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Abstract:A combinatorial inversion formula for a recurrent Markov
chain is derived.

Keywords: transition probability, Feller's formula, moment in
time.

1 Ââåäåíèå è ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ

Ïóñòü {Xn}∞0 � âîçâðàòíàÿ öåïü Ìàðêîâà, çàäàííàÿ íà ðåøåòêå íà-
òóðàëüíûõ ÷èñåë. Îáîçíà÷èì ÷åðåç pik âåðîÿòíîñòü ïåðåõîäà èç òî÷êè

i â òî÷êó k çà îäèí øàã. Ïóñòü p
(n)
ik � âåðîÿòíîñòü ïåðåõîäà èç i â k

çà n øàãîâ. Ôèêñèðóåì íà÷àëüíîå ñîñòîÿíèå öåïè, íàïðèìåð, 1. Ïîëî-

æèì pn = p
(n)
11 . Ïóñòü qn � âåðîÿòíîñòü òîãî, ÷òî 1 ïîÿâèòñÿ â ïåðâûé

ðàç â ìîìåíò âðåìåíè n. Çàäà÷à çàêëþ÷àåòñÿ â òîì, ÷òîáû âûðàçèòü {qn}
÷åðåç {pn}.
Òåîðåìà. Äëÿ ëþáîãî íàòóðàëüíîãî n ñïðàâåäëèâî ðàâåíñòâî

qn =
∑

1≤m≤n

(−1)m+1
∑

pk1pk2 · · · pkm ,
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ãäå âíóòðåííÿÿ êðàòíàÿ ñóììà áåðåòñÿ ïî âñåì íàòóðàëüíûì kj, óäî-
âëåòâîðÿþùèì ðàâåíñòâó k1 + . . .+ km = n.

Äîêàçàòåëüñòâî. Â êíèãå Â. Ôåëëåðà [1, ãë. XII, �3] âûâîäèòñÿ ôîðìó-
ëà äëÿ ïðîèçâîäÿùèõ ôóíêöèé ââåäåííûõ âûøå äèñêðåòíûõ ðàñïðåäå-
ëåíèé:

∞∑
n=1

pnz
n + 1 =

1

1−
∑∞

k=1 qkz
k
, |z| < 1,

èëè
∞∑
k=1

qkz
k = 1− 1

1 +
∑∞

n=1 pnz
n
=

∑∞
n=1 pnz

n∑∞
n=1 pnz

n + 1
. (1)

Ïîëîæèì f(z) =
∞∑
n=1

pnz
n. Î÷åâèäíî, ñïðàâåäëèâî òîæäåñòâî

f(z)

f(z) + 1
=

∞∑
m=1

(−1)m+1fm(z). (2)

Íåòðóäíî âèäåòü, ÷òî

fm(z) =
∑

pk1pk2 · · · pkm zk1+k2···km ,

ãäå â m-êðàòíîé ñóììå
∑

êàæäûé èç èíäåêñîâ ki íåçàâèñèìî îò äðóãèõ
ïðîáåãàåò âåñü íàòóðàëüíûé ðÿä. Ïðåäñòàâèì fm(z) â âèäå

fm(z) =

∞∑
l=m

∑
1
pk1pk2 · · · pkm zl, (3)

ãäå â m-êðàòíîé ñóììå
∑

1 èíäåêñû ñóììèðîâàíèÿ kj ïðîáåãàþò âñå íà-
òóðàëüíûå ðåøåíèÿ óðàâíåíèÿ k1 + k2 + · · ·+ km = l. Åñëèm = 1 è k = l,
òî

∑
1 = pl. Åñëèm > 1, òî ñ íåîáõîäèìîñòüþ l > 1. Çàìåòèì, ÷òî km ≤ l.

Ïîäñòàâëÿÿ â (2) ïðåäñòàâëåíèå (3), ïîëó÷àåì

f(z)

f(z) + 1
=

∞∑
m=1

(−1)m+1
∑
l≥m

∑
pk1pk2 · · · pkm zl

=

∞∑
l=1

∑
1≤m≤l

(−1)m+1
∑

pk1pk2 · · · pkm zl. (4)

Ìû èçìåíèëè â (4) ïîðÿäîê ñóììèðîâàíèÿ ñîãëàñíî ôîðìóëå
∞∑

m=1

∑
l≥m

=
∞∑
l=1

∑
1≤m≤l

.

Èç (1) è (4) âûâîäèì ñîîòíîøåíèå
∞∑
k=1

qkz
k =

∞∑
l=1

∑
1≤m≤l

(−1)m+1
∑

pk1pk2 · · · pkm zl,

îòêóäà è ñëåäóåò óòâåðæäåíèå òåîðåìû. □
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