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Abstract: The issue of approximating functions of one and
two variables by polynomials in the presence of a region of
large gradients is considered. The problem is that when applying
Taylor’s formula, the residual term can be significant if the
function has large gradients. It is assumed that the function has
a decomposition in the form of a sum of regular and boundary
layer components. The boundary layer components are known
up to a factor. This decomposition is valid for the solution of
a singularly perturbed boundary value problem. The derivatives
of the regular component are bounded to a certain order, and
the boundary layer components have large gradients. Formulas for
approximating a function by polynomials of an arbitrarily specified
degree are constructed based on the fact that these formulas are
exact for the boundary layer components. This approach has not
been previously explored. Error estimates that are uniform in the
boundary layer components are obtained.

Keywords: function of one or two variables, large gradients,
boundary layer components, approximation by polynomials, error
estimation.

ZADORIN, A.I., APPROXIMATION OF A FUNCTION BY POLYNOMIALS IN THE PRESENCE
OF A REGION OF LARGE GRADIENTS.
© 2024 ZaporIN A.IL.
This work was carried out as part of a state assignment for the Institute of Mathematics,
Siberian Branch, Russian Academy of Sciences (project no. FWNF-2022-0016).
Recewed January 17, 2024, published November, 25, 2024.
1108


https://orcid.org/0000-0002-2577-1181

APPROXIMATION OF A FUNCTION BY POLYNOMIALS 1109

1 Introduction

The method of approximating a function by polynomials based on Taylor
series expansion is well known [1]. However, if the function has large
gradients, then the residual term of such an approximation can be significant.

In particular, the solution of the singularly perturbed problem has large
gradients in the boundary layer region [2]. For the solution of a singularly
perturbed problem a decomposition is valid in the form of a sum of regular
and boundary layer components. In the case of a singularly perturbed second
order ordinary differential equation, such a decomposition was constructed
in [3]. In the case of a singularly perturbed problem for elliptic equation such
the decomposition was constructed in [4]. In these works, the boundary layer
components are known up to a factor.

It is of interest how to apply the Taylor series, so that the estimate of
the error in approximating a function by polynomials depends only on the
regular component and its derivatives.

This issue was considered in [5], where formulas were constructed for
approximating functions with large gradients by polynomials on the basis
that these formulas were exact for the boundary layer components. In
the case of a function of one variable, approximation is carried out by
polynomials of an arbitrarily specified degree. In the case of a function of
two variables, formulas were constructed for approximation by polynomials
of zero and first degree. Error estimates that are uniform in the boundary
layer components and their derivatives are obtained.

This work develops the results of the work of [5]. The formula from [5] has
been modified in the case of a function of one variable, while fewer restrictions
are imposed on the boundary layer component. In the case of a function of
two variables with boundary layer components, an approximation formula
by polynomials of an arbitrarily specified degree has been developed.

Notations. By C and C; we mean positive constants that are independent
of h and of the functions p, ®,0 and their derivatives. We will limit the
various quantities to one constant C, if this is clear from the text.

2 Approximation of a function of one variable

Let u(x) be a sufficiently smooth function on the interval [0,1]. The
formula for approximating a function by polynomials based on the Taylor
series expansion is known [1]:
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where xg,x € [0,1], k is degree of polynomial, Ry (u,z) is remainder term,
representable as
x
Ryi(u,z) = % / u ) (1) (2 — t)* dt. (2)
zo
Let’s set h = |z — z|. We will assume that x > z¢. In the case of z < xg,

the interval [z, 2| is replaced by the interval [z, xg].
From (2) the estimate follows:

k+1

Ri(u,2)| < 25
| Ry, (u, )| < (& + 1)! scisgal

a0 (s)|. (3)

According to (3), for some constant C' |Ry,(u, )| < Ch**1if the derivative
u*+t1)(z) is bounded. However, there may be an error significant if this
derivative is not bounded.

For example, consider the formula (1) for k =1 :

u(x) & u(xo) + (z — zo)u' (o). (4)

Let u(z) = e /¢ where ¢ € (0,1],z € [0,1]. This function has large
gradients for small values of the parameter € and corresponds to the presence
of an exponential boundary layer [2].

In the case x9 = 0, x = £ we have

Ry (u,z) = u(e) —u(0) — ev/(0) = e .

Thus, in this case, the error of the formula (4) does not decrease with
decreasing h, if € = h. So, the question of approximating functions with
large gradients by polynomials is of interest.

Let the decomposition be valid for a sufficiently smooth function u(zx):

u(z) = p(x) +v®(x), = € [0,1], (5)

where p(z) is a regular component with bounded derivatives up to a certain
order, ®(z) is a boundary layer component, which is a function of general
form and is responsible for large gradients of the function u(x). Function
®(x) is assumed to be known, p(x) and v are not specified.

Let us note the cases of functions representable in the form (5).

Let u(z) be the solution of a singularly perturbed boundary value problem:

eu’(z) + a1 (2)u'(z) — az(z)u(z) = f(z), u(0)=A, u(l) =B,

where aj(xz) > 8 > 0,a2(x) > 0, ¢ € (0,1], functions aj, as, f are smooth
enough. According to 3], decomposition (5) is valid when given

®(x) = e /% o =a;(0) > 0. (6)
In the presence of a power-law boundary layer [6] we have

O(x)=(x+e)*0<a<l1, ze€|0,1],e€(0,1].
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In the presence of a logarithmic singularity
®(z) =Inz,z € [g,1],1 > ¢ > 0.

Decomposition of a function with such a feature was used in [7|, where a
method for solving an elliptic equation in a region with a small hole of radius
€ was studied.

In [8] decomposition (5) is used to construct an interpolation formula
that is exact on the component ®(z). The formula contains an arbitrarily
specified number of interpolation nodes, in accordance with [8] the error of
this formula is uniform over the component ®(zx).

If ®(z) corresponds to (6), then the estimate holds |®™)(z)| < C/e",
therefore, in accordance with (3) the error |Ry(u,x)| can be significant for
small values of .

To approximate the function u(x) of the form (5), we correct Taylor’s
formula (1) so that the formula becomes exact on the component ®(x).

In [5], for approximating the function u(x) of the form (5) by polynomials,
a formula is constructed:

F ool (y 1 D (5
+ [o@) —jzgq’j(!(%c—xo)ﬂ}qm, 2 (ag) £0. ()

It has been proven that if for some constant Cy
, (8)

then for some constant Cy the following error estimate is valid

max
s$€[zo,z]

(I)(k+1) (8)‘ < Cl ‘(I)(kJrl) (330)

u(z) — ék(u,x)‘ < Cyh**! max

s$€[zo,z]

p(kﬂ)(s)), xo, z € [0, 1].

The error estimate is uniform over the boundary layer component and its
derivatives. However, the condition (8) is satisfied in the case of ®(z) =
e~®%/¢ and is not satisfied, for example, in the case of ®(z) = e@-1/e,
where a > 0, € € (0,1], z € [0,1],29 < x. The fulfillment of the condition
(8) depends on the type of the function ®(z).

For this reason, we modify the formula (7).

For given k we define a € [0, 1] such that

2* ) (a)] = max |®FH(s)|. (9)
s€[0,1]

Then we define the approximation:

Eoud(x )
uw(z) = Gi(u,z) = Z j(! 0) (x —xo)?+
=0
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{ k CI> . )j u(k+1)(a) (10)
iEO k‘i.
jz_o 2F(a)

Lemma 1. Let the function u(x) has decomposition (5). Then the following
error estimate holds

2hk+1

CEayi s Ll "

u() = Gr(u, 2)| <

where xg,z € [0,1], G(u,x) corresponds to (10).

Proof. From (10) it follows that Gy (y®,z) = v®(x). Taking into account
(5), we get

u(z) — Gr(u, x) = p(x) — Gr(p, ). (12)
Taking into account (12), from (10) we obtain
ko
u(z) — Gi(u, ) Zp x—xo)j—
7=0
o) () 1 p¥HD ()
[‘1)(90) - jz(:) To(x - 960)]] m- (13)

According to (1), the relation (13) can be written as:

Ri(®,2) (141)

u(x) — Gg(u, ) = Ri(p, x) — mp (a). (14)
From (3), (14) it follows
i msax]@)(k“ (s)|
) = Gutw )| < gy (14 gy ] ek O 05)

where s € [0,1]. From the estimates (15) and (9) we get the estimate (11).
The lemma is proven.

In contrast to the estimate (3) for formula (1), the error estimate (11)
for formula (10) is uniform in the boundary layer component ®(x) and its
derivatives.

3 Approximation of a function of two variables

Let us consider the issue of approximating a function of two variables with
large gradients by polynomials.

Let u(x,y) be a sufficiently smooth function, where (z,y) € [0,1]2. The
formula for expanding the function u(x,y) into a Taylor series near the point
(x0,y0) in accordance with [1| has the form:

U(:E,y) :Gk(uvxvy)+Rk(uvxvy)7 (16)



APPROXIMATION OF A FUNCTION BY POLYNOMIALS 1113

where
k .
1 0 O \J
Gulw ) = 353 (= w0) 5, + @ —w)g ) ulzopo),  (17)
the remainder term has the form:
1 0 o\ k+1
Riwe,9) = gy (= w00 gy + w=w)g. ) ulsiss)  (19)
for some s1 € [xg, 2], s2 € [yo0, Y]
Here
o k1 ak+1

k+1
(@=205-) = @—=) s
We assume that x > xg,y > 1y, other cases are considered similarly with
replacing the interval. For example, for x < z the interval [x¢, z] is replaced
by the interval [z, o). Let h = \/(z — 20)2 + (y — y0)2.
Let’s estimate Ry(u,z,y). We write (18) in terms of Newton’s binomial:

k+1

Rulwa) = G 2 Cla (e =005 ) (=050 ) ™t
=0

ol (k+1)! '
R (k41— ) !
Hence,
Rk (U, z, y) =
1 k+1 ok+1

= m Ci;—‘rl(x - .I())J(y - yo)k+1ijmu(3h 52)- (19)
H iz

Considering the known relation

k+1
Z Ci1 = 2,
j=0
from (19) we get
2k+1 8k+1 Kl
’Rk‘(u7 T, y)’ < W J]irsllaéz WU(S‘L 32) h ) (20)

where

j€{0,1,....k+1},s €10,1],52 € [0,1].
If the partial derivatives of the function u(z,y) up to order (k + 1) are
bounded, then from (20) it follows that for some constant C

|Rk<u7 z, y)‘ < Ch’kJrl’

However, if the function u(z,y) has a region of large gradients, for example,
in the presence of exponential boundary layers [2]|, then, as in the one-
dimensional case, the error |Ry(u,z,y)| can be significant.
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In [5] is investigated the issue of approximation by polynomials of a
function of two variables with large gradients due to the presence of a
boundary layer component on each variable. Such a function corresponds to
the solution of the singularly perturbed elliptic problem [4]. To approximate
such a function by polynomials, the formula (17) was modified in the cases
of k =0 and k = 1. The formulas in [5] were constructed so that they were
exact for the boundary layer components. For the constructed formulas,
error estimates obtained of the order of O(h) for k = 0 and of O(h?) for
k = 1. Restrictions are imposed under which the obtained error estimates
are uniform in the boundary layer components and their derivatives.

In this work, we modify the formula (17) based on fit to the boundary layer
components in the case of an arbitrary value of k and estimate its error.

So, let the following decomposition be valid for a sufficiently smooth
function u(zx,y):

u(z,y) = p(z,y) + 1P (x) +120(y), (x,y) € [0,1]. (21)

We assume that the regular component p(z,y) is not specified and has
derivatives bounded to a certain order, coefficients 1,79 are not specified,
®(x) and ©(y) are known boundary layer components with large gradients.

Decomposition (21) is possessed, in particular, by the solution of a
singularly perturbed problem for an elliptic equation:

Elgy + Ettyy + a1(2)uz + az(y)uy — c(z,y)u = f(x,y), (z,y) € Q2 =(0,1)%

u(z,y) = g(z,y), (z,y) €T, (22)
where I' = O\, functions ay, as,c, f, g are smooth enough,

01(55)251>0, 02(9)252>0a C(%?J)Zoa 66(051]

It is known that the solution of the problem (22) for small values of the
parameter ¢ has large gradients at the boundaries = 0,y = 0 [2].

In accordance with [4], the decomposition (21) can be valid for the solution
of the problem (22), given

O(z) = e %, Oy) = e V7,
where a = a;1(0), 5 = a2(0), coefficients 71,72 and the function p(x,y) are
not specified explicitly.
Let’s modify the formula (17) so that the formula becomes exact for the

boundary layer components.
Let us set a formula that is exact for the components 71 ®(z), 720(y):

U(:E,y) ~ Dk(u,x7y) =

k .
1 (I)(j)(ﬂfo) k+1
= Gk(U,w,y) + (I)(k+1)(330) |:(I)( - ]go 4! ( - Q;U) :| k1 U(UCO,Z/OH‘
! ~ 00 (yo) j]om
+ @(k+1)(y0) |:@ ) - Z ]' (y - yU) :| IR+l u(x(]vyﬂ)v (23)
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where G (u, x,y) corresponds to the classical formula (17).
From (23), (17) it follows

Di(m®,z,y) = 11®(x), Di(720,2,y) =10(y),

therefore, in accordance with the decomposition (21) we have

u(a:,y)—Dk(u,:U,y) :p($7y)_Dk(p>$7y)' (24)
Given (3), (24), from (23) we have

lu(z,y) — D(u, z,y)| = |p(z,y) — Di(p; 2, y)| < |p(z,y) — Gr(p, =, y)|+

hk+1 8k+1

+m . !(b(k“)(s)]/\q)(’fﬂ)(mo)\ y ‘Wp(xovyo)‘Jr

(k+1) (k+1) ot
+ e C] X ’7 , ‘ . 25
mas (0050 (s)| /100 o) x |5 rp(eoso)]] (29)

Applying (25) and estimating [p(z,y) — Gk(p, x,y)| based on (16), (20)
with u(x,y) replaced by p(x,y), we are convinced of the validity of the

following lemma.
Lemma 2. Let for some constant Cy

max 940 (s)| /1944 (o) < 1,

s€[zo,x]
max |60+ (s)] /104 (yo)] < €. (26)
5€[yo.,y]

Then for all (x0,y0) € [0,1]%, (z,y) € [0,1]? the following error estimate is
valid:
akJrl

D2l Dy 1=

2k+1 4 201
(k+ 1)
where Dy (u,x,y) is given according to (23),
j€{0,1,....k+1},s1 €0,1],52 € [0,1].

u(z, y) — Di(u, z,y)| < p(s1,52) (WM, (27)

max
J,581,82

Let’s compare the classical formula (17) and the constructed formula
(23). According to assessment (20) the error of the formula (17) can be
significant if the function u(z,y) has a decomposition (21). In accordance
with the obtained estimate (27), the error of the formula (23) is uniform in
the boundary layer components and their derivatives.

3.1. Modified formula. Conditions (26) may be not fulfilled for
some functions. For example, these conditions are satisfied in the case
®(z) = e */¢ and are not satisfied in the case ®(z) = e(*~1/e For this
reason, we modify the formula (23).

Let us set a,b € [0, 1] from the following conditions:

@5 ()| = max [@*HD(s)], [0V ()| = max [@FFV(s).  (28)
s€[0,1] s€[0,1]
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Now, by analogy with (23), let’s set the formula:
u(ac, y) ~ Dk(u7 xz, y) -

1 ko0 (g 1 gk+1
= Gk(ua x, y) + Wl)(a) |:(I)($) — j;o j(' 0) (.’L’ — x())j:| WU(CL, b)+
1 ko0 (z 1 gkl
+ 601 (p) [@(w -3 jgo)(y - yo)]} WU(% b), (29)

j=0
where Gy (u, x,y) corresponds to the classical formula (17).
From (29), (17) it follows

Dk('71(1),$,y) = 71¢($)? Dk(’72®axay) = ’72@(y)7

therefore, in accordance with the decomposition (21) we have

u(w,y) — Di(u, z,y) = p(z,y) — Di(p, z,y). (30)
Given (3), (30), from (29) we have

|u(z,y) — Di(u, z,9)| = |p(z,y) — Dr(p, z,9)| < |p(z,y) — Gi(p, 2z, y)|+

p+1 Hl+1
B (k+1) (k+1)
Lo [0 1 @) Fpta b+
(k+1) (k+1) o1
_— . 1
+ max (00D (s)] /100D @) x | £ rrp(a.b)| (31)

Applying (31), (28) and estimating |p(x,y) — Gr(p, x,y)| based on (16),
(20), we are convinced of the validity of the following lemma.

Lemma 3. For all (zo,y0) € [0,1)% (x,y) € [0,1]? the following error
estimate is valid:
ok+1 | 9 gh+1

(k+1)! A o 1o k+1
(k+1)! Jfrslf}?z axJ'@ylHlfjp(SlaSz) h

|u(z,y) — Di(u, z,y)| < . (32)

where Dy(u,x,y) is given according to (29),
j€{0,1,....k+1},s €10,1],52 € [0,1].

Remark. The condition (28), when specifying (a, b) can be weakened and
replaced with the following condition

max [0 (s)] < 1@ (a)], max [0 (s)] < Crl@* V(b)) (33)

s€[0,1] s€[0,1]
From (33) we have condition (28) if Cy = 1. In accordance with (31), the
estimate (32) remains valid taking into account the replacement of (2++14-2)
by (21 4+ 201).

Similarly, in Lemma 1, when specifying a, the constraint (9) can be
replaced by a condition

@(k‘-{-l) <I>(k+1) < .
max [2(s)] /2 0(@)] < &y
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4 Conclusion

The question of approximation by polynomials of functions with large
gradients is studied. The problem is that the remainder term of Taylor’s
formula can be significant if the function has large gradients. Functions of one
and two variables are considered, having a decomposition in the form of a sum
of regular and boundary layer components. The boundary layer components
are known up to a factor and responsible for large gradients of the function.
The solution of a singularly perturbed boundary value problem has such
a decomposition. Formulas for approximating a function by polynomials of
arbitrarily specified degree are constructed. The formulas are constructed in
such a way that they are exact for the boundary layer components. For the
constructed formulas, error estimates are obtained that are uniform in the
boundary layer components and their derivatives.
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