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O CJIOZKHOCTUM PEIIETKUN
KBA3SNMHOI'OOBPA3N HMNJIBIIOTEHTHBIX
I'PVIIII

A.NN. ByakuH, ‘@ C.A. IITAXOBA

IIpedcmasaeno I1.I1. IIETPOBBIM

Abstract: Let p be a prime number. Denote by ;) the non-
abelian variety of nilpotent groups of class at most 2 of exponent
p® with commutator subgroup of exponent p*; by F, the free group
of rank 2 in s \; by ¢H the quasivariety of groups generated by
a group H. It is proved that the interval [¢F%, ¢G] is continual if
all the following conditions are true: G € s, G is a finite group
defined in M5 by commutator defining relations, gF5 & ¢G.

Keywords: lattice, quasivariety, nilpotent group.

1 Bsegenune

B [1] M.J. Kapramnosnos nocrasus npobiaemy (Bompoc 4.31): onmcars pe-
MIETKY KBa3UMHOIroo6pasuil 2-CTyneHHo HUIbIOTeHTHLIX Ipyin. OKa3aioch,
YTO 3Ta PeléTKa, Kak U peléTki KBa3uMHOroobpasuil Apyrux yHUBEepCalb-
HbIX asurebp (cM., Haupumep, |2, 3, 4, 5|, n naparpadst 5.4, 5.6 B [6]) umeer
JIOBOJILHO CJIOZKHOE CTPOEHUE.

ITycrs No — MHOr00Opas3ue HUJILIOTEHTHBIX CTYIEH) HE BbIIE IBYX IPYILIL;
gk — kBazumuoroobpasue, nopoxaéunoe kiaaccom rpyun K (npu K = {G}
6ynem mucars ¢G Bmecro ¢{G}); Ly(N) — pemrérka KasnMHOrooGpasmuii,
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COJEPIKAIUXCA B JIaHHOM KBaszuMmuorooopaszun N; Fy(N) — cBobonnas B
KBazuMHoroobpasuu N rpyiia pasra 2.

Coryacuo [7], B ciydae xoneunoii rpynmsl G € Ny pemérka Ly (gG) ko-
HEYHa B TOM, U TOJBKO B TOM CIydae, KOTJa KBasuMHoroobpasme ¢G mo-
POXKIAETCST KOHEYHBIM HAOOPOM TPYII U3 HEKOTOPOrO CIUCKA, U KOHTHHY-
aJlbHa — B IPOTHBHOM ciydae. B [8] mokaszano, uro pemérka Lq(N) umeer
MOIIHOCTH KOHTHHYYMa 714 JTI060ro KBasuMHaoroobpasns N HUIbIIOTEHTHBIX
CTYIIEHH He BBIIIE JIBYX IPYHI 0e3 Kpy4eHus, YA0BJIETBOPSIONIEr0 YCIOBUIO
qF3(N2) & N. OctosHble MeTOJIBI, UeH U Pe3yabTarhl pabor |7, 8] Gbuin uc-
10JIb30BaHbI B [9], ryie HalieHBl HEOOXOIMMOE U JIOCTATOYHOE YCIOBHS KOHEY-
nocti pemérku Lg(gG) asst Ipou3BOIBHON KOHEYHO MOPOXKIEHHO IPYIIIIBL
G € N : pemérka Ly(gG) KoHedHA TOT/IA U TOJIBKO TOTJA, KOIJA KBA3UM-
Horoobpazue gG = ¢ ju1st HEKOTOPOr0 KOHEYHOT'O TOJIMHOXKECTBA, rpyiin K
U3 IMPUBEIEHHOTO CriucKa Ipyiir. Kpome Toro, B 310i pabore J0Ka3aHO, 9TO
ecnu pemérka L,(qG) He gBiigeTca KOHEIHOIl, TO OHA UMeET MOIIHOCTL KOH-
tuHyyma. Heobxoumble ¥ 10CTATOYHBIE YCJIOBHS KOHEYHOCTH U CUYETHOCTH
pemérkn Ly(N) 1y npon3BosibHOTO KBasuMHOr00Gpasust N HUJIBIOTEHT-
HBIX CTYIIEHH He BbIIe JIBYX TPy npuseensl B [10].

Ormerum paGorst [11, 12|, B KOTOPBIX TOJIyUeHBI TEOPEMBI, XapaKTepH-
3YIOIIHe CIOKHOCT perméTok Lg(R k) MHOro0o6pasus R,k HAIBTIOTEHTHBIX
CTYTIEHH He BBINIE JBYX IPYII SKCIOHEHTH P¥ ¢ KOMMYTAHTOM SKCIOHEHTEI
p (p — mpocroe gucio, k > 2) u KBa3UMHOT000pa3us HUJIBIIOTEHTHBIX CTY-
[EHU He BBIIIE JBYX IPyNN 6e3 KpydeHus coorBercTBenHo. B [11] mokazamo,
9TO CYIIECTBYET OECKOHEYHOe MHOXKECTBO Kpasumuoroobpasuit M C Rk,
TOPOXKAEHHBIX KOHETHONW TPYIION W TaKWX, ITO s JIIOO0TO KBA3UMHOT000-
pasust N, yrnosersopsiomero caoiictey M & N C R, unrepsan [M, N] s
peréTke KBa3uMHOroobpasuit KoHTnHyasieH. B vacTHOCTH, KOHTUHYAJIEH WH-
TepBaJI [ng(Rpk),N | as mo6oro kBazuvHOTO06Pa3us N, yIOBIETBOPSIO-
mero ceoticty qF2(Rye) & N C Ryr. B [12] yeranosneno, uro cymectsyer
OECKOHETHOEe MHOYKECTBO KBAa3UMHOT000pasmit M 2-CTyImeHHO HUIBIIOTEHT-
HBIX rpyin 63 KPydeHus, MOPOKAEHHBIX KOHETHO TTOPOXKIEHHON PYIIIOL,
TaKWUX, 9TO AJId .HIO6OFO KBaSI/IMHOFOO6pa3I/IH N 2-CTyHeHHO HMJIBIIOTEHTHBIX
rpynn 6e3 kpyuenns (M G N) unrepsan [M, N] B pemérke KBazuMaOro-
0obpasznii KOHTHUHYAJIEH.

ITycts R — MHOrooGpasue HHUIBIOTEHTHBIX CTYIEHH He BBINIE JBYX
IPYII SKCIOHEHTH P° ¢ KOMMYTAHTOM SKCIOHEHTH P*, p — IPOCTOE HHC-
JI0, 0, A — HaTypaJbHble 9ucia, 0 > A > 2, u § > \ mpu p = 2. B nacrosmeit
paboTe gokazano, uro ecaum G € Rs ), G — KoHeuHas IpyTa, 3aJadHad B
Rs,» KOMMYTaTOPHBIMI OTIPEAEIAIOMNMI cooTHOMmenusMu, ¢F2(Rsx) & qG,
to naTepBan [¢F2(Rs)),qG] B pemérke Ly(Rs)) WMeeT MOIIHOCTH KOHTH-
HyyMa.
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2 IlpenBapuTesibHBIE 3aMeYAHULA

Ucnosnb3yemble B pabore CBejIeHUs U3 TEOPUK I'PYII MOXKHO Haiitu B [13],
a U3 TEOPUU KBa3UMHOroobpaszuit rpyun — B [6, 14, 15].

Bceromy B pabore p — mpoctoe uuciao, N = {1,2, ...} — MHOXKeCTBO HaTY-
pPaBHBIX uncesn; Z — MHOXKecTBO nebix uucen. s a,b € Z, ¢ € N zanuch
a = b(c) o3HAUAET, UTO OCTATOK OT JIeJIeHus pa3HocTH a — b Ha ¢ paseH 0.
B pafore Tak:Ke HCIONB3YIOTCH CIeayomue obosnadenns: [a,b] = a~'b~lab;
(a1, as,...) — rpymnmna, DOPOXKJAEHHAS JTEMEHTAME G, A3, ...; Ly — MHKJIAYE-
CKasl I'PyTIa MOoPsIKa n; |g| — MOpsI0K IeMeHTa ¢; G — KOMMYTAHT TPYTI-
el G; Z(G) — nenrp rpynnsl G; G =2 H — rpynnel G u H nzomopdHb.
Yepez G/N oboznauum dbakrop-rpyiiy rpynibl G 110 HOpMasIbHO TOArpyI-
me N, a uepe3 § — obpas ssieMenTa g € G P eCTECTBEHHOM TOMOMOP(U3ME
G — G/N.

Yepez A x B Gymem ob6o3nagarh mpsMmoe npoussegaenune rpynn A u B.
Mycts a € Z(A), B = (b), |a| = [b¥|. Yepez A x (b)(a = bF) 6ymem o6o-
3HAYATH Npsimoe npoussegenue rpymun A u (b) ¢ 06beauHERHON TOArPY IO,
T.€.

A (B)(a=BF) = (A x (b)) /{a™"8h).

Hawm moTpebyercst mpr3Hak MpUHAIIEKHOCTH KOHETHO OTIPETeNEHHOMN TPYyII-
ubl G kBasuMHOroo6pasmuio ¢k (JacTHbit crydait Teopemsr 3 [16]):

Koneuno onpedeaénnas 6 keasummozoobpasuu N epynna G npunadaescum
weasumnozoobpasuro gk (KK C N), moeda u moavko mozda, xozda dns ato-
6020 saemenma g € G, g # 1, cywecmsyem 2omomoppusm ¢ epynno G &
Hexomopyro epynny u3 xaacca K maxot, wmo g¥ # 1.

Byznem moaws3oBarbes caepyroreii reopemoii Tuka (cm. [14], tr. 5, § 11,
Teop. 5; [15], Teop. 2.2.23).

ITyemw epynna G umeem 6 xeadumnozoobpasuu N npedcmasaenue G =
({zi | i€ I}; {rj(xj,...,25,,) =17 € J}). [Ipednorosicum, wmo H € N
u epynna H codeporcum mmooicecmeo snemenmos {g; | i € I} maxoe, wmo
daa ecaxoeo j € J pasencmeo 1;(gj,, . . . ,gjk<j)) = 1 ucmunno ¢ H. Tozda
omobGpasicenue x; — g;(i € I) npodoasicaemo do 2omomoppusma G 6 H.

B pabore Takke mcrosb3yercs ciejayomas teopema Pemaxa (cm. [13],
teop. 4.3.9.)

Hycmo 6 epynne G 3adano cemeticmso nopmanrvrox nodepynn Hy, i € I, u
H — uz nepeceuenue. Tozda darmop-epynna G /H usomopdha nexomopomy
noddexapmosy npouseedenuro garxmop-epynn G /H;.

yC.HOBI/IMCH IpyY HAIIMCAHUU TOXKACCTB KBAHTOPbDI BCQO6H_[HOCTI/I OITyCKaATh.

O6oznaunm yepes Ny — MHOrooGpasue HUJIbIOTEHTHBIX CTYIeHU HE BbIIIe
JIBYX I'PYIIII, KOTOPOE B KJIACCE BCEX TPYIIT 334a6TCA TOXKIECTBOM

[z,y,2] = 1.
B muOroo6pasum No HCTUHHBI TOXKIECTBA

[z, y2] = [z,y][z, 2], [2y,2] = [z, 2][y, 2],
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a TaKyKe CJIeAYIONNE TOXKJIECTBA, UCTUHHBIE /g JI000ro n € Z :

[z, y"] = [2,4]", [2",y] = [z,y]".
WujpyKnyeit 10 n MOXKHO HoKa3arh, 4to B Na g 060ro n € N ucTuHHO

TOXKAECTBO
n(n—1)
(xy)" ="y [y,x]" 2. (1)
Ilycte A €N, 0> A>2, ud > A\ npu p = 2. Obo3HaunmM depes
Rs) — muoroobpasue, 3ajanHoe B Ny ToXKIecTBAMHI

P =1,
A
[z,y]" = 1. (2)
Bcerony B pabote Fj, — cobognas B Ry IPyIIla paHra 1 ¢ MHOKECTBOM
CBOBOTHBIX TTOPOXKIAIONINX Y1, Y2, - - - » Yn-

3 OcHoBHOII pe3ysabTaT

PaccMoTpuM 1mpon3BO/IbHYI0 KOHEYHO MOPOXKAEHHYI0 rpynny G € Ry,
33JaHHYI0 B R 5\ KOMMYTATOPHBIMHI OIIPEIEIISIOMIMI COOTHOIICHIAME (T.€.
BCe OpeJeNsonie cooTHOImeHust rpynnsl G B R\ — KOMMYTaTOPHBIE CJIO-
BA), YIOBJAETBOPsIONyt0 ycaosuto ¢Fy & ¢G.

Haina nesnb — nokasars, 4ro unrepsad [¢Fs, ¢G) pemérku KBasuMHOIo06-
pasuil, copepKaimuxcs B MHOrooopasun K ), IMeeT MOIHOCTh KOHTHHYyMa.

IMycrs Gy — KOHEYHO NOPOXKAEHHAS IPYIINA, yJIOBJCTBOPAIONAS YCIOBUIO
qF> & qGo C ¢G, 3anannas B Rs )\ MUHIMAJBHO BO3MOXKHBEIM UHCIOM KOM-
MYTATOPHBIX OIPEIEISIONNX COOTHOIIEHMIA:

Go: (xl,...,xn; r = 1, ro = 1,..., Tl:1>,
Tae T1,...,T] — DJAEMEHTHI KOMMYTAaHTa CBOOOHON IPYTIIIHI.

Bribepem nambosbmee t (0 < ¢ < \) Takoe, uTo p' JeaMT MOKa3aTesln
cTeneHeil BceX KOMMYTATOPOB B 3alUCH 3JIEMEHTOB 71, ..., 7. He Hapyrmas
OBIHOCTH, MOXKHO CIMTATh, 9T0 11 = |21, 2]’ 7, n xommyTaTop |1, 22] me
BXOIUT B 3aMUCh T,7T2,...,7;. g kaxmoro ¢ = 1,..., A — t paccMoTpum
rpymTy

Gi=(x1,...,Tp; r’fL =1, rn=1...,rn=1)
¥ IPOBEIEM cJieytonme paccykaerusi. OTobparkeHie ¢ MOPOXK AAIONTUX IPYTI-
bl G; B pynny G;_1, TPH KOTOPOM mf =uxj,j =1,...,n, IPOJOIKAEMO TIO

1—1
Teopeme Jlnka 10 romomopdmsma ¢ @ G; — G,_1, mpuaém kerp = (r] ).
Orobpazxkenne 1 mopoxnawommx rpynnsl G B rpynmy Fh, mpu KOTOpoM

A—t—1i
1'11/) = 1, a:g} =y} , & OCTaJIbHbIE [IOPOXKAAOLIME OTobpaxKaiorcs B 1,

npomoskaemMo mo reopeme Jluka g0 romomopduszma ¢ 1 G; — Fb. [lockoss-
i i—1, A—t—i

i—1
ky (7 )Y = [y P = [y, Mt #£ 1 1o kerp Nkery = (1), n
mo Teopeme Pemaxa

Gi < Gi/kergo X Gi/kemb < Gi—l X FQ € qGi_l.
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Takum 06pazoM, IMEIOT MECTO BKJIIOUEHUST

qF> CqGr_1 C ... CqG; CqGi—1 € ... CqGo C ¢G.

A—t

Bamernm, uro B rpynmne Gy_; ONpemeTsoee COOTHOIIIEHNE 7"71’ =1 6yzmer
A—t t A—t ~ A
VMeTh BHJ 75 = ([xl,xg}p r)p = ([:z:l,xg]r)p = 1, T.e. 3TO COOTHO-

LIEHUE SIBJISIETCS CJIEACTBUEM TOXKaecTBa (2). 3uauur rpynna Gy_; MOxKer
OBITH 3ajJaHa B MHOTOOOpasun R\ MEHBIINM, UeM [, 9ucI0M KOMMYTaTOp-
HBIX OTIPEIEIAIONINX COOTHOIIEHU:

Gat =(x1,...,xp; o =1,..., rp=1).

W3 Bribopa Gy BeITeKaeT, uto ¢G)r_¢ = qF>. Badurcupyem nnaexc k Ta-
Koit, uto qFy G qGr, ¢Gr41 = qF». g nocTmKeHus TOCTABJIEHHON TN
JIOCTATOYHO IIOKA3aTh, 4TO HMHTEpBAN [¢Fh,qGy| pemérku Ly(Rsy) umeer
MOIITHOCTH KOHTHHyYMa. B gampHefimnx paccyxaenusix rpynny Gy Oymem
obozragath wepe3 G. Bymem cumrarh, uto ¢F> & ¢qG, a rpynmet G u G
3a/aHbl B Rs )\ CAYIOIUM 00Pa30M:

G:<:L’1,...,£Un; T1:1, T2:1,..., Tl:1>,

A _ . P _ _
G=(x1,....,0p5 7] =1, r2=1,..., p=1),

t -
T1,...,T] — DJIEMEHTHI KOMMYyTaHTa CBOOOIHOW rpymibl, 1 = [z1,29/P 7,
KOMMYTaTOp [Z1,Z2] He BXOAUT B 3amuch 7,7T9,...,r;. Kpome Toro, Gyaem
0JIb30BaThcd TeM, 4ro qFy = ¢G, a aasg 11060ii KOHEYHO IOPOXKIEHHO
rpyunel H, 3a/1a8H0# B Rs \ KOMMYTaTOPHBIME OIIPEIEJISIIONAME COOTHOIIIe-
HUSIMU, IUCJI0 KOTOPbIX Menbiie [, u3 qFy C gH C qG caeayer qFs = qH.
!
MMockoneky G € qFy, G/G € qF5, T0 110 Npu3HAKY NPUHAIIEKHOCTH
. ! -
Haliérca asemenT v € G Takoil, uro v¥ = 1 gag Joboro romoMopduzMa
¢ : G — Fy. Ecan B 3amucn v KOMMyTaTop |21, X2| MPUCYTCTBYET B HEHY-
S ~
JIEBOM CTEIeHM, TO MOYKHO CUUTATh, 4T0 v = [T1,x2|’ 0, [z, z2] He BxOgUT
B 3amuch U. Orobpaxkenue 1 mopoxkjawiumx rpyunsl G B rpymmny Fb, mpu
A—t
KOTOPOM xib =, .I‘g) =yb , a ob6pasbl OCTANLHBIX MOPOXKIAIONINX PABHBI
1, mpogosmkaemo o teopeme Jluka g0 romomopduszma ¢ 1 G — Fo. llpu
w p)\ftﬁ»s P
srom v¥ = [y1,y2] . Ecmm s < t, To vV # 1, 9TO TIPOTUBOPEUUT BBI-
t o~

6opy v. 3uaunt s > t. llockonbky 1 = [x1,22/P 7 = 1, T0, ucnoab3yst 910
OTIPE/IEJISIONIEE COOTHOIIEHNE, MOYKHO YIAJIUTh [T1, To] w3 3amucu v. Vrak,
Oy/1eM CYMTATh, YTO B 3allUCH SJIEMEHTA ¥ OTCYTCTBYeT KOMMYTATOp [T1, T3],
a 3JIEMEHT v 3alliCaH B BUJE

q
v= H[xh(i)vxh(i-l-q)]éiv 62 € Zu 1= 15 -y q- (3)
=1

q
Bo Bcex rpymmax smement || [mh(i),xh(iﬂ)]‘si OyeM 0b60o3HATATE Yepes v.
i=1
Ilycte A, B € Rs . Oboznaanm gepe3 A* B — cBo6ogHOE B MHOT00Opasun
Rs . npoussenenne rpynn A u B; [A, Bl = ({{a,b] |a € A,b € B}).
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Jlemma 1. IIyemv M — weasummnozoobpasue 2pynn, qFy € M C Rsy,
A, B € M, epynnw A, B 6 noposcoaowur ai,...,ar u by, ..., by coom-
semcmeento 3adanvt 6 Rs ) KOMMYMAMOPHHLMU ONPEOLAAIOULUMYU COOMHO-
wenuamu. Ecauw N — nodepynna epynno. A* B, nopooscoénmnan nexomopoLmu
Kommymamopamu suda [a;,bj] (N moocem 6vimo edunusnott nodepynnoti),

mo (Ax B)/N € M.

Aoxasamenvemeo. Tockonsky (A x B)/[A,B] =2 A x B € M, ro no npu-
3HAKY IPUHAIIEKHOCTH JA0CTATOYHO A toboro g € [A, B] \ N nocrponts
romomopdusm ¢ : (Ax B)/N — F5 takoit, aro (gN)¥ # 1.

ITycTs kOMMyTATOp |40, bjy] & N. TIo Teopeme Iuka oTobpaskenne ¢, npu
koTopoM (ai,N)? = y1, (bjuN)? = y2, (a;N)? = 1, (b;N)¥ = 1, nnsa Bcex
i # i, ] # jo, npogomkaeMo 10 romomopdusma ¢ rpynnet (A x B)/N B
rpyuny Fy. fcno, uro (gN)? # 1 st roboro ssnementa g € [A,B] \ N, B
3aIMCh KOTOPOrO KOMMYTATOP |4y, bj,] BxOAUT B cremenn, He cpaBHUMOii ¢ 0
110 MOJLYJIIO P U

Pacemorpum rpymnmy Ay, 337aHHYIO B R )\ CACTYIONIME TOPOZK TAIOIIH-
MU ¥ ONPEJNETAIONINMA COOTHOTTEHUSIMU!

Arm: <{bi1,bi2,aij |i:1,...,2r;j:1,...,2m};

m m
[b11, b12] H a1y, 01 j4m) = - .. = [bar1, bar 2] H [a2r.j, @2y j4+m)

[aij,a,ks] =1, austi Beex @ # k,1 < j, s < 2m).

m

O6osuauus ¢; = [bi1, b2 [] [aij, @i jym]), © = 1,...,2r, mosydum paBeHCTBA
Jj=1

€1 = ¢y =...=cCyr Brpyune Apm,.

[pynmel ¢ TaKuM Ke OpeIcTaBJIeHHEM OTHOCHTENIBHO JPYIHX KBA3MMHO-
roobpasuii paccmarpuBasucs B [7, 8,9, 11].

JIlemma 2. pynnot App,, Arm/{C1), Arm/<csz>, k=1,...,A—1, npunadae-
otcam qFy.

Aoxasameavcmeo. Paccmorpum jna Kaxpaoro ¢ = 1,...,2r rpynny T; .,
UMeIOILy10 B R )\ IpeacTasieHue

m
E,m = <{bi17bi27aij | Jj=1,.. 277’L} bi1, b H Qjj, Qg j+m = 1>

Dru rpyiusl uzydanuch B [15] (reopema 4.2.13), B [7] B Ri1 upu p # 2.
Wnaykmueit mo m gokazxkeM, 910 1; », € qF5. IlockonbKy

Tiq = ({bi1, bi2, ain, ain}; [bir, bio)[ain, as2) = 1),

10 T; 1/([ai1, a;i2]) — cBOBOAHOE TpOM3BEIeHTe AbEIeBBIX TPYIIT U3 MHOT000-
pazust Rs . o gemme 1 T 1/([ai1, aip]) € gF>. Orobpaxenne ¢ mopoxa-
romux rpynnst 151 B rpynmy Fh, npu koropom b = yi1, bl = y2, af] = yo,
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e _ .
a;y, = Y1, npojo/izKaeMo Jo romomopdusma ¢ : T;1 — Fb. Iockonbky

ker o N ([a;1, aiz2]) = (1), ro no upusnaxy npunayiexuocru 1; 1 € qF.
ITpenmonoxum, 910 15 1y—1 € qF>. Ilo memme 1
E,m/<[aimyai,2m]> = E,mfl * (Zp6 X Zp‘s) S qF2'
Orobpazkenne ¢ mopozkjatomux rpynusl 1, B rpynmy Fb, mpu KOTOpOM
b;q = Y1, b;g = Y2, afm = Y2, a’;’O,Qm = Y1, a';fj =1 Hpﬂj ¢ {m72m}7 IpoaoJI-
KaeMo 10 roMoMopdusMa ¢ : T; ., — Fo. Ilockonbky ker o N ([aim, aiom]) =
(1), To o mpusnaky npuHajexuoctu T, € qFs.

Ipymmy App/(c1) MoxkHO cobpath u3 rpymir T ,, TP TOMOIIM KOHCTPYK-
tpu w3 sieMmbl 1. Tlosromy Ay, /{c1) € qFs.

Paccmorpum romomopdmsm ¢ 1 Ay, — Fo, npu kotopom b = y1, bl =
Yo, g i = 1,...,2r, a 0bpa3sl OCTAIbLHBIX TOPOXKAafommx paub! 1. Tak Kak
ker ¢ N (c1) = (1), To mo reopeme Pemaka A, < (Arm/<cl>> x Fy € qgF;.

Hnsa k € {1,...,A — 1} romomopdusm @i : Appy — Fa, npu Koropom

A—k
b =y L b =wyo, i =1,...,2r, a oGpasbl OCTEtJ‘[bH])IX LHOPOXK AAIOLIMX
paBHbI 1, ynosrersopster ycmosnio ker o N (c1) = (4 ). Bnaunt qms mo6oro
k
ke{l,...,\—1} sepro A, /(cf ) € qFs. O

1

Jlemma 3. Ecau f,g,h € Fy, [g,f] = 1, [g,h] = 1, gpA_
[f,h]=1.
k1,81 2,,52

Aowasameavemeo. Tyers g = yFysy, £ = yf'ysin, b = yi*y3ye. tae
k7k17k27 S,81,82 € Z7 YY1, Y2 € FZ' TTo CbOpMyﬂe (1)

& Z(Fy), mo

A1 Epr—1 gpA—1 Pl oy A—1
& =" v lwl 7 P
Bameruy, uro ecin k= 0(p) u s = 0(p), 1o g? ' € Z(Fy), 4ro nporuso-
peunr ycaosuto jemmbl. Ciegosaresnsto, k # 0(p) niu s # 0(p).
Hockoneky [g, f] = 1, [g,h] = 1, 10 ks1 — ks = 0(p*), ksa — kas = 0(p"),
k(kisy — kas1) = kisko — kosk; = 0(p*), s(k1s2 — kas1) = soks; — siksy =
O(p/\)7 TO k152 — kos1 = 0(]7)\), n [fa h] =1 U
Paccmorpum rpynny Hi.p,, 3a1aHHYI0 B Rs ) CICIYIONIME TOPOZK TAIOIIHI-
MU U OIPEIE/ISIONIMEI COOTHOIIEHNUSIMU:

Hyp = ({bi1, bi2, aijy 21, .. ywn i =1,...,2r;5 = 1,...,2m};
LG m
11, bio] [ [[arg, arjm] = - = (b2, baro] ] Tlazrg, azejsml,
Jj=1 j=1
aijyaks] =1, mimBeex 1 £ k,1 < 4,5 < 2m,
A—1
Tlcllj =1lro=1,....,m =1,

[:L'h(z)abj ] = [xh(i-l—q)abjl} =lLi=1,...,q,1 E](Q»v

3

F,He Ccl1 = [b117 bl?] H [a1j7 alvj-’_m]'
7j=1
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Jlemma 4. Ilycmo r > q. Hpu 410060 20MOMOPHUIMAT O : H,ﬂm — Fy,

Hrm/(c€A71> — I eeprw, pasencmea v = v¥ =1, 2de v = H [Zh(i), wh(Hq)}
i=1

A—1
B wacmmocmu, Hyp € qFa, Hym /(] ) & qFb.

Hoxasameavcmeo. Paccmorpum ecrectBeHHblil romoMopduam ¢ @ Hppy —

Hrm/(c€A7 ). fcno, uTo

Hy /(&) 2 (G # (A /(&7 )))/N,

riie N = ({[Tne), 0j1]; [Th(itq), 0] | i = 1,...,¢,i = j(q)}). Jlerko Bugers,
a0 (T1,...,T 9"% G,v? #1, rne
di
v = H[xh(z)’ xh(i—&-q)]
i=1
~— KOMMYTATOPHOE CJIOBO OT TTEPEMEHHBIX X1, . . . , L, NPEJICTABICHHOE B (3).

A—
Ecmm Hyp /() 1) € qFy, To Mo mpu3HAKY MPUHAIEKHOCTU CYITIECTBYET
A—1
romomopduam ¥ : Hyp /(€] ) — Fy takoit, ato v¥¥ # 1. DTo mpoTmBope-

A—1
aur BBIGOPY siaementa v B G. Crenosarensno, Hyp, /(] ) & qF.
[Ipeamomoxkum, ato Hyp, € qFy. 3HauuT M0 NpuU3HAKY TPUHAIEIKHOCTH
cymmectByer romomopdusM & : Hyp, — Fh, mpu koTopom v¢ # 1. MoxkHo cau-

A—1
rar, 4o (@), @nqlt # 1 Bean (05,7 & Z(F), 10 u3 [} ), b5,] =
[xi(1+q)7b§1] = 1 mo jieMMe 3 HOTy9IaeM, 9TO [:Uh(l),xh(1+q)}f = 1. Caenosa-
e Z(Ry).
AHaJIOrMYHO JOKA3BIBAETCS, 9TO (b? n q71)p

TeJILHO, (bfl)p
A—1

€ Z(F,). Torga

m m

A—1 - I3 I3 A-l I3 I3 A—1
(cf )¢ = H[alj’al,j-‘rm]p = H[a1+q,jv a1+q,j+m]p -
j=1 j=1
Eciu (all) ' & Z(Fy) jy1st HEKOTOPOIO i, T0 U3 JeMMBbL 3 CJIELyer, UTo
m
3 3 —
H[a1+q,j’ a3 g jem) = 1-
j=1

A—1

A—1
Bwaant (] )¢ = 1, m cymecrryer romomopduam ¥ 1 Hyp /(] ) — Fy
Takoit, uro v¥¥ = v¢. Kak mokazauo seime, v#¥ = 1. [Monyuennoe mpoTuBo-
peune o3Hauaet, 9t0 Hyppy & qF5. O

Caencrsue 1. I[lycmo r > q, ¢ : Hypyy — R — 20momopdusm epynnot Hyp,
8 npoussosvhyto epynny R € qFs. Toeda v¥ = 1.

oxasameavcmeo. Tlpenmonoxum, aro v¥ #£ 1 11 HEKOTOPOTO TOMOMOD-
dusma ¢ : Hypy — R, tie R € gF5. [lo npusnaky TpUHAJJIEKHOCTH CYIIIe-
crByeT roMomopduaM v : Hy, — Fy takoit, aro v#¥ # 1, 4T0 IpoTHBOPEYNT
Jiemme 4. (|
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Jlemma 5. H,.,,, € qG.

Aoxasamesvemeso. Tlockonbky Hrm/<c’fxil> =~ (G * (A,,m/<c€%1>))/N, rae
N = <{[xh(i)7bj1]7[xh(i+q)7bj1] ’ 1 = 1,...,q,i = ](q)}>, TO U3 JIeMM 1, 2
CJIeJIyer, uTo Hrm/(c’fkiw € ¢G.

Hamommmm, aTo rq = [:Ul,:bz]ptf u [z, T2] HE BXOJUT B 3alUCh 2JEMEHTOB
7,0,72,...,7;. Paccmorpum ciiemyromniee 0ToOparkeHne moPOkK IAIONUX TPYII-
ubl Hyp, B rpymmy Fo :

o =y, af =yl L af=1,i=3.. .1

a;‘; =1,i=1,...,2r,5=1,...,2m;

ang 1 <1 <gq:

€CTN Tp(y) = T1 WM Tp(iyg) = T1, 10 bF = y1, by = yy ' st BoEx j
TaKuX, 910 j = i(q);

€CTU Tp(j) # T1 U Tp(jyq) 7 T1, TO b}fl = Yo, bﬁz = Y1 JJIsd BCEX j TAKUX,
aro j = i(q).

ITo Teopeme /Inka ganHOe 0TOOParKEHHE MPOJOIKAETCS 10 TOMOMOPdI3IMa

¢ : Hyp — Fy. Tak kak ¢ = [y2,y1], To ker o N <c’1’A_1> = (1), u 1o Teopeme
Pemaka Hyyp < (Hrm/(czl’kl)) x Fy € qG. O

O6oznaunm 4epes By, TPyIy, 33JaHAyI0 B R ) CICIYIOMUMEA TOPOK-
JAIOTIAMUI U ONPEIEISIONIUMA COOTHOIIIEHUSIMHU:

Brm = ({bi1, biz, aij, 21, .. .,xn | i=1,...,2r;5 = 1,...,2m};
[aij,ars) =1, anst Beex @ # k,1 < j,s < 2m,
m=1ro=1...,n=1,

[2hgi) b1] = Ehgirg) bjal = Li=1,...,4,i = j(q)).
Baverm, 410 Hyn = By /N, 6 N = (e e165,- eac,).

Jlemma 6. B, € qF>.

Hoxasamesvemso. Tlycrs A; = (b1, bio, @41, . - ., ai2m) — cBOOGOAHAS B R )
rpynma, ¢ = 1,...,2r. fdcno, aro A; € qFy. Homoxum A; = Ay,

Ay = Ay + Aif{laig,an)} |k =1,...i—1;1 < j,s < 2m).
IIpeamonoxkus, aTo 1&-,1 € qFy, monyunm mmo sremme 1, 9To A\l € qFy, 1 =
2, ey 27, HaKOHeH, Brm = (Agr * G)/N, rae N = <{[$h(z)7 bﬂ], [mh(i+q)7 bjl] |

i=1,....,q,1 = j(@)}), G = (x1,...,Tn; rf =1, ro=1,..., rp = 1).
Ilpumensis gemmy 1, nonygaem, 4To B, € qFb. (]

k
A—1
Jlemma 7. Ecau k > CZA3+2= mo anemenm [ [Yi, Yirr]? epynnot Foy,
i=1
HEAD3A 3aNUCAMb 6 6Ude NPOU3CEICHUA S KOMMYMAMOPOE.
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Hoxaszameavcmeo. Ilpennosoxum, uro B Fop BEpHO paBeHCTBO

k s

H[yivyz#k]pA_l = H[gi,gi+s]~

i=1 i=1
CriesloBaresibHO, 9TO PABEHCTBO SBJIAETCH TOXKIECCTBOM B Rj ). llycrs t =
4\s 4 2. deno, uro | (F)P " |= p. Cormacuo yenosmio memmst k > C2.
3HaunT BCAKMIL SJIEMEHT 13 (Ft/)px_1 ecTh TTpon3BesieHue He Oosbiie, yem k
koMMyTaTopoBs. [Tockomeky | Fy/ (Ft' F? A) |= p*, T0 BepHEI HepaBeHCTBA

° I\ A—
{a.b] | a.b € F}| < p? (] [lhis havs] | i € B} < 0™ [(F)P | < g2,
=1

C? te=b) 2)\ts
Orcroma p~t = p~ 2 < p** t < 4)s + 1. Tloaygennoe mpoTUBOpedme

03HAYaEeT, UTO YTBEPIKIEHNE JIEMMbI BEPHO. ([

JIlemMma 8. Ecau m > C4
By, mo B N Ny = (1).

G242 B — k-nopoocdénnan nodzpynna 2pynnvt

ﬂomsameﬂbcmeo [Iycrs g € B’ NNy, g # 1. Tak kak B — k-110pox 1éHHas
HOArpyIIIa, TO B — s- MOPOXKJIEHHAS MOATPYIIIA, § = 02 SHAYNUT § MOXKHO
3alluCaTh B BUAE IIPOU3BEICHUA S KOMMyTaTOpOB.
S
9= [lgi> girs)-
i=1
C apyroit ¢cTOpoHbl, Tak KaK § € Npp,, TO g MOXKHO 3aIMCATH B BUJE

2r

g: (Tlcfk—l)tl H(C c 1\t

1=2

Ecin t; # 0(p)) ais HeKOTOpOro mmjexca i Takoro, uTo i > 2, TO pac-
CMOTpI/IM ciemyiomiee 0ToOpaKeHne (p MOPOKAAOITIUX TPYIILI By, B TpymIITy
Fo, - a =y, 7 =1,...,2m, a ocranabHble TOPOXKJAIONTIE 0TODPAZKAIOTCA
B 1. Ho TeopeMe Juka 310 oTOOpaXKeHue MpooJIzKAeTcs 10 ToMOMOpdu3Ma
@ : Bryy — Fopy. llomyvaem paBeHCTBO

S m

9° = H[gf,géis] = (H[?/z’,yﬁm])iti-

i=1 =1

m
" A-1
DT0 MPOTUBOPEYNT JiIeMMe 7, COrIacHO KOTOpoii aiemeHT [ ] [Yi, Yitm|P

i=1
HEJIb35 3AIMCATH B BUJIE IPOU3BEICHNS § KOMMYTaTopos. 3uauut t; = 0(pt)
A—1
Ayt ioboro ¢ > 2, u g = (r10713 )tl
Tak kak g # 1, 1o t1 #Z 0(p). Paccmorpum cieytoiee orobpaxkenne @
MOPOXKIAIONINX TPYNNbl By, B rpynny Fop, afj =y, 7 =1,...,2m, a
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ocTaJbHbIE TTOpOXK afomue orobpazkatorces B 1. ITo Teopeme /Iuka 310 010b6-
pPakeHue MPOJOJIZKAETCH 10 ToMoMOpdu3Ma ¢ : Bp, — Fyy,. Ionyuaem

PaBEHCTBO
S m

A-1\ 1
g9° = H[gf7g;p+s] = (H[?meﬁm]p ) )
i=1 i=1
KOTOPOE HEBO3MOMKHO B CTy jieMMbl 7. 3uaunt g = 1, u B NNy, = (1). O

Jlemma 9. Fcau A — woneuno nopoocdénnan epynna, A € qFs, a € A,

la| =p" 5, 1<k <X 0<s <k, (b) = Zy, mo

H=Ax (b)(a=0b") e qF,.

Jokasamenvcmeo. Tax kaxk H = A', ro H/H = AJ/A" x Zps € qFy. IlycTs
g€ H', g # 1. Tlo npu3sHaKy NpMHAICKHOCTH CYINECTBYET TOMOMOP(I3M
¢ : A — Fy takoii, uro ¢g¥ # 1. Tlycrs @(a) = [y, y2]/P", toe 0 < u < A,
(f,p) = 1. Tak kak pa? ) =1= [y1, yQ]fpupk_s, To u > s. Orobpakenne )
nopo Aaronmx rpynmsl H B rpymmy Fb, mpu kotopom hY = h¥ 11st KaxK10T0
nopozaatorero h rpymmsr A, b = [y1, y2]/P* ", no reopeme Iuxa npoo-
Kaercs 10 romoMmopduama ¢ rpynnst H B rpymny Fb. [Ipuaém g¥ = ¢ # 1.
Ilo npusnaky npunajnexuocru H € qF5. (]

Jlemma 10. Ilyemv A — k-nopoowcdénnan nodepynna zpynnvt H,p,. Ecau

2
m > C4>\C,§+2’ mo A € qF>.

Zoxazameavcmeo. Ilycts A — k-TIOpoXRAEHHAA TOATPYINA TPYNIBl Hppy, 1
’
Y : Hypy — Hppy/H,.,, — ecTecTBerHbIl TOMOMOphU3M. fcHo, uTo

Hymp/Hypy & Zys X -+ X Zys, AY 2 AH,, [H,yp = Zg X oo X Z iy,

0<k; <é,i=1,...,d,d<k. llyctb H — MakcuMajbHas d-IOpOKIEHHAS
noarpyma rpymnst Hy,,, /H,, | conepzxamas AY. Torna H = (@) x - - - x (@),

(a;) = Zp(s, a; = a;H

rm:a,.

77
dcuo, uro |a;| =p°,i=1,...,d, A< LH;m. Hokaxewm, aro L € qF5.

Cornacuo oupegpeneanto Hyp, = By /Ny, llyers B — upoobpa3 L upu
ecrecrBeHHOM romomopdusme ¢ : Bry, — Brp /Ny, B = (b1,...,bg), vae
b;p = Qag, |bl| :pé,i: 1,...,d.

[IpousBosbHbIil 3seMenT b € B MOXKHO 3anmucarh B Buje b = bﬁl e bgdc,
rae ¢ € B'. Torma b? = a?...azdc“’. Ecmu b% =1, To (aﬁl...ag‘ic“’w = 1.
Suaunr aﬁl .. .dfid = 1. Caenosaremsro, t; = 0(p%), i = 1,...,d. Orciona
Bnker ¢ C B', r.e. BON,,, C B'. Taxum o6pazom, BANy,, € B NNy = (1)
o jemme 8, uw B =2 L. Tlo memme 6 L € qF5.

TMokaxewm, uro LH,,, € qFy. Jlerko Bugers, uro LH,, = L{dy,...,d,),
rie

H, /LOH., =(d)x..x{d),d=d(LNH,) decH, i=1,... w.

rm»

i=1,...,d. O6oznaunm L = (ay,...,aq).

Bynem wucmosbzoBarh caenyrorme obosuavenust: Ly = L, Ly = L;—1(d;) =
L{dy,...,d;), i = 1,...,w. llpexmonoxum, uro L;, € qFs, dig+1 & Li,-
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Hokaxewm, aro Lij,+1 € qFy. Ecnn Ly N (dig+1) = (1), 10 Lijy+1 = Li, X
<di0+1> € gby. Ilycre L;, N (di0+1> = <dlo+1> |d20+1| = pko, rme 1 < kg < A,
1 < s < kg. 3uauur s "Hekoroporo h € L BepHO PaBEHCTBO dio+1 =
ks s —k —k; / 2
hdk1 .d;,°. CrenoparenbHo, Efoﬂ =d; . .d; " B Tm/L NnH OTCIO,ZL&
dzo+1 €L, Hdm_s_1 = alll.. lda rea € L. Tomaa . ad = 1BHrm/
nl; = 0( %), i=1,...,d. Taxum o6pasom, di0+1 =a,rae a € L. Tlockomsky
L' =1
qFQ.

rm?

io» TO O JIeMMe 9 Li0+1 = Lio <di0+1> = Lio X (di0+1>(a = dfo+1> S
O
Jlemma 11. Ilyemv ¢ : Hppyy — Hyy — 2omomoppusm, f = oMyl f =
n+4r(m+1), s =n+ 8q. Ecau ewnoarneno roms 6bi 00H0 U3 Ycaosut:
Z)Tuny>C>\02+27
2) 2r2qfuy>0/\cz
mo v¥ = 1.

+2)

Jokazameavemeo. ycrs y > C2 Tlockombky Hppy — k-miopoxaéunas

ANCE+2°
rpymna, to Hy, — k-nopoxnénnas rpymma. Tax kak Hp, < Hyy, TO 1O
aemme 10 momyaaem, ato H, € ¢Fs. 1o crexcrsmio 1 v¥ = 1.

Ilycte 2r > qf ny > C’Q)\C2+2 Jst kaxkgoro ¢ Takoro, aro 1 < i < fyq,
PacCMOTPUM HOArpyIIsl B = (a1, . .., @i 2m) Tpyunsl Hyp,. 113 onpenensio-
X COOTHOIIEHNit rpynmnbl H,, BhITekaet, aro [B;, B;| =1 pn i # j.

BadukcupyeMm TPOU3BOIBLHOE ¢, YAOBJAETBOPstOIiee HepaBeHCTBY 1 < t <

q. CorlacHo yCIOBUIO JIEMMBI CPEIU TIOATPYIIT B Bt o ’Bf+( F—1)q €CTP
_ p¥ . .
O,Z[HHaKOBbI; Bt +%t B +qz£ IS EGKOTOprX i, 0t, 0 < iy < Jp < f — 1.
Buaaur [Bf ., Bl i,] = [Bi g1 Biigj,) = [Betaivs Bregje]” = 1, me. Bt+qzt
— abeneBa rpymma. OTCIONa BHITEKAET, 9TO BEPHBI CACAYIONINE PABEHCTBA:
® ® ® _
- [bt—l-qu,l’ bt—l—qu 2] [at—l-qu 1 t+qz,«,1+m] tee [a’t—‘,—qit,m’ at+qit,2m] -
® ©
[bt—s-qu, bt+qiz,2]'
HocKOMeKY [Th4), bitgir,1] = [Th(t4q)s Ot+qir1] = 1, TO BepHO paBeHCTBO
® © _ [P © _
[xh(t)’ bt—i-qit,l] - [zh(t+q)’ bt+qit71] =1

PaccymoTrpum oToOpazkenue v MOpoxkKJatonux rpynnsl Hyy B rpynmy Hy,y,
3aTAHHOE TaK:
by =Y = b

t+qit, 1 b

(J — .
t+4q,1 bt, bt+q2 t+qit,2° t=1....¢

a=1i=1,...2¢ j=12af =2fi=1,...,n.
Tlo Teopeme JIuka 210 oTOOpazkeHMe MPOTOIKAETCS 10 TOMOMOPQHUIMA,
v : Hyy — Hyy. Ilpu 5TOM BepHO PaBEHCTBO ¥ = v¥.
ITockonpky rpynma Hgi mopoxKaaercs s ajeMeHTaMHu, TO H;bl TaKXkKe I10-
poxKIaerca s smeMenTaMu. Tak xkaxk H ;ﬁl < Hgy, 10 1o jemme 10 H:fl € qbs.
ITo crencreuio 1 v¥ = 1. Suaunr u v¥ = 1. O
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Teopema 1. Ecau qFy & qG C Rsyn, G — woneunaa epynna, sadannasi 6
Rs.\ KOMMYMAMOPHOIMU ONPEICAAIOUUMU COOMHOWEHUAMU, MO UHMEPEAN
[qF%, qG] pewémru k6a3um102006pasut 2pynn KOHMUHYGAEH.

Aowasamenvcmso. Ilycre Hy = H,,,, — IpOU3BOJIbHAA IPyNIIa U3 MHOXKe-
crBa Tpymn K, cocrogdmiero u3 Bcex rpynn Hy,, yA0BIETBOPAIONUX CJICTYIO-
UM yCJIOBUSIM: T > ¢,y > CEAC,2L+8 4o [Ipenronoxum, 9T0 U3 MHOXKECTBA
K BeiOpanbl Takue rpymnnbl H; = quiyi st i =1,...,k, aro ipu © # j ajs
LIPOU3BO/ILHOI0 roMoMopdusma ¢ : H; — Hj poionneno v¥ = 1.

Pacemorpum rpynmny H,y, u3 MHOXKecTBa K, YIOBIETBOPAIONIYIO CIEIYIO-
IIUM YCJIOBUSIM:

a) m > CZAC%-W’ st ioboro @ = 1,..., k, ome s; = n + 4x;(y; + 1);
b) 2r > qf;, s moGoro i = 1,..., k, rae f; = 2!Hil,

[TockoabKy yesIOBUE a) BBIIOJHEHO, TO B CHJIy TyHKTa 1) jgemmbl 11 mst

gwboro ¢ = 1,...,k, npu mpoussogsHOM ToMoMopdusme ¢ : H; — Hpp
BeImosiHeHO v¥ = 1. BeinmosHenwe yciaosus b) rapanTHpyer Mo MyHKTY 2)
JgeMmmbl 11, arto mis siroboro ¢ = 1,. .. k, Tpu Tpon3BOJBHOM MOMOMODPgU3Me

¢ : Hppy — H; Boimonneno v¥ = 1.
[onmoxum Hypy1 = Hpp. Ham ynasnocs BeiOpars n3 mHO)kecTBa K Takue

rpynnel H; ang i =1,...,k+ 1, 9o ipw 4 # j A5 TIPOU3BOIBLHOTO TOMO-
mMopdusma ¢ : H; — H; Beimonseno v¥ = 1.
Nrak, mocTtpoeHa cuéTHAA MOCTEIOBATENBRHOCT Tpynn Hy, Ha, ..., KaxK-

Jlas U3 KOTOPBIX IO JIeMMe D MOpPOKTAeT KBA3UMHOT000pa3ne m3 WHTepBaa
[qF», qG], npuaém, ecu j € I, ro Hj & Ky = ¢{H; | i € I'}. 3naunuT xBasuM-
moroobpasusg Ky pa3iudHbl IpH Pa3HbIX [, 9T0 JOKA3BIBAET TEOPEMY. O

OrmernM, aro npu A = 1 Teopema 1 TakKe BepHA, SIBISSACH CJI€JICTBHEM
Teopembl 2 u3 [11].
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