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Ïðåäñòàâëåíî Ï.Ï. Ïåòðîâûì

Abstract: Let p be a prime number. Denote by Rδ,λ the non-
abelian variety of nilpotent groups of class at most 2 of exponent
pδ with commutator subgroup of exponent pλ; by F2 the free group
of rank 2 in Rδ,λ; by qH the quasivariety of groups generated by
a group H. It is proved that the interval [qF2, qG] is continual if
all the following conditions are true: G ∈ Rδ,λ, G is a �nite group
de�ned in Rδ,λ by commutator de�ning relations, qF2  qG.

Keywords: lattice, quasivariety, nilpotent group.

1 Ââåäåíèå

Â [1] Ì.È. Êàðãàïîëîâ ïîñòàâèë ïðîáëåìó (âîïðîñ 4.31): îïèñàòü ðå-
ø¼òêó êâàçèìíîãîîáðàçèé 2-ñòóïåííî íèëüïîòåíòíûõ ãðóïï. Îêàçàëîñü,
÷òî ýòà ðåø¼òêà, êàê è ðåø¼òêè êâàçèìíîãîîáðàçèé äðóãèõ óíèâåðñàëü-
íûõ àëãåáð (ñì., íàïðèìåð, [2, 3, 4, 5], è ïàðàãðàôû 5.4, 5.6 â [6]) èìååò
äîâîëüíî ñëîæíîå ñòðîåíèå.
ÏóñòüN2 � ìíîãîîáðàçèå íèëüïîòåíòíûõ ñòóïåíè íå âûøå äâóõ ãðóïï;

qK � êâàçèìíîãîîáðàçèå, ïîðîæä¼ííîå êëàññîì ãðóïï K (ïðè K = {G}
áóäåì ïèñàòü qG âìåñòî q{G}); Lq(N ) � ðåø¼òêà êâàçèìíîãîîáðàçèé,
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ñîäåðæàùèõñÿ â äàííîì êâàçèìíîãîîáðàçèè N ; F2(N ) � ñâîáîäíàÿ â
êâàçèìíîãîîáðàçèè N ãðóïïà ðàíãà 2.
Ñîãëàñíî [7], â ñëó÷àå êîíå÷íîé ãðóïïû G ∈ N2 ðåø¼òêà Lq(qG) êî-

íå÷íà â òîì, è òîëüêî â òîì ñëó÷àå, êîãäà êâàçèìíîãîîáðàçèå qG ïî-
ðîæäàåòñÿ êîíå÷íûì íàáîðîì ãðóïï èç íåêîòîðîãî ñïèñêà, è êîíòèíó-
àëüíà � â ïðîòèâíîì ñëó÷àå. Â [8] äîêàçàíî, ÷òî ðåø¼òêà Lq(N ) èìååò
ìîùíîñòü êîíòèíóóìà äëÿ ëþáîãî êâàçèìíîãîîáðàçèÿN íèëüïîòåíòíûõ
ñòóïåíè íå âûøå äâóõ ãðóïï áåç êðó÷åíèÿ, óäîâëåòâîðÿþùåãî óñëîâèþ
qF2(N2)  N . Îñíîâíûå ìåòîäû, èäåè è ðåçóëüòàòû ðàáîò [7, 8] áûëè èñ-
ïîëüçîâàíû â [9], ãäå íàéäåíû íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèÿ êîíå÷-
íîñòè ðåø¼òêè Lq(qG) äëÿ ïðîèçâîëüíîé êîíå÷íî ïîðîæä¼ííîé ãðóïïû
G ∈ N2 : ðåø¼òêà Lq(qG) êîíå÷íà òîãäà è òîëüêî òîãäà, êîãäà êâàçèì-
íîãîîáðàçèå qG = qK äëÿ íåêîòîðîãî êîíå÷íîãî ïîäìíîæåñòâà ãðóïï K
èç ïðèâåä¼ííîãî ñïèñêà ãðóïï. Êðîìå òîãî, â ýòîé ðàáîòå äîêàçàíî, ÷òî
åñëè ðåø¼òêà Lq(qG) íå ÿâëÿåòñÿ êîíå÷íîé, òî îíà èìååò ìîùíîñòü êîí-
òèíóóìà. Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ êîíå÷íîñòè è ñ÷¼òíîñòè
ðåø¼òêè Lq(N ) äëÿ ïðîèçâîëüíîãî êâàçèìíîãîîáðàçèÿ N íèëüïîòåíò-
íûõ ñòóïåíè íå âûøå äâóõ ãðóïï ïðèâåäåíû â [10].
Îòìåòèì ðàáîòû [11, 12], â êîòîðûõ ïîëó÷åíû òåîðåìû, õàðàêòåðè-

çóþùèå ñëîæíîñòü ðåø¼òîê Lq(Rpk) ìíîãîîáðàçèÿ Rpk íèëüïîòåíòíûõ

ñòóïåíè íå âûøå äâóõ ãðóïï ýêñïîíåíòû pk ñ êîììóòàíòîì ýêñïîíåíòû
p (p � ïðîñòîå ÷èñëî, k ≥ 2) è êâàçèìíîãîîáðàçèÿ íèëüïîòåíòíûõ ñòó-
ïåíè íå âûøå äâóõ ãðóïï áåç êðó÷åíèÿ ñîîòâåòñòâåííî. Â [11] ïîêàçàíî,
÷òî ñóùåñòâóåò áåñêîíå÷íîå ìíîæåñòâî êâàçèìíîãîîáðàçèé M ⊆ Rpk ,
ïîðîæä¼ííûõ êîíå÷íîé ãðóïïîé è òàêèõ, ÷òî äëÿ ëþáîãî êâàçèìíîãîîá-
ðàçèÿ N , óäîâëåòâîðÿþùåãî ñâîéñòâóM  N ⊆ Rpk , èíòåðâàë [M,N ] â
ðåø¼òêå êâàçèìíîãîîáðàçèé êîíòèíóàëåí. Â ÷àñòíîñòè, êîíòèíóàëåí èí-
òåðâàë [qF2(Rpk),N ] äëÿ ëþáîãî êâàçèìíîãîîáðàçèÿ N , óäîâëåòâîðÿþ-
ùåãî ñâîéñòâó qF2(Rpk)  N ⊆ Rpk . Â [12] óñòàíîâëåíî, ÷òî ñóùåñòâóåò
áåñêîíå÷íîå ìíîæåñòâî êâàçèìíîãîîáðàçèé M 2-ñòóïåííî íèëüïîòåíò-
íûõ ãðóïï áåç êðó÷åíèÿ, ïîðîæä¼ííûõ êîíå÷íî ïîðîæä¼ííîé ãðóïïîé,
òàêèõ, ÷òî äëÿ ëþáîãî êâàçèìíîãîîáðàçèÿ N 2-ñòóïåííî íèëüïîòåíòíûõ
ãðóïï áåç êðó÷åíèÿ (M  N ) èíòåðâàë [M,N ] â ðåø¼òêå êâàçèìíîãî-
îáðàçèé êîíòèíóàëåí.
Ïóñòü Rδ,λ � ìíîãîîáðàçèå íèëüïîòåíòíûõ ñòóïåíè íå âûøå äâóõ

ãðóïï ýêñïîíåíòû pδ ñ êîììóòàíòîì ýêñïîíåíòû pλ, p � ïðîñòîå ÷èñ-
ëî, δ, λ � íàòóðàëüíûå ÷èñëà, δ ≥ λ ≥ 2, è δ > λ ïðè p = 2. Â íàñòîÿùåé
ðàáîòå äîêàçàíî, ÷òî åñëè G ∈ Rδ,λ, G � êîíå÷íàÿ ãðóïïà, çàäàííàÿ â
Rδ,λ êîììóòàòîðíûìè îïðåäåëÿþùèìè ñîîòíîøåíèÿìè, qF2(Rδ,λ)  qG,
òî èíòåðâàë [qF2(Rδ,λ), qG] â ðåø¼òêå Lq(Rδ,λ) èìååò ìîùíîñòü êîíòè-
íóóìà.
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2 Ïðåäâàðèòåëüíûå çàìå÷àíèÿ

Èñïîëüçóåìûå â ðàáîòå ñâåäåíèÿ èç òåîðèè ãðóïï ìîæíî íàéòè â [13],
à èç òåîðèè êâàçèìíîãîîáðàçèé ãðóïï � â [6, 14, 15].
Âñþäó â ðàáîòå p � ïðîñòîå ÷èñëî, N = {1, 2, . . .} � ìíîæåñòâî íàòó-

ðàëüíûõ ÷èñåë; Z � ìíîæåñòâî öåëûõ ÷èñåë. Äëÿ a, b ∈ Z, c ∈ N çàïèñü
a ≡ b(c) îçíà÷àåò, ÷òî îñòàòîê îò äåëåíèÿ ðàçíîñòè a − b íà c ðàâåí 0.
Â ðàáîòå òàêæå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: [a, b] = a−1b−1ab;
〈a1, a2, ...〉 � ãðóïïà, ïîðîæä¼ííàÿ ýëåìåíòàìè a1, a2, ...; Zn � öèêëè÷å-

ñêàÿ ãðóïïà ïîðÿäêà n; |g| � ïîðÿäîê ýëåìåíòà g; G
′
� êîììóòàíò ãðóï-

ïû G; Z(G) � öåíòð ãðóïïû G; G ∼= H � ãðóïïû G è H èçîìîðôíû.
×åðåç G/N îáîçíà÷èì ôàêòîð-ãðóïïó ãðóïïû G ïî íîðìàëüíîé ïîäãðóï-
ïå N, à ÷åðåç g � îáðàç ýëåìåíòà g ∈ G ïðè åñòåñòâåííîì ãîìîìîðôèçìå
G→ G/N.
×åðåç A × B áóäåì îáîçíà÷àòü ïðÿìîå ïðîèçâåäåíèå ãðóïï A è B.

Ïóñòü a ∈ Z(A), B = 〈b〉, |a| = |bk|. ×åðåç A × 〈b〉(a = bk) áóäåì îáî-
çíà÷àòü ïðÿìîå ïðîèçâåäåíèå ãðóïï A è 〈b〉 ñ îáúåäèí¼ííîé ïîäãðóïïîé,
ò.å.

A× 〈b〉(a = bk) = (A× 〈b〉)/〈a−1bk〉.
Íàì ïîòðåáóåòñÿ ïðèçíàê ïðèíàäëåæíîñòè êîíå÷íî îïðåäåë¼ííîé ãðóï-

ïû G êâàçèìíîãîîáðàçèþ qK (÷àñòíûé ñëó÷àé òåîðåìû 3 [16]):
êîíå÷íî îïðåäåë¼ííàÿ â êâàçèìíîãîîáðàçèè N ãðóïïà G ïðèíàäëåæèò

êâàçèìíîãîîáðàçèþ qK (K ⊆ N ), òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþ-
áîãî ýëåìåíòà g ∈ G, g 6= 1, ñóùåñòâóåò ãîìîìîðôèçì ϕ ãðóïïû G â
íåêîòîðóþ ãðóïïó èç êëàññà K òàêîé, ÷òî gϕ 6= 1.
Áóäåì ïîëüçîâàòüñÿ ñëåäóþùåé òåîðåìîé Äèêà (ñì. [14], ãë. 5, � 11,

òåîð. 5; [15], òåîð. 2.2.23).
Ïóñòü ãðóïïà G èìååò â êâàçèìíîãîîáðàçèè N ïðåäñòàâëåíèå G =

〈{xi | i ∈ I}; {rj(xj1 , . . . , xjk(j)) = 1 | j ∈ J}〉. Ïðåäïîëîæèì, ÷òî H ∈ N
è ãðóïïà H ñîäåðæèò ìíîæåñòâî ýëåìåíòîâ {gi | i ∈ I} òàêîå, ÷òî
äëÿ âñÿêîãî j ∈ J ðàâåíñòâî rj(gj1 , . . . , gjk(j)) = 1 èñòèííî â H. Òîãäà

îòîáðàæåíèå xi → gi(i ∈ I) ïðîäîëæàåìî äî ãîìîìîðôèçìà G â H.
Â ðàáîòå òàêæå èñïîëüçóåòñÿ ñëåäóþùàÿ òåîðåìà Ðåìàêà (ñì. [13],

òåîð. 4.3.9.)
Ïóñòü â ãðóïïå G çàäàíî ñåìåéñòâî íîðìàëüíûõ ïîäãðóïï Hi, i ∈ I, è

H � èõ ïåðåñå÷åíèå. Òîãäà ôàêòîð-ãðóïïà G/H èçîìîðôíà íåêîòîðîìó
ïîääåêàðòîâó ïðîèçâåäåíèþ ôàêòîð-ãðóïï G/Hi.
Óñëîâèìñÿ ïðè íàïèñàíèè òîæäåñòâ êâàíòîðû âñåîáùíîñòè îïóñêàòü.
Îáîçíà÷èì ÷åðåç N2 � ìíîãîîáðàçèå íèëüïîòåíòíûõ ñòóïåíè íå âûøå

äâóõ ãðóïï, êîòîðîå â êëàññå âñåõ ãðóïï çàäà¼òñÿ òîæäåñòâîì

[x, y, z] = 1.

Â ìíîãîîáðàçèè N2 èñòèííû òîæäåñòâà

[x, yz] = [x, y][x, z], [xy, z] = [x, z][y, z],
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à òàêæå ñëåäóþùèå òîæäåñòâà, èñòèííûå äëÿ ëþáîãî n ∈ Z :

[x, yn] = [x, y]n, [xn, y] = [x, y]n.

Èíäóêöèåé ïî n ìîæíî ïîêàçàòü, ÷òî â N2 äëÿ ëþáîãî n ∈ N èñòèííî
òîæäåñòâî

(xy)n = xnyn[y, x]
n(n−1)

2 . (1)

Ïóñòü δ, λ ∈ N, δ ≥ λ ≥ 2, è δ > λ ïðè p = 2. Îáîçíà÷èì ÷åðåç
Rδ,λ � ìíîãîîáðàçèå, çàäàííîå â N2 òîæäåñòâàìè

xp
δ
= 1,

[x, y]p
λ
= 1. (2)

Âñþäó â ðàáîòå Fn � ñâîáîäíàÿ â Rδ,λ ãðóïïà ðàíãà n ñ ìíîæåñòâîì
ñâîáîäíûõ ïîðîæäàþùèõ y1, y2, . . . , yn.

3 Îñíîâíîé ðåçóëüòàò

Ðàññìîòðèì ïðîèçâîëüíóþ êîíå÷íî ïîðîæä¼ííóþ ãðóïïó G ∈ Rδ,λ,
çàäàííóþ â Rδ,λ êîììóòàòîðíûìè îïðåäåëÿþùèìè ñîîòíîøåíèÿìè (ò.å.
âñå îïðåäåëÿþùèå ñîîòíîøåíèÿ ãðóïïû G â Rδ,λ � êîììóòàòîðíûå ñëî-
âà), óäîâëåòâîðÿþùóþ óñëîâèþ qF2  qG.
Íàøà öåëü � ïîêàçàòü, ÷òî èíòåðâàë [qF2, qG] ðåø¼òêè êâàçèìíîãîîá-

ðàçèé, ñîäåðæàùèõñÿ â ìíîãîîáðàçèè Rδ,λ, èìååò ìîùíîñòü êîíòèíóóìà.
Ïóñòü G0 � êîíå÷íî ïîðîæä¼ííàÿ ãðóïïà, óäîâëåòâîðÿþùàÿ óñëîâèþ

qF2  qG0 ⊆ qG, çàäàííàÿ â Rδ,λ ìèíèìàëüíî âîçìîæíûì ÷èñëîì êîì-
ìóòàòîðíûõ îïðåäåëÿþøèõ ñîîòíîøåíèé:

G0 = 〈x1, . . . , xn; r1 = 1, r2 = 1, . . . , rl = 1〉,
ãäå r1, . . . , rl � ýëåìåíòû êîììóòàíòà ñâîáîäíîé ãðóïïû.
Âûáåðåì íàèáîëüøåå t (0 ≤ t < λ) òàêîå, ÷òî pt äåëèò ïîêàçàòåëè

ñòåïåíåé âñåõ êîììóòàòîðîâ â çàïèñè ýëåìåíòîâ r1, . . . , rl. Íå íàðóøàÿ
îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî r1 = [x1, x2]

pt r̃, è êîììóòàòîð [x1, x2] íå
âõîäèò â çàïèñü r̃, r2, . . . , rl. Äëÿ êàæäîãî i = 1, . . . , λ − t ðàññìîòðèì
ãðóïïó

Gi = 〈x1, . . . , xn; rp
i

1 = 1, r2 = 1, . . . , rl = 1〉
è ïðîâåä¼ì ñëåäóþùèå ðàññóæäåíèÿ. Îòîáðàæåíèå ϕ ïîðîæäàþùèõ ãðóï-
ïû Gi â ãðóïïó Gi−1, ïðè êîòîðîì x

ϕ
j = xj , j = 1, . . . , n, ïðîäîëæàåìî ïî

òåîðåìå Äèêà äî ãîìîìîðôèçìà ϕ : Gi → Gi−1, ïðè÷¼ì kerϕ = 〈rp
i−1

1 〉.
Îòîáðàæåíèå ψ ïîðîæäàþùèõ ãðóïïû Gi â ãðóïïó F2, ïðè êîòîðîì

xψ1 = y1, x
ψ
2 = yp

λ−t−i

2 , à îñòàëüíûå ïîðîæäàþùèå îòîáðàæàþòñÿ â 1,
ïðîäîëæàåìî ïî òåîðåìå Äèêà äî ãîìîìîðôèçìà ψ : Gi → F2. Ïîñêîëü-

êó (rp
i−1

1 )ψ = [y1, y2]
pi−1pλ−t−ipt = [y1, y2]

λ−1 6= 1, òî kerϕ ∩ kerψ = 〈1〉, è
ïî òåîðåìå Ðåìàêà

Gi ≤ Gi/ kerϕ×Gi/ kerψ ≤ Gi−1 × F2 ∈ qGi−1.
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Òàêèì îáðàçîì, èìåþò ìåñòî âêëþ÷åíèÿ

qF2 ⊆ qGλ−t ⊆ . . . ⊆ qGi ⊆ qGi−1 ⊆ . . . ⊆ qG0 ⊆ qG.

Çàìåòèì, ÷òî â ãðóïïå Gλ−t îïðåäåëÿþùåå ñîîòíîøåíèå r
pλ−t

1 = 1 áóäåò

èìåòü âèä rp
λ−t

1 =
(
[x1, x2]

pt r̃
)pλ−t

=
(
[x1, x2]˜̃r

)pλ
= 1, ò.å. ýòî ñîîòíî-

øåíèå ÿâëÿåòñÿ ñëåäñòâèåì òîæäåñòâà (2). Çíà÷èò ãðóïïà Gλ−t ìîæåò
áûòü çàäàíà â ìíîãîîáðàçèè Rδ,λ ìåíüøèì, ÷åì l, ÷èñëîì êîììóòàòîð-
íûõ îïðåäåëÿþùèõ ñîîòíîøåíèé:

Gλ−t = 〈x1, . . . , xn; r2 = 1, . . . , rl = 1〉.

Èç âûáîðà G0 âûòåêàåò, ÷òî qGλ−t = qF2. Çàôèêñèðóåì èíäåêñ k òà-
êîé, ÷òî qF2  qGk, qGk+1 = qF2. Äëÿ äîñòèæåíèÿ ïîñòàâëåííîé öåëè
äîñòàòî÷íî ïîêàçàòü, ÷òî èíòåðâàë [qF2, qGk] ðåø¼òêè Lq(Rδ,λ) èìååò
ìîùíîñòü êîíòèíóóìà. Â äàëüíåéøèõ ðàññóæäåíèÿõ ãðóïïó Gk áóäåì

îáîçíà÷àòü ÷åðåç G. Áóäåì ñ÷èòàòü, ÷òî qF2  qG, à ãðóïïû G è Ĝ
çàäàíû â Rδ,λ ñëåäóþùèì îáðàçîì:

G = 〈x1, . . . , xn; r1 = 1, r2 = 1, . . . , rl = 1〉,

Ĝ = 〈x1, . . . , xn; rp1 = 1, r2 = 1, . . . , rl = 1〉,
r1, . . . , rl � ýëåìåíòû êîììóòàíòà ñâîáîäíîé ãðóïïû, r1 = [x1, x2]

pt r̃, è
êîììóòàòîð [x1, x2] íå âõîäèò â çàïèñü r̃, r2, . . . , rl. Êðîìå òîãî, áóäåì

ïîëüçîâàòüñÿ òåì, ÷òî qF2 = qĜ, à äëÿ ëþáîé êîíå÷íî ïîðîæä¼ííîé
ãðóïïû H, çàäàííîé â Rδ,λ êîììóòàòîðíûìè îïðåäåëÿþùèìè ñîîòíîøå-
íèÿìè, ÷èñëî êîòîðûõ ìåíüøå l, èç qF2 ⊆ qH ⊆ qG ñëåäóåò qF2 = qH.
Ïîñêîëüêó G 6∈ qF2, G/G

′ ∈ qF2, òî ïî ïðèçíàêó ïðèíàäëåæíîñòè

íàéä¼òñÿ ýëåìåíò v ∈ G′ òàêîé, ÷òî vϕ = 1 äëÿ ëþáîãî ãîìîìîðôèçìà
ϕ : G → F2. Åñëè â çàïèñè v êîììóòàòîð [x1, x2] ïðèñóòñòâóåò â íåíó-
ëåâîé ñòåïåíè, òî ìîæíî ñ÷èòàòü, ÷òî v = [x1, x2]

ps ṽ, [x1, x2] íå âõîäèò
â çàïèñü ṽ. Îòîáðàæåíèå ψ ïîðîæäàþùèõ ãðóïïû G â ãðóïïó F2, ïðè

êîòîðîì xψ1 = y1, x
ψ
2 = yp

λ−t

2 , à îáðàçû îñòàëüíûõ ïîðîæäàþùèõ ðàâíû
1, ïðîäîëæàåìî ïî òåîðåìå Äèêà äî ãîìîìîðôèçìà ψ : G → F2. Ïðè

ýòîì vψ = [y1, y2]
pλ−t+s . Åñëè s < t, òî vψ 6= 1, ÷òî ïðîòèâîðå÷èò âû-

áîðó v. Çíà÷èò s ≥ t. Ïîñêîëüêó r1 = [x1, x2]
pt r̃ = 1, òî, èñïîëüçóÿ ýòî

îïðåäåëÿþùåå ñîîòíîøåíèå, ìîæíî óäàëèòü [x1, x2] èç çàïèñè v. Èòàê,
áóäåì ñ÷èòàòü, ÷òî â çàïèñè ýëåìåíòà v îòñóòñòâóåò êîììóòàòîð [x1, x2],
à ýëåìåíò v çàïèñàí â âèäå

v =

q∏
i=1

[xh(i), xh(i+q)]
δi , δi ∈ Z, i = 1, . . . , q. (3)

Âî âñåõ ãðóïïàõ ýëåìåíò
q∏
i=1

[xh(i), xh(i+q)]
δi áóäåì îáîçíà÷àòü ÷åðåç v.

Ïóñòü A,B ∈ Rδ,λ. Îáîçíà÷èì ÷åðåç A∗B � ñâîáîäíîå â ìíîãîîáðàçèè
Rδ,λ ïðîèçâåäåíèå ãðóïï A è B; [A,B] = 〈{[a, b] | a ∈ A, b ∈ B}〉.
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Ëåììà 1. Ïóñòü M � êâàçèìíîãîîáðàçèå ãðóïï, qF2 ⊆ M ⊆ Rδ,λ,
A, B ∈ M, ãðóïïû A, B â ïîðîæäàþùèõ a1, . . . , ak è b1, . . . , bm ñîîò-
âåòñòâåííî çàäàíû â Rδ,λ êîììóòàòîðíûìè îïðåäåëÿþùèìè ñîîòíî-
øåíèÿìè. Åñëè N � ïîäãðóïïà ãðóïïû A∗B, ïîðîæä¼ííàÿ íåêîòîðûìè
êîììóòàòîðàìè âèäà [ai, bj ] (N ìîæåò áûòü åäèíè÷íîé ïîäãðóïïîé),
òî (A ∗B)/N ∈M.

Äîêàçàòåëüñòâî. Ïîñêîëüêó (A ∗ B)/[A,B] ∼= A × B ∈ M, òî ïî ïðè-
çíàêó ïðèíàäëåæíîñòè äîñòàòî÷íî äëÿ ëþáîãî g ∈ [A,B] \N ïîñòðîèòü
ãîìîìîðôèçì ϕ : (A ∗B)/N → F2 òàêîé, ÷òî (gN)ϕ 6= 1.
Ïóñòü êîììóòàòîð [ai0 , bj0 ] 6∈ N. Ïî òåîðåìå Äèêà îòîáðàæåíèå ϕ, ïðè

êîòîðîì (ai0N)ϕ = y1, (bj0N)ϕ = y2, (aiN)ϕ = 1, (bjN)ϕ = 1, äëÿ âñåõ
i 6= i0, j 6= j0, ïðîäîëæàåìî äî ãîìîìîðôèçìà ϕ ãðóïïû (A ∗ B)/N â
ãðóïïó F2. ßñíî, ÷òî (gN)ϕ 6= 1 äëÿ ëþáîãî ýëåìåíòà g ∈ [A,B] \ N, â
çàïèñü êîòîðîãî êîììóòàòîð [ai0 , bj0 ] âõîäèò â ñòåïåíè, íå ñðàâíèìîé ñ 0

ïî ìîäóëþ pλ. �

Ðàññìîòðèì ãðóïïó Arm, çàäàííóþ â Rδ,λ ñëåäóþùèìè ïîðîæäàþùè-
ìè è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè:

Arm = 〈{bi1, bi2, aij | i = 1, . . . , 2r; j = 1, . . . , 2m};

[b11, b12]

m∏
j=1

[a1j , a1,j+m] = . . . = [b2r,1, b2r,2]

m∏
j=1

[a2r,j , a2r,j+m],

[aij , aks] = 1, äëÿ âñåõ i 6= k, 1 ≤ j, s ≤ 2m〉.

Îáîçíà÷èâ ci = [bi1, bi2]
m∏
j=1

[aij , ai,j+m], i = 1, . . . , 2r, ïîëó÷èì ðàâåíñòâà

c1 = c2 = . . . = c2r â ãðóïïå Arm.
Ãðóïïû ñ òàêèì æå ïðåäñòàâëåíèåì îòíîñèòåëüíî äðóãèõ êâàçèìíî-

ãîîáðàçèé ðàññìàòðèâàëèñü â [7, 8, 9, 11].

Ëåììà 2. Ãðóïïû Arm, Arm/〈c1〉, Arm/〈cp
k

1 〉, k = 1, . . . , λ− 1, ïðèíàäëå-
æàò qF2.

Äîêàçàòåëüñòâî. Ðàññìîòðèì äëÿ êàæäîãî i = 1, . . . , 2r ãðóïïó Ti,m,
èìåþùóþ â Rδ,λ ïðåäñòàâëåíèå

Ti,m = 〈{bi1, bi2, aij | j = 1, . . . , 2m}; [bi1, bi2]
m∏
j=1

[aij , ai,j+m] = 1〉.

Ýòè ãðóïïû èçó÷àëèñü â [15] (òåîðåìà 4.2.13), â [7] â R1,1 ïðè p 6= 2.
Èíäóêöèåé ïî m äîêàæåì, ÷òî Ti,m ∈ qF2. Ïîñêîëüêó

Ti,1 = 〈{bi1, bi2, ai1, ai2}; [bi1, bi2][ai1, ai,2] = 1〉,
òî Ti,1/〈[ai1, ai,2]〉 � ñâîáîäíîå ïðîèçâåäåíèå àáåëåâûõ ãðóïï èç ìíîãîîá-
ðàçèÿ Rδ,λ. Ïî ëåììå 1 Ti,1/〈[ai1, ai,2]〉 ∈ qF2. Îòîáðàæåíèå ϕ ïîðîæäà-
þùèõ ãðóïïû Ti,1 â ãðóïïó F2, ïðè êîòîðîì bϕi1 = y1, b

ϕ
i2 = y2, a

ϕ
i1 = y2,



150 À.È. ÁÓÄÊÈÍ AND Ñ.À. ØÀÕÎÂÀ

aϕi2 = y1, ïðîäîëæàåìî äî ãîìîìîðôèçìà ϕ : Ti,1 → F2. Ïîñêîëüêó
kerϕ ∩ 〈[ai1, ai,2]〉 = 〈1〉, òî ïî ïðèçíàêó ïðèíàäëåæíîñòè Ti,1 ∈ qF2.
Ïðåäïîëîæèì, ÷òî Ti,m−1 ∈ qF2. Ïî ëåììå 1

Ti,m/〈[aim, ai,2m]〉 ∼= Ti,m−1 ∗ (Zpδ × Zpδ) ∈ qF2.

Îòîáðàæåíèå ϕ ïîðîæäàþùèõ ãðóïïû Ti,m â ãðóïïó F2, ïðè êîòîðîì
bϕi1 = y1, b

ϕ
i2 = y2, a

ϕ
im = y2, a

ϕ
i,2m = y1, a

ϕ
i,j = 1 ïðè j 6∈ {m, 2m}, ïðîäîë-

æàåìî äî ãîìîìîðôèçìà ϕ : Ti,m → F2. Ïîñêîëüêó kerϕ∩ 〈[aim, ai,2m]〉 =
〈1〉, òî ïî ïðèçíàêó ïðèíàäëåæíîñòè Ti,m ∈ qF2.
Ãðóïïó Arm/〈c1〉 ìîæíî ñîáðàòü èç ãðóïï Ti,m ïðè ïîìîùè êîíñòðóê-

öèè èç ëåììû 1. Ïîýòîìó Arm/〈c1〉 ∈ qF2.
Ðàññìîòðèì ãîìîìîðôèçì ϕ : Arm → F2, ïðè êîòîðîì bϕi1 = y1, b

ϕ
i2 =

y2, äëÿ i = 1, . . . , 2r, à îáðàçû îñòàëüíûõ ïîðîæäàþùèõ ðàâíû 1. Òàê êàê

kerϕ ∩ 〈c1〉 = 〈1〉, òî ïî òåîðåìå Ðåìàêà Arm ≤
(
Arm/〈c1〉

)
× F2 ∈ qF2.

Äëÿ k ∈ {1, . . . , λ − 1} ãîìîìîðôèçì ϕk : Arm → F2, ïðè êîòîðîì

bϕki1 = yp
λ−k

1 , bϕki2 = y2, i = 1, . . . , 2r, à îáðàçû îñòàëüíûõ ïîðîæäàþùèõ

ðàâíû 1, óäîâëåòâîðÿåò óñëîâèþ kerϕk∩〈c1〉 = 〈cp
k

1 〉. Çíà÷èò äëÿ ëþáîãî
k ∈ {1, . . . , λ− 1} âåðíî Arm/〈cp

k

1 〉 ∈ qF2. �

Ëåììà 3. Åñëè f, g, h ∈ F2, [g, f ] = 1, [g, h] = 1, gp
λ−1 6∈ Z(F2), òî

[f, h] = 1.

Äîêàçàòåëüñòâî. Ïóñòü g = yk1y
s
2γ, f = yk11 y

s1
2 γ1, h = yk21 y

s2
2 γ2, ãäå

k, k1, k2, s, s1, s2 ∈ Z, γ, γ1, γ2 ∈ F
′
2. Ïî ôîðìóëå (1)

gp
λ−1

= ykp
λ−1

1 ysp
λ−1

2 [y2, y1]
pλ−1(pλ−1−1)

2
ksγp

λ−1
.

Çàìåòèì, ÷òî åñëè k ≡ 0(p) è s ≡ 0(p), òî gp
λ−1 ∈ Z(F2), ÷òî ïðîòèâî-

ðå÷èò óñëîâèþ ëåììû. Ñëåäîâàòåëüíî, k 6≡ 0(p) èëè s 6≡ 0(p).
Ïîñêîëüêó [g, f ] = 1, [g, h] = 1, òî ks1 − k1s ≡ 0(pλ), ks2 − k2s ≡ 0(pλ),

k(k1s2 − k2s1) ≡ k1sk2 − k2sk1 ≡ 0(pλ), s(k1s2 − k2s1) ≡ s2ks1 − s1ks2 ≡
0(pλ), òî k1s2 − k2s1 ≡ 0(pλ), è [f, h] = 1. �

Ðàññìîòðèì ãðóïïó Hrm, çàäàííóþ â Rδ,λ ñëåäóþùèìè ïîðîæäàþùè-
ìè è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè:

Hrm = 〈{bi1, bi2, aij , x1, . . . , xn | i = 1, . . . , 2r; j = 1, . . . , 2m};

[b11, b12]
m∏
j=1

[a1j , a1,j+m] = . . . = [b2r,1, b2r,2]
m∏
j=1

[a2r,j , a2r,j+m],

[aij , aks] = 1, äëÿ âñåõ i 6= k, 1 ≤ j, s ≤ 2m,

r1c
pλ−1

1 = 1, r2 = 1, . . . , rl = 1,

[xh(i), bj1] = [xh(i+q), bj1] = 1, i = 1, . . . , q, i ≡ j(q)〉,

ãäå c1 = [b11, b12]
m∏
j=1

[a1j , a1,j+m].
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Ëåììà 4. Ïóñòü r ≥ q. Ïðè ëþáûõ ãîìîìîðôèçìàõ ϕ : Hrm → F2, ψ :

Hrm/〈cp
λ−1

1 〉 → F2 âåðíû ðàâåíñòâà vϕ = vψ = 1, ãäå v =
q∏
i=1

[xh(i), xh(i+q)]
δi .

Â ÷àñòíîñòè, Hrm 6∈ qF2, Hrm/〈cp
λ−1

1 〉 6∈ qF2.

Äîêàçàòåëüñòâî. Ðàññìîòðèì åñòåñòâåííûé ãîìîìîðôèçì ϕ : Hrm →
Hrm/〈cp

λ−1

1 〉. ßñíî, ÷òî

Hrm/〈cp
λ−1

1 〉 ∼=
(
G ∗

(
Arm/〈cp

λ−1

1 〉
))
/N,

ãäå N = 〈{[xh(i), bj1], [xh(i+q), bj1] | i = 1, . . . , q, i ≡ j(q)}〉. Ëåãêî âèäåòü,
÷òî 〈x1, . . . , xn〉ϕ ∼= G, vϕ 6= 1, ãäå

v =

q∏
i=1

[xh(i), xh(i+q)]
δi

� êîììóòàòîðíîå ñëîâî îò ïåðåìåííûõ x1, . . . , xn, ïðåäñòàâëåííîå â (3).

Åñëè Hrm/〈cp
λ−1

1 〉 ∈ qF2, òî ïî ïðèçíàêó ïðèíàäëåæíîñòè ñóùåñòâóåò

ãîìîìîðôèçì ψ : Hrm/〈cp
λ−1

1 〉 → F2 òàêîé, ÷òî v
ϕψ 6= 1. Ýòî ïðîòèâîðå-

÷èò âûáîðó ýëåìåíòà v â G. Ñëåäîâàòåëüíî, Hrm/〈cp
λ−1

1 〉 6∈ qF2.
Ïðåäïîëîæèì, ÷òî Hrm ∈ qF2. Çíà÷èò ïî ïðèçíàêó ïðèíàäëåæíîñòè

ñóùåñòâóåò ãîìîìîðôèçì ξ : Hrm → F2, ïðè êîòîðîì v
ξ 6= 1.Ìîæíî ñ÷è-

òàòü, ÷òî [xh(1), xh(1+q)]
ξ 6= 1. Åñëè (bξ11)

pλ−1 6∈ Z(F2), òî èç [xξh(1), b
ξ
11] =

[xξh(1+q), b
ξ
11] = 1 ïî ëåììå 3 ïîëó÷àåì, ÷òî [xh(1), xh(1+q)]

ξ = 1. Ñëåäîâà-

òåëüíî, (bξ11)
pλ−1 ∈ Z(F2).

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî (bξ1+q,1)
pλ−1 ∈ Z(F2). Òîãäà

(cp
λ−1

1 )ξ =
m∏
j=1

[aξ1j , a
ξ
1,j+m]

pλ−1
=

m∏
j=1

[aξ1+q,j , a
ξ
1+q,j+m]

pλ−1
.

Åñëè (aξ1i)
pλ−1 6∈ Z(F2) äëÿ íåêîòîðîãî i, òî èç ëåììû 3 ñëåäóåò, ÷òî

m∏
j=1

[aξ1+q,j , a
ξ
1+q,j+m] = 1.

Çíà÷èò (cp
λ−1

1 )ξ = 1, è ñóùåñòâóåò ãîìîìîðôèçì ψ : Hrm/〈cp
λ−1

1 〉 → F2

òàêîé, ÷òî vϕψ = vξ. Êàê äîêàçàíî âûøå, vϕψ = 1. Ïîëó÷åííîå ïðîòèâî-
ðå÷èå îçíà÷àåò, ÷òî Hrm 6∈ qF2. �

Ñëåäñòâèå 1. Ïóñòü r ≥ q, ϕ : Hrm → R � ãîìîìîðôèçì ãðóïïû Hrm

â ïðîèçâîëüíóþ ãðóïïó R ∈ qF2. Òîãäà v
ϕ = 1.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî vϕ 6= 1 äëÿ íåêîòîðîãî ãîìîìîð-
ôèçìà ϕ : Hrm → R, ãäå R ∈ qF2. Ïî ïðèçíàêó ïðèíàäëåæíîñòè ñóùå-
ñòâóåò ãîìîìîðôèçì ψ : Hϕ

rm → F2 òàêîé, ÷òî v
ϕψ 6= 1, ÷òî ïðîòèâîðå÷èò

ëåììå 4. �
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Ëåììà 5. Hrm ∈ qG.

Äîêàçàòåëüñòâî. Ïîñêîëüêó Hrm/〈cp
λ−1

1 〉 ∼=
(
G ∗

(
Arm/〈cp

λ−1

1 〉
))
/N, ãäå

N = 〈{[xh(i), bj1], [xh(i+q), bj1] | i = 1, . . . , q, i ≡ j(q)}〉, òî èç ëåìì 1, 2

ñëåäóåò, ÷òî Hrm/〈cp
λ−1

1 〉 ∈ qG.
Íàïîìíèì, ÷òî r1 = [x1, x2]

pt r̃ è [x1, x2] íå âõîäèò â çàïèñü ýëåìåíòîâ
r̃, v, r2, . . . , rl. Ðàññìîòðèì ñëåäóþùåå îòîáðàæåíèå ïîðîæäàþùèõ ãðóï-
ïû Hrm â ãðóïïó F2 :

xϕ1 = y1, x
ϕ
2 = yp

λ−t−1

2 , xϕi = 1, i = 3, . . . , l;
aϕij = 1, i = 1, . . . , 2r, j = 1, . . . , 2m;
äëÿ 1 ≤ i ≤ q :
åñëè xh(i) = x1 èëè xh(i+q) = x1, òî b

ϕ
j,1 = y1, b

ϕ
j,2 = y−12 äëÿ âñåõ j

òàêèõ, ÷òî j ≡ i(q);
åñëè xh(i) 6= x1 è xh(i+q) 6= x1, òî b

ϕ
j,1 = y2, b

ϕ
j,2 = y1 äëÿ âñåõ j òàêèõ,

÷òî j ≡ i(q).
Ïî òåîðåìå Äèêà äàííîå îòîáðàæåíèå ïðîäîëæàåòñÿ äî ãîìîìîðôèçìà

ϕ : Hrm → F2. Òàê êàê cϕ1 = [y2, y1], òî kerϕ ∩ 〈cp
λ−1

1 〉 = 〈1〉, è ïî òåîðåìå

Ðåìàêà Hrm ≤
(
Hrm/〈cp

λ−1

1 〉
)
× F2 ∈ qG. �

Îáîçíà÷èì ÷åðåç Brm, ãðóïïó, çàäàííóþ â Rδ,λ ñëåäóþùèìè ïîðîæ-
äàþùèìè è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè:

Brm = 〈{bi1, bi2, aij , x1, . . . , xn | i = 1, . . . , 2r; j = 1, . . . , 2m};

[aij , aks] = 1, äëÿ âñåõ i 6= k, 1 ≤ j, s ≤ 2m,

rp1 = 1, r2 = 1, . . . , rl = 1,

[xh(i), bj1] = [xh(i+q), bj1] = 1, i = 1, . . . , q, i ≡ j(q)〉.

Çàìåòèì, ÷òî Hrm = Brm/Nrm, ãäå Nrm = 〈r1cp
λ−1

1 , c1c
−1
2 , . . . , c1c

−1
2r 〉.

Ëåììà 6. Brm ∈ qF2.

Äîêàçàòåëüñòâî. Ïóñòü Ai = 〈bi1, bi2, ai1, . . . , ai,2m〉 � ñâîáîäíàÿ â Rδ,λ
ãðóïïà, i = 1, . . . , 2r. ßñíî, ÷òî Ai ∈ qF2. Ïîëîæèì Â1 = A1,

Âi = Âi−1 ∗Ai/〈{[aij , aks]} | k = 1, . . . , i− 1; 1 ≤ j, s ≤ 2m〉.

Ïðåäïîëîæèâ, ÷òî Âi−1 ∈ qF2, ïîëó÷èì ïî ëåììå 1, ÷òî Âi ∈ qF2, i =

2, . . . , 2r. Íàêîíåö, Brm =
(
Â2r ∗ Ĝ

)
/N, ãäå N = 〈{[xh(i), bj1], [xh(i+q), bj1] |

i = 1, . . . , q, i ≡ j(q)}〉, Ĝ = 〈x1, . . . , xn; rp1 = 1, r2 = 1, . . . , rl = 1〉.
Ïðèìåíÿÿ ëåììó 1, ïîëó÷àåì, ÷òî Brm ∈ qF2. �

Ëåììà 7. Åñëè k ≥ C2
4λs+2, òî ýëåìåíò

k∏
i=1

[yi, yi+k]
pλ−1

ãðóïïû F2k

íåëüçÿ çàïèñàòü â âèäå ïðîèçâåäåíèÿ s êîììóòàòîðîâ.
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Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî â F2k âåðíî ðàâåíñòâî

k∏
i=1

[yi, yi+k]
pλ−1

=
s∏
i=1

[gi, gi+s].

Ñëåäîâàòåëüíî, ýòî ðàâåíñòâî ÿâëÿåòñÿ òîæäåñòâîì â Rδ,λ. Ïóñòü t =

4λs + 2. ßñíî, ÷òî | (F ′t )p
λ−1 |= pC

2
t . Ñîãëàñíî óñëîâèþ ëåììû k ≥ C2

t .

Çíà÷èò âñÿêèé ýëåìåíò èç (F
′
t )
pλ−1

åñòü ïðîèçâåäåíèå íå áîëüøå, ÷åì k

êîììóòàòîðîâ. Ïîñêîëüêó | Ft/(F
′
tF

pλ

t ) |= pλt, òî âåðíû íåðàâåíñòâà

|{[a, b] | a, b ∈ Ft}| ≤ p2λt, |{
s∏
i=1

[hi, hi+s] | hi ∈ Ft}| ≤ p2λts, |(F
′
t )
pλ−1 | ≤ p2λts.

Îòñþäà pC
2
t = p

t(t−1)
2 ≤ p2λts, t ≤ 4λs + 1. Ïîëó÷åííîå ïðîòèâîðå÷èå

îçíà÷àåò, ÷òî óòâåðæäåíèå ëåììû âåðíî. �

Ëåììà 8. Åñëè m ≥ C2
4λC2

k+2
, B � k-ïîðîæä¼ííàÿ ïîäãðóïïà ãðóïïû

Brm, òî B
′ ∩Nrm = 〈1〉.

Äîêàçàòåëüñòâî. Ïóñòü g ∈ B′∩Nrm, g 6= 1. Òàê êàê B � k-ïîðîæä¼ííàÿ
ïîäãðóïïà, òî B

′
� s-ïîðîæä¼ííàÿ ïîäãðóïïà, s = C2

k . Çíà÷èò g ìîæíî
çàïèñàòü â âèäå ïðîèçâåäåíèÿ s êîììóòàòîðîâ:

g =

s∏
i=1

[gi, gi+s].

Ñ äðóãîé ñòîðîíû, òàê êàê g ∈ Nrm, òî g ìîæíî çàïèñàòü â âèäå

g =
(
r1c

pλ−1

1

)t1 2r∏
i=2

(c1c
−1
i )ti .

Åñëè ti 6≡ 0(pλ) äëÿ íåêîòîðîãî èíäåêñà i òàêîãî, ÷òî i ≥ 2, òî ðàñ-
ñìîòðèì ñëåäóþùåå îòîáðàæåíèå ϕ ïîðîæäàþùèõ ãðóïïû Brm â ãðóïïó
F2m : aϕij = yj , j = 1, . . . , 2m, à îñòàëüíûå ïîðîæäàþùèå îòîáðàæàþòñÿ
â 1. Ïî òåîðåìå Äèêà ýòî îòîáðàæåíèå ïðîäîëæàåòñÿ äî ãîìîìîðôèçìà
ϕ : Brm → F2m. Ïîëó÷àåì ðàâåíñòâî

gϕ =

s∏
i=1

[gϕi , g
ϕ
i+s] =

( m∏
i=1

[yi, yi+m]
)−ti

.

Ýòî ïðîòèâîðå÷èò ëåììå 7, ñîãëàñíî êîòîðîé ýëåìåíò
m∏
i=1

[yi, yi+m]
pλ−1

íåëüçÿ çàïèñàòü â âèäå ïðîèçâåäåíèÿ s êîììóòàòîðîâ. Çíà÷èò ti ≡ 0(pλ)

äëÿ ëþáîãî i ≥ 2, è g =
(
r1c

pλ−1

1

)t1 .
Òàê êàê g 6= 1, òî t1 6≡ 0(p). Ðàññìîòðèì ñëåäóþùåå îòîáðàæåíèå ϕ

ïîðîæäàþùèõ ãðóïïû Brm â ãðóïïó F2m : aϕ1j = yj , j = 1, . . . , 2m, à
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îñòàëüíûå ïîðîæäàþùèå îòîáðàæàþòñÿ â 1. Ïî òåîðåìå Äèêà ýòî îòîá-
ðàæåíèå ïðîäîëæàåòñÿ äî ãîìîìîðôèçìà ϕ : Brm → F2m. Ïîëó÷àåì
ðàâåíñòâî

gϕ =
s∏
i=1

[gϕi , g
ϕ
i+s] =

( m∏
i=1

[yi, yi+m]
pλ−1

)t1
,

êîòîðîå íåâîçìîæíî â ñèëó ëåììû 7. Çíà÷èò g = 1, è B
′ ∩Nrm = 〈1〉. �

Ëåììà 9. Åñëè A � êîíå÷íî ïîðîæä¼ííàÿ ãðóïïà, A ∈ qF2, a ∈ A
′
,

|a| = pk−s, 1 ≤ k ≤ λ, 0 ≤ s < k, 〈b〉 ∼= Zpk , òî

H = A× 〈b〉(a = bp
s
) ∈ qF2.

Äîêàçàòåëüñòâî. Òàê êàê H
′
= A

′
, òî H/H

′ ∼= A/A
′ × Zps ∈ qF2. Ïóñòü

g ∈ H ′ , g 6= 1. Ïî ïðèçíàêó ïðèíàäëåæíîñòè ñóùåñòâóåò ãîìîìîðôèçì
ϕ : A → F2 òàêîé, ÷òî gϕ 6= 1. Ïóñòü ϕ(a) = [y1, y2]

fpu , ãäå 0 ≤ u ≤ λ,

(f, p) = 1. Òàê êàê ϕ(ap
k−s

) = 1 = [y1, y2]
fpupk−s , òî u ≥ s. Îòîáðàæåíèå ψ

ïîðîæäàþùèõ ãðóïïû H â ãðóïïó F2, ïðè êîòîðîì h
ψ = hϕ äëÿ êàæäîãî

ïîðîæäàþùåãî h ãðóïïû A, bψ = [y1, y2]
fpu−s , ïî òåîðåìå Äèêà ïðîäîë-

æàåòñÿ äî ãîìîìîðôèçìà ψ ãðóïïû H â ãðóïïó F2. Ïðè÷¼ì g
ψ = gϕ 6= 1.

Ïî ïðèçíàêó ïðèíàäëåæíîñòè H ∈ qF2. �

Ëåììà 10. Ïóñòü A � k-ïîðîæä¼ííàÿ ïîäãðóïïà ãðóïïû Hrm. Åñëè
m ≥ C2

4λC2
k+2

, òî A ∈ qF2.

Äîêàçàòåëüñòâî. Ïóñòü A � k-ïîðîæä¼ííàÿ ïîäãðóïïà ãðóïïû Hrm, è
ψ : Hrm → Hrm/H

′
rm � åñòåñòâåííûé ãîìîìîðôèçì. ßñíî, ÷òî

Hrm/H
′
rm
∼= Zpδ × · · · × Zpδ , Aψ ∼= AH

′
rm/H

′
rm
∼= Zpk1 × · · · × Zpkd ,

0 < ki ≤ δ, i = 1, . . . , d, d ≤ k. Ïóñòü H � ìàêñèìàëüíàÿ d-ïîðîæä¼ííàÿ
ïîäãðóïïà ãðóïïûHrm/H

′
rm, ñîäåðæàùàÿ A

ψ. ÒîãäàH ∼= 〈a1〉×· · ·×〈ad〉,
〈ai〉 ∼= Zpδ , ai = aiH

′
rm = aψi , i = 1, . . . , d. Îáîçíà÷èì L = 〈a1, . . . , ad〉.

ßñíî, ÷òî |ai| = pδ, i = 1, . . . , d, A ≤ LH ′rm. Äîêàæåì, ÷òî L ∈ qF2.
Ñîãëàñíî îïðåäåëåíèþ Hrm

∼= Brm/Nrm. Ïóñòü B � ïðîîáðàç L ïðè
åñòåñòâåííîì ãîìîìîðôèçìå ϕ : Brm → Brm/Nrm, B = 〈b1, . . . , bd〉, ãäå
bϕi = ai, |bi| = pδ, i = 1, . . . , d.

Ïðîèçâîëüíûé ýëåìåíò b ∈ B ìîæíî çàïèñàòü â âèäå b = bt11 . . . b
td
d c,

ãäå c ∈ B′ . Òîãäà bϕ = at11 . . . a
td
d c

ϕ. Åñëè bϕ = 1, òî (at11 . . . a
td
d c

ϕ)ψ = 1.

Çíà÷èò at11 . . . a
td
d = 1. Ñëåäîâàòåëüíî, ti ≡ 0(pδ), i = 1, . . . , d. Îòñþäà

B∩kerϕ ⊆ B′ , ò.å.B∩Nrm ⊆ B
′
. Òàêèì îáðàçîì,B∩Nrm ⊆ B

′∩Nrm = 〈1〉
ïî ëåììå 8, è B ∼= L. Ïî ëåììå 6 L ∈ qF2.
Ïîêàæåì, ÷òî LH

′
rm ∈ qF2. Ëåãêî âèäåòü, ÷òî LH

′
rm = L〈d1, . . . , dω〉,

ãäå

H
′
rm/L ∩H

′
rm
∼= 〈d1〉 × . . .× 〈dω〉, di = di(L ∩H

′
rm), di ∈ H

′
rm, i = 1, . . . , ω.

Áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ: L0 = L, Li = Li−1〈di〉 =
L〈d1, . . . , di〉, i = 1, . . . , ω. Ïðåäïîëîæèì, ÷òî Li0 ∈ qF2, di0+1 6∈ Li0 .
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Äîêàæåì, ÷òî Li0+1 ∈ qF2. Åñëè Li0 ∩ 〈di0+1〉 = 〈1〉, òî Li0+1 = Li0 ×
〈di0+1〉 ∈ qF2. Ïóñòü Li0 ∩ 〈di0+1〉 = 〈dp

s

i0+1〉, |di0+1| = pk0 , ãäå 1 ≤ k0 ≤ λ,

1 ≤ s < k0. Çíà÷èò äëÿ íåêîòîðîãî h ∈ L âåðíî ðàâåíñòâî dp
s

i0+1 =

hdk11 . . . d
ki0
i0
. Ñëåäîâàòåëüíî, d

ps

i0+1 = d
k1
1 . . . d

ki0
i0

â H
′
rm/L ∩H

′
rm. Îòñþäà

dp
s

i0+1 ∈ L, è d
ps

i0+1 = al11 . . . a
ld
d a, ãäå a ∈ L

′
. Òîãäà al11 . . . a

ld
d = 1 âHrm/H

′
rm,

è li ≡ 0(pδ), i = 1, . . . , d. Òàêèì îáðàçîì, dp
s

i0+1 = a, ãäå a ∈ L′ . Ïîñêîëüêó
L
′
= L

′
i0
, òî ïî ëåììå 9 Li0+1 = Li0〈di0+1〉 = Li0 × 〈di0+1〉(a = dp

s

i0+1) ∈
qF2. �

Ëåììà 11. Ïóñòü ϕ : Hrm → Hxy � ãîìîìîðôèçì, f = 2|Hxy |, k =
n+ 4r(m+ 1), s = n+ 8q. Åñëè âûïîëíåíî õîòÿ áû îäíî èç óñëîâèé:
1) r ≥ q è y ≥ C2

4λC2
k+2

,

2) 2r ≥ qf è y ≥ C2
4λC2

s+2,

òî vϕ = 1.

Äîêàçàòåëüñòâî. Ïóñòü y ≥ C2
4λC2

k+2
. Ïîñêîëüêó Hrm � k-ïîðîæä¼ííàÿ

ãðóïïà, òî Hϕ
rm � k-ïîðîæä¼ííàÿ ãðóïïà. Òàê êàê Hϕ

rm ≤ Hxy, òî ïî
ëåììå 10 ïîëó÷àåì, ÷òî Hϕ

rm ∈ qF2. Ïî ñëåäñòâèþ 1 vϕ = 1.
Ïóñòü 2r ≥ qf è y ≥ C2

4λC2
s+2. Äëÿ êàæäîãî i òàêîãî, ÷òî 1 ≤ i ≤ fq,

ðàññìîòðèì ïîäãðóïïû Bi = 〈ai1, . . . , ai,2m〉 ãðóïïû Hrm. Èç îïðåäåëÿþ-
ùèõ ñîîòíîøåíèé ãðóïïû Hrm âûòåêàåò, ÷òî [Bi, Bj ] = 1 ïðè i 6= j.
Çàôèêñèðóåì ïðîèçâîëüíîå t, óäîâëåòâîðÿþùåå íåðàâåíñòâó 1 ≤ t ≤

q. Ñîãëàñíî óñëîâèþ ëåììû ñðåäè ïîäãðóïï Bϕ
t , B

ϕ
t+q, . . . , B

ϕ
t+(f−1)q åñòü

îäèíàêîâûå: Bϕ
t+qit

= Bϕ
t+qjt

äëÿ íåêîòîðûõ it, jt, 0 ≤ it < jt ≤ f − 1.

Çíà÷èò [Bϕ
t+qit

, Bϕ
t+qit

] = [Bϕ
t+qit

, Bϕ
t+qjt

] = [Bt+qit , Bt+qjt ]
ϕ = 1, ò.å. Bϕ

t+qit
� àáåëåâà ãðóïïà. Îòñþäà âûòåêàåò, ÷òî âåðíû ñëåäóþùèå ðàâåíñòâà:

cϕ1 = [bϕt+qit,1, b
ϕ
t+qit,2

][aϕt+qit,1, a
ϕ
t+qit,1+m

] . . . [aϕt+qit,m, a
ϕ
t+qit,2m

] =

= [bϕt+qit,1, b
ϕ
t+qit,2

].

Ïîñêîëüêó [xh(t), bt+qit,1] = [xh(t+q), bt+qit,1] = 1, òî âåðíî ðàâåíñòâî

[xϕh(t), b
ϕ
t+qit,1

] = [xϕh(t+q), b
ϕ
t+qit,1

] = 1.

Ðàññìîòðèì îòîáðàæåíèå ψ ïîðîæäàþùèõ ãðóïïû Hq1 â ãðóïïó Hxy,
çàäàííîå òàê:

bψt,1 = bψt+q,1 = bϕt+qit,1, b
ψ
t,2 = bψt+q,2 = bϕt+qit,2, t = 1, . . . , q;

aψij = 1, i = 1, . . . , 2q, j = 1, 2;xψi = xϕi , i = 1, . . . , n.

Ïî òåîðåìå Äèêà ýòî îòîáðàæåíèå ïðîäîëæàåòñÿ äî ãîìîìîðôèçìà
ψ : Hq1 → Hxy. Ïðè ýòîì âåðíî ðàâåíñòâî vψ = vϕ.

Ïîñêîëüêó ãðóïïà Hq1 ïîðîæäàåòñÿ s ýëåìåíòàìè, òî Hψ
q1 òàêæå ïî-

ðîæäàåòñÿ s ýëåìåíòàìè. Òàê êàê Hψ
q1 ≤ Hxy, òî ïî ëåììå 10 H

ψ
q1 ∈ qF2.

Ïî ñëåäñòâèþ 1 vψ = 1. Çíà÷èò è vϕ = 1. �
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Òåîðåìà 1. Åñëè qF2  qG ⊆ Rδ,λ, G � êîíå÷íàÿ ãðóïïà, çàäàííàÿ â
Rδ,λ êîììóòàòîðíûìè îïðåäåëÿþùèìè ñîîòíîøåíèÿìè, òî èíòåðâàë
[qF2, qG] ðåø¼òêè êâàçèìíîãîîáðàçèé ãðóïï êîíòèíóàëåí.

Äîêàçàòåëüñòâî. Ïóñòü H1 = Hx1y1 � ïðîèçâîëüíàÿ ãðóïïà èç ìíîæå-
ñòâà ãðóïï K, ñîñòîÿùåãî èç âñåõ ãðóïï Hxy, óäîâëåòâîðÿþùèõ ñëåäóþ-
ùèì óñëîâèÿì: x ≥ q, y ≥ C2

4λC2
n+8q+2

. Ïðåäïîëîæèì, ÷òî èç ìíîæåñòâà

K âûáðàíû òàêèå ãðóïïû Hi = Hxiyi äëÿ i = 1, . . . , k, ÷òî ïðè i 6= j äëÿ
ïðîèçâîëüíîãî ãîìîìîðôèçìà ϕ : Hi → Hj âûïîëíåíî v

ϕ = 1.
Ðàññìîòðèì ãðóïïó Hrm èç ìíîæåñòâà K, óäîâëåòâîðÿþùóþ ñëåäóþ-

ùèì óñëîâèÿì:
a) m ≥ C2

4λC2
si
+2, äëÿ ëþáîãî i = 1, . . . , k, ãäå si = n+ 4xi(yi + 1);

b) 2r ≥ qfi, äëÿ ëþáîãî i = 1, . . . , k, ãäå fi = 2|Hi|.
Ïîñêîëüêó óñëîâèå a) âûïîëíåíî, òî â ñèëó ïóíêòà 1) ëåììû 11 äëÿ

ëþáîãî i = 1, . . . , k, ïðè ïðîèçâîëüíîì ãîìîìîðôèçìå ϕ : Hi → Hrm

âûïîëíåíî vϕ = 1. Âûïîëíåíèå óñëîâèÿ b) ãàðàíòèðóåò ïî ïóíêòó 2)
ëåììû 11, ÷òî äëÿ ëþáîãî i = 1, . . . , k, ïðè ïðîèçâîëüíîì ãîìîìîðôèçìå
ϕ : Hrm → Hi âûïîëíåíî v

ϕ = 1.
Ïîëîæèì Hk+1 = Hrm. Íàì óäàëîñü âûáðàòü èç ìíîæåñòâà K òàêèå

ãðóïïû Hi äëÿ i = 1, . . . , k + 1, ÷òî ïðè i 6= j äëÿ ïðîèçâîëüíîãî ãîìî-
ìîðôèçìà ϕ : Hi → Hj âûïîëíåíî v

ϕ = 1.
Èòàê, ïîñòðîåíà ñ÷¼òíàÿ ïîñëåäîâàòåëüíîñòü ãðóïï H1, H2, . . . , êàæ-

äàÿ èç êîòîðûõ ïî ëåììå 5 ïîðîæäàåò êâàçèìíîãîîáðàçèå èç èíòåðâàëà
[qF2, qG], ïðè÷¼ì, åñëè j 6∈ I, òî Hj 6∈ KI = q{Hi | i ∈ I}. Çíà÷èò êâàçèì-
íîãîîáðàçèÿ KI ðàçëè÷íû ïðè ðàçíûõ I, ÷òî äîêàçûâàåò òåîðåìó. �

Îòìåòèì, ÷òî ïðè λ = 1 òåîðåìà 1 òàêæå âåðíà, ÿâëÿÿñü ñëåäñòâèåì
òåîðåìû 2 èç [11].
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