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Abstract

In this paper we study a cohomology theory of compatible Leibniz
algebra. We construct a bi-differential graded Lie algebra whose Maurer-
Cartan elements characterize the compatible Leibniz algebra structures.
Using this, we study cohomology, infinitesimal deformations, Nijenhuis
operator and their relation for compatible Leibniz algebras. Finally using
cohomology of compatible Leibniz algebra with coefficients in an arbitrary
representation we study the abelian extensions of compatible Leibniz al-
gebra.
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1 Introduction

Leibniz algebra is a non-anti symmetric generalisation of Lie algebra. It was
introduced and called D-algebra in papers by A. M. Bloch published in the 1960s
to signify its relation with derivations. Later in 1993 J. L. Loday [5] introduced
the same structure and called it Leibniz algebra. Cohomology theory of Leibniz
algebra with coefficients in a bimodule has been studied in [4].

Algebraic deformation theory was introduced by Gerstenhaber for rings and
algebra in a series of papers [7]-[T1]. Subsequently algebraic deformation theory
has been studied for different kind of algebras. To study deformation theory
of any algebra, one needs a suitable cohomology, known as the deformation
cohomology, which controls the deformation. In [6], D. Balavoine studies the
formal deformation of algebras using the theory of Maurer-Cartan elements in a
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graded Lie algebra. In particular this approach is used to study the deformation
of Leibniz algebra.

Here, we have defined a compatible Leibniz algebra to be a pair of Leibniz
algebras such that the linear combination of their algebraic structure is also a
Leibniz algebra. Recently, cohomology and infinitesimal deformations of com-
patible Lie algebra and compatible associative algebra has been studied in [I]
and [2] respectively. Motivated by these works, in this paper we study the co-
homology theory of compatible Leibniz algebra. Using the Balavoine bracket
we define a graded Lie algebra whose Maurer-Cartan elements characterize the
structure of compatible Leibniz algebras. We then study the cohomology of a
compatible Leibniz algebra with coefficients in itself. This is then used to study
infinitesimal deformation of compatible Leibniz algebra. We also establish the
relation between Nijenhuis operator and the trivial infinitesimal deformation.
Further we introduce the cohomology of compatible Leibniz algebra with coeffi-
cients in an arbitrary representation. Using this we study the abelian extensions
of compatible Leibniz algebra.

This paper is organised as follows: In section 2 we start with some basic
concepts of Leibniz algebra. We then review Balavoine bracket, some results
on cohomologies and the differential graded Lie algebra that controls the defor-
mation of Leibniz algebra. In section 3 we define compatible Leibniz algebra
and compatible bimodules. We then construct the graded Lie algebra whose
Maurer-Cartan elements characterize compatible Leibniz algebra structure. In
section 4 infinitesimal deformation of compatible Leibniz algebra is studied us-
ing cohomology of compatible Leibniz algebra with coefficients in itself. It is
shown that equivalent infinitesimal deformations are in the same cohomology
group. Then the notion of Nijenhuis operator on a compatible Leibniz algebra is
studied and the correspondence between Nijenhuis operator and a trivial defor-
mation is established. In section 5, cohomology of compatible Leibniz algebra
with coefficients in an arbitrary representation is introduced. Finally in section
6, using the theory developed in section 5, abelian extension of compatible Leib-
niz algebra is studied. We end the paper by showing that the abelian extensions
are classified by the second cohomology group.

Throughout the paper we consider the underlying field K to be of charac-
teristic 0.

2 Background

Definition 2.1. A Leibniz algebra is a vector space L together with a K-linear
operation [.,.] : L® L — L such that

[l‘, [y,z]] = [[xvy]a Z] + [y, [x,z]], Va,y,z € L

Definition 2.2. A homomorphism between two Leibniz algebras (L1, ]1) and
(La, [ ]2) is a K-linear map ¢ : L1 — Lo satisfying

¢([z,y1) = [6(2), 6(y)]2-



Definition 2.3. Let (L,[]) be a Leibniz algebra. An L-bimodule is a vector
space M together with two L-actions m; : LQM — M, m,: M QL — M such
that for any x,y € L and m € M we have
ml(xa ml(yv m)) = ml([xv y]v m) + ml(y7 ml(xa m))
my(z, my(m,y)) = my(my(z, m),y) + me(m, [z,y])
mr(mv [.13, y]) = mr(mr(ma $)7 y) + ml(l‘, mr(ma y))

The following is a well established result.

Proposition 2.1. Let (L,[ ]) be a Leibniz algebra and (M,m;,m,) an L-
bimodule. Then L & M is a Leibniz algebra with the Leibniz bracket defined
as

[(z,u), (4, )] = ([, 9], mi (2,0) + my(u,y)) ¥ @,y € L and u,v € M.
This is known as the semi-direct product.

Definition 2.4. A permutation o € S, is called an (i,n — i)-shuffle if o(1) <
0(2) <..<o(i)ando(i+1)<o(i+2)<..<on). Ifi =0 orn, we assume
o =1id. S n—i denotes the set of all (i,n — i)-shuffles.

Definition 2.5. Let (g = ®rezg”, [ ], d) be a differential graded Lie algebra. A
degree 1 element x € g' is called a Maurer-Cartan element of g if it satisfies

1
dx + i[x,x] =0.

Theorem 2.1. [J] Let (g = ®rezg”,[]) be a graded Lie algebra and i1 € g* be
a Maurer-Cartan element. Then the map

du ‘g—9, d;t(u) = [u,u], Yu € g,

s a differential on g.

Further, for any v € g*, the sum u+v is a Maurer-Cartan element of the graded
Lie algebra (g = ®rezg”,[]) iff v is a Maurer-Cartan element of the differential
graded Lie algebra (g = ®rezg®, [ ], d,).

2.1 The Balavoine bracket

[3] Let g be a vector space. We denote C™(g,g) = Hom(®"g,g) and set

C*(g,9) = DnenC" (9, 9).-
We assume the degree of an element in C™(g,g) isn — 1.

For P € CP*1(g,9),Q € C?1(g,g) we define the Balavoine bracket as

[P,Qlp=PoQ—(=1)"QoP



where P o Q € CPT4+L s defined as

p+1
(PoQ)(x1, %2, s Tpyqr1) = Z(—l)(k_l)qp o, @,
k=1
and
PorQ(z1, 32, ..., Tptqt1)
= S (mDTP@a(1)s o To(—1)s Q@ a(k)r o To(ktq—1) Thtq)s Tkt qi1s - Tppqil)-

c€S(k—1,q)

Theorem 2.2. The graded vector space C*(g,g) equipped with the Balavoine
bracket given above is a graded Lie algebra.

In particular for = € C'(g,g), we have [r,7|p € C3(g,9) such that

[7,7]p = momr—(=1)trom = 270 = 2zz:1(—1)k_17rok7r = 2(moym—mogT)
woym(z,y, z) =7w(n(x,y),2) and wog w(x,y,2) = 7(x,7w(y, 2)) — 7(y, 7(x, 2))

Thus we have the following corollary.

Corollary 2.1. 7 defines a Leibniz algebra structure on g iff m is a Maurer-
Cartan element of the graded Lie algebra (C*(g,9),[ |5)-

Theorem 2.3. Let (g,m) be a Leibniz algebra. Then (C*(g,9),[ |, dr) becomes
a differential graded Lie algebra (dgLa), where d := [r,.]B.
Further given ' € C?(g,g), ® + 7 defines a Leibniz algebra structure on g iff
7' is a Maurer-Cartan element of the dgLa (C*(g,9),[],dx)-

3 Compatible Leibniz algebra

Definition 3.1. A Compatible Leibniz algebra is a triple (L,[],{ }) such that
(L,[]) and (L,{ }) are Leibniz algebras such that

[z, {y, 2} {2, [y, 21} = .y}, 2+ {2 0], 23+ [y, {2, 2y, [2, 2], Vg, 2 €(1L)

Proposition 3.1. A triple (L,[],{ }) is a compatible Leibniz algebra iff (L,[])
and (L,{ }) are Leibniz algebras such that for any ki,ks in K, the bilinear
operation

[[x,y]] = kl[xay] + k2{xay}7 vay €L

defines a Leibniz algebra structure on L.

Proof. Let (L,[ ],{ }) be a compatible Leibniz algebra. Then by definition



itself (L

,[-,.]) and (L, {.,.}) are Leibniz algebras. Further,

[z, 9], 2] + [y, [, 2]]
[k [z, y] + ko{z,y}, 2] + [y, ka2, 2] + ko{z, 2}]
kilkiz, y] + ke{z,y}, 2] + ko{ki[z, y] + ko{z,y}, 2} +
kily, k1]x, 2] + kof{x, 2}] + ko{y, k1, 2] + kao{z, 2}}
kiki[[z,y), 2] + kiko[{z, y}, 2] + koka{[z, y), 2} + koko{{z, y}, 2} +
kikily, [z, 2]] + kikoly, {z, 2}] + koki{y, [z, 2]} + kako{y, {z, 2}}
k([ 9], 2] + [y, [, 2)]) + k3 ({{z, v}, 2} + {y, {, 2}})
kle([{x yho2l {2yl 2t + [y {21+ {y, [2,2]})
ki lz, [y, 2] + k3{z, {y, 2}} + ki ka([z, {y, 2}] + {=, [y, 2]})
ki(ki[z, [y, 2]] + k22, {y, 2}]) + k2 (k2{z, {y, 2}} + ki{z, [y, 2]})
x, k1ly, 2] + ko{y, 2} + ko{x, ka{z, koy, 2} + k1ly, 2]}

= kl[.’E, [[yazﬂ] +k2{$,[[y,2]]}
= o[y 2l 2)
The converse is straight forward. O

Definition 3.2. A homomorphism between two compatible Leibniz algebras
(L1, [ 11, { }1) and (Lo, [ ]2,{ }2) is a k-linear map ¢ : Ly — Lo satisfying

o([z,yl1) = [¢(x), 6(Y)l2 and d({z,y}1) = {d(x), d(y)}2-

Definition 3.3. Let (L,[],{ }) be a compatible Leibniz algebra. A compatible
L-bimodule is a vector space M together with four L—actions

mj: Lo M — M, mL:M®L— M

(s

m?: LM — M, m2:M®L— M

(s

such that

o (M,mj,m}) is a bimodule over (L,[ ).

o (M, m?,m?

) is a bimodule over (L,{ }).

T

o the following compatibilities hold for all x,y € L, m € M

LLM : my (z, mj (y, m)) + mj (z,m; (y,m))
= my({z,y}, m) + mi([x,y],m) + m; (y, mi (x,m)) + mj (y, m; (z,m))

LML : mll(ac7 mi(m7 y)) + m?(% mi(mv y))
= mp(m](z,m),y) +m2(m/(z,m),y) + my(m, {z,y}) + m2(m, [z,y])

MLL : mi(m,{x,y})—i—mz(m,[x,y])

= mu(my(m,2),y) + m7(m.(m,2),y) + mi (@, m}(m, y)) + m{ (z, m,(m,y))



Note: Any compatible Leibniz algebra (L,[],{ }) is a compatible L—bimodule
in which m} =m} =[] and m? =m?2={ }.
Equivalently in terms of endomorphisms, we can define a compatible L—bimodule
to be a vector space M together with maps

ol pft o pB L — End (M), such that
1. (L, p¥, pft) is an L—bimodule over (L,[ ]).
2. (L, pk, p) is an L—bimodule over (L,{ }).

3. the following compatibilities hold for all x,y € L

pr{z,y} + pylz.yl = [p
pi{z,y} + pile,y] = | 1
PR W)k (x) + p¥(y)pT (x) = —pf () pf (x) — p5 (y)pT ().

3.1 Maurer-Cartan characterisation of Compatible Leib-
niz algebra

Definition 3.4. [1] Let (g,[ ],01) and (g,[ |, d2) be two differential graded Lie
algebras. We call (g,[ ],01,02) a bi-differential graded Lie algebra (b-dgLa) if
61 and o satisfy

5102 + 6261 = 0.

Proposition 3.2. [1] Let (g,[ ],61) and (g,] |,d2) be two differential graded
Lie algebras. Then (g,[ ],01,02) is a bi-differential graded Lie algebra iff for
any ki and ke € K, (9,] 1,0kk,) @S a differential graded Lie algebra where
Ok1ky = k101 + K202.

Definition 3.5. Let (g,[ ],01,02) be a b-dgLa. A pair (m1,72) € g1 @ g1 is
called a Maurer-Cartan element of the b-dgLa (g,[ ],01,02) if m and w2 are
Maurer-Cartan elements of the dgLas (g,[ ],01) and (g,[ |,02) respectively,
and

Oomy + 0172 + [7‘(‘1,7‘(‘2] =0.

Proposition 3.3. A pair (m1,72) € g1 ® g1 is a Maurer-Cartan element of the
b-dgLa (g,] ],01,02) iff for any ki,ke € K, kimi + koma is a Maurer-Cartan
element of the dgLa (g,[ ], 0kiks)-

Theorem 3.1. Let L be a vector space and 1,7 € C?(L,L). Then (L, 7y, m2)
is a compatible Leibniz algebra iff (m1,m2) is a Maurer-Cartan element of the

b-dgLa (C*(L,L),[ ]p,01 = 0,0, = 0).



Proof. (L,m1,m3) is a compatible Leibniz algebra gives (L, ) and (L, ) are
Leibniz algebras. Hence we get [m1, 71| p = [72, m2]p = 0.
Further Vz,y, z € L we have the compatibility condition,

m1(z, m2(y, 2)) + ma(z, ™1 (Y, 2))
= m(m(r,y),2) + m2(mi(z,y), 2) + m1(y, m2(7, 2)) + m2(y, 71 (2, 2)) (3)

We note that [m1, me]p = m1 0 g + m2 0 71, where

1 07?2(9071%2) = (771 01 g — 711 O2 7T2)(9071U>Z)

= m(m(r,y),2) — m(r, 72y, 2)) + 71y, m2(z, 2))

and
moom (z,y,2) = (mgo1m —m ogmi)(x,y,2)
= 7T2(7T1(£L', y)v Z) - 7T2(.%', 7"—1(3/7 Z)) + WQ(yvﬂl(xvz))'
[771’7.(-2]3(1‘7?% Z) = 771(7(-2(1:7:'-/)’ Z) - 771(1‘,71'2(:% Z)) + Wl(y’ 7‘-2(377 Z))

+mo(m (2, y), 2) — ma(z, ™1 (y, 2)) + m2(y, 71 (2, 2)).

We thus have that [mq,m2]5 = 0 is equivalent to the compatibility condition
O

Theorem 3.2. [1] Let (w1,m2) be a Maurer-Cartan element of the b-dgLa

(97 [ ]’51762)'

Define dy := 61 + [m1, ] and dg := 62 + [ma, . Then (g,[ ],d1,dz) is a b-dgLa.
Further for any 1,72 € g1, (71 + 1, T2 + T2) is a Maurer-Cartan element of
the b-dgLa (g,] |,061,02) iff (71,72) is a Maurer-Cartan element of the b-dgLa

(gv[ ]7d17d2)'

Let (L,m,72) be a compatible Leibniz algebra. From theorems and
we conclude the following important results:

Theorem 3.3. (C*(L,L),[ |,di,dz) is a b-dgLa where dy and dy are given by
dy == [m1, ] and dy := [72, 5.

Theorem 3.4. For any 7y, 7s € C*(L, L), (L, 7 + 71, T2 + 72) is a compatible
Leibniz algebra iff (w1 + 71, mo + 72) is a Maurer-Cartan element of the b-dgLa
((C*(La L)7 [ ]37 dy, d2)

3.2 Cohomology of compatible Leibniz algebra

Let (L,] ],{ }) be a compatible Leibniz algebra with m(x,y) = [z,y] and
mo(x,y) = {x,y}. By theorem|3.1], (m1,72) is a Maurer-Cartan element of the
b-dgLa (C*(L,L),[ ]5,0,0).



We define the cochains as follows: Forn > 1,

LC™(L,L) :=C"(L,L) ® C"(L,L)... ® C*(L, L)

n times

and d" : LC™(L, L) — LC™\(L, L) by
d' f = ([r1, fl, 72, flB), Vf € LC'(L, L)

dn(fh f27 sy fn) = <_1)n_1([7r17 fl]Ba ceey [71-2’ fifl]B + [ﬂ-la fi]B7 ceey [ﬂ-Qa fn]B)7
where(fi1, fa, ..., fn) € LC™(L,L) and 2 <i <n.
d defined as above gives the following theorem.

Theorem 3.5. We have d**t! o d™ = 0.

Proof. We first note that since (m1,7m2) is a Maurer-Cartan element of the b-
dgLa (C*(L,L),[ ]B,0,0) we have [my,m1|p =0, [m1,m2|p =0, [m2,m2|p =0.
For any (f1, fo, -+, fn) € LC™(L,L), 2 <i <n we have

d TN (f1, f2, s fn)
= ()" (r Alss e I fimale + I files o 2, falB)
= —([m, [m1, filBlB, [72, [71, filB]B + [71, [72, fi]B]B + [71, [71, f2]B]B, - -
(72, [72, fi—2]B]B + [72, [71, fi—1]B]B + [71, [72, fi—1]lB]B + [71, [71, filB]B, - -,
(w2, [72, fn—1]B]B + [72, [71, fnlB]B) + [71, [72, falBlB, [72, [72, fulB]lB) 3<i<n—1)

= ~Glimmls, Als, ([, w5, fils + glim,mls, fals,
1[[71'2,Tr2]B,f7:—2]B + [[71, 7m2]B, fi—1]B + %[[7\'1,71'1]57}"1‘]37 BRI

2

%[[772:”2]B7fn—113 + [[71, m2]B, fnlB, %[[7727772]37]071]3)

= (0,0,---,0).
O
Hence we have that LC*(L, L) = (®penLC™(L, L), d*) is a cochain complex.

Definition 3.6. Let (L,[ |,{ }) be a compatible Leibniz algebra. The co-
homology of the cochain complex (LC*(L,L),d*) is called the cohomology of
(L,] 1,{ }). We denote the cohomology group by H™(L,L).

4 Infinitesimal deformations of compatible Leib-
niz algebras

Definition 4.1. Let (L,[ ],{ }) be a compatible Leibniz algebra. A formal
one-parameter deformation of L is a pair of k[[t]]-linear maps

pe+ L[] © L{[t)] — L{[t]] and

my : L[[t]] ® L[[t]] — L[[t]] such that:



(a) wi(a,b) = Zzoio wila, b)ti7 mt(a7 b) = Zfio m;(a, b)ti
for all a,b € L, where p;,m; : L& L — L are k-linear and po(a,b) = [a, b
and mo(a,b) = {a,b}.

(b) For any t, (L[[t]], ut, m¢) is a compatible Leibniz algebra.
Definition 4.2. Let (L,[ ],{ }) be a compatible Leibniz algebra. Let 11, mq €
C?*(L,L). Define
/’[’t(xvy) = [I,y} + tul(xvy)a mt('ray) = {I, y} + tml('ray)7 vzvy e L.

If for any t, (L, ue,me) is a compatible Leibniz algebra, we say that (L, i, my)
defines an infinitesimal deformation of (L,[ ],{ }).

We also say that (11, m1) generates an infinitesimal deformation of (L,[ ],{ }).
For convenience we write [x,y] = po(z,y) and {z,y} = mo(x,y).

By we have that (L, ug,my) is a compatible Leibniz algebra if and only if
(e, me) is a Maurer-Cartan element of (C*(L,L),[ ]5,0,0). “(t,ms) s a
Maurer-Cartan element ” is equivalent to following condition

(e, el =0 [my,melp =0 [pe,milp =0 (4)

Condition[f] is equivalent to following conditions

[0, 1ol B =0, [po, pa]lp =0, [p1,pu]p =0
[mo, mo]p =0, [mo,mi]p =0, [m1,mi]p =0
[0, M0l = 0, [po, ma]p + [1, M0l =0, [p1,m1]p =0
Reordering the terms and excluding the trivial equations we get that (L, pip, my)
defines an infinitesimal deformation of (L,[ 1,{ }) if
(o, ] =0,  [mo,mi]p =0,  [uo,ma]p + [H1,m0]lp =0

w1, il =0, [mi,mi]p=0, [w1,m]p=0.

Note that the first line above implies d*(py,my) = 0 i.e (u1, my) is a 2-cocycle
and the second line implies that (L, u1,mq) is a compatible Leibniz algebra.
Hence we have the following theorem.

Theorem 4.1. Let (L,[ ],{ }) be a compatible Leibniz algebra. If (u1,my) €
LC?*(L,L) generates an infinitesimal deformation then (1, m1) is a cocycle.

Definition 4.3. Two infinitesimal deformations (L, pir, m¢) and (L, uy,m}) are
said to be equivalent if there exists a linear bijection N : L — L such that

Id+tN : (L, g, my) — (L, gy, my)

is a compatible Leibniz algebra homomorphism.
Id+ tN being a compatible Leibniz algebra homomorphism implies



1. [2,y] = [z, y]

pa(x,y) — pi(z,y) = [z, N(y)| + [N(2), y] — Nz, y]

- Npa(a,y) = pr (2, N(y) + m(N(x),y) + [N(z), N(y)]

- (N (x),N(y)) =0

Azyt =A{2,y)

- ma(z,y) —my(a,y) = {z, N(y)} + {N(z),y} — Nz, y}

- Nma(z,y) = mi(z, N(y)) + my(N(z),y) + {N(z), N(y)}
- my(N(z),N(y)) =0

SRS~ N RO S

2 and 6 gives

(1 — pyyma —my)(@,y) = ([, N(y)] + [N(2),y] = Nz, y], {z, N(y)}
+HN(2),y} — N{z,y})
= ([no, N1p, [mo, N]B)(z,y)
= d'N(z,y).

Thus we have the following theorem

Theorem 4.2. If two infinitesimal deformations (L, pt,me) and (L, p, my) of a
compatible Leibniz algebra (L, po, mo) are equivalent then, (pu1, my) and (p), m})
are in the same cohomology class.

Definition 4.4. Let (L,[ |) be a Leibniz algebra. A linear map N : L — L is
said to be a Nijenhuis operator on L if

N(fz, N(g)] + [N(), 4] — Nl 3)) = [N(2), N(y)] Y,y € L.
We define linear | |y : L® L — L as
[z,yln = [z, N(y)] + [N (2),y] — Nz, y]
T |y : L® L — L denotes the Nijenhuis torsion of N defined as
T 1y (2,y) = N([z,y]n) — [N(2), N(y)], Va,y € L.
When N is a Nijenhuis operator we get that 1| |, = 0.

Proposition 4.1. If N : L — L is a Nijenhuis operator on Leibniz algebra
(L,[ 1), then (L,[ |n) is also a Leibniz algebra. Further N is a Leibniz algebra
homomorphism from (L,[ |n) to (L,[ ]). Furthermore (L,[ ],[ |n) forms a
compatible Leibniz algebra.

10



Proof.
[xa [y7 Z]N]N = [[Ivy]Na Z]N + [yv [.’17, Z]N]Na anya z€L

Further, N([z,y]n) = [N(z), N(y)] follows from the definition of Nijenhuis op-
erator and [ |y.

To show (L,[ ],[ ]n) is a compatible Leibniz algebra we first note that
7§ = [m, N]g. For any k; and ks € K,

[kim + komin, kamm + koninlp = kiko([m, 7] + [7n, 7T B)
= 2k1k2[7T,7TN]B

lekg[ﬂ', [W,N]B]B
0.

O

Definition 4.5. Let (L, ],{ }) be a compatible Leibniz algebra. A linear map
N : L — L is said to be a Nijenhuis operator on (L,[ ],{ }) if N is a Nijenhuis
operator on the Leibniz algebras (L,[ |) and (L, { }).

Proposition 4.2. Let (L,[ |,{ }) be a compatible Leibniz algebra. A linear
map N : L — L is a Nijenhuis operator on (L,[ 1,{ }) if for any k1,ks in
K, N is a Nijenhuis operator on the Leibniz algebra (L,[ |), where [x,y] =
kl[xay] + k2{x7y}v V{E,y eL.

Proof. We have

T jx(zy) = N([z,yln) — [N(2), N(y)]
= N(kilz, Nyl + ko{z, Ny} + ki [Nz, y] + k2 {Nz,y})
—ki[N(2), N(y)] — k2{N(z), N(y)}
= ki(N([z,yln) = [N(z), N®)]) + k2(N({z,y}n) — {N(2), N(y)})
kT gy (,y) + k2Ty 3y (2,9)
(5)
Hence we have,
T[[ I =0 iff T[ ]N:T{ v =0.

Proposition 4.3. Let (L,[ ],{ }) be a compatible Leibniz algebra and N :
L — L be a Nijenhuis operator on (L,[ |,{ }). Then (L,[ |n,{ }n) is also a
compatible Leibniz algebra and N is a compatible Leibniz algebra homomorphism

from (L, [ In,{ ) to (L[ 1 {0 D)

Proof. Let N : L — L be a Nijenhuis operator on (L,[ ],{ }). then by the
previous theorem N is a Nijenhuis operator on the Leibniz algebra (L,[ ]) for
any ki, ke in K.

Using result we get that (L,[ ]n) is a Leibniz algebra and N is a Leibniz
algebra homomorphism from (L,[ ) to (L,[ ]).

Hence we have that (L,[ |nv,{ }w~) is a compatible Leibniz algebra. And we also
get that N is a compatible Leibniz algebra homomorphism from (L, [ |n,{ }n~)

to (L[ ]:{ })-
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Definition 4.6. An infinitesimal deformation (L, i, mi) of compatible Leibniz
algebra (L, po, mo) generated by (1, mq) is trivial if there exists linear N : L —
L such that Id + tN : (L, pg,my) — (L, po, mo) s a compatible Leibniz algebra
homomorphism.

Id+tN is a compatible Leibniz algebra homomorphism iff

1. pa(z,y) = [z, N(y)] + [N(x),y] — Nz, y]

2. my(z,y) = {z, N(y)} + {N(2),y} — N{z, y}
3. Npi(z,y) = [N(z), N(y)]

4. Nma(z,y) = {N(z),N(y)}

1 and 3 gives that N is a Nijenhuis operator on (L, o). 2 and 4 gives that N
is a Nijenhuis operator on (L, my).
Thus we have the following theorem.

Theorem 4.3. A trivial infinitesimal deformation of a compatible Leibniz al-
gebra gives rise to a Nijenhuis operator.

Theorem 4.4. A Nijenhuis operator on a compatible Leibniz algebra (L,[ ],{ })
gives rise to a trivial deformation.

Proof. Let N be a Nijenhuis operator on a compatible Leibniz algebra (L, [ ],{ }).
Take

p(z,y) = [z, N(y)] + [N (2),y] = Nz, y]
ma(z,y) ={z,N(y)} +{N(z),y} — N{z,y}
for any z,y € L. Then

d'N(z,y) = ([uo, Nlg,[mo, N]p)(z,y)
= ([va( )] [ (ac),y] N[m,y],{x,N(y)}—l—{N(w),y}—N{x,y})
= ((z,y),m(z,y)).

i.e., (u1,mq) is a 2-cocycle.

Further since N is a Nijenhuis operator on (L,[ ],{ }), and pu; = [ ]n and
mi = { }n, by proposition we get that (L,[ |n,{ }n) is a compatible
Leibniz algebra.

These two statements implies that (u1,m1) give rise to an infinitesimal defor-
mation of L. Showing the deformation is trivial is straightforward.

5 Cohomologies of compatible Leibniz algebras
with coefficients in arbitrary representation

For vector spaces g1 and ¢, we define ¢* to be the direct sum of tensor products
of g1 and go, where g; is repeated [ times and g5 is repeated k times. For example
9" = (91992) D (92®91) and g*! = (1091 ©g2) B (91 @ g2 ®91) B (g2 @91 @91).

12



Thus ®@"(g1 ® 92) = Dryr=ng"".
For any linear map f: gi, ® gs, - -+ ® g5, = gj, whereiy, ia,...,7,,j € {1,2} we
define f € C™(g1 @ 92,91 D g2) as

fo [, ongi, ®gi, - ®gi,
0, otherwise

f is called a lift of f.
In particular, for the linear maps we encountered in the previous sections:

m:L®L—-L m:L&M—-M, m,: ML —>M
we get lifts
7 (L®M)* - L& M, defined as 7((z1,v1), (x2,v2)) = (7(x1,22),0)
g (L& M)? — L@ M, defined as 1y ((x1,v1), (22,v2)) = (0,my(x1,v2))

m,: (L@ M)? = L& M, defined as m,.((21,v1), (x2,v2)) = (0, m,(v1, x2))
By property of the Hom-functor we get
C g1 ©g2,01 B g)= Y. C'(g" . g)@® > C"(g"" g2).
I+k=n I+k=n

Definition 5.1. A linear map f € Hom(®"(g1 D g2), (91 D g2)) has bidegree |k
if

1L.LI+k+1=n

2. if X € g1k then f(X) € 1
3. if X € gh*+L then f(X) € g2
4. f(X) =0 in all other cases.

We use notation || f|| = l|k. We say that f is homogeneous if f has a bidegree.
Considering examples above, we have ||7|| = ||/ = || || = 1]0.

In the next three lemmas, we consider a few standard results regarding bide-
grees [19)].

Lemma 5.1. If f1, fa, - fx € C™(g1 D g2, 91 D g2) be homogeneous linear maps
and the bidegrees of f; are different. Then fi1 + fo+ ...+ fr =0 4ff f1 = fo =
ci=f,=0.

Lemma 5.2. If ||f|| = -1/l (I/ —1) and ||g|| = —1/k (k/ —1) then [f,g]s = 0.

Lemma 5.3. f € C™"(g1 B 92,91 D g2) and g € C™(g1 D g2, 91 B g2) be homo-
geneous linear maps with bidegrees ly|ky and ly|ky respectively. Then [f, glp is
a linear map of bidegree ly + lg|ky + kq.
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Theorem 5.1. [3] Let (L,m = [ ]) be a Leibnz algebra. (V,m;, m,) is a rep-
resentation of L iff 1y + m, is a Maurer-Cartan element of the dgLA (C*(L &
VvaL 52 V)a [ ]Baafr = [ﬁ-a }B)

Corollary 5.1. If (V,m;, m,) is a representation of (L,m), then [ + 1y +
My, T+ my +m,|g = 0.

Let (V,my,m,.) be a representation of the Leibniz algebra (L, 7).
We denote the set of all homogeneous elements of degree p|lq of CPT4TH(L @
V,L®V) by CPY(L O V,LDV). We define the set of n-cochains as

CYL,V):=C""YLeV,La V)= Hom(®"L,V) using the lift map

and coboundary operator d: :C™(L,V) — C""Y(L,V) as

T+mi+m,
d;lrerhLmrf = (_1)n—1[7¢(_ + ml + mm.ﬂB» Vf S Cn(L7 V)

Note that since ©@ + 1y + m, € CcMo and f e crnli-1, Lemma gives us that
[T + 7y + ., flp € CHU-TL

Further note that d"'d™ f = —[# 4 11y + 1, [ 4+ 17y + 10, flB]5 = 0 by the
graded Jacobi identity.
Thus we have a well defined cochain complex (C*(L, V'), d% 4 1, )-

Theorem 5.2. Let (L,m =[ |,ma={ }) be a compatible Leibniz algebra and
(M,m},mkt,m?, m?) a representation of L. Then (ft1 +mj +m}, &2 +m} +m?2)

is a Maurer-Cartan element of the bi-differential graded Lie Algebra (C*(L &
M,Le M),[ 15,0,0) i.e

—~
=2
=

(1 + i) + 1k, &1+ @) +my]s =0,

[y +1ig + g, T2 + 10} +1007] 5 = 0, (7)
[fo + 1 + 12, 7o + i +1m?]p =0 (8)
Proof. Since (M, m},m!) is a representation of the Leibniz algebra (L, m = [ ]),

by corollary equation |§| holds. Likewise (M, m?, m?) is a representation of

the Leibniz algebra (L,m = { }), by corollary equation |8| holds.
For x1,z9,23 € L, v1,v9,v3 € V

[7f1 + mll + mi,ﬂfg + m? + mf]B(xl,vl), (332,1}2), (.1‘3,1}3)

(1 (o (1, 22), 23), M) (w2 (21, 2), ug) + my(mi (z1,u2) + (M7 (w1, 22), 3))

(—m1 (21, mo (22, 23), *mzl(th?(xbu?)) + mz(u279€3)) - mi(ul,ﬁz(@,%)))
(

(
(o (i (w1, w2), 23), M (11 (21, 2), ug) + mi(my (w1, u2) + M) (u1, 22), x3)))
(—mo (21, ™ (22, 23)), —=mj (w1, m] (2, us) + my (ug, x3)) — m7(uy, ™ (T2, 23)))
((mo (w2, 1 (21, 23)), mf (w2, m] (w1, u3) + my (u1, x3)) + m?(ug, m (21, 73)))
= 0.

m1(x2, w2 (w1, 3)), M) (x2, mf (z1, u3) + mZ (w1, 23)) + my(ug, w2 (21, 23)))

+ o+ + o+
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We get the above by the compatibility conditions 1} LLM, LML and MLL.

Note that the coboundary operator for (L, ) with coefficients in (M, m}, m})

and for (L, m2) with coefficients in (M, m?, m?) are respectively given by

Ayt f 1= (1) iy ] +m, f]p, and

:2+mlz+m$f = (_1)n71[ﬁ-2 +ml2 +m27f]37 Vf € Cm(LaM)

By the graded Jacobi identity it can be shown that the three conditions [0] , [7]
implies

d’rLJrl mn _ O
oyl 4l R g+l T
m+1 mn _
dﬁ2+mf+madﬁ2+m%+m% =0
m+1 m m+1 m _
Qe pmt pmi otz T G5, Lmz 2 da i 4my = 0 (10)

For n > 1 we define the space of n-cochains LC"(L, M) as
Lc(L,M)=Cc"(L,M)s C"(L,M)®--- & C"(L,M) }n-copies
and coboundary for n > 1, 9" : LC™ — LC"*! as
' f = (da, pint4ir fr day iz 42 f) Y € Hom(L, M)
and for 2 <4 <mnand (f1, fo, -+, fn) € LC"(L,V),

an(f17f27"' 7fn)

= (dzl.}.mll_‘_m?l‘flv o adZQ_A,_m%_A,_mgfi—l + dﬂ1+mll+m}“fi7 o 7d7°r2+7hl2+fngfn)'
Using or just like in Theorem it can be shown that 92 = 0.

Definition 5.2. Let (M, m},ml,m?, m?) be a representation of a compatible
Leibniz algebra (L, 71, m2). The cohomology of the cochain complex (521 LC™(L, L), )
is called the cohomology of (L,m1,ms) with coefficient in the representation
(M,m},mt,m? m?). The corresponding n*" cohomology group is denoted by

H"(L, M).

6 Abelian extension of compatible Leibniz alge-

bras
Definition 6.1. Let (L,71,m2) and (V,u1,u2) be two compatible Leibniz al-
gebras. An extension of (L,71,m2) by (V,u1,u2) is a short exact sequence of

compatible Leibniz algebra morphisms

0V SLAB L0, (11)
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where (L,[ 1;,{ };) is a compatible Leibniz algebra.

A section of the extension (L, 71, 75) of (L,m1,ma) by (V, juy, po) is a linear
map s : L — L such that po s = Idy, where Idy, is the identity morphism on L.
L is called an abelian extension of L by V, if the compatible Leibniz algebra
structure on V' is trivial i.e., pi(x,y) = po(x,y) =0, Vo,y € V.

Definition 6.2. Two abelian extensions, (L1, ]1,{ }1) and (La,[ ]2,{ }2)
of (L,my,m3) by (V,0,0) given by exact sequences 0 — V — L 5 L — 0

and 0 — V 5 Ly & L = 0 are equivalent if there exists an isomorphism
F : Ly — Lo such that the following diagram commutes

0 Vs, 2L 0
lldu lF lIdL (12)
0 VL, L 0.

Consider an abelian extension L of L by V and section s : L — L For
r,y € L, u €V define linear maps
0:LoL—V,0:LoL—-V,m}, m?: LoV =V andm-,m?2:VQL—V
as
0(z,y) = [s(x),s(y)]z — slz,y]
0(x,y) = {s(x),s(v)}; — s{z,y}
my (z,u) = [s(2),ulg, mp(u,2) = [u,s(@)]f
mi(z,u) = {s(z),uty m}(u,z) = {u,s(x)}.
2

Theorem 6.1. With the notations introduced above, (V,m},mL,m? m2) is a
representation of the compatible Leibniz algebra (L,my,ma). Further this repre-
sentation is independent of the choice of sections s.

=

Proof. For z,y € L and u € V, since 0(x,y) € V, we have

0 = [0(z,y),ulg
= [[s(z),s(W)g, ulz — [sla, y], 4]
= [S(:L’), [S(y)vu E]E - [s(y)7 [8(1’

i.e., we have mj ([z,y],u) = m} (z,m} (y,u)) — m} (y, mj (z,u)).
Similarly, we can show

my(u, [2,9]) = mq (x,my(u,y)) — my(mg (2, u), y)and

my(u, [2,y]) = mp(my(u, 2),y) +mj (z,m;(u, y)).

Thus (V,m},m}) is a representation of (L, []).

T
Similarly we can prove that (V,m?, m2) is a representation of (L,{ }) and the
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compatibility conditions LLM, LML and M LL hold.

Suppose there is another section s’ : L — L w.r.t which (V, mll/, mi,, m?/ , m,z_,)
is the representation of (L, 7y, m2).
Then for any x € L and u € V

’

my (z,u) —my (z,u) = [s(@),ulp — [s'(2),ulg

I
%
—~
&
I
.
D —~
8
=
=

!’
Hence mj =m] .

1’ 2 _ 2 2 _ 2
raml_ml’mr_mr'

)(‘md (L2, [ ]2, { }2)

L,m,m) as in

Similarly, it can be shown that m}! =m.

Theorem 6.2. Two equivalent abelian extensions, (L1,] ]1,{ }h1
of (L,m1,m) by (V,0,0) give rise to the same representation of
the previous theorem.

Proof. Let s; and sg be sections of (L1,
and (V,m},mL,m? m?) and (V, mll/,m
resentations given by Theorem [6.1}

If F is the isomorphism from L; to Lo as given in the commutative diagram

then define s} : L — L; by sy = F~! 0sy. Then

/}17 {2/}1) and (La, [ ]2, { }2) respectively

[
Y.om? ,m?) be their corresponding rep-

Posll:poF‘loszZp'oFoF_1082=P/°82=IdL-

1 2 2).

Thus s} is a section of L; that gives the representation (V,mj,m}, m#, m?2

For all z € L,u € V and F|y = Idy we have

my(z,u) = [s)(2),ul
= [Flosa(a)uly
= F'[s2(2),uly
= F'm}'(z,u) =m} (z,u).
Similarly, we can show m:=ml, m? =m?, m?=m?.

Theorem 6.3. With 6,0, mll, mk, ml2, m? defined above, L&V with the following
bilinear operations is a compatible Leibniz algebra.

[l’ + u,y +’U}@ = [xay] + O(x,y) +ml1(xvv) + mi(“?@/)
{z+u,y+vle ={z,y} + 0(z,y) + m{(z,v) + mZ(u,y),
Ve,y € L, u,v e V.

Proof. The proof of the theorem is straightforward.

Theorem 6.4. (0,0) is a 2-cocycle of (L,m1,m) with coefficients in the repre-

sentation (V,m},mL,m? m?2).
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Proof. For any x,y,z € L

Similarly we can show d?

di1+mll+m}“9(w’ Y, z)

—lF1 + iy + 70, 0)p

my(0(z,y), 2) — mu(z,0(y, 2)) + mu(y, 0(=, 2)) + 0([x, y], 2) — 0(=, [y, 2]) + 0(y, [=, 2])

[0(z,y), s(2)] — [s(2), 0(y, 2)] + [s(y), O(z, 2)] + [s[z, y], s(2)] —

sllz, yl, 2] — [s(®), sly, 2]] + sz, [y, 2]] + [S(Z/)ﬁ[fC Z]] —sly, [z, 2]]

[[s(2), s(y)], s(2)] = IsleybsZ] — [s(2), [s(y), s(2)]] + [s(@}stg 2] + [s(y), [s(2), s(2)]] —
1s(pstrZ]] + [sle w2 — sllz, o], Z]—_L(ﬁ:%@ﬁ?a/ZJT+s&c [y, 2]] + [s(p}rstr 2] — s[y, [z, 2]]
[[s(@), s(y)], s(2)] — [s(@), [s(y), s()]] + [s(y), [s(x), s(2)]] — s[z, 4], 2] + s[z, [y, 2]] — s[y, [=, 2]
0.

0(z,y,z) = 0.

mo+m?+m2

2 2 o
d,,2+mlz+m39(x, Y, 2) + d7r1+ml1+m},9(x’ Y, %)

{6(z,y),5(2)} = {s(2), 0(y, 2)} + {s(v), 0(z, 2)} + {s[z, y], s(2)} — s[{w, y}, 2] — [s(2), s{y, 2}] +
slz,{y, 211 + [s(v), s{=, 2}] — sly, {z, 2}] +

[6(x,9), s(2)] = [s(2), 6(y, 2)] + [5(v), O, 2)] + {s[z, y], s(2)} = s{[z, 9], 2} — {s(2), s[y, 2]} +
s{z, [y, 2]}+{ (v), sz, 2]} — s{y, [=, 21}

{[s(2), s(W)], s(2)} — {slzyhstz)} — {s(2), [s(¥), ()]} + {3}t z]} + {s(v), [s(2), s(2)]}
—M+M—S{w y}, 2] —W-st {y, 2} + Isy) et =]
=sly, {z, 2}] + [{s(2), s(1)}, 5(2)] = [s{z sG] — [s(2), {s(v), 5(2)} + [s(x)retyZ}]
+s(w), {s(x), s()}] — [s()retaZ}] + {slz sz} — s{[z, 9], Z} — {s(a)rstyrzl}

+s{w, [y, 21} + {s(rstr 2]} — s{y, [z, 2]}

{[s(z), s(W)], s(2)} — {s(x), [s(v), s(2)]} + {s(v), [s(x), s(2)]} — s[{=, ¥}, 2] + s[z, {y, 2}]

—=sly, {z, 2} + [{s(@), s(v)}, 5(2)] = [s(2), {s(v), s(2)} + [s(y), {s(x), 5(2)}]

—s{lz,yl, 2} + s{z, [y, 2]} — s{y, [z, 2]}

0, by the compatibility condition

Thus

82(9’§) (d21+m +m19 dﬂ2+m2+m29 + d 1+m] +m19 dW2+m2+m72~9~) =0

Lemma 6.1. The cohomology class of the cocyle (9,5) does not depend on the

choice of sections.

Proof. Let (,6) and (#,0') be the cocycles corresponding to sections s and s’

Define ¢ : L — V as ¢(z) = s(z) — s'(x)

Then
0(x,y) = [s(x),s(y)z — slz,y]
= [p(x) + 5 (2),vy) + 5 W) — 5[z, 9] — Yl y]
= [§'(@), v + (), s (W)]z + ['(2), 8" (W)]z — 5[, y] — Pl y]
= mi(z, %)) +mi(y, () + 0 (z,y) — Pz, 9]
aﬂ1+m}+m,{ ( ) + % (.’L‘, y)

Hence we have 6 — 0" = Oy, .1 2% Similarly it can be shown 0—0 =

6#2 +mlz+m$'¢)-
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Thus (0 — 0',0 — 0') = 94 ie. (0,0) and (0,0') are in the same cohomology
class.

Theorem 6.5. FEquivalent abelian extensions give rise to the same cocycle
(61,61).

Proof. Let Ly and Ly be equivalent abelian extensions of the compatible Leibniz
algebra (L, 71, m2) by (V,0,0) as detailed by the commutative diagram

0 | (N SN § 0
Jidu y Jz‘dL (14)
0 V2,251 0.
and sections s1 : L — Ly and s : L — Lo and cocycles (01,51) and (92,52)

respectively.
We note that

p2(posi) = (p20¢)s1 =p1os =Idy.
Hence ¢ o 51 is a section of Lo. R
From Theorem we know that the cohomological class of the cocyle (6, 0)

does not depend on the choice of sections. Hence we can take sy = ¢ o s7.
Thus V z,y € L

O2(z,y) = [s2(2),52(y)]2 — s2[, Y]
[posi(z),dos1(y)la— b osifz,y]

= ¢([s1(x), s1 (¥ — s1[z,y])

= [s1(2),s51(y)]1 — s1[x, Y]

= Oi(z,y).

Likewise we can show 6; = 05.

Theorem 6.6. Cohomologous cocycles (61, 9~1) and (92,52) give rise to equiva-
lent abelian extenstons.

Proof. Since (61,6,) and (65, 6,) are cohomologous there exists ¢ : L — V such
that

01 =02+ O,y 4m1®d
01 =02+ Oy 2 m2 6

Suppose (L @1 V,[ |1,{ }1) and (L @2 V,[ ]2,{ }2) are abelian extensions of
(L,[],{ }) by (V,0,0) with respect to (01,61) and (62, 02) respectively.
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Definey: L&V =L VbyY(r4+u)=x+u+¢(z), Ve e LbueV.
For x,y € Lyu,v €'V,

Y([z +u,y +v)1) = (@ +u), Yy +v)]2
= ([z,y] + Ou(z,y) + m] (z,0) + M} (u,y)) — [+ u+ ¢(x),y + v+ d(y)]2
= [, y) + 01z, y) + my(,0) + mp(u, ) + oz, y] — {[z,4] + Oa(2,y) +
mj (x,0) +mj (,9(y) + my(u,y) + mp(¢(x),y)}
= Oi(z,y) + ola,y] — Oa(z,y) — m} (2, 8(y)) —m}(d(x),y)
= Oi(z,y) — 02(2,y) = O, 4l 4mrd(@, )
= 0.

Similarly, we can show ¥{x +u,y + v} = {¥(z + u), ¥(y + v)}2.
It is routine to verify that the following diagram commutes

0*>VL>L€91VL>L*>O

b b

00—V 25 Lap, V-5 —50.

Remark 6.1. From the last two theorems we conclude that the abelian exten-
sions of compatible Leibniz algebra (L, ,m3) by (V,0,0) are characterised by
the 24 cohomology group H?(L,V).
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