÿåòñÿ ãàðìîíè÷åñêèì ìîðôèçìîì [6] (ñì. òàêæå [7]).
Àíàëîãè÷íûé ðåçóëüòàò äëÿ îòîáðàæåíèé íà ãðóïïå Ãåéçåíáåðãà ïîëó-
÷åí â ðàáîòå [8]. Òîãäà ïðåäñòàâëÿåò èíòåðåñ âîïðîñ îá îïèñàíèè ñëó-
÷àéíûõ ïðîöåññîâ èíâàðèàíòíûõ îòíîñèòåëüíî êâàçèêîíôîðìíûõ îòîá-
ðàæåíèé. Íà ïëîñêîñòè òàêèå ïðîöåññû îïèñàíû â äèññåðòàöèè [9].

Îïðåäåëåíèå 3 ([10]). Ïóñòü Xt è Yt ýòî íåçàâèñèìûå ñòàíäàðòíûå

áðîóíîâñêèå äâèæåíèÿ, à St = 2
t∫

0

YsdXs − XsdYs. Ñëó÷àéíûé ïðîöåññ

Bt = (Xt, Yt, St) áóäåì íàçûâàòü ãîðèçîíòàëüíûì áðîóíîâñêèì äâèæå-
íèåì.

Îïðåäåëåíèå 4. Ïðîöåññ Xt áóäåì íàçûâàòü êâàçèáðîóíîâñêèì äâè-
æåíèåì íà ãðóïïå Ãåéçåíáåðãà, åñëè ñóùåñòâóåò êâàçèêîíôîðìíîå îòîá-
ðàæåíèå f òàêîå, ÷òî f(Xt) � ýòî áðîóíîâñêîå äâèæåíèå íà ãðóïïå
Ãåéçåíáåðãà.

Òåîðåìà 5. Ïóñòü Xt è Yt êâàçèáðîóíîâñêèå äâèæåíèÿ íà ãðóïïå Ãåé-
çåíáåðãà ñ ñîîòâåòñòâóþùèìè êâàçèêîíôîðìíûìè îòîáðàæåíèÿìè f
è g. Åñëè g ◦ f−1 ýòî êîíôîðìíîå îòîáðàæåíèå, ïîëó÷åííîå èç ïîâîðî-
òîâ, ðàñòÿæåíèé è ñäâèãîâ íà ãðóïïå Ãåéçåíáåðãà, òî Xt = Yϕ(t).

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî g(Xt) = g ◦ f−1(Bt), ãäå Bt áðîóíîâ-
ñêîå äâèæåíèå íà ãðóïïå Ãåéçåíáåðãà. Ïîñêîëüêó g ◦ f−1 ýòî êîíôîðì-
íîå îòîáðàæåíèå, ïîëó÷åííîå èç ïîâîðîòîâ, ðàñòÿæåíèé è ñäâèãîâ, òî
g ◦ f−1(Bt) = B̃a(t), ãäå B̃a(t) äðóãîå íåçàâèñèìîå îò Bt áðîóíîâñêîå äâè-
æåíèå ñ èçìåí¼ííûì âðåìåíåì a(t). �
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