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GALERKIN APPROXIMATIONS IN THE PROBLEM OF
ONE-DIMENSIONAL UNSTEADY MOTION OF A VISCOUS
COMPRESSIBLE TWO-COMPONENT FLUID

A.E. MAMONTOV, D.A. PROKUDIN

ABSTRACT. We study an initial-boundary value problem which describes
unsteady motions of a viscous compressible two-component fluid. We
formulate an approximate problem via the Galerkin method, and prove
its solvability.
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1. INTRODUCTION

The solvability theory for the equations of motions of viscous compressible fluids,
mainly developed at the end of the last century, cannot be considered complete.
One of the reasons for this is that the methods and results developed and obtained
for the case of single-component fluids are not automatically applicable to the case
of the movement of mixtures (multi-component fluids). During the heyday of the
one-dimensional one-component theory, certain attention was also paid to the case
of mixtures; see, for example [1], [2]. However, in these articles only the case of
diagonal viscosity matrices is considered. From the mathematical point of view, this
means that the equations for different components are interconnected only through
the lower order terms, and from the physical point of view, that viscous friction
between the components is not considered, but only the momentum exchange.
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In connection with the foregoing arguments, it is relevant to prove solvability of
initial-boundary value problems for the equations of motion of mixtures of viscous
compressible fluids in the case of non-diagonal viscosity matrices, which means
physically taking into account the inter-component viscous friction, and from the
point of view of mathematics, the presence of second derivatives of velocities of
different components in the viscous terms. In the case of one-dimensional move-
ments, for each version of the problem statement, this work involves two stages.
The first stage is to prove the existence of approximate solutions, and the second
is to continue them over a large time interval by proving global a priori estimates.
The first stage is not trivial because the well-known works for one-component
one-dimensional viscous gas flows dealt with the Lagrangian description, while for
mixtures, as a rule, it is more convenient to use the Eulerian coordinates.

In the paper, we fulfill the first mentioned stage for one of the versions of
stating the problem. Namely, the local solvability of the problem for Galerkin
approximations is shown in the case of one-dimensional unsteady barotropic motion
of a two-component mixture of viscous compressible fluids.

2. STATEMENT OF THE PROBLEM

Let Q7 = (0,1) x (0,T"), where T > 0 is an arbitrary positive number. Consider
the following system of equations of dynamics of a viscous compressible two-compo-
nent fluid, in which it is needed to determine the density p; > 0 and the velocity u;
of each component [3], [4], [5]:

2
(22) Pi (atul- + uzamul) + 57:171(%) = Z I/ijagm’u]‘ + Ji(ul, UQ), 1= ].7 2.
j=1

Here p; is the pressure in the i-th component which is a known function of the
density of the i-th component, more precisely, the following polytropic constitutive
equations are supposed to be fulfilled:

where K; > 0 and polytropic exponents ; > 1 are known constants. Next, given
constant viscosity coefficients {v;;}7 j—1 form a (asymmetric) matrix N > 0 (the last
condition is equivalent to the following requirements: 13 > 0,
4v11v99 — (V12 +191)?>0), moreover v15 = 0. Finally, the intensity of the momentum
exchange J; between the components of the mixture is expressed as follows:

(2.4) Ji(ug,ug) = (=1)'a(u; —ug), i=1,2, a=const>0.

At the initial moment of time, let the distribution for densities and velocities be
given

(2.5) Pi|t:o = Poi, Uz‘\tzo =ugi, ¢=1,2.
At the boundary of the domain (0, 1), the conditions are supposed
(26) ui|x:0 = ui‘m:l = 0, L= ]., 2.
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The initial data satisfy the conditions

(POIaPO%UOl»UOQ) € W21(07 1)7 poi > 07 1= 172a
(2.7)
uo; (0) = ugi(1) =0, i=1,2.

A solution to the problem (2.1)—(2.6) is searched in the following class of functions
(1=1,2):

a .
pi € Lo (0, T; W(0, 1)), a’;’ € Loo(0,T; Lo(0,1)),

(2.8) Ui € Loo(0, T3 W3 (0,1)) () L2(0,T; W3(0, 1)),

Ou;
5; € La(Qr),

moreover p; are strictly positive and bounded.

3. STATEMENT OF THE APPROXIMATE PROBLEM

The main object of study in the paper is the initial-boundary value problem
obtained from the problem (2.1)—(2.6) via the Galerkin method with respect to the
spatial variable z in the momentum equation (2.2) (i =1,2, k=1,...,m, m € N):

(3.1) O1pi + 0z (piui) = 0,
1 2
(3.2) / (pi (Oru; + w;Ozu;) + Oxpi(pi) — Z Vijﬁf.xuj — Ji(uq, uQ)>wk(a:) dr =0,
0 i=t

(3.3) pilt=0 = poi(x),

(3.4) wi =Y is(Ows(@), wili=o = Y toisws(z),
s=1 s=1

1
where wy(z) = sin(mkz), Vi (0) = Yo = 2/uo¢(x)wk(x) dx.
0

4. CONSTRUCTION OF A SOLVING OPERATOR FOR THE APPROXIMATE PROBLEM

Let us prove the solvability of the problem (3.1)—(3.4). To do this, we choose
tm € (0,T] arbitrarily, consider the set

B = {4 € (CI0,tu])*™] %(0) =, 18]l icpo.tnpem < b}

in the space (C[0,t,,])*>™, where

Y= (V1,93), o= (Yo1,%02), Y= i, im), =12,

max {sup poz}
. SPS2 L (0,1)
Yoi = (Yoit, - - Yoim), =12, b= 6} lbollRem + 1,

min < inf pg;
1<i<2 {(0,1) Poi



GALERKIN APPROXIMATIONS IN THE PROBLEM OF ONE-DIMENSIONAL 409

and construct the operator A : B — (C[0,t,,])?>™, Im A C (C*[0, t,,])*™, A(¢) = ¥,
where ¥ = (¥, ¥,), ¥, = (U;q,..., V), ¢ = 1,2, via the following algorithm.
First, we find the functions p; € Log (0, m; W3 (0,1)) VWL (0, tm; L2(0,1)), p; > 0,
i = 1,2, as the solutions to the Cauchy problems (3.1), (3.3), where u;, i = 1,2, are
defined via the formulae (3.4), and ¥ € B, which is possible since [|t)||gem < b.
Moreover, the following equalities hold

t
(inf poZ') exp —/sup |0 u;| dT p < pi(z,t)

(0,1) (0,1)
(4.1)
< Sup po; | €Xp / sup |8$u1| dr ) t= ]-7 2a
(0,1) 5 O

which, due to ¢ € B, give the estimates

(4.2) (inf p0i> e~m’ bt < pi(z,t) < | sup po; e”mzbt, i=1,2.
(0,1) (0,1)

Secondly, we define the function ¥ from the following Cauchy problem for the
system of 2m ODEs of the first order:

1 2
(43) / (piatUi + piui0:U; + Oxpi(pi) — Z vi;j02,.U;
. J =

—J,;(Ul,UQ))wkdz —0, i=1,2 k=1,...,m,

(4.4) W (0) = %,

where U; = Z U;s(t)ws(x), @ = 1,2. The relations

s=1
A>0 = detA#0,

where

1 m

A(t) = ( Alo(t) Af(t) ) Ai(t) = /piwkws dz . i=1,2,

0 k,s=1

s

which are valid due to the positiveness of p;, « = 1,2, allow to resolve the system
(4.3) with respect to the derivatives, which justifies the existence of a function
¥ e (CY0,tn))*™. Thus, for arbitrary ¢, € (0,7], the operator
A B — (CY0,tm))*™ C (C[0,tn])?™, A(y) = ¥, is defined, and its fixed
point, together with the corresponding functions p;, i = 1,2, gives a solution to
the problem (3.1)—(3.4).

Let us show that, for sufficiently small ¢,,,, the operator A satisfies the conditions
of the Schauder theorem (see [6], P. 31).
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5. MAPPING THE BALL INTO ITSELF

We demonstrate first that A(B) C B. Let us multiply the equations (4.3) by

Up(t),i=1,2,k=1,...,m,sumini= 1,2 and k = 1,...,m, so we obtain via
(3.1) that
. d 1 5 1
2
0

4,j=1

(5.1)

i=1

O\H &Ml\?

01
(U — Uy)? :Z/plpzade
0

Next, since N > 0, the following pointwise inequality holds
2

2
i,j=1 i=1
with a certain positive constant Cy = Cy(IN) (here and below, let the letter C' with
indices denote positive quantities depending on the values indicated in brackets or
sometimes indicated otherwise). The right hand side of (5.1), due to the Cauchy
inequality and (4.2), is estimated as follows:

9 1 C 1
0 2
> [nt@uyde < LY [10.02 s+ o
0 0

i=1 =1

27i
where C; = Z (sup pgl) 2mim* bt Thus, we have the estimate

9 1
(5.3) %Z/piUl?dx—i—CoZ/w Uil? da < 201,
=1 0

=1 0
from which it follows that

2 2 1
(54) Z / Pz‘Uf dr < Z/POing‘ dx + 2C1t,,,
=17 0

i=1

where Upy; = Z\I/is(())ws(x) = Zwmsws(m), i = 1,2. Using (4.2) once more, we

s=1 s=
obtain from (5.4) the inequality

nax {Sup Pm} .
(5:5) 1%, e < e SOV gy, 4 ATy
2, {<lonf> P Ol} i, {fonf> poi }
Choosing
. 1 121322 {(lonf) P Ol}
(5.6) ty, < min T

m2b’ 2eCy ’ ’
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273 C
where Cy = Z K 2 ( sup p01> €27 we obtain that Cy < 72, and arrive at the
(0,1)

needed estlrnate

(5.7) ¥ l(co,tm)zm < b.

Thus, provided (5.6), the operator A maps the set B into itself.
6. COMPACTNESS OF THE OPERATOR

dW,(t
Let us show the compactness of the operator A. Multiplying (4.3) by T’;(),

i=1,2,k=1,...,m,summingini=1,2and k = 1,..., m, we deduce the relation

2 1 2 1 2
> [olowipas =Y [ (= w@uo.0)
i=1Y i=1Y) j=1

—pi(0:U:) (0Ui)ui + pi(pi)92,Ui + J;(Un, UZ)(atUi))dx

(6.1)

We estimate the terms in the right hand side of (6.1) using (4.2), the Cauchy
inequality, and the inequalities ||1|(c(o,,.))2m < b, ||\I’||(c 0,tm])2m < b,
10:Uil Lao.1) < C3(m) Uil o 0,1y, 107U 10Ul 0.1y i = 1.2:

Z Vij /(agtUi)(axUj)d{E

i,j=1 i=1

2
> piloUs? dz + Cu,

OO\H

pil0Us|? dz + Cs,

Oo\»—~
]

0i(0.U:)(0:U;)u; dx

t
)

gl
O\H

Il
-

1

>

=1

pi(pi)04 Ui dz| < pil0:U;|? dx + C,

<.
Il
—
0| =
-
[e=]
\H

MM
o _

JZ U1,U2 8tUl)dfr < pi|8tUi|2dx+C7,

>

1=

where C\(4 = C14 <C37 {(lonlf) POz} 7N7 b7 m, tm) ) 05 = CY5 (O?n {sup pOz} ) ba m, tm) )
, (0,1)
Cs = Cs | Cs, { inf pOi} ;4 sup poi o5 LK {7yt bymytn |
(0,1) (0,1)

Cr=Cy ({(ionf) pOi} ,a,b,m, tm). Thus, from (6.1) we obtain the inequality

0| =
VMM
O\H

i=1

H
o

2 1
1
(6.2) §Z/pi|8tUi|2dx<C’4+C5+CG+C'7,
0

i=1

which, after integration in time and application of (4.2), provides the estimate

2
(63) Z ||atUi||L2(th) < CS <C47 ] C7a {(lonlf) POz} 7b7 m, tm) ;
=1 ’
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where Q;,, = (0,1) x (0,t,,). Thus, the estimate ¥ in (W}(0,t,,))?™ is obtained.
Therefore, A is a compact operator.

7. CONTINUITY OF THE OPERATOR

Let us show the continuity of the operator A from B to (C[0,t,])?™. Let
m
1/)(1,2) € B, gp(12) = A(w(l ,2) (1 2) _ Zw(l 2) (1 2) Z‘I'Ei’z)wsv i=1,2.

s=1
Next, let pgm) be the solutions to the Cauchy problems (3.1), (3.3), where u(1’2) is
substituted instead of u;. Denote p; = pgl) (2) , Uy = 51) (2) , U = U(l) U(2)

i=1,2,p=p1 —p®? where p(1 2 = (1 2) +p (1 2 When we differentiate the
equations (3.1) for pEQ), i =1,2 (i. e. the equations 8tp- + 0y ( (2) (2)) =0,

i=1 2) via the variable x, using the initial conditions p |t 0= poi,t=1,2, and

Gronwall’s inequality, we obtain (for all ¢ = 1,2) the estimates

(7.1) l0:p) < C ({lboillwaon o bmitn).

Let us observe that (3.1), (3.3) provide the following equalities

(7.2) &m+@( ()+8(Z ):o,pmﬂzo,i:Lz

Multiplying (7.2) by p;, ¢ = 1,2, and integrating in = € (0,1), we obtain for all
i =1,2 that

zP;

L»(0,1)

1 1
1d (1) ()
9 dt / /( 8 U; )+p pz(a uz) (awpl )quz dx
0 0
1
1 e 2)
(7.3) < - ’ 02 dersupp + (0pu;)?) da
2\ (o, 1) ©on "
1 1 1
+supu/ mpg) dl‘Jr/pid:L' < Cho /pfdach/ufdx ,
©n- 0 0 0

where Cp = C1g (C’g, {sup pOZ} ,b,m, tm> . Hence, applying Gronwall’s inequality
(0,1)

and taking into account the initial conditions in (7.2), we derive the inequalities for
all t € (0,t,,]

1 t 1
(7.4) /ﬁm<cmqmw//ﬁmm i=1,2.
0 0 0
Next, the equations for UZ-(l’z)7 i =1,2 (see (4.3)), provide the following relation for

all t € (0, 1]

2 1 2
1
(7.5) §Z/p§1>U3 dr+ > uij//(azUi)(arUj)dxdT
0 w=1 7 0

i=1
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+aj/1| U1 —U2|2 dxdr = i/t/l (pi (pl(_l)) — (p§2))) (8,U;) dadr
0 0 i=10 0

t

2 1 2 1
,Z//pZUZ (3 U(Q) dxdr — Z//pfl)uzUv 8 U(2)) dxdTt
=195 0 =19 0

2 t 1
-3 / / piul?U; (azUi@)) dadr.
=19 0

The first term in the left hand side of (7.5), in view of (4.2), admits the estimate

2 1 2 1
1 D yr2 1 —7m?2bt / 2
7.6 - Dy e > = W U2 da;
(7.6) 2ZO/m idv=> g min | mf po; ;0 e

X

for the second term we have the inequality (see (5.2))

5 t 1 5 ot 1
(7.7) Z //Vij(ﬁin) ;) dxdr > C'Oz://|8g,;U,'|2 dzdr;
00

ij=1 =17

using the Cauchy inequality, for the first term in the right hand side of (7.5) we get
the relation
1

@8) [ [ (v (o7) = s (7)) (0u03) dodr < C;Z [ [ 100 dzas
00 l:lo

0

from which, due to (see (4.2)
pi(s1) —pi(s2) = pi(s)(s1 —s2), s=As1+(1—=N)s2, A€[0,1], s12>0,
(mf pOz) —m2bt,y, < )\pz(l) + (1 _ )\)p1(2) < [ sup pos e7r1n2btm7 i=1,2,
(, (0,1)
and (7.4), we find that

S [ ] 6061 = o)) .ty

1
>//
(79) S o
< ?OZ/ |0, Ui |2 dxdT—!—C'mZ//uf dxdr,
=17 =1y 9

— O\H

where C12 = Cia (CO,CH, sup pm} KT {7¢}7b,m,tm>; for the second term
0,1)

in the right hand side of (7.5), using (6.3), (7.4) and the Cauchy inequality with a
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small factor € > 0, we obtain the inequality

, t 1 Cog 2 ¢ 1
—Z//’“UZ 8U<2> drdr < =5 Z//ufdxdr
00 =19 0

i=1

, ot 1
2
7.10 sup U / / 0.0 dedr
( ) 2 1<z<2{(01 % (0,t) };0 0
C , ot 1
t
11 Z / ? dxdr + 2me*Cy Zsup/U de
=/ = 0.0)
= |2me2C? _1! min < inf p, g~ btm
8 7 8 1<ix2 | (0,1) o
, 1
B 1 —7m>bt,, 2
- C13; / 2 dadT + 3 112122 {(10nlf) Pm} z;(sélf/U de,
1= O 0 '

where Ci3 = Ci3 (Cg, Ch1, {(ionlf) POi} 7b,m,tm>; the third term in the right hand

side of (7.5) is estimated using (4.2), the Cauchy inequality and the inequality
1T | (cpo,t,2m < b

@an BE L
< Cuy Z//ufdxdT Z//dexdT ,
=13 o =13 7
where Ci14 = Ciy ({sup pO,} b,m tm> finally, due to (7.4) and the estimates

@ l(cro,tm]y2m < b, @ )||(C [0,t,.])2m < b, for the last term in the right hand side
of (7.5) we get the relation

(7.12) 9 , b1
/u?dde—FZ//dexdT ,
0 ' 0

0
where Cy5 = Ci5 (Ci1,b,m, ty,). Thus, from (7.5), using (7.6)—(7.12), we obtain
the inequality

1 1 1
(7.13) Z/dexgcw Z//ufdxd7+2//U5dxdT ,
=179 =179 0 =195 0
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where C16 = Cig <012, ..., C1s5, {(ionlf) pol} ,b,m, tm> , from which, using Gronwall’s

inequality, we obtain the following estimate for all ¢t € (0, t,,]
t

1 1
(714) /U12 dx < C17(C16,tm) Z//U? dl’d’i’,
0 0 0

i=1 1=1
and finally the inequality

(7.15) ||‘I’||(C[0,tm])2m < 018(0177tm)”@bH(C[o,tm])zm,
justifying the continuity of the operator A in B.

8. CONCLUSIONS AND FURTHER CONSTRUCTION

Since the operator A satisfies the conditions of the Schauder theorem, there exists
a fixed point 4 of this operator in B, which defines (together with the corresponding
functions p;, ¢ = 1,2) a solution to the problem (3.1)—(3.4) on the time interval
(0, ).

Next, we need to pass to the limit as m — +o0o, simultaneously providing an
estimate of the form t,, > tg = const > 0, thereby proving the local solvability
of the problem (2.1)—(2.6) on the interval (0,tp). This is done in a standard way,
similar to the one-component case.

Finally, to prove the global solvability of the problem (2.1)—(2.6), it is necessary
to obtain the corresponding global a priori estimates of its solutions. This is to be
done in the next work.
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