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ON DECIMATIONS OF HALF-/-SEQUENCES

V. EDEMSKIY

IIpedcmasaeno I1.I1. IIETPOBBIM

Abstract: Half-/-sequences have several remarkable statistical properties.
In particular, the arithmetic correlations between any two cyclically
distinct decimations of them are equal to zero when prime connection
number p = 1 (mod 8). In this paper we show that a d-fold decimation

of a half-¢-sequence with such prime connection number is cyclically
distinct from the original half-/-sequence when p is large and d is

small.
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1 Introduction

Goresky and Klapper propose an architecture of new shift registers to
design sequences which they call the feedback with carry shift registers
(FCSRs) and study the properties of series of the output sequences of FCSRs.
We refer the reader to the monograph [6] for the theory on FCSRs. In
particular, they show that every pair of cyclically distinct allowable decimations
of f-sequences has ideal arithmetic correlations [8]. The f-sequence can be
defined as the output sequence of maximal period FCSR with connection
number ¢ such that 2 is a primitive root modulo ¢ (thus ¢ is a power of a
prime) or as the 2-adic expansion of rational number r/q, where ged(r, q) = 1.
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The arithmetic cross-correlation is the with-carry analogue of the cross-
correlation of sequences. If (s;) and (¢;) are two eventually periodic sequences
with period N and « and f§; are the 2-adic numbers corresponding to
sequences (s;) and shifting (¢;4.,) by 7 positions then the shifted arithmetic
cross-correlation of (s;) and (¢;) is the number of zeros minus the number
of ones in a complete period of length N of o — ;. When (s;) = (¢;), the
arithmetic cross-correlation is called the arithmetic autocorrelation of (s;).

In conclusion of paper [8], authors made a conjecture that if ¢ > 13 is a
prime and (s;) is an ¢-sequence based on ¢, then every pair of decimations
of (s;) is cyclically distinct. This conjecture was discussed in [1, 9, 7, 14| and
was proved in [3] when ¢ is a prime and in [10] when ¢ is a power of a prime.

Output sequences generated by FCSRs with connection integer ¢ are called
half--sequences when their period T' = ord,(2) = ¢(q)/2, where ¢ is an odd
prime power, ord,(2) is an order of 2 modulo ¢, and ¢(-) is the Euler phi
function [11]. Various properties of half-/-sequence have been considered in
[11, 12, 13]. The arithmetic cross-correlation of half-/-sequences is studied in
[2]. It was noted in [2] that any pair of allowable decimations of (s;);>o has
ideal arithmetic cross-correlation when p = 1 (mod 8) if they are cyclically
distinct. Thus, it is interesting to study whether the decimations of half-/¢-
sequences will be cyclically distinct as for f-sequences. In this work, we show
that decimations are distinct in many cases when the connection number is
a sufficiently large prime.

The paper is organized as follows. Our main result is in 2, the estimates
of exponential sums is in Section 3, a proof of result is in Section 4, and the
conclusions follow in Section 5.

2 Preliminaries and Main result

In this section, we recall some definitions and present our main result. Let
p be a prime such that an order of 2 modulo p is equal to (p — 1)/2. In this
case, p = 1 (mod 8) and 2 is a square residue modulo p. We consider a
half-¢-sequence (s,,) with period (p—1)/2. According to [6] the sequence (sy,)
can be defined as follows:

si = (u27" mod p) mod 2, (1)

for some u with ged(u, p) = 1,7 = 0,1, 2, .... In other words, thisis a (p—1)/2-
periodic binary sequence generated by FCSR with connection integer p.
Let (¢;) = (8ic)i>0 be the c-fold of (s;), where ¢ is integer. If ged(c, (p —
1)/2) = 1 then this c-fold is an allowable decimation. Let (s;c)i>0 and (S;e)i>0
be decimations of (s;), where ged(c, (p — 1)/2) = ged(e, (p — 1)/2) = 1.
It was noted in [2| that any pair of allowable decimations of (s;);>0 have
ideal arithmetic cross-correlation for p = 1 (mod 8) when they are cyclically
distinct. It is clear that (s;c)i>0 and (s;e)i>0 are cyclically distinct if and only
if (s;) and (sg;) are cyclically distinct, where d = c(e™! (mod (p — 1)/2)).
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In this paper we show that decimations of half-¢-sequence are cyclically
distinct when p is large and d is small. Our main contribution in this paper
is the following statement.

Theorem 1. Let (s;) be a half-f-sequence andp = 1 (mod 8). For p sufficiently
large, the decimation (sq;) is cyclically distinct from (s;) if

4
lcac A
1041n* p
ford >0 and
4
1<\d|<7p4
3-1041In*p
for d < 0.

In conclusion of this section we make a few remarks. Let (s;) and (sg;) be
not cyclically distinct, i.e. there exists k such that s; = sg14q for all ¢« > 0.
Then

(u2*i mod p) mod 2 = (usz'*id mod p) mod 2 for all i > 0.

Denote by @ and N(@Q are sets of square residues and non-square residues
modulo p respectively. Since 2 € Q, it follows by (1) that a set {2~ mod
p, i = 0,1,2,....(p — 3)/2} is equal to @ if u € @, and equals NQ if
u € NQ. Thus, the mapping ¢ : = — Az% mod p where A = 27Fy~d+1
preserves the parity of an integers from @ or N(@Q. Hence, the conclusion
about the cyclically distinct decimations is essentially equivalent to the
statement that the mapping Az?, with ged(d, (p—1)/2) = 1 and ged(p, A) =
1, preserves the parity of integers from @ or N@ if and only if d = 1 and
A =1 (mod p). Further, we will study the properties of this map to use the
estimates of exponential sums from [4]. Unlike [9], for the upper estimate of
some exponential sum, we will use the result of Vinogradov, not Davenport
and Heilbronn, and we will get the lower estimate in a simple way. In this
case, we need to use the map Az??, which is not a permutation of Z,, unlike
Az®. Here and further, we denote by Z, = {0,1,...,q — 1} the residue class
ring modulo p and by Z;, the unit group of Z,.

3 Exponential sums for p =1 (mod 8)

In this section, we suppose that p = 1 (mod 8). Then d is odd, since
ged(d, (p—1)/2) = 1. Let Qo and NQo be sets of even square residues and
even non-square residues modulo p, respectively. Denote by g a primitive
root modulo p. Since —1 = ¢g®~Y/2 (mod p), it follows that —1 € Q, and we
see that | Qo |[=| NQo |= (p — 1) /4.

Let (%) be the Legendre symbol, i.e.,

1, ifxzeq,

<x) {0, ifz=o0,
p

-1, ifxe NQ.
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Lemma 1. Let £ be a primitive complex pth root of 1 and ¢ be an integer.

Then
d 1 L)/ T d d
cAy® _ = 14 (= cA2%
> ey =) e
y€Qo (YENQo) =1
Here a sign + if y € Qo and - when y € NQq.

Joxasameavcmeso. Define two sets I = QN {1,2,...,(p —1)/2} and J =
NQN{L,2,...,(p—1)/2}. It is clear that

1(17_1)/2 xr A2d pd A2dd
cA2%x® __ cA2%
3 (12(5))es X e

x=1 z€l (z€lJ)

Let y = 2z. Since 2 € @, we observe that y € Q9 when x € I and Qg = 21
and y € NQo if x € J and NQy = 2.J. This completes the proof of this
statement. U

According to [15]( Ex. 12, Chap. 5), if for an integer m > 1 and a function
®(x) exists A such that

m—1
\ Z‘I)(:v)gbx <A forb=1,2,...,m—1
=1

then
M+N Nm—l
P = — iiJ A(l -1
5 o= K aston

for m > 60. Here | f |[<1land 0 < M < M + N < m.
Let ®(x) = (1 + (%)) f“"”d where ¢ is an integer. Then for p > 60 we get

(r-1)/2 el
Y e 1< P | 9@ [ +Amp - D). 2

Further, we will estimate the sums in this inequality.

Lemma 2. Let notation be as before and ged(a,p) = 1. Then

p—1
D @) < vp+1.
=1
ZHoxasamesavcmeo. By definition
Zi@( ) pzf& ipzl <”“") g’
x) = — :
=1 r=1 =1 p
Since ged(d,p — 1) = 1, we have a map x? which is a permutation of Zy, and

p—1

p—1
Zéamd — Zéaz - 1.
z=1

r=1
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Further, we see that <“T‘fd) = (9> <%) Hence

P
p—1 p—1
(L) -2 (2)e
=1 p z=1 p
The last sum is called Gauss sum. It is well known that | S-°_1 (%) £ |=/p-
The statement of this lemma follows from the last remark. g

Lemma 3. Let notation be as before. Then

(i) S02h (14 (2)) gontvm = yoroy ot

(ii) SP_4 (1 - (%)) garitbr — Sl €92 40922 here g is o primitive
root modulo p.

Hoxaszameavemeo. We will prove the second statement. Since the first equality
can be proved by the same method as the second one, its proof is omitted
here.

It is obvious that

p—1
Z <1 _ <§)> gaxd-i-b:c =142 Z gaxd—i-bx_

=0 zeENQ
Since g is a primitive root modulo p, we see that NQ = {gz? | 2z =
1,2,,...,(p—1)/2}. Hence
p—1 (p—1)/2
Z <1 — <x>> faxd—&-bx =1 + 2 Z gagdz2d+bgz2'
=0 p z=1
We finish the proof. O

According to [4] the following statement holds.

Lemma 4 ([4]). Let a,b=1,2,...,p— 1. Then
(1) | 20 gz b= | < \/2d 4P/ when d > 0;
(2) | 02y €= < (12| d )/ 4p¥ when d < 0;

Using Lemmas 2-4 and (2) we obtain

(p—1)/2
—1
|0 B S (VB D)+ (1 VRd ) np - 1)
r=1
or
(p—-1)/2
Y @x) < Vad*p Inp (3)
=1
for p > 60, d > 0. Similarly,
(p—1)/2
Y @) [< (2] d )Y Inp (4)

r=1
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for p > 60, d < 0.

4 Proof of Theorem 1

In this section we finish the proof of Theorem 1. Suppose to the contrary
that the map ¢ : = — Axz? mod p preserves the parity of integers from Q
or N@Q when p > 60.

It is clear that

| Z &-CAyd |2| Im Z &-CAyd |
y€Qo (YENQo) y€Qo (YENQo)

where Im w is an imaginary part of a complex number w.
Let ¢ = (p—1)/2. Since the map Az? preserves the parity of integers from
Q or NQ@Q, it follows that

m > e =l YT sin(n(p - Dy/p) |

YEQo(YEN Qo) YEQ0(YENQo)
and
(r—1)/8 gin @+ ) (=7
| Im Z §CAyd |> 2 Z sin27j /p = 2 8 — Sp
YEQo (YENQo) =1 S p

Since sinm/p < m/p and p > 88, we see that [ Im}_ o (,engy) gedy” |>
0,32p/m > p/10 for ¢ = (p — 1)/2. Hence by Lemma 1 and (3) for d > 0 we
get
4p
10 < V2d'*p**Inp/2 or d > ————.
p/ p?/"Inp/2 or 071t p

Let d < 0. Then by Lemma 1 and (4) we have

4p

10 < (12 d Y434 1np/2 dl>—" .
p/10 < (12[d|)/"p*“Inp/2 or |d| 3 10,

This completes the proof of Theorem 1.

Remark 1. Since | Y025 €% |= /p when ged(a,p) = 1, it follows that
|1+2 Z cos(2my/p) |= V/p-
y€Qo (YENQo)
Hence, we have
Y e R (VB2 - )P 4 p7/100
y€Qo (YENQo)
and
(Vp/2 — 1)% + p%/100 < d*/?p'/2 1% p/2.

However, this does not significantly improve the estimate of d.
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5 Final remark and Conclusions

(i) Using the results from [5], we can obtain additional restrictions for d.
According to [5] we know that

p—1
| Z gazk+bzl |< ged(k—Lp—1) + 2'292D13/46p89/92

z=1
where D = ged(k,l,p — 1). In our case, k = 2d,l = 2, thus we get

p—1
’ Z ga22d+b22 ‘< 2 4 2292 . 213/46p89/92

z=1

when ged(2d—2,p—1) = 2. Hence, if the map ¢ : 2 — Az? mod p preserves
the parity of integers from @ or N@Q then

0,32p/m < (2 +2.292. 213/46p89/92) In p.

This is impossible when p > 10, Thus, the decimation (sg;) is cyclically
distinct from (s;) for p > 1012 when (s;) is a half-f-sequence, p = 1 (mod 8)
and ged(2d — 2,p — 1) = 2. It is clear that if ged(2d — 2,p — 1) < Cp",
where C' is a positive integer and 0 < r < 1 then we can always find pg
such that (s;) and (sg;) are cyclically distinct for p > po. For example, if
ged(2d —2,p—1) < p89/92 then py > 10'2%. This approach does not work
when ged(2d — 2,p — 1) = ap where « is a real number.

(ii) We have shown that many decimations of a half-¢-sequence are cyclically
distinct when p is a sufficiently large prime. There is experimental data
confirming that all such decimations are cyclically distinct in a lot of cases.
So, the following conjecture can be posed.

Conjecture 1. If p > 17 is a prime and (s,,) is a half-f-sequence based on
p =1 (mod 8), then each pair of decimations of (sy,) is cyclically distinct.

For p = 17, we have (s_;) (d = —1) is a cyclic shift of half-¢-sequence
(54). The map 1527 preserves the parity of Q, and the map 42" of NQ when
p=17.

Proving this Conjecture using the method from [3] seems very difficult.
If this Conjecture will be true then we will have large families of cyclically
distinct sequences with ideal arithmetic correlations distinct from families
based on f-sequences.

(iii) The half-l-sequences have no ideal arithmetic cross-correlation when
p =7 (mod 8). But we can also consider decimations of these sequences in
this case. If p = 7 (mod 8) then —1 € N@Q and Q = —NQ. Hence, if d is odd
and mapping ¢ : = — Az% mod p preserves the parity of integers from Q
then it also preserves the parity of integers from N(@Q and vice versa. So, this
map preserves (but permutes the elements within) the set of even residues
modulo p. According to Theorem 1.1 from [3] it is impossible.
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For even d, it is sufficient to estimate a sum Eg;é £az2d+bz. This can be
done in the same way as in Lemma 4.

Moreover, using the autocorrelation properties of the half-I-sequences obtained
in Theorem 3 [12] when p =7 (mod 8) we can claim that Theorem 17 from
[10] is valid in this case as well. More precisely, if p = 7 (mod 8) and d
satisfies that d + 1 and d — 1 are not divisible by order of 3 modulo p, then
the decimation (sg;) is cyclically distinct from (s;).
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