GENERALISATION OF HERMITE-HADAMARD TYPE
INEQUALITIES FOR (mi,ms,a, 3,7, 1)~CONVEX FUNCTIONS IN
MIXED KIND WITH APPLICATIONS

FARAZ MEHMOOD?:2

ABSTRACT. In this article, we present the 1st time the generalised notion of
(m1,ma, e, 8,7, p)—convex(concave) function in mixed kind, which is the gen-
eralization of functions: convex(concave), P—convex(concave), quasi—convex
(concave), s—convex(concave) in 15t kind, s—convex(concave) in 2"¢ kind,
m—convex(concave), (mi, mz)—convex(concave), (m,s)—convex(concave) in
1st kind, (m, s)—convex(concave) in 2nd kind, (s, ) —convex(concave) in mixed
kind, (o, 8)-convex(concave) in 15¢ kind, (c, 8)—convex(concave) in 2”¢ kind,
(m, s, r)—convex(concave) in mixed kind, (m,a, 3) —convex(concave) in 1st
kind, (m,a, 8)—convex(concave) in 2nd kind, (mi,ma,s)—convex(concave)
function in 1st kind, (m1,ma2, s)—convex(concave) function in 2nd kind, (m1,
ma,s,r) — convex(concave) in mixed kind, (m1, ma, a, 8)—convex(concave) in
1st kind, (m1, ma, , ) —convex(concave) in 2nd kind, (o, 3,~, u) —convex(con-
cave) in mixed kind, (m, o, 8,7, p) —convex(concave) in mixed kind. Our aim
is to establish generalised inequalities of Hermite-Hadamard type for functions
whose modulus of the derivatives are (m1,ma, a, 8,7, 1) —convex functions by
using different techniques including Hélder’s inequality and power mean in-
equality and we would also give applications for probability theory and nu-
merical integration. Moreover, we would obtain various results with respect to
the convexity of function as special cases on several choices of m1, ma, a, 8,7, .
Various established results of different authors of different articles would also
be recaptured as special cases.

1. Introduction

About the features of convex functions, we code some lines from [21] “Convex
functions appear in many problems in pure and applied mathematics. They play an
extremely important role in the study of both linear and non-linear programming
problems. The theory of convex functions is part of the general subject of convexity,
since a convex function is one whose epigraph is a convex set. Nonetheless it is an
important theory which touches almost all branches of mathematics. Graphical
analysis is one of the first topics in mathematics which requires the concept of
convexity. Calculus gives us a powerful tool in recognizing convexity, the second-
derivative test”.

The importance of convex functions for the generalization of integral inequali-
ties due to the variety of their nature the notion have been established. Integral
inequalities are satisfied by many convex functions. Among these, the well known is
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Ostrowski inequality. To generalize the Ostrowski’s inequality, we need to general-
ize the concept of convax functions, in this way we can easily see the generalizations
and its particular cases. From the literature, we remind few definitions for several
convex functions [2].

Definition 1.1. Any function g : K C R — R is known as convex(concave), if
9(ry+ (1 —7)2) < (Z)rg(y) + (L —7)g(2), (L.1)
Vyze K,1el0,1].
Here we remind defination of P—convex(concave) function see [4].

Definition 1.2. Any function g : K C R — R is known as P—convex(concave), if
function g is a non-negative, then we have

9ty + (1 =7)2) < (2)g(y) + 9(2), (1.2)
VyzeK,1el0,1].
The definition of quasi-convex function is extracted from [7].

Definition 1.3. Any function g : K C R — R is called a quasi-convex(concave), if
g9(ry + (1 —7)2) < (=) max{g(y), 9(2)} (1.3)
VyzeK,1el0,1].
We present defination of s—convax(concave) functions in the 1st kind as follows
(see [20]).
Definition 1.4. Suppose s € (0,1]. Any function g : K C [0,00) — [0,00) is
known as s—convex(concave) in the 1st kind, if
9(ry+ (1 —7)2) < (Z)7°g(y) + (1 = 7°)g(2), (1.4)
VyzeK,Tel0,1].
Remark 1.5. “Note that in this definition we also included s = 0. Further if we put

s =0, we get quasi-convexity (see Definition 1.3)”.

We also present definition of s—convex(concave) functons in the second kind
from [20].

Definition 1.6. Suppose s € (0,1]. Any function g : K C [0,00) — [0,00) is
known as s—convex(concave) in the 2nd kind, if

g(ry + (1 =7)z) < (2)7°g(y) + (1 = 7)°9(2), (1.5)
VyzeK,1el01].
Remark 1.7. “In the similar manner, we have slightly improved definition of 2nd

kind convexity by including s = 0. Further if we put s = 0, we easily get
P—convexity (see Definition 1.2)”.

The following definition of m—convex(concave) function is extracted from [9]

Definition 1.8. Suppose m € [0,1]. Any function g : [0,00) — R is known as
m—convex (concave), if

g(ry+m(l —7)z) < (=)7g(y) + m(l —7)g(2) (1.6)
Vy,z €[0,00), T €[0,1].
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Remark 1.9. “For m = 1 the above definition recaptures the concept of standard
convex(concave) functions in the interval K and for m = 0 the concept star-shaped
functions”.

Following definition is extracted from [9]

Definition 1.10. Let (my,m2) € (0,1]%. Any function g : [0,00) — R is known as
(mq, mg)—convex(concave), if

g(mary +ma(1l —7)z) < (Z)marg(y) + ma(l —7)g(2), (1.7)
VyzeK,7el0,1].
In [18], Mihesan stated (a, m)—convaxity as in the following:

Definition 1.11. Suppose (o, m) € [0,1]?. A function g : [0,00) — R is known as
(o, m)—convex(concave), if

g9(ry +m(1—7)2) < (2)7%g(y) + m(1 —7%)g(2) (1.8)

YV y,z € [0,00), T € [0,1]. Above function can also be written as (m, s)—convex
(concave) function in the 1st kind.

Firstly, we introduce a new class of (m, s)—convax(concave) function in the 2nd
kind that is given below:

Definition 1.12. Let (m,s) € (0,1]?>. Any function g : K C [0,00) — [0, 00) is
known as (m, s)—convex(concave) in the 2nd kind, if

gry+m(l —7)z) < (2)7°g(y) + m(1 — 7)°g(2) (1.9)
Vyze K, 7e€l0,1].

A new class of (s, r)—convax(concave) functions in the mixed kind is extracted
from [8].

Definition 1.13. Suppose (s,r) € [0,1]2. Any function g : K C [0,00) — [0, 00) is
known as (s, r)—convex(concave) in the mixed kind, if

g(ry + (1 =7)2) < (2)7"g(y) + (1 = 7")°g(2), (1.10)
VyzeK,7el0,1].
Definition 1.14. [6] Suppose (a,3) € [0,1]?>. Any function g : K C [0,00) —
[0,00) is known as («, 8)—convax(concave) in the 1st kind, if

g(ry + (1= 7)2) < (2)mg(y) + (1 = 77)g(2), (1.11)
VyzeK,1el0,1].
Definition 1.15. [6] Suppose («, ) € [0,1]2. Any function g : K C [0,00) —
[0,00) is known as («, 8)—convax(concave) in the 2nd kind, if

gty + (1 = 7)z) < (2)7%(y) + (1 — 7)%g(2), (1.12)
VyzeK,7el0,1].

Secondly, we introduce a new class of (m,s,r)—convax(concave) functions in
mixed kind which is given below:



4 FARAZ MEHMOOD®2

Definition 1.16. Let (m,s,r) € [0,1]3. A function g : K C [0,00) — [0,00) is
known as (m, s, r)—convex(concave) in the mixed kind, if

gty +m(l—1)z) < (>)m"g(y) + m(1 —7")%g(2), (1.13)
VyzeK,Tel0,1].

Thirdly, we introduce a new class of (m, «, 8)—convax(concave) functions in the
1st kind which is given below:

Definition 1.17. Let (m,«,) € [0,1]3. A function g : K C [0,00) — [0,00) is
known as (m, a, ) —convax(concave) in the 1st kind, if

g(ry +m(1 —7)2) < ()% (y) + m(1 — 77)g(2), (1.14)
Vy,zeK,7e€][0,1].

Fourthly, we introduce a new class of (m, «, 8)—convax(concave) functions in the
2nd kind which is given below:

Definition 1.18. Let (m,a,3) € [0,1]3. A function g : K C [0,00) — [0,00) is
known as (m, a, ) —convax(concave) in the 2nd kind, if

g(ry +m(l —7)2) < (2)7%g(y) +m(1 - 7)°g(2), (1.15)
VyzeK,1el0,1].
Following definition is extracted from [9]

Definition 1.19. Let (a,mq,msa) € (0,1]3. Any function g : [0,00) — R is known
as (@, my, mo)—convax(concave), if

g(mity +mso(1 = 7)2) < (Z)matg(y) +ma(l —7%)g(2), (1.16)

Vy,z € K,7 € [0,1]. Above function can also be written as (mj, msa, s)—convex
(concave) function in the 1st kind.

Fifthly, we introduce a new class of (m,ma, s)—convax(concave) functions in
the 2nd kind which is given below:

Definition 1.20. Let (mq,ma,s) € (0,1]3. Any function g : [0,00) — R is known
as (my, ma, s)—convax(concave) in the 2nd kind, if

gmity +ma(l —7)z) < (Z)mat°g(y) + ma(l — 7)°g(2), (1.17)
VyzeK,Tel0,1].

Sixthly, we introduce a new class of (m1, ma, s, ) —convax(concave) functions in
mixed kind which is given below:

Definition 1.21. Let (mq,m2,s,r) € (0,1]*. A function g : K C [0,00) — [0, 00)
is known as (m1, ma, s,r)—convax(concave) in the mixed kind, if

glmity +ma(l —7)z) < (Z)mat"g(y) + ma(l —77)°g(2), (1.18)
VyzeK,7el0,1].

Seventhly, we introduce a new class of (m1, ma, a, 8)—convax(concave) functions
in the 1st kind which is given below:
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Definition 1.22. Let (m,m2,a, 3) € (0,1]*. A function g : K C [0,00) — [0, c0)
is known as (mq,ma, a, B)—convax(concave) in the 1st kind, if

g(miry +ma(l —7)z) < (2)mirg(y) +ma(l —77)g(2), (1.19)
VyzeK,1el0,1].

Eighthly, we introduce a new class of (m1,ma, a, §)—convex(concave) functions
in the 2nd kind which is given below:

Definition 1.23. Suppose (m1,m2,a, 3) € (0,1]*. A function g : K C [0,00) —
[0,00) is known as (mq,mg, a, 8)—convax(concave) in the 2nd kind, if
glmiry +ma(1 —7)2) < (Z)mam%g(y) + ma(1 — 7)g(2), (1.20)
VyzeK,1el01].
Upcoming definition is («, 8,7, u)—convex(concave) function which is extracted
from [8].
Definition 1.24. Let (a, 3,7, 1) € [0,1]%. A function g : K C [0,00) — [0,00) is
known as («, 8,7, i) —convax(concave) in the mixed kind, if
g(ry + (1 =7)2) < (2)77g(y) + (1 = 77)"g(2), (1.21)
VyzeK,7el0,1].

Ninthly, we introduce a new class of (m, «, 8,7, 1) —convax(concave) functons in
mixed kind that is given below:

Definition 1.25. Let (m,«, 8,7, 1) € [0,1]°. A function g : K C [0,00) — [0, c0)
is known as (m, a, 8, v, i) —convax(concave) in the mixed kind, if

g(ry +m(l —7)z) < (2)r*7g(y) + m(1 — 7°)"g(2), (1.22)
Vy,ze K, 7e€][0,1].

Tenthly and Finally we introduce a new class of functon which would be called
class of (my, me, a, B, 7, u)—convax(concave) functon in mixed kind and containing
all above classes of functions. This definition is used sequentially in this paper.

Definition 1.26. Let (mq,ma,, 3,7, 1) € (0,1]%. A function g : K C [0,00) —
[0,00) is known as (mq,ma, @, 8,7, u)—convax(concave) in the mixed kind, if

glmiy +ma(1 —7)2) < (2)miT*7g(y) + ma(1 — 7%)g(2), (1.23)
VyzeK,Tel0,1].

Remark 1.27. “In Definition 1.26, we have the following cases.

(i) If we choose m; = 1, mg = m in (1.23), we get (m,q, 3,7, u)—convex
(concave) function in the mixed kind.

(ii) If we choose my = mg = 1 in (1.23), we get («, 8,7, u)—convex(concave)
function in the mixed kind.

(iii) If we choose =y =1 and p = § in (1.23), we get (mq, ma, o, f)—convex
(concave) function in the 2nd kind.

(iv) If we choose v = p = 1 in (1.23), we get (my, ma, a, §)—convex(concave)
function in the 1st kind.

(v) If we choose v =7, o« = p = s and § =1 in (1.23), we get (my,mz,s,7)
—convex(concave) function in mixed kind.
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If we choose « = p = s and 8 = v = 1 in (1.23), we get (m, mg, s)—convex
(concave) function in the 2nd kind.

If we choose v = s and o = § = pp = 1 in (1.23), we get (my, mga, s)—convex
(concave) function in the 1st kind.

If we choose m; =1, ma =m, =+ =1and p = 8 in (1.23), we get
(m, a, B)—convex(concave) function in the 2nd kind.

If we choose my = 1, my = m and v = p = 1 in (1.23), we get (m,«, )
—convex(concave) function in the 1st kind.

If we choose m; =1, mg =m,y=r,a=p=sand =1 in (1.23), we
get (m, s, r)—convex(concave) function in the mixed kind.

If we choose my = mg =1, 8 = =1and p = § in (1.23), we get
(o, B)—convex(concave) function in the 2nd kind.

If we choose m; = mg =1 and v = p = 1in (1.23), we get (o, 8)—convex
(concave) function in the 1st kind.

If we choose mi1 =ma =1, y=r,a=p=sand 8 =1 in (1.23), we get
(s, r)—convex(concave) function in the mixed kind.

If we choose m1 =1, my =m,a=pu=sand =~ =11in (1.23), we get
(m, s)—convex(concave) function in the 2nd kind.

If we choose my =1, my=m,y=sand a = = pu=11in (1.23), we get
(m, s)—convex(concave) function in the 1st kind.

If we choose a = f = v = u = 11in (1.23), we get (m1, ma)—convex(concave)
functnion.

If we choose my =1, mg =mand o = =~ =p =11in (1.23), we get
m—convex(concave) function.

If we choose mj =ms =1, a =p=sand f =+ =1 in (1.23), we get
s—convex(concave) function in the 2nd kind.

If we choose m;y =me2 =1, a =8 =sand vy =p =1 in (1.23), we get
s—convex (concave) function in the 1st kind.

If we choose m; =mg =1, vy =sand a =8 =p =1 in (1.23), we get
s—convex(concave) function in the 1st kind.

If we choose m; = my =1, a = =0, and v = p = 1 in (1.23), we get
quasi-convex(concave) function.

If we choose m;y =me =1, a =p=0and § =~ =1 in (1.23), we get
P—convex(concave) function.

If we choose m; = mg =a =0 =v=p=1in (1.23), gives us ordinary
convex(concave) function.

In almost every field of science, inequalities play an important role. Although it is
very vast discipline but our focus is mainly on Hermite-Hadamard type inequalities.

The convexity theory has close relationship with theory of inequalities. Many
inequalities known in the literature are direct consequences of the applications of
convex functions. An important inequality for convex functions which has been
extensively studied in recent decades is Hermite-Hadamard’s inequality, which was
obtained by Hermite and Hadamard independently and stated as: A function g :
K CR — R is a convex function, j, k € K with j < k, if and only if,

. k ]
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which is known as Hermite-Hadamard inequality. This inequality (1.24) has be-
come an important cornerstone in probability and optimization. An account on the
history of this inequality can be found in [19]. Moreover, the inequality (1.24) has
been refined or generalised for convex, s-convex, and quasi-convex functions and
other kinds of functions by a number of mathematicians.

In [5], the following result which was obtained by Dragomir and Agarwal contains
the Hermite-Hadamard type integral inequality.

Proposition 1.28. Suppose g : K C R — R is a differentiable mapping in the
K9 j ke K° with j < k. If |¢'| is convex in the [j, k], then the following inequality

holds:
g(j) +gk) 1 / ¥
- g(u)du

(k =)Ug"G)] + g’ (k)])
2 k—j '

8

<

(1.25)

For other recent results concerning Hermite-Hadamard type inequalities through
various classes of convex functions, see [1, 3, 10, 11, 13, 15, 19, 24] and the references
cited therein.

In 2011, Kavurmaci et. al. [10] gave some new inequalities of hermite-hadamard
type for convex functions with applications by using Holder inequality and Power-
mean inequality. In 2016, Liu et. al. [13] established some Hermite-Hadamard type
inequalities for MT —convex functions via classical integrals and Riemann-Liouville
fractional integrals, respectively. In [14], [16] and [17], Mehmood et. al. estab-
lished generalised Hermite-Hadamard type inequalities for (s, r)—convex functions,
(a, 8,7, u)—convex functions and (m, «, 3,7, u)—convex functions respectively with
applications by using Holder inequality and Power-mean inequality”.

The main aim of this article is to generalise some Hermite-Hadamard type in-
equalities for (my,ms, o, 8,7, p)—convex functions in mixed kind through classical
integrals using Holder inequality and Power-mean inequality and applications are
also provided for probability theory and numerical integration. We would recapture
several results of different articles [5, 10, 14, 16, 17] and also provide special cases of
class of (my, ma, a, 8,7, p)—convex function on different choices of my, ma, o, 8,7y, p
as remarks.

2. Generalisation of Hermite-Hadamard Type Inequalities

Derivation of our main theorems, we require folowing lemma which is extracted
from [10]:

Lemma 2.1. Suppose g : K C R — R is a differentiable mapping in the K° C R,
where my, maj, mok € K with maj < mok. If g € Limaj, mok], then

(mak — myy)g(mak) + (myy — maj)g(mag) 1 /’”2’“

- - u)du
- = g(u)

e =

k—j
k—miy)* (!
(mak —may)” ; T;“y) / (1 = 7)¢ (mi7y + ma(1 — 7)k)dr.
- 0

Proof. We obtain the required result by using similar techniques of proof of Lemma
1 of [10]. (]
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Remark 2.2. If we choose m; = 1 and mg = m we recapture Lemma 2.1 of [17].
Remark 2.3. If we choose m; = mg = 1 we recapture Lemma 1 of [10].
The following results can be obtained by using Lemma 2.1.

Theorem 2.4. Suppose g : K C R — R is a differentiable mapping in the K° C R
provided that ¢’ € Lmaj, mok|, where my, maj, mok € K with maj < mok. If |¢'|
is (m1,ma, a, 8,7, u)—convex in the [maj, mak], then

(mak — myy)g(mak) + (may — maj)g(maj) 1 /’“2‘“

- - g(u)du

maj

milg'(y)| malg'(j)] 1 (2
@+ +2) 8 (B(ﬂ’““> B(ﬂ’““))

malg' (y)] malg'(K)| [ (1 _B(2
CENCED M <B<ﬁ’““> B(ﬁ’““))

for every g € [maj, mok] and B > 0.

(m1y — moj)?
k—j

<

(mak —myy)?
k—3j

Proof. By Lemma 2.1 and using the modulus, we have

’(mzk—mlwg(mgk)+<m1y—m2j>g(mzj> 1 /W’“

k—j k=g

myy —m N2l , .
< M/ (]_—T)|g (mlTy+m2(1_7')J)|dT
0

k=3
k—may)® !
+W / (1= D)y’ (mary +ma(1 = 7)k)|dr
- 0

Since |f’| is (m1, m2, a, 3,7, u)—convex in mixed kind, then we get

(mak — may)g(mak) + (may — maj)g(maj) 1 /’“2’“

— - g(u)du

maj

(m1y — maj)?

1
< gl | <1—T>lmnawg’<y>|+m2<1—75>“|g'(j>|]d7

Mok —myy)? 1 / /
(k];_jy)/o (1-17) [m”avg ()| +ma(1 — 77)|g (k)|]d7

(m1y — maj)? milg'(y)| ma|g'(j)] (1 ) (2 )
= : + Bl=,u+1)-B(Z,u+1
k=i |[lev+ Dy +2) "B Ehe Che
(mak — m1y)? malg'(y)| ma|g' (k)| < 1 ) <2 )
, B2 u+1)-B(Z, u+1
k=i e+ Dy +2) B Che Che
which completes the proof.
Note: Where B is Beta function and it is stated as B(l,m) = fol =11 -
T)ym=tdr = m Since T'(1) = [;° e “u! " du. O

Remark 2.5. “Some remarks about Theorem 2.4 are following as special cases:
(i) If we choose 8 =+ =1 and pu = 8 in Theorem 2.4, we can get inequality
for (m1,me, a, f)—convex function in the 2nd kind.
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If we choose v = = 1 in Theorem 2.4, we can get inequality for (mi, mo,
a, B)— convex function in the 1st kind.

If we choose v = r, a = p = s and § = 1 in Theorem 2.4, we can get
inequality for (mq,ma, s,r) —convex function in mixed kind.

If we choose a = 4 = s and 8 = v = 1 in Theorem 2.4, we can get inequality
for (mq,ma, s)—convex function in the 2nd kind.

If we choose v = s and @ = § = p = 1 in Theorem 2.4, we can get inequality
for (m1,mae, s)—convex function in the 1st kind.

If we choose my =1, mg =m, 8 =~ =1and yu = 8 in Theorem 2.4, we
can get inequality for (m, «, 8)—convex function in the 2nd kind.

If we choose m; =1, my = m and v = p = 1 in Theorem 2.4, we can get
inequality for (m, «, 3) —convex function in the 1st kind.

If we choose m; =1, mgo =m,v=r,a =pu =s and § = 1 in Theorem
2.4, we can get inequality for (m, s, r)—convex function in the mixed kind.
If we choose m; =mo =1, 8=+ =1and u = S in Theorem 2.4, we can
get inequality for (a, 8)—convex function in the 2nd kind.

If we choose m; = my = 1 and v = p = 1 in Theorem 2.4, we can get
inequality for («, 8)—convex function in the 1st kind.

If we choose m1 =1, my =m, @« = pu=sand § =+ =1 in Theorem 2.4,
we can get inequality for (m, s)—convex function in the 2nd kind.

If we choose a = 8 =+ = pu =1 in Theorem 2.4, we can get inequality for
(my, mg)—convex function.

If we choose my =1, mo =m and o« = = = pu =1 in Theorem 2.4, we
can get inequality for m—convex function.

If we choose m; =mo =1, a =pu=sand 8 =+ =1 in Theorem 2.4, we
can get inequality for s—convex function in the 2nd kind.

If we choose m; =mo =1, a = =s and v = u =1 in Theorem 2.4, we
can get inequality for s—convex function in the 1st kind.

If we choose m; =mo =1,y =sand a = =p =1 in Theorem 2.4, we
can get inequality for s—convex function in the 1st kind.

If we choose m; =mo =1, a = =0, and v = 4 = 1 in Theorem 2.4,we
can get inequality for quasi-convex function.

If we choose m; =mo =1, a=p=0and 8 =~ =1 in Theorem 2.4, we
can get inequality for P—convex function.

Remark 2.6. If we choose m; = 1 and my = m in Theorem 2.4, we recapture the
main Theorem 2.3 of [17].

Remark 2.7. If we choose m; = my = 1 in Theorem 2.4, we recapture the main
Theorem 2.2 of [16].

Remark 2.8. If we choose m; = my =1, a = up=s, § =1 and v = r, where
s,7 € (0,1] in Theorem 2.4, we recapture the main Theorem 2.2 of [14].

Remark 2.9. If we choose m; = mg = a = =+ = p =1 in Theorem 2.4, we
recapture the main Theorem 4 of [10]”.
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Corollary 2.10. If we select y = %ﬂwk in Theorem 2.4, then

‘ (2mok — mimaj — mymak)g(mak) + (mimaj + mimak — 2maj)g(maj)

2(k —j)
1 mzk}
— m ‘ g(u)du
maj
(mimaj +mimak — 2maj)g(mayj)

- 2(k = 3)

[y (T2 g ()] 1 2
ol Irvry oy B(ﬁ’“+1>_3(5’“+1>

(2mok — mymaj — mimak)g(mak)
2(k —j)

[ |gf (2dtmaky | lg'(B)] (1 2 ]
oDyt T8 B(B’”H)_B(B’”H) ]

+

Remark 2.11. “Some remarks about Corollary 2.10 are following as special cases:

(i) In Corollary 2.10, using the convexity of |¢’|, then we can get established
inequality (1.25) (recapture Theorem 2.2 of [5]).
(ii) If we choose 8 =~ =1 and pu = § in Corollary 2.10, we can get inequality
for (m1,me, a, f)—convex function in the 2nd kind.
(iii) If we choose v = u =1 in Corollary 2.10, we can get inequality for (mq, ma,
a, 8)— convex function in the 1st kind.
(iv) If we choose v =1, « = p = s and 8 = 1 in Corollary 2.10, we can get
inequality for (mj,ma,s,r) —convex function in mixed kind.
(v) If we choose @« = p = s and § = v = 1 in Corollary 2.10, we can get
inequality for (mq,ms, s)—convex function in the 2nd kind.
(vi) If we choose v = s and @« = 8 = p = 1 in Corollary 2.10, we can get
inequality for (mq,ms, s)—convex function in the 1st kind.
(vil) If we choose m; =1, mg =m, § =+ =1 and pu = § in Corollary 2.10, we
can get inequality for (m, a, §)—convex function in the 2nd kind.
(viii) If we choose m; =1, ma = m and v = p = 1 in Corollary 2.10, we can get
inequality for (m, o, 8) —convex function in the 1st kind.
(ix) If we choose my =1, mo =m,y=r, a = p = s and 8 = 1 in Corollary
2.10, we can get inequality for (m, s, r)—convex function in the mixed kind.
(x) If we choose m; =mg =1, 8=~ =1and g = in Corollary 2.10, we can
get inequality for (a, f)—convex function in the 2nd kind.
(xi) If we choose m; = me =1 and v = p = 1 in Corollary 2.10, we can get
inequality for («, 8)—convex function in the 1st kind.
(xii) If we choose m; =1, my =m, a =pu=s and § =+ =1 in Corollary 2.10,
we can get inequality for (m, s)—convex function in the 2nd kind.
(xiii) If we choose & = 8 = = pu = 1 in Corollary 2.10, we can get inequality
for (my, mg)—convex function.
(xiv) If we choose my = 1, mg = m and @« = § =y = p = 1 in Corollary 2.10,
we can get inequality for m—convex function.
(xv) If we choose m; =mg =1, =pu=sand =~ =1 in Corollary 2.10, we
can get inequality for s—convex function in the 2nd kind.
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(xvi) If we choose m; =mg =1, « = =sand v = pu =1 in Corollary 2.10, we
can get inequality for s—convex function in the 1st kind.
(xvii) If we choose m; =mg=1,7=sand a = = p =1 in Corollary 2.10, we
can get inequality for s—convex function in the 1st kind.
(xviii) If we choose m; =mga =1, a = =0, and v = g =1 in Corollary 2.10,we
can get inequality for quasi-convex function.
(xix) If we choose m1 =my =1, a = pu=0and 8 =~ =1 in Corollary 2.10, we
can get inequality for P—convex function.

Remark 2.12. If we choose m; = 1 and my = m in Corollary 2.10, we recapture
the Corollary 2.8 of [17].

Remark 2.13. If we choose m; = my = 1 in Corollary 2.10, we recapture the
Corollary 2.6 of [16].

Remark 2.14. If we choose m; = my =1, « = u = s, =1 and v = r, where
s,7 € (0,1] in Corollary 2.10, we recapture the Corollary 2.5 of [14].

Remark 2.15. If we choose m; = mo = a = = = pu =1 in Corollary 2.10, we
recapture the Corollary 2 of [10]”.

Theorem 2.16. Suppose g : K C R — R is a differentiable mapping in the K° C R
provided that g’ € L[maj,maok], where my,moj,mok € K with moj < mok. If
\g’|ﬁ is (my, ma, a, 8,7, pb)—convex in the [maj, mak] and for some fized ¢ > 1,
then

(mak — miy)g(mak) + (myy — maj)g(maj) 1 /mz’“

k—j k=3

g(u)du

maj

1 1 \7 ~o(malg' ()| malg' ()] (1
<k—j<p+1> [(mly_m”)< v+l B B(ﬂ’““))

Q=

ay+1 15} Ié]
for every g € [maj, mok] and B > 0.

Proof. By Lemma 2.1 and (mq,ma, a, 8,7, 1) —convexity of |¢’| and then applying
the wel-known Holder inequality, we have

‘ (mok —miy)g(mak) + (m1y — moj)g(maj) 1 /mzk
k _j k _j maj

g(u)du

— )2 1
W/ (1 =7)lg (miTy +ma(1 = 7)j)|dr
0

(mak — myy)?

1
+ —/ (1 —7)|g (miTty + ma(1 — 7)k)|dT
k—j 0

(m1y — maj)?

1
< btk [an) lmw'g'(y>' +ma(1 - Tﬁwg'(j)l] o

mak —myy)? 1 / /
(kk:—jy)/o (1—-17) [m”a”g ()] + ma(1 — 77)¥|g (k)|]d7-



12 FARAZ MEHMOOD®2

/o (1— T)pd7> ’ /o <m17a7|g/(3})| +ma(l — Tﬁ)ugl(j”) dT]

. ¢ 13
/o (m”“”lgxyn +ms(1 Tﬁr‘lg’(’“)') dT]

D=

s<my—mﬁ< / (1_T>pdr>p m / g/ (y)|“dr + mo / <1—Tﬁ>“g’<j>|qdr]

1 1
- / 797 (y)|9dr + my / (1- Tﬂ>“|g'<k>|%]
0 0

<1.<1> (mly—mzj)2<m;|é]1yi|q+m2|g/;>(j)|q3(;,u+l>)q

o (malg W)|T | malg' (k)| (1 .
+(m2k—m1y) ( a7+1 + ﬂ B(ﬁ,u+l>) ‘|

O

Remark 2.17. “All remarks hold for Theorem 2.16 as we have given remarks (i) to
(xviii) for Theorem 2.4.

Remark 2.18. If we choose m; = 1 and ms = m in Theorem 2.16, we recapture the
main Theorem 2.13 of [17].

Remark 2.19. If we choose m; = mgo = 1 in Theorem 2.16, we recapture the main
Theorem 2.10 of [16].

Remark 2.20. If we choose my = my =1, a = p =35, § =1 and v = r, where
s,7 € (0,1] in Theorem 2.16, we recapture the Theorem 2.8 of [14].

Remark 2.21. If we choose m1 = my = a = =7 = = 1 in Theorem 2.16, we
recapture the Theorem 5 of [10]”.

maj+mak
2

Corollary 2.22. If we select y = in Theorem 2.16, we get

‘ (2mak — mimaj — mimak)g(maek) + (mimaj + mimak — 2maj)g(maj)
2(k —j)
1 ’I’I’szt

_ g(u)du
g (u)

<3 (o)

1
malg' ()17 (1 “ malg’
+2|g(9)|3(5,u+1)> +(2m2kz—m1m2j—m1mzk>2( 1o

(7n2j-12—mgk)|q

ay+1

m !
(mimaj +mimak — 2m2j)2< 119

(mgj-iz-mgk)lq

B ay+1
malg' (k)" (1 >)
+ 3 B 6,u+1

Remark 2.23. “All remarks hold for Corollary 2.22 as we have given remarks (ii)
to (xix) for Corollary 2.10.

o =

Sl
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Remark 2.24. If we choose m; = 1 and my = m in Corollary 2.22, we recapture
the Corollary 2.18 of [17].

Remark 2.25. If we choose m; = mg = 1 in Corollary 2.22, we recapture the
Corollary 2.14 of [16].

Remark 2.26. If we choose my = my =1, a = p =35, § =1 and v = r, where
s,7 € (0,1] in Corollary 2.22, we recapture the Corollary 2.11 of [14].

Remark 2.27. If we choose my = mes = a = =+ = u =1 in Corollary 2.22, we
recapture the Corollary 3 of [10]”.

Theorem 2.28. Suppose g : K C R — R is a differentiable mapping in the K C R
provided that ¢’ € Limaj, mak], where my, moj, mok € K with moj < mok. If |¢'|2
is (m1, ma, a, 8,7, p)—convex in the [maj, mak] and for some fixzed ¢ > 1, then

k= k=3 Jinsj

‘ (mok — myy)g(mak) + (m1y — maj)g(may) 1 /mzkg(u)du

1
ST
279 (k—j)

) mQ%W <B<;’M+ 1) B B(E"” 1)>>é + (mgk — muy)?
(e = o) -n(30))

for every g € [maj, mak], ¢ = p% and > 0.

ay+ 1) (ay + 2)

(mry — maj)? (( milg(y)]"

Proof. Consider ¢ > 1 and from Lemma 2.1 and applying the wel-known power-
mean inequality, we have

(mak — mly)g(mzkk): J_rj(_rmy —maj)g(maj) . ij /mn]k g(u)du

< M =13 [yl oy + ma

+ W /01(1 —7)|g (maTy +ma(1 — T)k)|dr

< e ([ ﬂzh)lé ([ = rlatmimy + matr - quoh)é

+ W(/;u - T)dT)l_é </01<1 — P)lg (mary + ma(1 - T)k)|qcz7> q
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Since | f'| is (m1, ma, «, 58,7, u)—convex in mixed kind, then we consider

/0 (1 — )¢/ (mary + ma(1 — 7)5)|%dr
1 — 1) [ mT® g (| + ma(1 — 7)Y g' ()2 | dr
g/o (1 >[ 16 (®)|7 +ma(1 — 78l () ]d

_ malg @I malg G (L _B(2
7(a7+1)(a7+2)+ 5 <B(ﬁ,u+1> B(ﬁ,ﬂ+l>>

Analogously,

1
/O (1—7)|g' (miTy + ma(1 — 7)k)|%dT

malg' (y)|? ma|g' (k)| 1 _p(2
S(ory—i—l)(a’y—&-?)Jr B <B<ﬁﬂu+1) B<ﬁ’#+1)>

We get the required result by collecting all above inequalities. O

Remark 2.29. “All remarks hold for Theorem 2.28 as we have given remarks (i) to
(xviii) for Theorem 2.4.

Remark 2.30. If we choose my = 1 and my = m in Theorem 2.28, we recapture the
main Theorem 2.23 of [17].

Remark 2.31. If we choose m; = mo = 1 in Theorem 2.28, we recapture the main
Theorem 2.18 of [16].

Remark 2.32. If we choose my = my =1, a = p =35, 5 =1and v = r, where
s,7 € (0,1] in Theorem 2.28, we recapture the Theorem 2.14 of [14].

Remark 2.33. If we choose m; = ms = a =0 =+ = pu =1 in Theorem 2.28, we
recapture the Theorem 7 of [10]”.

Corollary 2.34. If we select y = %mzk in Theorem 2.28, we get

‘ (2mok — mimaj — myimak)g(mak) + (mimaj + mimak — 2maj)g(maj)

0 () (e )))

A e

(ay + D(ay+2)

S (o) -1(50)))

2(k — )
1 mzk}
mzaj
1 .
23" my |g (almak)|a
< ——— | (mimaj + mimak — 2maj)? 2
—J ary ary

+ (2m2kz - m1m2j — m1m2k)2 <
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Remark 2.35. “All remarks hold for Corollary 2.34 as we have given remarks (ii)
to (xix) for Corollary 2.10.

Remark 2.36. If we choose m; = 1 and my = m in Corollary 2.34, we recapture
the Corollary 2.28 of [17].

Remark 2.37. If we choose m; = my = 1 in Corollary 2.34, we recapture the
Corollary 2.22 of [16].

Remark 2.38. If we choose m; = my =1, « = u =s, =1 and v = r, where
s,7 € (0,1] in Corollary 2.34, we recapture the Corollary 2.17 of [14].

Remark 2.39. If we choose m; = mg = a ==~ =p =1 in Corollary 2.34, we
recapture the Corollary 4 of [10]”.

3. Application to Numerical Integration

3.1. The Trapezoidal Formula. Suppose d : mgj = mabfy < maty < -+ <
mab, = mok is division of [maj, mek] and h; = 0,41 — 0;, (i =0,1,--- ;n—1) and
consider the quadrature formula

mok
[ swdu=Qle.d) + Rig. ). (3.1)

where
n—1
Qg.d) =) ((m29i+1 — may)g(mabi1) + (miy — m29z‘)9(m29i)>
=0

for trapezoidal version and R(g,d) represents the associated approximation error.

Theorem 3.1. Suppose the assumptions of Theorem 2.4 is true, for each division
'd" of [maj, mok]. Then in (3.1), the trapezoidal error estimate satisfies:

n—1

’R(g, d)’ <Y (muy — mab;)?

=0

(30 o(300)

n—1

milg' (y)]
’ ;(mﬁi“ ~may” (ay + 1)(ay +2)

+m?|géei“)|<3(;,u+1) —B(;,MH))

for every g € [maj, mok] and g > 0.

mi|g'(y)|
(ay+ 1)(ay+2)
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Proof. Using Theorem 2.4 on the sub-interval [ms6;, m26;11] (i = 0,1,...,n — 1),
then

h; hi Jimse,

malg'(y)| ma|g'(6:)| 1 2
@+ D@ +2) B <B<ﬂ’““) _B<ﬂ’“+1)>]
milg'(y)| Mg’ (0ir1)| 1 2
@+ Dy +2) 8 <B<ﬁ’““> _B<ﬁ’““>>
Hence in (3.1) we have to sum over ¢ from 0 to n — 1, then
n—1
>

=0

(mabits —miy)g(mabiva) + (may — mabi)g(me0i) 1 /mem o)

(m1y — m2b;)?
< W

(m29z’+1 - m1y)2
hi

| "™ gwydu— QG )| -

maoj

m291+1
/ g(u)du — ((m29i+1 —m1y)g(mabiy1)

nzai

+ (m1y — m29¢)g(m29i)>} |

n—1 ma0;y1
< / g(u)du — ((m29z‘+1 —m1y)g(mabiy1) + (may — m29z‘)9(m29z‘)>|
i=0 | /20
n—1 ’ /
0 (. (1 2
< S (myy — mafy)? mlg' W)l melg'(6: B(’ +1>_B(’ +1>
*;( W) e ) ay +2) 5 g s
n—1 / /
00 (1 2
n bt — 2 ma|g’ (y)| ma|g’ (0i41 B( 7 +1>_B<7 +1>
2 (mabin =) T T 8 s i
Which completes the proof. O

Remark 3.2. We can get above similar results for Corollary 2.10, Theorem 2.16,
Corollary 2.22, Theorem 2.28 and Corollary 2.34.

Remark 3.3. All remarks of section 2 are also hold for Theorem 3.1 and for Remark
3.2.

4. Applications to Probability Theory

Suppose Y is a random variable choosing values in the finite intervel [mqj, mak],
with the probabality density function g : [maj, mok] — [0, 1] and with the cumu-
lateve distribution function G(y) = P(Y <vy) = fm2jk g(u)du.

mo

Theorem 4.1. Suppose the assumptions of Theorem 2.4 is true, then

(mek — m1y)G(mak) + (m1y — maj)G(maj)  mak — E(Y)
k—j k—j

m1|G'(y)] ma|G'(5)] 1 2
(ar+ Dlay+2) B <B<ﬁ’u+1>_B<ﬁ’u+1>>

mlG )| malG W (1 2
@+ D@1 +2) T B <B</3’”“)‘B</3’”“)>

(m1y — moj)?
k—j

(mok —mqy)?
k—j
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for every g € [maj, mok] and > 0. Where E(Y) is the expectation of Y.
Proof. Select g = G, we obtain (4.1), by applying the identity

mok mok
EY)= / uG(u)du = mok — / G(u)du.
maj m2j
Since G(msj) = 0 and G(mzk) = 1.
We left the details to research scholars. [l

Remark 4.2. We can get above similar results for Corollary 2.10, Theorem 2.16,
Corollary 2.22, Theorem 2.28 and Corollary 2.34.

Remark 4.3. All remarks of section 2 are also hold for Theorem 4.1 and for Remark
4.2.

5. Conclusion

In this article, we have generalised some results about famous Hermite-Hadamard
type inequalities for (mq,ma, a, 3,7, 1) —convex functions in mixed kind via classi-
cal integrals using Holder inequality and Power-mean inequality and applications
are also provided for probability theory and numerical integration. We have re-
captured various results of different articles [5, 10, 14, 16, 17] and also provided
special cases of class of (m1,ma,q, 3,7, u)—convex function on several choices of
may, mao, o, 8,7, 14 as remarks.
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