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KOHTYPBI MAJIOI OJINHBI B SMJIEPOBBIX
OPUEHTAIINAX I'PA®OB

A.JI. TTEPEXXOTUH, N1.C. BBIKOB, C.B. ABI'YCTUHOBUY

IIpedcmasaeno I1.I1. IIETPOBBIM

Abstract: In this paper we investigate estimates for number of 3-,
4- and 5-circuits in eulerian tournaments and 4-circuits in eulerian
orientations of complete bipartite graphs and hypercubes. By using
obtained relations, we prove uniqueness (up to isomorphism) of
orientations, which reach maximum number of 4-circuits in all
graph families mentioned above.

Keywords: Eulerian orientation of graph, circuit, tournament,
complete bipartite graph, boolean cube.

1 Bgsenenue

Opuenrarnueit rpacda G nazoBem oprpad, nosydaembiii u3 G 3aMeHOI
KaykJI0ro pebpa vu Ha POBHO OAHY U3 Ayl vu Wid uv. B crarbe mjs mu-
POKHX KJIacCoB rpadoB M3ydaeTcs YUCIO KOHTYPOB Masoil Jiauubl (3, 4 u
5) B COOTBETCTBYIOIMINX OpUEHTAIAX. J[Be OpueHTAIMN TPOM3BOIBLHOTO TPa-
da G Ha3BIBAIOTCSI N30MOPQHBIMHI, €CJIN OMHY U3 JIPYTroil MOXKHO ITOJYIUTH
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A A

Puc. 1. Tunsr opuenTamuit 3-IUKJIOB.

JeficTBreM Kakoro-aubo asromopdusma rpada G. Apropam xoTe1och Obl 10-
HATDb, KaK CBI3aHbLI CBOMCTBA rpada co CBOMCTBAME €r0 OPUEHTAIN, B 9aCT-
HOCTH - C KOJIMI€CTBAMU KOHTYPOB B HUX Pa3HOM JJINHBL. [JIaBHBII BOIIPOC -
IIPY KaKUX YCJIOBHUAX YIIOMSHYTBIE KOJUYIECTBA MO3BOJISIOT I'pad OTHO3HAY-
HO OIIPeJIeINTD (C TOYHOCTBIO J10 u3oMopdusma). Takzke JJIs HAC BIIOXHOB-
JsonmMu 6blin uccsieiopanus |1, 2, 3|, cBs3blBalONe TEMy OpHeHTAI
rpadoB ¢ Hcc/IeIOBAHUEM COBEPIIEHHBIX CTPYKTYP. Be3ie B masjbHeirem
MBI OyJIeM UMETH JIEJI0 TOJBKO C PEeryasSpHBIMEU CBA3HBIMU I'padaMu YeTHO
CTeIeHH, IPUYEM PacCMaTPUBAEMBbIC OPUEHTAIINN OY/IyT B OCHOBHOM 3ijIePO-
BBIMU, TO €CTh TAKUMM, Y KOTOPBIX BO BCEX BEPIIMHAX IMOJYCTEIIEHU HUCXOIA
¥ 3aX0J[a OJIMHAKOBBIE. ¥ KaKJIOM Takoil OpHEHTAINN eCTECTBEHHO obecrieve-
HO CYIIIECTBOBaHUeE 3iiepoBa IuK/a. Panee BHUMaHue UccienoBareneil ObL10
COCPEJIOTOYEHO HA MEPEIUC/IEHUN PAa3IUIHBIX OPUEHTAINN (PUKCHUPOBAHHBIX
nomeueHHbIX rpadoB 6e3 yuera uzomopdusma [4, 5, 6].

Breixongmeit okpectHoctbio N1 (v) Bepmmunbl v B opuenTamun rpada
(G OyneM Ha3bIBATH MHOXKECTBO BEpIIUH, B KOTOPBIE BEIyT YU, HATHHA-
I0Iuecss B v. AHAJOTUYIHO ONPEJENseTcst BXOJsinas oKpecTHocTb N~ (v).

[Tycrs muOXKecTBO Bepmua rpada G nporymeposano V(G) = {v1,...,v,}.
s opuentamn T rpada G onpenemun dH(T) = (df,...,d}) n d=(T) =
(dy,...,dy), tne df = |NT(v;))| ud; = |N"(v;)], 1 <i < n. Torna s T

Oolpeae/JimM CTEIIEHHYIO I1OCJIe10BaTe/JIbHOCTD
— (gt _ g +_ g
d(T)=(df —di,...,d} —d).

Bamernm, uro ecau G SIBIISIETCST PETYJIsiPHBIM padoM, TO [0 CTEHEHHOM 0~
CJIeI0BaTeIbHOCTH ero opuenTaiu 1’ jierko onpeensitores koprexxu d (T)
ud (7).

Opuenranust nosxoro rpada HasbBaercss TypHupoM. CylecTByror JBa
Hen30MOPGHBIX TYPHUPa Ha Tpex BepumHax. OHM Ke SIBJISIIOTCSI OPUEHTA-
musivu 3-nmkia (Puc. 1).

CymecrByer 4 nmonapHo Hen30MOPGHBIX TYPHUPA HA YETHIPEX BEPIIHHAX.
O6osnaunm uepes X typuup ¢ d(X) = (=1,—1,+1,+1), wepes Y+ u Y~
typuupst ¢ (Y1) = (=1,-1,-1,43) u d(Y ) = (=3, +1,+1, +1) coorset-
CTBEHHO, a depe3 Z Typuup ¢ d(Z) = (-3, —1,+1,+3) (Puc. 2).

TypHED HA3BIBAETCS Oy TPAH3UTUBHBIM, €CJIH €0 IIOTYPHUPDI, TOPOK-
nennbie MHoxkecTBaMu N1 (v) u N~ (v) sBIAIOTCS TPAH3UTUBHBIME [T BCEX
v.
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Puc. 2. Tunw 4-TypHupos.
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Puc. 3. Tunsr opuenTaruii 4-1uKJIOB.
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Puc. 4. Tunwr opuenTanuii 5-1uK/I0B.

IMpenmoxkenne 1. Typrup A6AAEMCA NOAYMPAHSUMUSHIM MO0204 U MOND-
Ko mozda, ecau on ceoboder om noomyprupos muna YT uwY .

CymecrByer no 4ersipe tuna opuenraiyu 4-nukiaa (Puc. 3) u 5-nukia

(Puc. 4).
O6oznaunm depes f)(7T') koaruecTBO KOHGUTYpAIUil TUIIA A B OPHEHTAIN
T rpada G. Hanpumep, f,(X) = 2.

ITpennoxenue 2. /laa awboti opuenmavuu T epada G 6vinosrero

Io(T) = Z <|N+(u)ﬂN+(v)>‘ (1)

2
u,veV(G)

Opuenrarus rpada G HA3bIBAETCH SWIEPOBOIL, €CJIN B KAXK/JI0M BEPIITHHE
[IOJIyCTEIleHb MCXOJ/ia paBHa mojycrenieHn 3axoja. st cessnoro rpada G
CYIIECTBYET 3iJIepOBa OPUEHTAIMS TOTIA U TOJIBKO TOrJIa, Korja G sBiisiercs
31J1epOBBIM.
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B paspmenax 2, 3 u 4 paccmarpuBaiorcs 3-, 4- U 5-IUKJIBI B TYPHUPaX.
[Tokazamo, 4TO KOJIMYECTBA PA3IUYIHBIX OPUEHTAINN KaK 4-1UKJIOB, TaK U
5-IUKJIOB B 3JIEPOBBIX TypPHUPaX 00pa3yioT OJHOMAPAMETPUIECKOE MHOXKE-
crBo. Haitnmennl ornenkn 4nciia 4-koHTYypoB. [loKa3aHo, YTO BepxXHsis OIEHKA
Ha IUCJI0 4-KOHTYPOB B 3MJIEPOBBIX TyPHUPAX JOCTUTAETCS Ha €IUHCTBEHHOM
TypHupe. B pasznene 5 aHAJOTUYHbIE PE3YIBLTATHI I 4-IIMKJIOB MOJTYI€HbI
JUIsE 9TJIEPOBBIX OPUEHTAIMI [TOJTHOTO JBY/I0bHOTO rpada. B passene 6 mo-
JIyYeHBI TOCTUKUMBIE OIEHKN Ha INCJI0 4-KOHTYPOB B JIEPOBBIX OpHEHTA-
nuax OyaeBa Kyba d9eTHOH pasMepHOCTH.

2  3-1uKJbI B TYpHUPAaxX

O6oznaunm depe3 T g MHOXKECTBO BCeX TYPHHPOB Ha [N BepIIMHAX CO
CTEIeHHON T10C/Ie/I0BATEILHOCTBIO d, a Yepe3 o, ] MHOXKECTBO BCeX 3iije-
POBBIX TYPHUDPOB Ha (2n + 1) BepiuHe.

IIpenmnoxxenue 3. [as mobozo mypnupa T € Yy g 6vinoareno

= (3) —i(d;)

=1
AT) = é(dg ) )

Jlokasamenvcmeo. Ouesunno, uro fo(T) + fo(T) = (g) B i-oit BepimHe
+
TYPHHDPA POBHO (in ) map ayr, BBIXOSIIMX U3 BepinHbl. Kazkias rakas mapa

MMOPOYKIAeT POBHO OAWH 3-IWKJI THUIIA b. O

CnenctBue 1. Jlasa 06020 stiaeposa mypnupa T € Eopy1 66M0AHENHO

= (),

n
(T = (2n+1) <2>
O6osnaqanm gepes M, (N) nanbosibiee 9ncyio 3-KOHTYPOB B TyPHHPE Cpe-
A BCeX TyPHUPOB Ha N BepIIHHAX.

Caenacrsue 2. Jlis 4106020 N 6bN0OAHEHO

M,2n+1) = (2n+1)n(nfl)7

n(n? —1)
—

M,(2n) =

Jlokazamenvcmso. Tlo nepasencrBy Komu-Bynsikosckoro cymma (2) moctu-
raer munumyma npu d*(T) = (n,...,n), eciu N = 2n + 1, u npu d*(T) =
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(n—1,...,n—1,n,...,n), ecyiu N = 2n. B niepBoM cjiyuae HCKOMOE DaBEH-
crBo nostyuaem u3 Coencrsust 1. Bo BropoM ciiydae nmeem

i = (3 (5') ) 252

3 4-nukJbI B TypHUpPaxX

IIpennoxxkenue 4. /lis mobozo myprupa T evinosmeno

fa(T) = fx(T), (3)
fB(T) = fx(T)+ f2(T) + 3fy+(T) + 3fy- (1),

fe(T) = fx(T)+ fz(T),

fo(T) = [fz(T).

Hoxazamenvcmeo. Tlosublii rpad Ha YeTbIpex BEPIITUHAX COINEPIKUT TPU UK~
sta nyuabet 4. Typaup X comeprkut nukibt pymab 4 tunoB A, B u C. Typuu-
pel YT 1Y ™ comep:kar 110 Tpu IuKJa JauHbl 4 Tuna B. Typuup Z cofep:KuT
UKL ayuabl 4 Tunos B, C'u D. |

Caeacrsue 3. Jlas aobozo myprupa T 6vinosreno

fe(T) = fa(T) + fp(T).

IIpengoxxenue 5. /Jas mobozo mypuupa T € Yy g 6vinoarneno

N
fee(T)+ f2(T) = 3
i=1
frem+1m) = 3 (%). )

()4 fre(@) = 53

(@) (4) e
S (M) () @

Hoxazamesvcmeo. Paccmorpum KoH(MUIypalnio: BepIIHHA U TPU HUCXOIs-
mux u3 #Hee nayru. C OFHON CTOPOHBI, Cpeu 4-KIMK Takas KOH(MUIYpaIus

BXOJUT 110 OJHOMY pa3y B Kuku Tuna Y+ u Z. C apyroit cTOpOHBI, u3
.. d+ .
1-Olf BEPITUHBI BBIXOIUT ( i ) Takux KoHdpurypamuit. OTcroma moaydaeM pa-

3
BeHCTBO (4). AHAJIOrUYHO, pacCMaTpHBasl BEPIINHY W TPU BXOJAIINX B HeEe
JIyTH, TIoJly9aeM paBeHcTBo (5).
PaccMmoTprM KoHbUTY palyio: BEpIIuHA, JBE BXOJAAIINX 1 OJHA UCXOIAIIAs

u3 Hee jyra. Takas xkoHduUrypalus BcTpedaeTcs JiBa pasa B X, Tpu pas3a B

fx(T) + fy-(T)
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YT u onun pas 8 Z. C apyroii CTOPOHBI, U3 i-0if BEPITHHLI BHIXOIUT (in )dj

Takux KoHuryparuii. Cire1oBaTebHO,

N _
2 (T) + 3fy (T) + f2(T) =3 (d )d;, ®)

)
. 2
=1

Beraurast paBerctso (4) n3 (8) moiywaem mckomoe paseHcTBo (6). Anaso-
I'UYHO JIOKA3bIBAETCsT PaBeHCTBO (7). O

CnenctBue 4. /Jlas 1106020 stiaeposa mypnupa T € Eopy1 66M0AHENHO

fy-(T) = fye(T), )
Fr )+ 121) = e+ 1)(}),
@+ i@ = ("7 (10)

Jlokasamenvcmeo. Paserctso (9) BbITEKAET U3 COBIIAJIEHUsI IPABBIX YacTeit
paseHcTB (4) 1 (5) 1st 9HIIEPOBBIX TYPHHUPOB. O

IIpenmoxxenue 6. /s mobozo mypnupa T € Yy g 6vinoanero

Zloxazameavcmeo. BepiiiuHa TypHUpa W KOHIIBI TPEeX UCXOJANIMX U3 DTON
BEPIIHUHLL YT 00pa3yloT B TypHHUpe 4-KJIuKy Turna Y Torjaa u ToJbKO Tora,
KOTJIa, KOHIIBI 9THX TpeX Jyr obpasyioT 3-koHTyp. CiemoBare/bHO, 4-KJIUK
tuna YT ¢ HCTOKOM B i-0if BEepIIMHE He MOXKeT OBITH OOJIbIIE, YeM Ma(d;r).
Amnajiornyno ¢ 4-kyjukaMu tuma Y . O

CaenctBue 5. Jlasa 1106020 atiaeposa myprwupa T € Eopy1 6vin0AHEHO
0< fy—(T) = fy+(T) < (2n+ 1) Mq(n).

U3 pasencts (3) u (10) u Cuencrsust 5 mostydaem cJieyIolye OleHKN Ha
9HUCJIO0 4-KOHTYPOB B 3UJIEPOBBIX TypPHHUPAX.

CaencrBue 6. /Jlas w6020 stiaeposa myprupa T € Eopy1 6vN0AHEHO

n+1

(2n—|—1)< : >—(2n—|—1)Ma(n)ng(T)§(2n+1)<n;1>. (11)

st mo6oro n < 6 B Egp,41 MBI HAILIM TYPHUPBI, JOCTUTAIONIAE HUYKHETH
onernku (11).
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Teopema 1. Jlaa a06020 n cywecmeyem u eQuHCMEEHHT € MOYHOCTIIDIO
o usomoppuszma stnsepos myprup 1T € Zopi1, 0ad KOMOPO20

Fa(T) = (2n + 1)(” ; 1). (12)

Jlokasamenvcmeo. Pagencrso (12) mocruraercst B ciyuae, Korja fy—(T) =
fy+(T) = 0. CaenosaressHo, 110 IIpeiozkennio 1 10cTaToqHO 10KA3aTh, YTO
SIJIEPOB MOy TPAH3UTUBHBIN TYPHUD €AMHCTBEHHBIN. /lelicTBUTEILHO, pac-
CMOTPUM KAKOMH-/Inb0 3MUIEPOB 1I0JIy TPAH3UTUBHBINA TYPHUD HOpsijka (2n +
1). Beibepem Kakyio-TO ero BepriuHy v u npunuiieM eii merky 0. Bce Bep-
munbl 13 N1 (v) uMeroT ecrecTBeHHOE YHOPSIOUEHUE B COOTBETCTBUM C TeM
TPAH3UTUBHBIM ITOITYPHUPOM, KOTODPBII OHU HMOPOXKIAIOT. 3aHyMepyeM WX
qucjaaMu OT 1 710 n Tak, YTOOBI JIyT'W TN OT MEHLINHX HOMEPOB K 0OJIb-
M. AHAJOIMYHO moCTynuM ¢ BepimHamu u3 N~ (v), 3aHyMepoBaB UX OT
(n+1) mo 2n. Iycre j > 4. Hokaxkem, uro B Typuupe T mayra u3 Bep-
IIUHBI C HOMEPOM % MJIET B BEPINUHY C HOMEPOM j TOTJIa U TOJBKO TOLJIA,
KOIJIa BBILOJIHSIETCsT yesoBue |j — i < (n + 1). Ecan oba uucia @ n j onHo-
BpeMenHo npunajexkar N (v) mm N~ (v), To COOTHOIMEHNE BBIOTHIETCS
aBTOMATUYECKH. Fc/in 2Ke OHM NPUHAIEKAT PA3HBIM MHOXKECTBAM, TO HaM
[IOMOYKeT MHJYKTUBHOE PACCyXKJIeHUEe. 3aMeTUM, 9TO JIJIsi BEPIIUHBI U, UMe-
foreit MeTky 0, ycJI0BHE BBIIOJIHEHO 110 TIOCTPOEHUIO. BepiiuHa ¢ MeTKOi n
y7Ke HACBIIIEHA BXOJSAIIMME TyraMu (HaunHAast C 9TOTO MECTa MBI OJIb3yeMCsT
TOJILKO 91JIePOBOCTBIO Tpada), 3HAYUT BCE OCTABIINECS €€ JIyTH - HCXOJATINE.
AHATOTUYIHO MOXKHO BOCCTAHOBUTD BCE MCXOJAIIIE JYTH U3 BEPIIUHDBI ¢ MET-
koit 2n. Ilepexonst ot Merku i kK MeTke (i + n) mod (2n + 1) MbI oboiiTeM
BCe BepIIWHBI rpada u yoeuMcs B TOM, 9TO yCJIOBHE Be3Jle BBIIOJIHEeHO. Ta-
KUM 00pa30M, MOJIYTPAH3UTUBHBIA TYPHUD BOCCTAHABJIUBAETCS OJHO3HATHO
1, CJIETOBATENBHO, OH €IMNHCTBEHHBIN. 3aMETHM, JAHHBI TYPHUD UMeeT IHK-
JINYECKYIO IPYIIy aBTOMOPMU3MOB, TO €CTh HABJISAETCHA IUPKYJISTHTOM. (]

4 5-1IUKJBI B TypHUPaxX

IIpennoxenue 7. Jlas aobozo mypnupa T' € Y g 6vinoareno

PAT) + 1) 4200 = =m0 3 (). (13)
=1

B5T)~ FulT) = (N=3)(N —4) i(d; )-2(5) Jas

Jloxazameavcmeo. BepiuHa ¢ IByMs BBIXOISIIAME U3 Hee AyTaMU BCTpeda-
eTcs 110 OJIHOMY pa3y B H-IIMKJIaX THIA [5 U 7y, U 110 J[Ba pa3a B UKJIAX THIIA
0. C npyroit cTOpOHBI, i-as BEpITHA BXOJUT B KAUeCTBE TAKOW BEPITHHBI B

(N =3)(N —4) (de ) pasmunbix 5-mukios. Crenosarensbho, Bepao (13).
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Herpymnuo Buzers, uTo

ol + 150+ (1) + (1) = 12(). (15)

13 pasencts (13) u (15) caemyer (14). O

Teopema 2. Jlas a106020 stiaeposa myprupa T € Eopt1 8bNOAHEHO
1

FS(T) = falT) = Z@n+ )03l -1 -3),  (16)
F5(T) +3f5(T) = 320+ 1)(2n ~3)n(n —1), (17)
£ (T) = 5(T) = 5@n+1)(2n—Bn(n 1), (18)

Jlokasamenvemeo. Pagencro (16) cosnagaer ¢ (14) B ciryudae 3iliepoBbix
opuenraruii. st nokasarenscrsa (17) paccMOTpuM 1€lb U3 TPeX JyT, OpU-
CHTUPDOBaAHHYIO TaK, YTO JB€ BHYTPCEHHHNE BEPHINHBLI ABJJIAOTCA HMCTOKOM M
crokoM. Takasi KOHpUTypalusi BCTpedaeTcss TpU pasa B H-IUKJIE TUIA 0 U
onuH pa3 B mukJje tuma [S. C apyroit cTopoHsbl, obIee Iuco 5-IUKJIOB ¢ Ta-
KOit KOH(MUTYpaIuii MOYKHO IIOCIUTATD CJIe/Ly oM oOpa3oM. Beibepem jiyry
(2n 4 1)n cnocobamu. BeibepeM 110 0JHOl Jyre U3 UCXOJSIIUX U3 HAYAa U
BXOJISAIIMX B KOHel[ Beibpannoit ayru (n — 1) cnocobamu. Cpe/u BHIOPAHHBIX
TakuM 0Opas3oM Ieneil JmHbl 3 BeTperarcs 3aMkHyTbie. Ux fi(T) mryk.
Ocraercsi BBIGpATh TOCIEIHION BepiuHy S-nukiaa (2n — 3) cnocobamu. Ta-
kuM obpaszom, u3 Chencreusi 1 umeem

fo(T) +3f5(T) = ((2n+1)n(n—1)* = fo(T))(2n - 3)
= %(21@ +1)(2n — 3)*n(n — 1).

Pasencrso (18) Boitekaer u3 (13) u (17). O

5 4-IUKJIbI B OPUEHTANUAX MOJHBIX JIBY/I0JbHBIX rpadoB

O6oznaunmM 1uepes Oy ¢ MHOXKECTBO BCEX OPHEHTAIMl IIOJTHOTO JBY/0Ib-
Horo rpacda Ky y CO CTEHEeHHON II0C/IeI0BATeILHOCTBIO d, a depe3 O, Bce
sitstlepoBbl opuenTanuu rpada Koy, op.

IIpennoxxenue 8. Jlas a060t opuenmavuu € ON g 6vinoaneno

2N d+
Fo(B) + felB) +26p(E) = (V-1 (), (19)
=1

e o) = (3) -ov-n3 (%) en

i=1

Jloxaszameavcmeo. Bepmuna ¢ IByMs BBIXOISIIUME U3 Hee AyraMU BCTpeda-
ercs 10 OfHOMY pa3y B 4-nukJjiax Tunia B u C, u 110 JiBa pa3a B [UKJAX THIIA
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D. C apyroit CTOPOHBI, i-asi BEPIIUHA BXOJIUT B KAYECTBE TAKON BEPIIWHBI B

(N — 1)(6%') pazmuHbx 4-nukiios. CienoBaresibHo, BepHO (19).
HerpynHo BuzieTs, 910

2
13 pasencts (19) u (21) caemyer (20). O

2
Fa(B) + F3(E) + fo(E) + fo(E) = (N> | (21)

Caenacrue 7. Jlas moboti atineposoti opuenmayuu E € Oq, svinoanero
fa(B) = fp(E) = n*(2n—1),
fB(E)+4fp(E) = 4n*(n—1)%
fo(B) = 2fp(E) = 2n*(n—1).

Jloxaszamenavcmeo. PaccMoTpum 1enb u3 TpexX Jyr, OPUEHTUPOBAHHYIO TaK,
UTO JIBe BHYTPEHHUE BEPIIUHBI SBJISTFOTCS UCTOKOM U CTOKOM. Takast KoHbuU-
rypalidsi BCTpedaeTcst 4eTbipe pa3a B 4-1ukJje tuna [ u oJiuH pa3 B IUKJIE
tuia B. C apyroit cropossr, obInee Iucao 4-1UKJIOB ¢ TaKOi KOH(pUrypa-
Ui MOZKHO HOCUMTATH CJIEAYIOmuM obpasoM. Buibepem ayry 4n? crocoba-
mu. Beibepem 1o 0iHOI Jyre 3 UCXOSIINX U3 HAaYaJla U BXOJANUX B KOHEI]
BBIGpanHoii myru (n—1)? cocobamu. DTH TPH JIyTH €IMHCTBEHHLIM 00pPa30M
3aMBIKAIOTCA B 4-IIUKIJI. U

Teopema 3. Jlas ar0b60t 2taeposoti opuenmayuu E € Oy 8vinosnero
fa(E) <nt.

Jlokasamenvemeo. VI3 ciencrsust 7 uMeeM, 9T0 MakcuMasibHoe 3Hadenue f4(F)
nocruraercst pu MakcumyMme fp(E). Haitgem Bepxuioro onenky st fp(E)
JIJIsT TIPOU3BOJIbHON opuenTanuu F.

JI1st KaxKI0il napbl BEPIIUH U,V OPUEHTAIMA F O4eBUIHbI OLICHKU:

0<|NT(u)NNT(v)| <n. (22)

3aMeTuM, 9TO

>IN0l = ()

u,vEV Kop 2n

TaK KaK Kazklas BepimHa rpada sHocHT BKiag (5) B 9Ty cymmy. U3 npen-
noxenust 1 ciemyer, uto jyst Mmakcnmusanun fp(F) HeoOXOAUMO MaKCHMU-
3UPOBATD

> INTw)n Nt (23)

€V Kan 2n

MakcumymM Boipazkerusi (23) npu orpaHndeHusix (22) 10CTUraeTCst, eCIu Cpe-
JI1 MOIITHOCTEH BCeX Tap nepecevdeHuii BHIXOISIIIUX OKPECTHOCTEl . BeTpeya-
ercs 4 (%) pas, a ocranbuble MomuocT pasubl 0. OTcioza cieyer, uTo

fo(E) < 4<;‘)2.
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Tenepb BHOBb UCIOJIB3ys ciaeicTue 7, csasbiBatoiee f4(F) u fp(E), mo-
JIy4aeM HCKOMYIO OIIEHKY. O

Teopema 4. /laa 106020 n cywecmseyem u eOUHCMBENHAL € TMOYHOCTIBIO
do usomoppuszma opuernmayus B € Oqy, das xomopot

fa(E) =n*.

Jloxazamesvemeo. U3 mokazaTembCTBa TeOPEMBbI 3 CIELyeT UTO OIEHKa MO-
JKeT JIOCTUTATHCSI TOJBKO B CJIyUae, €CJIM MHOXKECTBO BEPITHH JBY/I0JIHHOTO
rpada yaacres pasbuTh Ha 4 momMHOXKecTBa, S1, So, S3, S4, BHYTPH KOTO-
PBIX JIJIs KazK10il Bepmunbl v MHOkecTBO N T (v) oano u To ke. Takast opu-
EHTAINST CTPOUTCST OTHOZHATHO C TOTHOCTBIO JTO M30MOPGMU3Ma CIIEIYIONIM
00pa3oM.

IIycts S1, Sa, S3, Sy - pasbuenue 4n BepmuH mycroro rpada G Ha 4
MHOYKECTBa OJIMHAKOBOM MormHocTr n. Jlobasum B rpad G mayru:

{(u,v) | u € Si,v € Sa},

{(u,v) | u € Sy,v e Ss},

{(u,v) | u € S3,v € Sy},

{(u,v) | u € Sy,v € S1}.
Herpymauo Bugers, uro nosyuusBmuiicss rpad G — IBYHOIbHBIN C JOJISIME
S1US3 u SoUSy. Ilepecedenne OKpecTHOCTEH NMEET MOIIHOCTD 7 JIJIsI BEPIIIIH

13 OJHOIO MHOXKECTBA U MOITHOCTE O B IIPOTUBHOM CJIydae. SHAYUT, Ha rpade
G nckoMasl OIEHKa JIOCTUTHYTA. O

6 4-1MKJIbI B OPUEHTAIUAX TUNepKyOoB

O6oznaunmM 4gepe3 Py 4 MHOMKECTBO BeexX opmeHTaImil rpada N-MepHOro
runepkyba (Qn CO CTENeHHON MOC/Ie0BAaTeTbHOCTRIO d, a depe3 o, Bce 3ii-
JIEPOBBI opueHTanu rpada Qoy.

IIpennoxenune 9. [as moboti opuenmavyuu E € @y g cvinoaneno
2N d+
fo(B)+ fe(B)+21n(E) = 30 (). (21)
=1
2N
N df
E)— fp(E) = 2N72 - i) 25
FAE) - Fp(E) 5)-=(3)
oxazamenvcmeo. BepiuHa ¢ 1ByMsi BBIXOJSIIMME U3 Hee JyTaMu BCTpeda-
eTcs 10 OfHOMY pa3y B 4-nukJiax tuna B u C, u 110 JiBa pa3a B IUKJaX THIIA

D. C apyroii ¢cTOPOHE, i-as BEPIINHA BXOIUT B KAYECTBE TAKOH BEPIINHLI B
d+
( 4 ) paznnanbix 4-1ukiaos. CregoBaTenbHo, BepHO (24).

Herpymuo Bumers, 9To

FAB) + £a(E) + folE) + o(B) =22 ). (26)
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U3 pasencts (24) u (26) caeayer (25). O

Caenacrsue 8. Jlis moboti atineposoti opuenmayuu E € Vo, svinosnero

u(B) + felB) 4 26p(E) = 2(3),

JA(E) = fo(B) = 22" n,

Caeacrsue 9. Jlis moboti atineposoti opuenmayuu E € Vo, svinosnero
22n—2n < fA(E) < 22n—2n2‘

Teopema 5. Jlaa a06020 n cyusecmeyem opuenmavus E € ®oy, das xomo-
poti

fa(E) = 22n=2p

Hoxazamenvcmeo. lpuseném npumep Takoit opuerrtanuu. Paccmorpum opu-
EHTAINIO B (2, IOJIyIaeMyto Bo3BejieHneM KoHTypa C' juinHbl 4 (1uKJIa Tuna
A) B crenens n.

ITocunraem xommyecTBo sK3eMIIIpoB C B MOJIYYUBIIEHCS OPUEHTAIUH.
J11s1 KasKI0TO U3 1 HAIIPABJICHHH B [OJIYIMBIIEMCS TOpe 6yaeM nMeTh 2272
koHTYPOB C' DUKCUPOBAHO HAIIPABJICHUS.

Herpyamo Busers, 9o ecsu muk jajiuabl 4 obpa3oBan pédbpamu passind-
HBIX 9K3eMILIsApOB C, TO TPOTUBOIIOJIOXKHBIE PEOPA B TAKOM ITUKJIE COHAIIPAB-
JIEHBI, & 3HAYNT, TUIT PACCMATPUBAEMOTO TIHKJIa He A. (]

Teopema 6. /laa 2106020 n cywecmseyem u eOUHCMBERHAA € TOYHOCTIBIO
o usomoppuszma opuernmayus B € ®op, dasa xomopoti

fa(E) =22""2p2,

Zoxasameavcmeo. s nocruzkumoctu Bepxueii onenku B Ciepcreuu 9 j1o-
CTATOYHO ITOJIYYUTh OPUEHTAINIO, He cojeprKalyio 4-nukjios tuna B u C.
3aMeTnM, 9TO eCJI XOTsI Obl OJHA Iapa IPOTUBOIOJIOXKHBIX PEOEpP B IUK-
Jle COHallpaBJieHa, TO JaHHBIA UK uMeer Tun Jjmbo B, nubo C. Takum
0bpa3oM, HEOOXOAUMO IOCTPOUTH OPUEHTAIMIO (Q2,, B KOTOPOH B KarKIOM
4-nuKJIe MPOTUBOIIOJIOXKHBIE PEOPA OPUEHTUPOBAHBI HABCTPEUY JPYT JIPYTY.
Takast opueHTals CTPOUTCSA OJHOZHAYHO C TOYHOCTBLIO 0 M30MOP(pU3Ma
CJIETYIOIM 00Opa30M.

Pa3o06bém Bce 2n nampassienuit B Kybe Ha JIBA PABHOMOIITHBIX MHOXKECTBA
R u Ry. Tenepn myst Bcex BepimmH (o, YETHOTO Beca IOJIAraeM, 4TO BCE
HCXOJSIIe JyId UMEIOT HalpapjeHusl n3 [y, a BXojagdinue — HaIIpaBICHUsI
u3 Ro. Iliist Becex Bepiut (Qo, HEYETHOIO BECA HAIIPOTHUB: BCE UCXOISIINE Iy TH
MMeIOT HalpaBiieHus n3 Ro, a BXozsinue — Hanpasienus u3 Rq. Herpynmao
BHUJIETH, YTO B TAKON OpHeHTAIMN PEOPa OJHOIO HAIIpaBJIEHUS B KarXKIOM 4-
UKJIe OyIyT OPUEHTUPOBAHBI HABCTPEUY JAPYL APYTY. O
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7 3akJirodeHue

B 3akJouenue xoreoch 661 06paTUTh BHUMAHKE YUTATe s Ha PsiJl BOIIPO-
COB U I'HMIIOTE3, BO3HUKAIOIIUX B pe3yJbTaTe IPOBEJEHHOIO HCCJIe0BAHNUSI.
e opuenTaiu npousBosbHOro rpada G Ha3bIBAOTCS k-9KBUBAJIEHTHBIMH,
eCJIM OJIHY U3 JIPYTOil MOXKHO IOJIYYIUTb B Pe3yJsibTaTe HOC/Ie[0BaTe/IbHOM 3a-
MEHBI OPHEHTAIM Ha [MPOTUBOIOJIOKHBIE B KOHTYpax JutuHbl k. [ToHsITHO,
YTO JIisi SKBUBAJIEHTHOCTH HEOOXOMMO COBIIAJICHIE IOJIyCTeleHel NCXoia 1
3aX0/la BO BCEX BEPIIMHAX TOH m Jpyroif opuenTtanuu. Ecim He orpanmyn-
BaTh cebst KOHTYpaMu (DUKCHPOBAHHON JIINHBI, TO OTMEYEHHOE YCJIOBUE CTa-
HOBHUTCS ¥ JIOCTATOYHBIM JIJIsi SKBHUBAJECHTHOCTH, B YeM HETPY/IHO yOenTh-
cst. Ilpn m3yvennu umciia KOHTYPOB MaJioif JUiMHbI (B YaCTHOCTH, HUZKHUX
OICHOK JIJIsl JIAHHOT'O YHCJIA) MBI MCXOJUM U3 TOTO COOOPayKeHHsl, UTO JIJIsI
k-9KBUBaJICHTHOCTH JIIOOBIX JIBYX SHIEPOBBIX OPHEHTAIMI OJJHOTO ¥ TOTO K€
rpada HeoOXOMMO CYIIECTBOBAHIE XOTst ObI OJHOTO k-KOHTYpa B KazKJI0ii u3
HIX. KayKeTcss ecreCTBEHHBIM II0JIAraTh, ITO UeM OOJIbIIe k-KOHTYDPOB, TEM
BBIIIIE BEPOSITHOCTD 9KBUBaIeHTHOCTH. CKazkeM, JIJIsl CHIBHO CBSI3HBIX TYP-
urpoB n3sectHo (7], Teopema 9.29), 4rT0 KayK/Iblil N3 HAX COJEPIKUT KOHTY-
PBI BCEX JUIMH OT 3 J10 mopsiaka TypHupa. OJHAKO HEM3BECTHO, OY/ILyT JIH
k-3KBUBaJIEHTHBI JIIOObIE Ba W3 HHUX, MMEIOIIUEe OIWHAKOBBIE HaOOPBI IIO-
aycreneneii. Tak:ke HEGE3bIHTEPECHO, SIBISAECTCS JIM IIOJHBIM HHBADHAHTOM
[POM3BOJILHOTO TYPHUPA CIEKTP THIIOB €ro IUKJIOB BCEX BO3MOXKHBIX JJIHH.
ITpoBeIeHHEBIE HCCIIEOBAHNS OITBEPIKIAIOT JAHHYIO THIOTE3Y JJIsS MAJIBIX
nopsKoB. KOMIBIOTEPHbIE SKCIIEPUMEHTBI TAKXKE MOKA3AJM, YTO HUXKHIS
OIEHKA JIsi YHCJIa 4-KOHTYPOB /IS BCEX TPEX PACCMOTPEHHBIX HAMH KJIac-
COB OpHEHTAIU{l JTOCTUraeTCst Cpa3y Ha HECKOJIBKUX [IPUMEpPaX.
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