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Abstract

The aim of this paper is to approximate the exponentially bounded
C'—regularized cosine function by the Hermite series, recalling the no-
tions and the results used.
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1 Introduction and preliminaries

The series expansion of Hermite orthogonal polynomials have been an impor-
tant tool in quantum mechanics and statistical studies, both theoretical and
applied. The study of sufficient conditions for the convergence of Hermite series
has been the subject of numerous works ; for more details see ﬂgﬂ In 2015, Lu-
ciano and Pedro studied in their article , the Hermite expansion of Cp-groups
and cosine functions, in this works we will be interested in Hermite expansion
of C-regularized cosine function, starting with reminding the notations, con-
cepts and results used.

Throughout this paper E denotes a non-trivial complex Banach space, §(E, F)
denotes the set of all applications from E to another Banach space F, B(E)
denotes the space of bounded linear operators from E into itself, and L}, (E)
the set of all f € £(R, E) locally integrable. For a closed linear operator A
on E, D(A), R(A) and p(A) denote its domain, range and resolvent set, re-
spectively. D(A) equipped with the graph norm || z |lpay=|l z & + || Az ||&
become Banach space . Throughout this paper, C € B(F) will be an in-
jective operator. The C-resolvent set of A, denoted by pc(A), is defined by
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pc(A) ={ e C|R(C)C RN —A) and A — A is injective in B(E)} and
by Rc(A\, A) = (M — A)71C (X € pc(A)) the C-resolvent.

Hermite functions and Hermite Expansions on Banach spaces
For all n € N, the classical Hermite polynomial, defined by Rodrigues formula:

2 d” 2
Vr eR) Hy(z)=¢€" (-1)"——e" " .
(V€ B) Hy(x) = e’ (-1)" e
H,, is a polynomial with the of degree n, the same parity as n, whose highest
monomial degree is 2" X™ and have real coeflicients. Furthemore, they verify
the following condition of orthogonality:

/ Hn(x)Hm(os)efodx = Spmn!2" /7,
R

where dy, ,, is the Kronecker delta. We also have recurrence relations, differen-
tial equations and satisfied the Muckenhoupt estimates:

(e > 0) (V(no,t) € NxR: % < 2(2ng+1)) (Vn > ng) | Hp(t) |< C(L v2rnly

n 12

(1)

For more details of the classical theory of orthogonal polynomials see , ,
, and .

The Hermite functions on R are defined by:

bul) = Hy(2)eF = (-1 e L' (2)

(¢n)nen is an orthonormal basis in the Hilbert space L?(R) and satisfied some
recurrence relations, equality and inequality. For more details See , , 7

and .
For n € N, we denote by ¢,,, the function on R defined by :

1 e 1 () dt e
/an!ﬁe on(t) = Q”n!ﬁe n(t) = 2nnly/m am’
(3)

n, has the same parity as n, satisfies recurrence relations and differential equa-
tions, for example:

(Vt € R) wn(t) =

(v (n,m) € N2) ") = (~1)™2%( + 1)...(n + 1) gon- (4)
And the following useful inequality given by Cauchy-Schwartz inequality:

1
n 1< :

(5)
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For more details see [4].
Of the most important properties of (¢ )nen family is that if f: R — E be a

differentiable function such that fj—;o e || f(t) || dt < 400, then the series

Z en(f)Hy(t) converges pointwise to f(t) for each ¢t € R, where
neN

en(f) = 22 en(0) f(8)dt.
For more details see [13], [19], and [9].

(C'—regularized semigroup and C'—regularized cosine func-
tions

C-regularized semigroup

A map T : [0, +oo[— B(E) is called C-regularized semigroup or C-semigroup,
if

1. T(t+s)C=T#)T(s) for all t,s € RT.
2. T(0)=C.
3. t = T(t)z is continuous on RT for every z € F.

Its generator W is defined by

D(W) = {x cE: lim LT =CT

s—0t S

exists in R(C) }

and T o
(Ve € DW)) Wz = O~ lim LT =CT

s—0 S
We say that (T(t))¢>0 is exponentially bounded C'—regularized semigroup if
(3M >0) (3w>0):|T)|< Me“t, forallt>0.
(T(t))e>0 is no degenerate if T'(t)z = 0 for all £ > 0, then 2 = 0. see [6],
and .
Since we have for all (¢,z) fixed in RT x D(W):

lim T(s)T(t)x —CT(t)x T(s)x — Cx

=T(t) lim =T{t)CWz =CT(t)Wz €
s—0+ S s—0t S

R(C), this means that T'(t)x € D(W) and WT'(t)z = T(t)Wx.

The following results can be found in @ and .

Let (T(t));cr+ be a strongly continuous family such that || T'(¢) [|[< Me“?
for all ¢ > 0 and W is closed linear operator, to conclude that (T(¢));er+ is
C-regularized semigroup generated by W, it is sufficient that :

+oo
W =C"'WC, (w,+00) C pc(W), and Re(\, W)z = / e MT(t)zdt for A\>w,x € E.
0
(6)
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We refer to , and for more details.

Let 0 <a< %, ¥a={A€C/A#0 and |arg()) |< a} and let (T'(t)):>0
be a C-regularized semigroup. Then we say that (T'(¢));>0 is an analytic C-
regularized semigroup of angle «, if there exists an analytic function T : ¥, —
B(FE) which satisfies:

1. T(t)=T(t) for all t>0.

2. lim  T(z)z =0 for all v €]0,a] and = € E.

z—0, z€X,

For more details see .

C'—regularized cosine function

A map T : R — B(F) is called C-regularized cosine function or C'—cosine
function, if

1. Tt +s)C+T(t—s)C =2T()T(s) for all ¢,s € R.
2. T(0) =C .
3. t = T(t)x is continuous on R for every x € E.
We say that (T'(t)):er is exponentially bounded C'—regularized cosine if

(M >0) (Fw>0): | T) <M for all teR.

The associated sine operator function S(.) is defined by S(t) := fot T(s)ds for all t €
R. The operator W defined by

D(W) = {x € B lim 2L BT = C)

1 - exists in R(C) }
5—
and
2(T —
Wa =C ! lim M
s—0 S

is called the generator of (T'(t)):er. See and [17].
We notice that W is closed linear operator in E, T is odd, T'(t)x € D(W), S(t)x €
D(W), fot S(s)xds € D(W) and ng S(s)xds = T(t)x — Cx for all x € E and
teR, C7'WC =W and if (T(t))ier is exponentially bounded C—regularized
cosine then the function sine S := S(¢))ier is also exponentially bounded, so
for all k € N and x € D(W),

for all © € D(W).

lim tke_tzT(t)x: lim tke_tQS(t)x: lim tke_t2WS(t)m:O, (7)

t—+oo t—too t—+oo

because, if || T'(t) ||< Me“" for all t € R, then for all z € D(W) :
LJJ2 w
| e P T(0) 1<] ¢ [F e | Tz <]t [F eSe 015 || 2 || . See
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proposition 1.1 and 1.2] for more properties and more details.
Consider in E the well-posed Cauchy problem

u'(t) = Wu(t), teR
((ACP(W, UO,ul,O)g) u(?)): ()
u'(0) = uy.

Where W generates a C-cosine operator function (T'(t))ier then
u(t) = C'T(t)ug + C1S(t)uy

is the unique solution of the above Cauchy problem for every pair (ug,u1) of

initial values in C(D(A)). For more details see [12].

A strongly continuous family (7(¢));cr+ such that || T'(t) ||< Me“t, for all t >
0 is C'—regularized cosine with generator the closed linear operator W if and

only if the following condition holds:

C™'WC =W, \? € po(W) and ARc(N2, W) = [F*° e~ MT(t)dt on E for all
A > w.

For more details see , and .

If W is the generator of exponentially bounded and C—regularized cosine
(T'(t))tcr, then W is the generator of analytic C'—regularized semigroup of
angle 7 defined by

+oo
(Vz€Xz), Th(z)z = /0 T(s)zds (forall z € Xz ,Re(z) > 0) (8)

Tz
whose proof is similar for Cy—cosine operator-valued function. (See and
1)

2  Main results

Lemma 2.1. Let (T'(t)):cr be an exponentially bounded C-cosine function on

a Banach space E with generator (W, D(W)). For all n € N and x € D(W),
we have :

1. fi: Yont1(H)T(t)xdt =0

2. f_ ©on ()T (t)xdt = 2%(2”) W (L)a.

3. In the case where sup || T(t) ||< +o0, we have :
teR

o (i) [|WrTi(3)z |I< 2”\/(271)!311]5 [MAORN EAP

o (i) | [IZem®T@adt < SN | Wa || with ¢ a

n
positive constant.
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Proof

1. Letn € Nand z € E. The function t — @a,+1(t)T(t)x is continuous and
odd, integrable in the sens of Bochner, then f_JrOO: Yan+1 ()T (t)zdt = 0.

2. Let 2 € D(W). For all n € N, let I,, (z) = [ L (=" )T(t)zdt, then:

oo dt2m™

d2n71 e . +o0 d2n71 .2 d
@) = OO - [ e T

d2n72 +o0 d2n72 .2 d
= 0= e WSO + [ S T

+o0o d2n 2 5
= 0—0+/ (e YWT(t)zdt

e dt2n—2
+o0 dzn—2
- W/ T (e )T (Dadt
— W L (2).

A simple recurrence on n gives
+o0 5
L (x) = W (2) = W™ / T (t)wdt

— 00

From where by definition of ¢,, we obtain:

/ o (t) T (t) vdt / T 7 (t)wdt
n x = _ e x
72 o 22(2n)l/x dt2n

1

= W-’n@)

+oo
W/—oo e~ T(t)xdt

W too
wn 1

= Sz (3

3. In the case where sup || T'(¢) ||< 400, we obtain:
teR
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e (i) Forallz e D(W):
1

“+o0
W el < e[ e | d

< 2@t (s 1 700 1) 12 D (0 ]1)

2n 1
< 2l | T | % | ol x e (b »
< 2/l x s | 7).

e (ii) Letz € D(W)andn > 1,if we posed B =|| fj;o o (O)T(t)zdt ||
then using (¢) and integration by parts we get

+oo
B = | igrgyms ) Sha T | <by

+oo
= I ~gaTmy | e OT @t |

—00

+o00
H m / Pan—2(t)T" (t)xdt |

—00

+o0
| m/_ pan—2()WT (t)zdt | (like
1

st (72 L eanmato) [ ae) (5up 1 70 1) (1 W 1)

1
(590 1 70 1) g5 1y | #2010 1 W

IN

8 1 =su
22(2n —1)(2n) 2n-1, /2(n — 1) | Wa |l (by ) (c1 = te}g AGED
c1y/2(n—1)! 1
(2n —1)(2n) 27*1(2(n — 1))! | Wa ||

= 2nti(2p)!

(
Theorem 2.1. Let (T'(t))ier be an exponentially bounded C'—cosine function
on a Banach space E (T(t) < Me*!!, M > 0 and w > 0) with a generator
(W, D(W)).
1. For any x € D(W),

“+o0
1 o1

n=0

2. In the case where sup || T'(t) ||< 400, we have for any x € D(W) :
teR
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° (1)

—+oo
11 ., 1, 1
T1(Z)x:nz:022n 'W T1(4) x(4z—1)", forall z € C, ‘Z_Z |< 1

e (ii) For allt € R, there is my € N and ¢; > 0 such that:

m

(Wn>7m)HlYﬂw—§:2%;)Wmﬂ()me()l;éll
T owa.

Moreover, the convergence is uniform on any compact of R.
Proof

1. Let z € D(W), which implies that Cz € D(W) because WCz = CWz.
Let’s remember that T'(.)x : R — E is in C?(R, E) and like

e 2 O e 2 2
et [Tz " dt < e | T@) (7] 2 |17 de

— 00 — 00

A

+oo 5
< M2/ et 2l | 3 |12 dt
— 00
+oo 2
< M2 H T ”2/ e—|t| +2w|t\dt
— 0o
2 2 w? oo —(|t]—w)?
< Me|z|fe e dt
—00
2 2 w? e —u?
< Me|z|fe e " du
—0o0
< 00,
then, the series ch )x)H,, with

neN

en(T()2) = [T 0u (T (t)zdt = 5 WIT (3

—+oo
1
converges pointwise to T'(¢)x for t € R, it is T'(¢t)z = Z Sy 'W"T1(4)xH (t).
n=0
2. e (i)
According to [3](i) of Lemma [2.1] for all z € D(W) and z € C, we
have
= W T(d)e | . 7 )
§j Pl i < (i) )12 u}j NACTIEPR
< 4z—11" = |sup || T(¢
< aX Y (o (m§| 1)
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Stirling’s formula (Tin)! ~ oo 2"71_71(277)_712i implies that:
V(2 4 N

Z 2nn| 4z—1"<c¢ Z@<oofor|z—f|<f
n=0 n=0 n4

Finally let a analytic family of operators :
V:D(4,5) ={z€C/|z-11|< 3} = BDW)),z = V(2) :
+oo 1
WnTy(3)x
D(W) = DW), x> V(z)z =) W
n=0

(4z —1)".

So For z € D(W) :

400 1
WnTy(3)x n—

n=1

=Xwrn(L)wa

= 2 g U1

n=0
V(z)Wz
= WV(z)x.

Like W' a generator of analytic C—semigroups (71(t));>, of angle
T and V(3)z = Ty(3)z € D(W) then V(t)z = Ti(t)x for t €)0, 5[
because the first order abstract Cauchy problem

{ u'(t) = Wu(t), t€jo, 3]
u() =Ti(q)x

has unique solution defined in |0, 3[. On the other hand the two func-
tions z — T1( )x and z — V(z )x are holomorphic on the connected
open set D(%, 1), likewise ]0, 1[C {u € D(, 1), V(w)z = Ti(u)z},

by the prlnc1p1e of analytical contlnuatlon we get: V(z)z = Ty (2)x
for |z — 1 |< 7

e (ii) Let ¢t € R be fixed. We are looking to increase the quantity

+oo m

1 1 1 1
—W"T1(=)xHo, (t) — ——W"T1(=)xHy, () || -
H ;;‘0 ) ) () nZ:O sz (e () |
(9)
There exists m; € N* such that 0 < ¢2 < 2(2my + 1), according to
inequality
T 227 (2n)!

(Vn > my) | Hap(t) < c e (the ¢ is independent of
n) 12

2

t and it is the inequality constant constant )
let © € D(W), according to the inequality 3 — (i¢) of lemma 2.1,
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there is a constant ¢; > 0 such as for all m > m; from where:

“+00
1 1
® < Z | gy T (e Han ) |
n=m-+1
+oo

< II/ Qon(8)T(s)zds || | Hon(t) |

n=m-+1 -

2
cy/(2n—2)! e /2 n)l

< Z 2+ (2] | Wz || CW (3.7 of lemma 2.1)

n=m-+1

too 2mi+1 /(9 —
<y VO DIRRT

n=m+1 2nt (2 )'21 niz

' !’

<y Bl Wl (6= cretm)

n=m-+1

C/

< . Wa
B n:zm:H 2n(2n — 1)n1z | |
< +ZOO %H Wz | (because ;gl)

n=m41 V12 2n(2n—1) N

. . 1.
The Riemann serie E — is convergent, so

n>1 niz
= 1 1 11
~13 m—+oo 13 3_; - 1 L from where
n:m+1n12 12 -1 12 13 M12
m
1 1 / 12
Tt)x — ———W"T(=)xHo, (¢ < — | W
1702 = 3 g VT et | < ciea o [ W]
<

C
W

e If K C R is a compact set then there is mg € N for all t € K,
0 < t? < 2(2mp + 1), so the constant ¢, (from where ¢;) is inde-
pendent of ¢t therefore, the reminder tends uniformly on K towards
0.

Example 2.2. Let m : R — R~ be an even measurable function. In the Ba-
nach space L*(R), we consider the family T = (T(t))ier C S(LY(R)) defined

by T :R — B(LY(R)),t — T(t) : LY(R) = L*(R), f — T(t)(f) : R = R, s —
T(t)(f)(s) = cos (ty/=m(s)) f(—s).

Clearly, (T(t ))teR C B(Ll( ). If we put T(0) = C, then for alls,t € R T(¢)(f)(s) =

cos (t\/ ) . We also have:

o (i) C is an injective element of B (L'(R)).
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o (i) Forallt s ,zeR:

D(z) = (T(t+s)+T(t—15))(C(f))(2)
= T(t+s)(C(f)) () +T(t—s)(C(f)) (2)
= cos ((t+5)y/=m(2)) O(f)(=2) + cos ((t — s)y/—m(2)) C(f)(~2)
= cos ((t+s)y/—m(2)) f(z) +cos ((t — 5)/—m(2)) f(2)
= (cos (t/=m(2) + s3/—m(2)) + cos (t/—m(z) — s\/—m(2))) f(2)
= 2cos (t\/—m(z)) cos (si/—m(z)) f(2)
) cos (s1/=m(2)) (C(f)) (=2)
s (ty/=m(2)) T(s) (C(f)) (2)
)

e (iii) For each f fived in L*(R). The function R — L*(R),t + T(t)(f)
s continuous on R.

2T f - C(f))

e (iv) Forall f,g € L*(R) such that C_ltli_r}%J = g, we

t2
have :
0 = lim [ 2 (T(t)({;_ (/) = C(9) L (w)
oy [ ) 2D WD OO _ g,
R
=g [ 2D T oy o as
R

= /Rlim | 2 (cos (ty/=m(s)) ~ 1) C(f)(s) —C(g)(s) | ds (Fatou's lemma)

t—0 t2

= [ [m(s).C(f)(s) = Clg)(s) | ds

R

= A | C (C(m).f —g) (s) | ds ( because V h € F(R,R) CoC(h)=h)

= [[C(m.f—g) 1w, (C(m)=m because m is an even function)
e (v) Lett R fized, we have for all f € L*(R) :
ITOF) llzr@= Jg | cos (t/=m(s)) f(=s) | ds <[| f |2 -

Ultimately, (T(t))ier is uniformly bounded C'—regularized cosine function with
generator (W, D(W)) defined by W :
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DW) = {f € L'(R)/ m.f € L'(R)} — L'(R), f > W(f) =m.f. On the
other hand, for all s € R and f € L*(R),

Z [Tt romea = 2 [T e s oy
2 oo ty/—m(s —5
ER P
Re

f+o<> et +1t«/—m(s)f(_s>dt>
o (Y
e

f(—S)dt>

then for all s € R and f € L'(R)

TN = (G5 Jy™ e costey/mle)it) f(—s) = e (=),

Theorem [2.1] gives for f € D(W) and s,t € R :

T@#)(f)(s) = 22%7

_R mO) mo
SoT(t)(f) = ¢ Hen(C(f)-

2
n=0 2 n(
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