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Ïðåäñòàâëåíî Ï.Ï. Ïåòðîâûì

Abstract:Half-ℓ-sequences have several remarkable statistical properties.
In particular, the arithmetic correlations between any two cyclically
distinct decimations of them are equal to zero when prime connection
number p ≡ 1 (mod 8). In this paper we show that a d-fold decimation
of a half-ℓ-sequence with such prime connection number is cyclically
distinct from the original half-ℓ-sequence when p is large and d is
small.

Keywords: half-ℓ-sequence, decimation, arithmetic correlation.

1 Introduction

Goresky and Klapper propose an architecture of new shift registers to
design sequences which they call the feedback with carry shift registers
(FCSRs) and study the properties of series of the output sequences of FCSRs.
We refer the reader to the monograph [6] for the theory on FCSRs. In
particular, they show that every pair of cyclically distinct allowable decimations
of ℓ-sequences has ideal arithmetic correlations [8]. The ℓ-sequence can be
de�ned as the output sequence of maximal period FCSR with connection
number q such that 2 is a primitive root modulo q (thus q is a power of a
prime) or as the 2-adic expansion of rational number r/q, where gcd(r, q) = 1.
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The arithmetic cross-correlation is the with-carry analogue of the cross-
correlation of sequences. If (si) and (ti) are two eventually periodic sequences
with period N and α and βτ are the 2-adic numbers corresponding to
sequences (si) and shifting (ti+τ ) by τ positions then the shifted arithmetic
cross-correlation of (si) and (ti) is the number of zeros minus the number
of ones in a complete period of length N of α − βτ . When (si) = (ti), the
arithmetic cross-correlation is called the arithmetic autocorrelation of (si).

In conclusion of paper [8], authors made a conjecture that if q > 13 is a
prime and (si) is an ℓ-sequence based on q, then every pair of decimations
of (si) is cyclically distinct. This conjecture was discussed in [1, 9, 7, 14] and
was proved in [3] when q is a prime and in [10] when q is a power of a prime.

Output sequences generated by FCSRs with connection integer q are called
half-ℓ-sequences when their period T = ordq(2) = φ(q)/2, where q is an odd
prime power, ordq(2) is an order of 2 modulo q, and φ(·) is the Euler phi
function [11]. Various properties of half-ℓ-sequence have been considered in
[11, 12, 13]. The arithmetic cross-correlation of half-ℓ-sequences is studied in
[2]. It was noted in [2] that any pair of allowable decimations of (si)i≥0 has
ideal arithmetic cross-correlation when p ≡ 1 (mod 8) if they are cyclically
distinct. Thus, it is interesting to study whether the decimations of half-ℓ-
sequences will be cyclically distinct as for ℓ-sequences. In this work, we show
that decimations are distinct in many cases when the connection number is
a su�ciently large prime.

The paper is organized as follows. Our main result is in 2, the estimates
of exponential sums is in Section 3, a proof of result is in Section 4, and the
conclusions follow in Section 5.

2 Preliminaries and Main result

In this section, we recall some de�nitions and present our main result. Let
p be a prime such that an order of 2 modulo p is equal to (p− 1)/2. In this
case, p ≡ ±1 (mod 8) and 2 is a square residue modulo p. We consider a
half-ℓ-sequence (sn) with period (p−1)/2. According to [6] the sequence (sn)
can be de�ned as follows:

si = (u2−i mod p) mod 2, (1)

for some u with gcd(u, p) = 1, i = 0, 1, 2, .... In other words, this is a (p−1)/2-
periodic binary sequence generated by FCSR with connection integer p.

Let (ci) = (sic)i≥0 be the c-fold of (si), where c is integer. If gcd(c, (p −
1)/2) = 1 then this c-fold is an allowable decimation. Let (sic)i≥0 and (sie)i≥0

be decimations of (si), where gcd(c, (p − 1)/2) = gcd(e, (p − 1)/2) = 1.
It was noted in [2] that any pair of allowable decimations of (si)i≥0 have
ideal arithmetic cross-correlation for p ≡ 1 (mod 8) when they are cyclically
distinct. It is clear that (sic)i≥0 and (sie)i≥0 are cyclically distinct if and only
if (si) and (sdi) are cyclically distinct, where d = c(e−1 (mod (p− 1)/2)).
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In this paper we show that decimations of half-ℓ-sequence are cyclically
distinct when p is large and d is small. Our main contribution in this paper
is the following statement.

Theorem 1. Let (si) be a half-ℓ-sequence and p ≡ 1 (mod 8). For p su�ciently
large, the decimation (sdi) is cyclically distinct from (si) if

1 < d <
4p

104 ln4 p

for d > 0 and

1 <| d |< 4p

3 · 104 ln4 p
for d < 0.

In conclusion of this section we make a few remarks. Let (si) and (sdi) be
not cyclically distinct, i.e. there exists k such that si = sk+id for all i ≥ 0.
Then

(u2−i mod p) mod 2 = (u2−k−id mod p) mod 2 for all i ≥ 0.

Denote by Q and NQ are sets of square residues and non-square residues
modulo p respectively. Since 2 ∈ Q, it follows by (1) that a set {u2−i mod
p, i = 0, 1, 2, . . . , (p − 3)/2} is equal to Q if u ∈ Q, and equals NQ if
u ∈ NQ. Thus, the mapping φ : x → Axd mod p where A = 2−ku−d+1

preserves the parity of an integers from Q or NQ. Hence, the conclusion
about the cyclically distinct decimations is essentially equivalent to the
statement that the mapping Axd, with gcd(d, (p−1)/2) = 1 and gcd(p,A) =
1, preserves the parity of integers from Q or NQ if and only if d = 1 and
A ≡ 1 (mod p). Further, we will study the properties of this map to use the
estimates of exponential sums from [4]. Unlike [9], for the upper estimate of
some exponential sum, we will use the result of Vinogradov, not Davenport
and Heilbronn, and we will get the lower estimate in a simple way. In this
case, we need to use the map Ax2d, which is not a permutation of Zp unlike

Axd. Here and further, we denote by Zp = {0, 1, . . . , q− 1} the residue class
ring modulo p and by Z∗

p the unit group of Zp.

3 Exponential sums for p ≡ 1 (mod 8)

In this section, we suppose that p ≡ 1 (mod 8). Then d is odd, since
gcd(d, (p− 1)/2) = 1. Let Q0 and NQ0 be sets of even square residues and
even non-square residues modulo p, respectively. Denote by g a primitive
root modulo p. Since −1 ≡ g(p−1)/2 (mod p), it follows that −1 ∈ Q, and we
see that | Q0 |=| NQ0 |= (p− 1)/4.

Let
(
x
p

)
be the Legendre symbol, i.e.,

(
x

p

)
=


1, if x ∈ Q,

0, if x = 0,

−1, if x ∈ NQ.
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Lemma 1. Let ξ be a primitive complex pth root of 1 and c be an integer.
Then ∑

y∈Q0 (y∈NQ0)

ξcAyd =
1

2

(p−1)/2∑
x=1

(
1±

(
x

p

))
ξcA2dxd

.

Here a sign + if y ∈ Q0 and - when y ∈ NQ0.

Äîêàçàòåëüñòâî. De�ne two sets I = Q ∩ {1, 2, . . . , (p − 1)/2} and J =
NQ ∩ {1, 2, . . . , (p− 1)/2}. It is clear that

1

2

(p−1)/2∑
x=1

(
1±

(
x

p

))
ξcA2dxd

=
∑

x∈I (x∈J)

ξcA2dxd
.

Let y = 2x. Since 2 ∈ Q, we observe that y ∈ Q0 when x ∈ I and Q0 = 2I
and y ∈ NQ0 if x ∈ J and NQ0 = 2J . This completes the proof of this
statement. □

According to [15]( Ex. 12, Chap. 5), if for an integer m > 1 and a function
Φ(x) exists ∆ such that

|
m−1∑
x=1

Φ(x)ξbx |≤ ∆ for b = 1, 2, . . . ,m− 1

then
M+N∑
x=M

Φ(x) =
N

m

m−1∑
x=1

Φ(x) + θ∆(lnm− 1)

for m > 60. Here | θ |< 1 and 0 < M < M +N < m.

Let Φ(x) =
(
1±

(
x
p

))
ξax

d
where a is an integer. Then for p > 60 we get

|
(p−1)/2∑
x=1

Φ(x) |≤ p− 1

2p
|
p−1∑
x=1

Φ(x) | +∆(ln p− 1). (2)

Further, we will estimate the sums in this inequality.

Lemma 2. Let notation be as before and gcd(a, p) = 1. Then

|
p−1∑
x=1

Φ(x) |≤ √
p+ 1.

Äîêàçàòåëüñòâî. By de�nition

p−1∑
x=1

Φ(x) =

p−1∑
x=1

ξax
d ±

p−1∑
x=1

(
x

p

)
ξax

d
.

Since gcd(d, p− 1) = 1, we have a map xd which is a permutation of Z∗
p and

p−1∑
x=1

ξax
d
=

p−1∑
z=1

ξaz = −1.
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Further, we see that
(
axd

p

)
=

(
a
p

)(
x
p

)
. Hence

p−1∑
x=1

(
x

p

)
ξax

d
= ±

p−1∑
z=1

(
z

p

)
ξz.

The last sum is called Gauss sum. It is well known that |
∑p−1

z=1

(
z
p

)
ξz |= √

p.

The statement of this lemma follows from the last remark. □

Lemma 3. Let notation be as before. Then

(i)
∑p−1

x=0

(
1 +

(
x
p

))
ξax

d+bx =
∑p−1

z=0 ξaz
2d+bz2;

(ii)
∑p−1

x=0

(
1−

(
x
p

))
ξax

d+bx =
∑p−1

z=0 ξag
dz2d+bgz2 where g is a primitive

root modulo p.

Äîêàçàòåëüñòâî. We will prove the second statement. Since the �rst equality
can be proved by the same method as the second one, its proof is omitted
here.

It is obvious that
p−1∑
x=0

(
1−

(
x

p

))
ξax

d+bx = 1 + 2
∑

x∈NQ

ξax
d+bx.

Since g is a primitive root modulo p, we see that NQ = {gz2 | z =
1, 2, , . . . , (p− 1)/2}. Hence

p−1∑
x=0

(
1−

(
x

p

))
ξax

d+bx = 1 + 2

(p−1)/2∑
z=1

ξag
dz2d+bgz2 .

We �nish the proof. □

According to [4] the following statement holds.

Lemma 4 ([4]). Let a, b = 1, 2, . . . , p− 1. Then

(1) |
∑p−1

z=1 ξaz
2d+bz2 |≤

√
2d1/4p3/4 when d > 0;

(2) |
∑p−1

z=1 ξaz
2d+bz2 |≤ (12 | d |)1/4p3/4 when d < 0;

Using Lemmas 2-4 and (2) we obtain

|
(p−1)/2∑
x=1

Φ(x) |≤ p− 1

2p
(
√
p+ 1) + (1 +

√
2d1/4p3/4)(ln p− 1)

or

|
(p−1)/2∑
x=1

Φ(x) |<
√
2d1/4p1/4 ln p (3)

for p > 60, d > 0. Similarly,

|
(p−1)/2∑
x=1

Φ(x) |< (12 | d |)1/4p1/4 ln p (4)
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for p > 60, d < 0.

4 Proof of Theorem 1

In this section we �nish the proof of Theorem 1. Suppose to the contrary
that the map φ : x → Axd mod p preserves the parity of integers from Q
or NQ when p > 60.

It is clear that

|
∑

y∈Q0 (y∈NQ0)

ξcAyd |≥| Im
∑

y∈Q0 (y∈NQ0)

ξcAyd |

where Im w is an imaginary part of a complex number w.
Let c = (p−1)/2. Since the map Axd preserves the parity of integers from

Q or NQ, it follows that

| Im
∑

y∈Q0(y∈NQ0)

ξcAyd |=|
∑

y∈Q0(y∈NQ0)

sin(π(p− 1)y/p) |

and

| Im
∑

y∈Q0 (y∈NQ0)

ξcAyd |≥ 2

(p−1)/8∑
j=1

sin 2πj/p = 2
sin (p+7)π

8p · sin (p−1)π
8p

sin π
p

.

Since sinπ/p < π/p and p > 88, we see that | Im
∑

y∈Q0 (y∈NQ0)
ξcAyd |>

0, 32p/π > p/10 for c = (p− 1)/2. Hence by Lemma 1 and (3) for d > 0 we
get

p/10 <
√
2d1/4p3/4 ln p/2 or d >

4p

104 ln4 p
.

Let d < 0. Then by Lemma 1 and (4) we have

p/10 < (12 | d |)1/4p3/4 ln p/2 or | d |> 4p

3 · 104 ln4 p
.

This completes the proof of Theorem 1.

Remark 1. Since |
∑p−1

z=0 ξaz
2 |= √

p when gcd(a, p) = 1, it follows that

| 1 + 2
∑

y∈Q0 (y∈NQ0)

cos(2πy/p) |= √
p.

Hence, we have

|
∑

y∈Q0 (y∈NQ0)

ξcAyd |2> (
√
p/2− 1)2 + p2/100

and

(
√
p/2− 1)2 + p2/100 < d1/2p1/2 ln2 p/2.

However, this does not signi�cantly improve the estimate of d.
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5 Final remark and Conclusions

(i) Using the results from [5], we can obtain additional restrictions for d.
According to [5] we know that

|
p−1∑
z=1

ξaz
k+bzl |< gcd(k − l, p− 1) + 2.292D13/46p89/92

where D = gcd(k, l, p− 1). In our case, k = 2d, l = 2, thus we get

|
p−1∑
z=1

ξaz
2d+bz2 |< 2 + 2.292 · 213/46p89/92

when gcd(2d−2, p−1) = 2. Hence, if the map φ : x → Axd mod p preserves
the parity of integers from Q or NQ then

0, 32p/π <
(
2 + 2.292 · 213/46p89/92

)
ln p.

This is impossible when p > 10119. Thus, the decimation (sdi) is cyclically
distinct from (si) for p > 10119 when (si) is a half-ℓ-sequence, p ≡ 1 (mod 8)
and gcd(2d − 2, p − 1) = 2. It is clear that if gcd(2d − 2, p − 1) < Cpr,
where C is a positive integer and 0 < r < 1 then we can always �nd p0
such that (si) and (sdi) are cyclically distinct for p > p0. For example, if

gcd(2d − 2, p − 1) < p89/92 then p0 > 10124. This approach does not work
when gcd(2d− 2, p− 1) = αp where α is a real number.

(ii) We have shown that many decimations of a half-ℓ-sequence are cyclically
distinct when p is a su�ciently large prime. There is experimental data
con�rming that all such decimations are cyclically distinct in a lot of cases.
So, the following conjecture can be posed.

Conjecture 1. If p > 17 is a prime and (sn) is a half-ℓ-sequence based on
p ≡ 1 (mod 8), then each pair of decimations of (sn) is cyclically distinct.

For p = 17, we have (s−i) (d = −1) is a cyclic shift of half-ℓ-sequence
(si). The map 15x7 preserves the parity of Q, and the map 4x7 of NQ when
p = 17.

Proving this Conjecture using the method from [3] seems very di�cult.
If this Conjecture will be true then we will have large families of cyclically
distinct sequences with ideal arithmetic correlations distinct from families
based on ℓ-sequences.

(iii) The half-l-sequences have no ideal arithmetic cross-correlation when
p ≡ 7 (mod 8). But we can also consider decimations of these sequences in
this case. If p ≡ 7 (mod 8) then −1 ∈ NQ and Q = −NQ. Hence, if d is odd
and mapping φ : x → Axd mod p preserves the parity of integers from Q
then it also preserves the parity of integers from NQ and vice versa. So, this
map preserves (but permutes the elements within) the set of even residues
modulo p. According to Theorem 1.1 from [3] it is impossible.
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For even d, it is su�cient to estimate a sum
∑p−1

z=0 ξaz
2d+bz. This can be

done in the same way as in Lemma 4.
Moreover, using the autocorrelation properties of the half-l-sequences obtained

in Theorem 3 [12] when p ≡ 7 (mod 8) we can claim that Theorem 17 from
[10] is valid in this case as well. More precisely, if p ≡ 7 (mod 8) and d
satis�es that d+ 1 and d− 1 are not divisible by order of 3 modulo p, then
the decimation (sdi) is cyclically distinct from (si).
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