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Abstract

In this paper, we are concerned with the Leray-Lions type operator
along with the singular terms in variable exponent spaces. The existence
of multiple solutions is established using variational methods.
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1 Introduction

The Leray-Lions type operators are elliptic operators which are appropriate for
the study of the variable exponent problems of higher order. In general, they

. div(a(z,Vu)) = \f(z,u) in Q
—dwla(x,Vu)) = T,u m ),
{ u=0 on 01}, (1.1)

where € is a bounded domain in RY with a Lipschitz boundary 02, a : Q x
RY — R¥ and f: Q x R = R are Carathéodory functions and X is a positive
parameter. The operator div (a (x, Vu)) generalizes a degenerate p(z)-Laplacian
div(w(z)|VulP@=2Vu), where p € C(£, (1,00)) and w is a measurable positive
function on €.

In 2013, Boureanu et al. [6] considered the problem

{ —div(a(z, Vu)) + [ulP®~2u = Af(z, u) in Q,

u = constant on 0f2, (1.2)
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and studied the existence and multiplicity of solutions to (1.2) in the case of
both (p(-) — 1)-sublinear at infinity and (p(-) — 1)-superlinear at infinity of non-
linearity. Moreover, they used several three solutions type theorems to obtain
at least three distinct solutions to (1.2) for the case of (p(-) — 1)-sublinear at
infinity.
In 2015, Kim et al. [17] considered problem (1.1) with a(z,£) = &(z,|£])E)
which is of type |¢|P(®)=2¢ (non-degenerate cases) and proved the existence and
multiplicity of solutions using the Mountain Pass Theorem and Fountain The-
orem.
In 2017, Ky et al. [19] studied the existence and multiplicity of solutions to
degenerate p(x)-Laplace equations with Leray-Lions type operators (1.1) using
direct methods and critical point theories in Calculus of Variations

In 2021, Hai et al. [9] proved the existence of infinitely many solutions for a
generalized p(-)-Laplace equation involving Leray-Lions operators.

Heidari et al. [12] proved the existence of three solutions in Orlicz-Sobolev
spaces for

—Mi(fQ D, (Vu,)dz)(div(e; (Vu; ) Vu;) = AFy, (2, u1, -+, Up) in Q,
u; =0 on 082,

for 1 < i < n, where Q is a bounded domain in RN, N > 3, with smooth
boundary 02 and A is a positive parameter, F' : 2 x R™ — R is a measurable
function with respect to x € € for every (¢1,--- ,t,) € R” and is C* with respect
to (t1,ta--+ ,t,) € R™ for a.e. x € Q.

On the other hand, problems with the singular terms have been intensively
studied. For instance, in [20] the existence and multiplicity of solutions for the
following problem has been established

5—2

{ ~Apyut+ M= = M f(u) inQ

[]®

u=~0 on 0f),

where 1 < s < p(z) < oo. The existence of the solutions to the following
weighted (p(z), ¢(z))-Laplace problem consisting of a singular term

[]®

—a(2) Ayt — b(T)A yryu + Wl N\ f(a,u) in 9,
u=>0 on 0f,

have been proved in [21], where 2 C RY is a bounded domain with smooth
boundary, a,b € L>®(2) are positive functions with a(z) > 1 a.e. on Q, A > 0
is a real parameter, f : 2 x R — R is a Carathéodory function satisfying the
following growth condition

[f(a, )] < o+ Bl

for all (z,t) € @ x R. See also [2, 3, 5, 6, 14, 13, 17] and references therein.



Considering the above results, we shall consider the following degenerate
p(z)-Laplace equations with Leray-Lions type operators

. ;|5 2w, )
—d i ’vi 7:>\Fu ) sty Un Qa
iv(a;(z, V) + FE Sz, u Up) in (13)
u; =0 on 052,
for i = 1,---,n, where  is a bounded domain in RV (N > 2), with smooth
boundary, A € (0,+00) is a parameter. B
For i =1,---,n, we assume that 1 < s; < N and p; € C(Q) with
N < inf p;(z) < pi(z) < supp;(x) < oo;
e 2€Q
For each ¢+ = 1,--- ,n, the potential
a; : OxR—R

is a Carathéodory function satisfying some suitable supplementary conditions:
(A1) a; is a Carathéodory function such that a;(z,0) = 0, for a.e. z € Q.
(A2) There exist C; > 0 such that
Jai(a, )] < Ci(1 + |77,
for a.e. x € Qand all t € R.
(A3) For all s,t € R, the inequality
(ai(z,t) — a;(x,8))(t—s) >0
holds, for a.e. x € Q.
(A4) There exists ¢; > 1 such that
cilt|P®) < min{a;(x, t)t, ps(2) As (z, 1)},
for a.e. x € Q and all s,t € R, where
A, OxR—=R

represents the antiderivative of a;; that is
t
Ai(z,t) = / ai(zx, s)ds.
0

The function F : Q x R” — R is a measurable function with respect to z € Q
for each (t1,--- ,t,) € R™ and is C! with respect to (¢1,--- ,t,) € R" for a.e.
x e Q.

The main result of the paper is as follows:



Theorem 1.1. Assume that the conditions (A1) — (A4) are held and F : § x
RN — R satisfies the following conditions

(F1) F(z,0,---,0) =0, for a.e. z €

(F2) There exist n € LY'(Q) and n positive constants v;, 1 < i < n, with
vi(z) < pi(z) a.e in Q such that

0< Flz,ug, -y un) < p@)(1+ ) |u 1)
=1

(F'3) There exist r >0, 0 >0 and 1 < i, <n such that

Ci, 20 M N D N
(G mDY = ()Y >

N
T2
20(%)

where m := is the measure of unit ball of RY and T is the Gamma

function.

Such that
Ay < Bs, (1.4)

where

and

inf F(z,d, - ,0)

Y (6 )@t - )

=1

Then for each A € A, 5 := B%s’ A%\), problem (1.3) possess at least three distinct
weak solutions in X.

Remark 1.1. The purpose of the main result is to establish multiplicity of
weak solutions for the system (1.3) by using three critical points theorem due to
Bonanno. The novelty of this paper is to consider the nonlinear functions in the
right-hand side of each equation which depend on all the functions uy,- -+ , Un,
not only on a certain w;. Moreover, we consider the singular terms in (1.3).
Up to our knowledge, this is the first time that (1.3) is considered and the
multiplicity of weak solutions is studied.

Remark 1.2. One can study the system (1.3) under the Steklov boundary con-
ditions [16] or on Heisenberg Sobolev spaces or on Orlicz Sobolev spaces. Inter-
ested reader can see details of these spaces in [11, 12, 25, 22, 25, 27, 28, 29]
and references therein.

The rest of the paper is organized as follows. In Section 2, we present a
brief survey of notions and results related to our problem. We also prove some
remarks which we shall need later. In Section 3, we sketch the main result of
the paper and its proof.



2 Preliminaries

Variable exponent Lebesgue spaces appeared in the literature for the first time
by W. Orlicz 1931 and it began to be actively studied in 1990s. The notion vari-
able exponent Lebesgue and Sobolev spaces are directly related to the classical
Lebesgue and Sobolev spaces where the constant p is replaced with the func-
tion p(-) which may depend on a variable. These kinds of spaces of functions
provide a useful tool for the description of non-linear phenomena in elastic and
fluid mechanics, and in image restoration, among other fields. In this section we
recall some facts which are necessary in the sequel (see [7, 8, 10] and references

therein).

Here Q is a bounded domain in RN (N > 2) with smooth boundary. We
suppose that 1 < s; < N and p; € C(Q), ¢ = 1,--- ,n, satisfy the following
condition

N <p; = ingpi(x) <p(z) < pi == sup pi(x) < +oo0. (2.1)
ze €N

The variable exponent Lebesgue space Lp(””)(Q) is defined by

Lp(””)(Q) = {u : Q0 — R: u is measurable and / |u(a:)|p(””)dx < oo} ,
Q

p(z)
de <15p.

with the Luxemburg norm

|/l pz) := inf {)\ >0: /
Q

u(z)

A
Following [26], for any ¢ > 0, we put
rt
o — 0 ) ¥ <1,
9" 9 >1;
and
9 v . ¥ <1,
" 9> 1;

for r € {p; : i =1,--- ,n}. Then the well-known [15, Proposition 2.7] will be
rewritten as follows.

Proposition 2.1. For each u € LP(*)(Q), we have
Julf < [ )P <l

In the sequel, WhPi®)(Q), i = 1,--- ,n, denote the variable exponent
Sobolev spaces.



Remark 2.1. As a consequence of [18, Theorem 3.8] we have
Wy " (@) < W (@), (22)

if p(z) < q(z) a.e. © € Q. In a special case, for p;,i = 1,--- ,n with the
condition (2.1),

Whri@)(Q) s Whei (Q)
is embedded continuously and since p; > N, Wi (Q) is compactly embedded
in C°(Q). Then B

Whri@)(Q) ey 00(Q).

So, in particular, there exist positive constants m; >0, i =1,--- ,n, such that

[u| oo < myl| Vu pi(z)>
for each uw € WHPi®)(Q) where |u|so := sup,eq [u(z)].

Remark 2.2. Let 1 < s; < N and p; € C(Q) be as in relation (2.1), for
i=1,---,n. Then there exists k such that

|u(z)|* K
/Q e 4 = Vel

for u e Wol’pi(x)(Q), where H is given by the classical Hardy’s inequality in [1].

Next we define the suitable function space
17 i (T
X = [[we (@),
i=1
endowed with the norm
ull = 1[(ur, -+ wa)ll = Y 1Vl (@)
i=1
for u = (uy, - ,u,) € X.
Remark 2.1 implies the embedding
X = C%0) x - xC%Q)
is compact and if M := maxj<;<, m;, then M > 0 and one has
oo < M|[Vullpey  i=1,-,m. (2.3)
We set
d(z) =sup{d >0:B(z,d) CQ} and D := supyead(x).
Obviously, there exists xg € 2 such that
B(l‘o, D) g Q.

In the next section we study the existence of weak solution for system (1.3).



3 Multiple weak solutions

The definition of weak solution for system (1.3) is as follows.

Definition 3.1. It is said that (u1,--- ,u,) € X \ {0} is a weak solution of
problem (1.3) if
u; =0 on 09 1<i<n,

and
Xn:/ (&, Vi) Voyd +i/|m&2uw’:d
i=1 Qaz e o - Q x|% !
—)\Z/Fu Ty Uy, Uy )vide = 0,
for each v = (v1, -+ ,vp,) € X.

Applying a variational theorem from [4] or [24, Theorem 1.1], we can prove
Theorem 1.1. To this end, we need to bring some auxiliary remarks.

Remark 3.1. Assume conditions (A1) — (A4) are held, then fori=1,--- n
we have

(I) Ai(x,t) is a C*-Carathéodory function; i.e. for everyt € R,
is measurable and for a.e. x € Q, A;(z,-) is C*(R).

(II) There exist constants C}, i =1,--- ,n, such that

[tP < A, )] < O (] + 8P ),

pZ( )

for a.e. x € Q and all t € R, where fori=1,--- ,n constants ¢; are as in
condition (A4).

We define the functional T : X — R as follows

T(uy,- -, up Z/ :cVuld:C—i—Z/ |uz

Remark 3.2. There exists positive constant C such that

ey < Tlua, - yun) < C’Z\

foreach 1 <i<n andu=(ui, - ,u,) € X.

(&
SV
i

K s,
hiw g 2o Vil ),
=1



Proof. From (2.2) and Remark 3.1, for every 1 < i < n, one has the following
estimate
po< G |V [P () da
pil) =k Jo
< L/ |Va; [P ) de
;p;r Q
|ui*
<T(ug, - ,u Ai(z,Vu;)d
< Tl ) = 3 [ Al ugar Y [
< ZC”/ [Vui| + |Vu;

ci
i

Pi@))dg 4+ — Z |V

P7($)
= ZC/ (K + DI Vuilly ) + 3 Z”V“z”pl(w
It is enough to set ¢ = max{C/(K, +1):1 <i <n}. O
Remark 3.3. Remark 3.2 ensures that Y is coercive.
Proof. Let u = (u1, -+ ,u,) € X and ||u|]| = oco. Thanks to definition of || - ||,
there exists 1 < ig < piy () —* OO Then Remark 3.2 deduce
that Y(u) — oo. O

Notice that T is sequentially weakly lower semicontinuous and it is known
that T is continuously Gateaux differentiable functional; moreover,

Uﬂ/z
x7
55

T/(uh... ,Un)(U1,"- U Z/ a,l x, Vul V’Uz |
Q

for each (vq, -+ ,v,) € X. And we define A : R® — R with

Alug, - yuy) = / F(z,uy, - ,u,)de.
Q

The functional A is well defined, continuously Gateaux differentiable with com-
pact derivative, whose Gateaux derivative at point u € X is as follows

N(ug, - sup) (v, o) = Z/QFuz(a:,ul(x), S Un () v (2)da,

for every (v1,--+ ,v,) € X. The energy functional corresponding to the problem
is

Ga(u) = T(u) — AA(u),
for each u = (uq,--- ,uy); or equivalently, weak solutions of (1.3) are exactly
the critical points of Gy.



Therefore, the functional T, A : RY — R defined as above satisfy the regularity
assumptions of [24, Theorem 1.1]. From definition of T, A and condition (F1),
it is clear that

mlgi T =17(0) =A(0) =0.

For § > 0 and D defined as above, we denote by w, a function of Wi(®)(Q), 1 <
1 < n, defined by

0 x € Q\ B(zo,D),
D
w(z) = g z € B(xo, 5),
20 D
— (D — |z —z9|]) x € B(zo,D)\ B(zo, =),
D 2
where | - | denotes the Euclidean norm on RY. By Remark 3.2, for 1 < i, < n,
we have
Ci, 20 : N D N
E(ﬁ)p ~m(D™ — (E) ) < T(w, - w)

IA

S (0 + £ mpY — (D)),
i=1

Then by assumption (F'3), we gain YT(w,--- ,w) > r. On the other hand, we
have the following estimate

A(UJ,,U))Z/ F(w,w,-n,w)dx
B(wo,%)

. Din

,;relgF('raév 76)m(2) )

where m is the measure of unit ball of RY and so,

inf F(x,d,---,0)m(

2|
2

A(wv . ) w) > €S
T(U}," ,’U})_ " ) K ,20 D
j2 - Si N (T \N
> (CHP +(F))mDN = (5)™)
inf F(z,6,- 0)
= — 29;6” ¥ = Bs (3.1)
N . K s
> (GG + () eN -1
i=1
Now, let u = (uy,--- ,u,) € T (—o0,7), from Remark 3.2, we gain
28 L opf

(&5 (&5



for each ¢ = 1,--- ,n. Then, for every u = (uy, - ,u,) € X, using condition
(F2), Holder inequality and (2.3) , we have

/ F(xvula T auﬂ)dx < / SupuET*I(foo,r)F(xaula T 7un)d‘r
Q Q
< [ @0+ 3
=1

n
<l (1 + Z |ui
=1

Vi(“’))dac

o)

<l (@ + MY IVl )

pi(w)
i=1
Therefore,

1 1
;SupuGTfl(—oo,T)A(u) = ;Supue'rfl(—oo,r)/ F($,’U,1, t ,Un)dl‘
Q

bl St 7) <
T -1 G h

IN

From assumption (1.4), relation (3.1) and the last inequality, one has

1 Alw, -+ w)
;Supuerfl(—oo,r)/\(ui) < m7

Now, we prove that, for each A > 0, G, is coercive.
With the same arguments as used before, we have

A(u):/F(:r,u17~~~ Jun)dz < [nlly(1+ MY V|7
Q2 i=1

pr(2)):

The last inequality and Remark 3.2 lead to

Ci i - Vi
G0(10) > IVl = Alalh (14 M 3 9wl )
1 i=1
for each i = 1,--- ,n. Now, imagine that v € X and ||u|| — co. So, there exists

1 < ip < n such that |Vu;, pig(z) — 00. Since according to our assumptions
Yio () < piy(x) a.e. in Q, coercivity of Gy is obtained.
Taking into account that

1 1 T(w, - ,w) T
A ri =5 5 g ) )
% (35 AT) (A(w, cee W) supueyfl(_oo,r)A(ui))

Thus [24, Theorem 1.1] ensures that for each A € A, s, the functional G\ admits
at least three critical points in X that are weak solutions of the problem (1.3).

10
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