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Abstract: In this paper, for an arithmetic function f , we define
the related arithmetic function φf which can be considered as a
generalization of the Euler totient function φ, and we study some
of its properties, including multiplicativity, the Dirichlet inverse,
and Dirichlet series.
Keywords: arithmetic function, Euler totient function, Dirichlet
product.

1 Introduction
The Euler totient function, denoted by φ(n), is a mathematical function

that counts the positive integers up to a given integer n that are coprime
with n; thus,

φ(n) = card{x | 1 ≤ x < n, gcd(x, n) = 1}.
It is known that (see, e.g. [1, 2]):

φ(n) = n
∏
p|n

(
1− 1

p

)
,

where the product is taken over all distinct prime factors p of n.
Euler totient function is a versatile and essential tool that plays a crucial

role in various branches of mathematics and its applications extend beyond
number theory into diverse areas of mathematical research and computer

Mittou, B., A new generalization of the Euler totient.
© 2024.
Received January, 1, 2023, Published December, 31, 2023.

144

https://orcid.org/0000-0002-5712-9011


A NEW GENERALIZATION 145

science. For this reasons, it has garnered significant attention from many
mathematicians, and one form of this interest is to find more than ten
generalizations and analogs for it (see [3, Chapter 3.7]). For example, Schemmel
totient function Sk (k ∈ N) is defined as:

Sk(n) = card{(x, . . . , x+k−1) | 1 ≤ x+i < n, gcd(x+i, n) = 1 (0 ≤ i ≤ k−1)},

and the Jordan totient function Jk (k ∈ N) is defined as:

Jk(n) = nk
∏
p|n

(
1− 1

pk

)
.

Clearly, we have S1(n) = J1(n) = φ(n).
In the present paper, we will introduce a new generalization, associated

with an arithmetic function f , of the Euler totient function. Furthermore, we
will discuss some of its properties, including multiplicativity, the Dirichlet
inverse, and Dirichlet series. The following arithmetic functions are also well-
known and may be used throughout this paper:

• µ, λ are the Möbius and the Liouville functions, respectively.
• u is the unit function: u(n) = 1 for all n.
• Nα (α ∈ C) is the α-th power function: Nα(n) = nα, (N1 = N).
• ψ is the Dedekind function: ψ(n) = n

∏
p|n

(
1 + 1

p

)
.

2 Main Result
Let f be an arithmetic function. Then we define φf to be the arithmetic

function such that:

φf (n) = n
∏
p|n

(
1− f(p)

p

)
, φf (1) = 1.

Note that if f(p) = 1 for all prime numbers p, then φf = φ. For example:

φu = φ, φµ = φλ = ψ, and φφ = −φψ.

Let n and m be positive integers and let d = gcd(n,m). Then

φf (mn) = mn
∏
p|mn

(
1− f(p)

p

)

=

m
∏
p|m

(
1− f(p)

p

)
n
∏
p|n

(
1− f(p)

p

)
∏
p|d

(
1− f(p)

p

)

= φf (m)φf (n)
d

φf (d)
.
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In paricular, if d = 1 then:
φf (mn) = φf (m)φf (n)

which means tha φf is multiplicative function, so one can have

φf (n) = φf

(
r∏
i=1

peii

)
=

r∏
i=1

pei−1
i

(
pi − f(pi)

)
(n > 1).

It is well-known (see, e.g. [1, p. 29]) that the Euler totient function φ
satisfies the following relation:

φ = µ ∗ N , (1)
where ∗ represents the Dirichlet product. The next theorem establishes that
φf satisfies a relation analogous to (1).

Theorem 1. Let f be a multiplicative function. Then
φf = µf ∗ N. (2)

Proof. We note that the equality holds when n = 1. So, we assume that
n > 1 and let pi (1 ≤ i ≤ r) be the distinct prime factors of n. Thus
φf (n)

n
=

r∏
i=1

(
1− f(pi)

pi

)
=1−

∑ f(pi)

pi
+
∑ f(pi)f(pj)

pipj
+ · · ·+ (−1)r

f(p1)f(p2) · · · f(pr)
p1p2 · · · pr

=1−
∑ f(pi)

pi
+
∑ f(pipj)

pipj
+ · · ·+ (−1)r

f(p1p2 · · · pr)
p1p2 · · · pr

=µ(1) + µ(pi)
∑ f(pi)

pi
+ µ(pipj)

∑ f(pipj)

pipj
+ · · ·+

+ · · ·+ µ(p1p2 · · · pr)
f(p1p2 · · · pr)
p1p2 · · · pr

=
∑
d|n

µf(d)

d
,

since µ(d) = 0 if d is not a square-free integer. Note that, in a term such
as
∑ f(pipj)

pipj
, it is implied that we are considering all possible products pipj

involving distinct prime factors of n. Now we can rewrite above equalities
as:

φf (n) =
∑
d|n

µf(d)
n

d
= (µf ∗ N)(n),

as claimed. The proof is complete. □
Corollary 1. Let f be a completely multiplicative function. Then

φf = f−1 ∗ N, (3)
where f−1 is the Dirichlet inverse of f .
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Proof. The result follows at once from (2) and the fact that f−1 = µf (see
e.g., [1, Theorem 2.17]). □

The Dirichlet inverse of the Euler totient function is given by (see, e.g.
[1, p. 37]):

φ−1 = u ∗ µN.

The following theorem provides the Dirichlet inverse of φf .
Theorem 2. If f is multiplicative function, then

φ−1
f = (µf)−1 ∗ µN.

Proof. It is well-known that [1, 2] the identity (g∗h)−1 = g−1∗h−1 holds true
for all arithmetic functions g and h. Furthermore, N−1 = µN . It follows by
using these facts and Theorem 1 that:

φf = µf ∗ N ⇒ φ−1
f = (µf)−1 ∗ N−1

⇒ φ−1
f = (µf)−1 ∗ µN .

As required, the proof is finished. □
Corollary 2. Let f be a completely multiplicative function and let

∏r
i=1 p

ei
i

be the prime factorization of the positive integer n > 1. Then

φ−1
f (n) = (f ∗ µN)(n) =

r∏
i=1

f(pi)
ei−1

(
f(pi)− pi

)
.

Proof. Because f is completely multiplicative we have f−1 = µf , so
φ−1
f (n) =

(
(f−1)−1 ∗ µN

)
(n)

= (f ∗ µN)(n)

=
∑
d|n

dµ(d)f
(n
d

)
.

We know that φ−1
f is multiplicative, which means that it suffices to compute

φ−1
f (peii ) to determine φ−1

f (n). Thus

φ−1
f (peii ) =

∑
d|peii

dµ(d)f

(
peii
d

)

=

ei∑
k=0

pki µ(p
k
i )f

(
peii
pki

)
= f(peii )− pif(p

ei−1
i )

= f(pi)
ei−1

(
f(pi)− pi

)
,

since f is completely multiplicative. Hence

φ−1
f (n) =

r∏
i=1

f(pi)
ei−1

(
f(pi)− pi

)
.
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This completes the proof. □

Example 1. (1) If f = u, then

φ−1
f (n) = φ−1(n) =

r∏
i=1

(1− pi).

(2) If f = λ, then

φ−1
f (n) = ψ−1(n) =

r∏
i=1

(−1)ei(1 + pi).

(3) If f = Nα, then

φ−1
f (n) = nα

r∏
i=1

(
1− 1

pα−1
i

)
.

The Dirichlet series associated with an arithmetic function f is an infinite
series of the form [1, 2]:

D(f, s) =

∞∑
n=1

f(n)

ns
(s ∈ C).

The most famous example is the Riemann ζ function ζ(s) = D(u, s) =
∞∑
n=1

1

ns
(ℜ(s) > 1). Since φf = µf ∗ N , we have according to [1, Theorem

11.5]:
D(φf , s) = D(µf, s)D(N , s), (4)

which holds in the half-plane where both series on the right-hand side of (4)
converge absolutely. In particular, if f is completely multiplicative, then we
have the following theorem:

Theorem 3. Let D(f, s) be the Dirichlet series associated with a completely
multiplicative function f . Suppose that D(f, s) is converge absolutely in the
half-plane ℜ(s) > a, then:

D(φf , s) =
ζ(s− 1)

D(f, s)

(
ℜ(s) > max{2, a}

)
.

Proof. This follows at once from (3), (4), and [1, Examples 2,3 p. 229]. □

Example 2. (1) If f = u, then

D(φf , s) = D(φ, s) =

∞∑
n=1

φ(n)

ns
=
ζ(s− 1)

ζ(s)

(
ℜ(s) > 2

)
.

(2) If f = λ, then

D(φf , s) = D(ψ, s) =

∞∑
n=1

ψ(n)

ns
=
ζ(s)ζ(s− 1)

ζ(2s)

(
ℜ(s) > 2

)
.
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(3) If f = Nα, then

D(φf , s) =

∞∑
n=1

φf (n)

ns
=
ζ(s− 1)

ζ(s− α)

(
ℜ(s) > max{2, 1 + ℜ(α)}

)
.

(4) If f = χ is a Dirichlet character, then

D(φf , s) =

∞∑
n=1

φf (n)

ns
=
ζ(s− 1)

L(s, χ)

(
ℜ(s) > 2

)
,

where L(s, χ) is the well know Dirichlet L-function associated with
χ.

References
[1] T.M. APOSTOL, Introduction to Analytic Number Theory, Springer-Verlag, New York,

1976.
[2] M. R. Murty, Problem in Analytic Number Theory, Vol. 206, Springer-Verlag, New

York, 2008.
[3] J. Sándor, B. Crstici, Handbook of Number Theory. II, Springer Verlag, Berlin, 2005.

Brahim Mittou
Department of Mathematics, University Kasdi Merbah Ouargla, Algeria
EDPNL & HM Laboratory of ENS Kouba, Algeria
Email address: mathmittou@gmail.com, mittou.brahim@univ-ouargla.dz

https://doi.org/10.1007/978-1-4757-5579-4
https://doi.org/10.1007/978-0-387-72350-1
https://doi.org/10.1007/1-4020-2547-5

	Introduction
	Main Result

