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KOHTYPHI MAJION AJIMHBI B SMJIEPOBBIX
OPVEHTAIINAX I'PA®OB

A.JI. TIEPE2kOTUH, 1.C. BBIKOB, C.B. ABIr'yCTUHOBUY

IIpedcmasaeno I1.I1. ITETPOBBIM

Abstract: In this paper we investigate estimates for number of 3-,
4- and 5-circuits in eulerian tournaments and 4-circuits in eulerian
orientations of complete bipartite graphs and hypercubes. By using
obtained relations, we prove uniqueness (up to isomorphism) of
orientations, which reach maximum number of 4-circuits in all
graph families mentioned above.

Keywords: Eulerian orientation of graph, circuit, tournament,
complete bipartite graph, boolean cube.

1 Bseaenue

Opuenrarueit rpacga G HaszoBeMm oprpad, mosydaemblii u3 G 3aMeHOI
KazkJI0ro pebpa vu Ha POBHO OJHY U3 JIyT VU WK 4. B cTarbe Ui MUPOKAX
KJIACCOB IpaOB M3yvaeTcst YUCI0 KOHTYPOB MaJioil JymHbl (3, 4 u 5) B co-
OTBeTCTByIOH_H/IX SﬁﬂepOBbIX OpUueHTaIluAX. ﬂBe OpHueHTalluN ITPOU3BOJILHOI'O
rpacda G Ha3BIBAIOTCS M30MOPMHBIMU, €CJIU OJHY U3 JIPYTO# MOXKHO IOJIY-
YUTH JIECTBHEM KaKOro-aubo aroMmopdusma rpada G. ABTopaMm XoTeaIoCh
Obl TIOHATH, KaK CBA3aHbI CBOWCTBa rpada co CBOHCTBAMU €ro OpUeHTAINI,
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A A

Puc. 1. Tunsr opuenTamuit 3-IUKJIOB.

B YACTHOCTH - C KOJIMYECTBAMHU KOHTYPOB B HUX PAa3HOW JIMHBL. [JIaBHBII
BOIIPOC - IIPYA KAKUX YCJIOBHAX YIOMSHYTBIE KOJIMYECTBA IIO3BOJISIOT Irpad
OJIHO3HAYHO OLPEJEIUTh (C TOYHOCTBIO 110 n3oMopdusma). Takxke s Hac
BJIOXHOBJIAIOMUME ObLTH ucciaenoBanus |7, 7, 7|, cBsasbiBaomme TeMy opu-
enTanuii rpadoOB ¢ NCCIEIOBAHNEM COBEPIICHHBIX CTPYKTYp. Besne B majb-
HeifmeM Mbl OyIeM UMEThb IeJIO TOJBKO ¢ PEryJIApHLIMEA CBA3HBIMU rpadamu
YETHON CTEIIEHH, IIPUYEM PACCMATPUBAEMbIE OPUEHTAIUN OYAyT B OCHOBHOM
SMJIEPOBBIME, TO €CTh TAKUMH, Y KOTOPBIX BO BCEX BEPIIMHAX IMOJYCTEIICHU
HCXOIA M 3aX0Ja OJUHAKOBBIE. Y KaXKIOH TAKOH OPHEHTAIMH €CTECTBEHHO
00ecreYeHo CyIecTBOBAHNE 3MIepoBa UKIa. Panee BHUMAHUE HMCCIIEI0Ba-
TeJeil OBII0 COCPEIOTOIEHO Ha IEPEYNCICHAN PA3INIHbBIX OPUEHTAIN (hUK-
CHPOBAHHBIX TIOMeYeHHBIX Tpados 6e3 yuera uzomopdusma |7, 7, 7.

Boixogsmieit okpecrnoctbio N (v) Bepumubl v B opuentaiuun  rpada G
Oy/1eM Ha3bIBATh MHOYKECTBO BEPIIUH, B KOTOPbIE BEIYT JyTd, HAYMHAIOIIN-
ecss B v. AHAJIOTMYHO ompe/iensieTcs: Bxojsias okpecrnocrb N~ (v). Ilycrs
MHOXKecTBO BepimH rpada G ynopsinouenno V(G) = vy, . .., vy,. s opuen-
tamun T rpacda G onpepenum dY(T) = (df ,...,dY)ud (T) = (di,...,d;,),
rie di = [NT(v;)| u d; = |N"(v;)],0 < i < n. Torma mus T onpesenum
CTENEHHYIO TTOCJIEI0BATEILHOCTD

d(T) = (d{ +df,....d, +d).

Bamernm, uro eciau G SIBIISIETCsT PETYJIsIPHBIM IpadoM, TO [0 CTEHEHHOMN [0~
CJIeJI0BaTEIbHOCTH ero opuenTaiu 1’ jierko onpeensiiorces koprexu d (T)
ud (T).

Opuenranust nosHoro rpada HasbiBaercss TypHupoM. CylnecTByror JBa
Hen30MOPMHBIX TYPHUPa Ha Tpex BepummHax. OHM Ke SIBJISIIOTCSI OPHEHTA-
musivu 3-nmkia (Puc. 1).

CymecrByer 4 nmonapHo Hen30MOPGhHBIX TYPHUPA HA YETHIPEX BEPIIHHAX.
O6osnaunm uepes X Typuup ¢ d(X) = (=1,—1,+1,+1), uepes Y+ u Y~
typuupst ¢ (Y1) = (=1,-1,-1,43) u d(Y ) = (=3, +1,+1, +1) coorser-
CTBEHHO, a depe3 Z Typuup ¢ d(Z) = (-3, —1,4+1,+3) (Puc. 2).

TypHED HA3BIBAETCS Oy TPAH3UTUBHBIM, €CJIH €0 IIOJTYPHUPDI, TOPOK-
nennbie Muoxkecrsamu N1 (v) u N~ (v) sBISIOTCS TPAH3UTHBHBIMU JIJIsT BCEX
v.

IMpeamoxkenne 1. TypHup AGAAECMCA NOAYMPAHIUMUBHBM MO200 U MOND-
Ko mozda, ecau on ceoboder om nodmyprupos muna Y uY .
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Puc. 2. Tunw 4-TypHupos.
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Puc. 3. Tunwr opuentanuii 4-1uK/10B.
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Puc. 4. Tunwr opuenTaiuit 5-1uKJI0OB.

CymecrByer 1o derbipe Tuna opuenranuu 4-nukia (Puc. 3) n 5-rukia
(Puc. 4).

O6osnaqnm gepes f(7T') konmdaecTBo KOHMUTYpAIHil TUIIA A\ B ODHEHTAIIN
T rpada G. Hampumep, f,(X) = 2.

ITpennoxkenue 2. /las arwboti opuenmavuyu T epaga G evinosrero

+’LL +U
JRCE S Attt} "

u,veV(Q)

Opuenrarus rpada G HA3BIBAETCs SUIEPOBOIL, €C/IM B KAXKJ0 BEPITHHE
[IOJIyCTEIIeHb MCXO/a pPaBHa mojycreneHn 3axofa. s cessnoro rpada G
CYIIECTBYET 3iJIepOBa OPUEHTAIMS TOTIA U TOJIBKO TOrJa, Korja G sBiisieTcs
3JICPOBLIM.

B pasmenax 2, 3 u 4 paccmarpuBaiorcs 3-, 4- U H-IUKJIBI B TYpPHUpPaX.
ITokazamo, 9YTO KOJIMYECTBA PA3IUIHBIX OPUEHTAINN KakK 4-THUKJIOB, TaK U
5-IUKJIOB B 3HJIEPOBBIX TypPHUPaX 00pa3yioT OJHOMAPAMETPUIECKOE MHOXKE-
crBo. Haiiyienn! onenkn duciia 4-KOHTypoB. JlokazaHO, 9TO BepXHsisi OIlEHKa
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Ha, YUCJI0 4-KOHTYPOB B 3MJIEPOBBIX TyPHUPAX JOCTUTAETCS Ha €TUHCTBEHHOM
TypHupe. B pasznene 5 aHaJOTUYHbIE PE3YJILTATHI JIJIA 4-IIUKJIOB IMOJTIYI€HbI
JJTsT STJIEPOBBIX OPUEHTAIMI [TOJTHOTO JBYI0JbHOTO rpada. B pazsene 6 mo-
JIyYeHBI JIOCTUKUMBbIE OIEHKU Ha IUCJIO0 4-KOHTYPOB B MJIEPOBLIX OPHEHTA-
nusix OyJieBa Kyba 94eTHON PasMepHOCTH.

2  3-mukKJbl B TypHHPaX

O6oznaunmm gepes Y,y MHOKECTBO BCeX TypHHPOB Ha [N BepHIMHAX CO
CTEIEeHHOI T0C/Ie/IOBATE/IbHOCTBIO d, & Yepe3 Zop,4+1 MHOMXKECTBO BCEX iljie-
POBBIX TyPHUDPOB Ha (2n + 1) BepiuHe.

IIpennoxenune 3. Jlas aobozo mypnupa T € YN g 6vinoaneno

full) = @)—i(f)

=1

N ot
M) = > < ) > 2)
=1
Joxasamenvcmeo. Ouesnano, aro fo(T) + fio(T) = (g) B i-oit Bepmmme

+

TYyPHUPA POBHO (in ) mmap JyT, BEIXOISIINX U3 BePIIUHBL. KaxKaas Takasd mapa

ITOPOXKIA€T POBHO OIWH 3-IIUKJI THIA b. O

CnenctBue 1. Jlaa 06020 stiseposa myprupa T € Eopy1 86N0AHEHO

= (),

n
(M) = (@2n+1) <2>
O6osnaqanm vepes M, (N) Hanbosibiiee 9ucyio 3-KOHTYPOB B TYPHUPE Cpe-

¥ BceX TypHUPOB Ha [N BepIImHAX.

CaencrtBue 2. /[as 2106020 N 8bINOAHEHO
(2n+1)n(n—1)

M,2n+1) = 5 ,
2
-1
M,(2n) = M

3
Jlokazamenvcmso. Tlo nepasencrBy Komu—-Bynsikosckoro cymma (1) moctu-
raer munumyma ipu d(T) = (n,...,n), ecou N =2n+ 1, u upu d*(T) =
(n—=1,...,n—1,n,...,n), ecsiu N = 2n. B niepBoM cjiyuae UCKOMOE DaBEeH-

CTBO IIOJIy9aeM U3 CJIG,ZLCTBI/IH 1. Bo BTOPOM CJjIyda€ MMeeM

= (3) (13 (3 - 2552
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3 4-nukKJbI B TypHUPaX

Ilpennoxxenne 4. Jlas mobozo myprupa T 6vinosmeno

fa(l) = fx(T), (3)
[B(T) = [x(T)+ fz(T)+ 3fy+(T) + 3fy-(T),

fe(T) = fx(T)+ fz(T),

fo(T) = fz(T).

Zloxazamenvcmeo. Tlonubril rpad Ha YeThIpEX BEPIINHAX COAEPIKUT TPHU ITUK-
jta ymabl 4. Kitace X comepxxur nukiisl amabl 4 TunoB A, B u C. Kiaccel
Y+ u Y™ ¢ comepxKar no Tpu nukia jaunel 4 tuna B. Knace Z comep:kut
UKL ayuabl 4 Tunos B, C'u D. |

Caeacrsue 3. Jlas aobozo0 myprupa T 6vinosreno
fe(T) = fa(T) + fp(T).

O6oznaunm gepes T,y MHOKECTBO BceX TyPHHPOB Ha [N BepHIMHAX CO
CTEIEHHO TOC/IeI0BATEIBHOCTHIO d.

IIpengnoxxenue 5. Jlas mobozo mypnupa T € Yy 4 6vinoarneno

o)+ 121 = 3 (%
N
Fro )+ 121 = 3 (4
- +
re@+ from = 33 )ar - (4 ) ©)
1

s sem = () () )

Hoxazameavcmeo. Paccmorpum KoHMUrypalnio: BepIInHA U TPU HUCXOJs-
mux un3 #ee gayru. C OFHON CTOPOHBI, cpeju 4-K/IMK Takas KOH(MUIYpaIus

BXOJUT MO OJITHOMY Pa3y B KJIUKH THUIIA YtuZ C IPpyroii CTOPOHBI, U3
.. dr .
1-OUf BEPIIUHBI BBIXOJIUT ( 4 ) Takux KoHdpurypamuit. OTcroma moaydaeM pa-

BEHCTBO (2). AHAJIOTUYHO, pacCMaTpHUBasl BEPIINHY M TPU BXOJAIINX B HeEE
JIyTH, IOJIy9aeM PaBeHCTBO (3).

PaccMoTpuM KOHQMUIY paIiio: BEPIINHA, ABE BXOMANINX U OJHA UCXOISIIAST
3 Hee nyra. Takasi KOHpUTypaldsl BCTpedaeTcs aBa pa3a B X, Tpu pas3a B
YT u onun pas 8 Z. C apyTroii CTOPOHBI, U3 i-0if BEPITHHLI BBIXOIUT (in )dj
Takux KoHuryparuii. Cire1oBaTebHO,

N _
21x(T) + 8y (T) + f2(T) = 3 (d )d;*. ®)

7
: 2
=1
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Beraurast paBerctso (2) n3 (6) moaydaem mckomoe paseHCTBO (4). Anaso-
IUYHO JIOKA3bIBAETCs PaBEHCTBO (5). O

CaenctBue 4. Jlra 1106020 stseposa myprupa T € Eopy1 86100AHEHO
fy-(T) = fy+(T), (9)
P+ £21) = ;).
@+ i@ = (") (10)

Jlokazamenvcmeso. (7) BbITEKaeT U3 PABEHCTBA IIPABBIX YacTeil paBeHCTB (2)
u (3) jist 9iJIEPOBBIX TYPHUPOB. O

IIpengoxxenue 6. /s mobozo mypnupa T € Yy g 6vinoarerno

N
0< fye(T) < > M,(d)),

N
0< fy—(T) < Mu(dy).

Jloxasameavcmeo. Bepiiuna TypHUPa W KOHIIBI TPEX HUCXOIAIINX U3 ITOH
BEepIIMHLI IyT 00pa3yioT B TypHUPe 4-K/IUKy Tuia Y ™ Torja 1 ToJIbKO TOTa,
KOIJIa KOHIIBI 3TUX Tpex Jyr obpaldyior 3-koHTyp. CremgoBaresibHO, 4-KJIUK
tuna Y ¢ ucTokoMm B i-0if BepiiuHe He MOXKET GBbITH GOJIbINE, YeM Ma(d;").
Anajioruyno ¢ 4-kjmkKaMu Tana Y . [l

CnenctBue 5. Jlas 106020 stiaeposa myprupa T € Eopy1 86N0AHEHO
0< fy-(T) = fy+(T) < (2n+ 1)Ma(n).
U3 pasencrs (??) u (?77) u Cuencrust 8 mosiydaeM CJIeyomiue OleHKH
HA YUCJIO 4-KOHTYPOB B 9MIEPOBBIX TYPHUPAX.
CnenctBue 6. Jlasa 06020 stiseposa myprupa T € Sopy1 86M0AHENHO
n+1

(2n+1)< : )—(2n+1)Ma(n)ng(T)§(2n+1)<n;1>. (1)

st moboro n < 6 B Egpp 41 MBI HAILIN TYPHUPHI, JTOCTUTAIONINE HIKHEN
orenkn (9).

Teopema 1. /Jlaa ao06020 n cywecmsyem u eQUHCMBEHHBLT ¢ MOYHOCTIBIO
do uzomoppusma starepos myprup T € Zoni1, a4 KOMOPO20

facr) = a7, (12)

Jokasamenvcmeo. Pasencrso (10) mocruraercs B ciydae, kormpa fy— (1) =
fy+(T") = 0. CnenoBarensno, o Ilpeimozkennio 1 10CcTaToMHO 10KA3ATE, ITO
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SIEPOB TI0JIy TPAH3UTHBHBII TYPHUD €JIMHCTBEeHHbIH. [eficTBuTesbHO, pac-
CMOTPHM KaKOH-IM00 9MIePOB MOy TPAH3UTUBHBIN TYPHUD HOPsiIKa (21 +
1). Beibepem Kakyto-TO ero Bepimuy v u npunuiiem eii merky 0. Bee Bep-
mmnel u3 N1 (v) UMEIOT ecTecTBeHHOE YIIOPSAI0OYEHIE B COOTBETCTBHHU C TEM
TPAH3UTUBHBIM IOJTYPHUPOM, KOTOPBIIl OHH IIOPOXKJAIOT. 3aHyMepyeM nx
qUCIaMi OT 1 JI0 M Tak, 9TOOBI I IIIM OT MEHBIINX HOMEPOB K 6OJIb-
muM. AHAJIOIMYHO TOCTYINM ¢ BepimHamu 3 N~ (v), 3aHyMepoBaB HX OT
(n+1) mo 2n. Iycre j > i. Hokaxkem, aro B Typuupe T xyra u3 Bep-
IIIHBI ¢ HOMEPOM § HJIET B BEPIINHY C HOMEPOM j TOIJIa U TOJIBKO TOTJA,
KOI/Ia BBILOJIHsIETCsT yesoBue |j — i < (n + 1). Ecan oba wucia ¢ n j oxmo-
BpeMenno npunaiexkar N (v) uam N~ (v), To COOTHOIMEHHE BBINOJIHACTCS
aBTOMaTHIeCKN. EC/n ke OHU HPUHA/IEXKAT PA3HbIM MHOXKECTBAM, TO HAM
HIOMOZKET MHJIyKTHBHOE PACCYZKJEHIEe. 3aMETUM, ITO [JIsI BEPIIUHBI U, IMe-
foreil MeTKy 0, yCIOBHe BBINOJIHEHO IO ITOCTPOeHU0. Bepmuna ¢ MeTkoit n
y7Ke HACBIIIEHA BXOAIMME JyraMi (HAIHHAS C 9TOIO MeCTa MbI II0JIb3YeMCst
TOJILKO MII€POBOCTHIO Ipada), 3HAYNT BCE OCTABIINECST €€ JyTH - HCXOJISIIIHE.
AHaHOFI/IqHO MO2KHO BOCCTaHOBUTDL BCE€ UCXOJIAINUE JTYyI' U3 BEPIINHBI C MET-
koit 2n. Ilepexons or Merku ¢ K Merke (i + n) mod (2n + 1) Mbr oGoitem
BCe BepIIUHBI rpada u yOe uMcs B TOM, 9TO yCJIOBHE Be3Je BBIIOJIHEHO. Ta-
KM 00pa30M, Oy TPAH3UTUBHBIN TYPHUDP BOCCTAHABIMBACTCS OIHO3HATHO
U, CJIeJIOBATEJIBHO, OH €IMHCTBEHHBII. 3aMeTUM, JIAHHBIA TyPHUP UMEET K-
JITYECKYIO TPYIILY aBTOMOP(MU3MOB, TO €CTh SIBJIAETCS MUPKYJISTHTOM. ([

4 5-IUKJIbI B TypHUPaxX

IIpennoxenue 7. Jlas aoboz0 myprupa T € Y g 6vinoaneno

FT) + 1) 42050 = (-mw -0 (), (13)
=1

B -y = oo (F) (M)

Jlokasamenvcmeo. Bepuiuna ¢ 1ByMsI BBIXOISIIIIIME U3 Hee JyTaMi BCTPeda-
eTcsl 110 OJIHOMY pa3y B H-IMKJ/IaX TUIIA [3 U Y, U [0 JiBa Pa3a B IUKJaX TUIIA
d. C apyroil CTOPOHBI, i-asi BEPIINHA BXOJUT B KAYECTBE TAKON BEPIIMHBI B
df
(N = 3)(N —4)(% ) pasmrunpix 5-muknos. Caegosarensuo, sepuo (11).
Herpymuo Bumers, 9To

ol + 157+ 10 + 1) = 12(): (15)

13 pasencts (11) u (13) caemyer (12). O
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Teopema 2. Jlas a106020 stiaeposa myprupa T € Eopt1 8bIN0AHEHO

FA(T) = JalT) = £@n+1)@0=3)nln—1)(n—3), (16
F5(T) +3f5(T) = 320+ 1)(2n ~3)n(n—1) (17)
Fo(T) = (1) = 5@n+1)(2n—Bn(n 1) (18)

Jlokasamenvemeo. Pasercrso (?77) coBuagaer ¢ (12) B ciaydae 3ilyiepoBbIx
opuenTanuii. st okazaresbersa (77) paccMOTPUM TI€Ib U3 TPEX JIyT, OPU-
E€HTUPOBAHHYIO TaK, YTO JIBEé BHYTPEHHUE BEPIIUHBI SABJSAIOTCS UCTOKOM U
crokoM. Takasi KoH(pUTYpaIs BCTPEYAETCS TPU pasa B H-TUKJIE THUMA § U
ojiuH pa3 B nukJe tuma 3. C apyroif CTOpoHbI, 0bIIee YUCI0 H5-TUKIOB ¢ Ta-
KO KOHMUTYpaIuii MOKHO ITOCYUTATE CJIIyIOMuM obpa3oM. BeibepeM ayry
(2n 4 1)n cnocobamu. BeibepeM 110 0JHOI jyre U3 MCXOJSIINX U3 HAYAIA U
BXO/JISAIIMX B KOHEI[ BEIOpAHHO 1yru (n — 1)2 criocobamu. Cpesin BEIOpaHHBIX
TakuM 0Opas3oM Ieneil JuHbl 3 Berpersarcs 3aMKHyTbie. Ux fi(T) mryk.
Ocraercst BBIGpaTh TOCIEIHIOWN BepiuHy S-ninkiaa (2n — 3) cnocobamu. Ta-
kuM obpaszom, u3z Chencreus 1 umeem

f3(T)+3f5(T) = ((2n+ )n(n —1)* = f(T))(2n — 3)
_ %(271 +1)(2n = 3)%n(n—1).

Pasencrso (77) Berrekaer u3 (11) u (77). O

5 4-nUKJIBI B OPUEHTAIUSIX MOJIHBIX JIBYJ0JIbHBIX rpadoB

Ob6oznaunm 4yepes Oy ¢ MHOXKECTBO BCEX OPHEHTAIMil IIOJTHOIO JBY/0JIb-
Horo rpacda K n CO CTENeHHOII 10CIeJ0BaTeIbHOCTEIO d, a depe3 O, Bce
sitsieposbl opuenTaryn rpada Koy, oy,

IIpengoxxenue 8. /Jlas moboti opuenmavyuu E € Oy g 6vimoarero

2N d+
(B + felB) +210(8) = (V-1 3 (). (19)
=1

e = (3) oy (4) e

i=1
Zloxazamenvcmeo. BepiuHa ¢ IByMsT BBIXOISIIIIIMEA U3 Hee TyraMu BCTpeda-
eTcsl 110 OgHOMY pa3y B 4-mukiax Tuma B u C, u 110 J1Ba pa3a B IUKJIaX THIIA
D. C apyroii cTOpOHBI, i-asi BEPIINHA BXOIUT B KQYeCTBE TAKON BEPIINHBI B

(N — 1)(6%') paznuHbx 4-1mkiios. CienoBaresibHo, BepHO (14).
Herpynno Buzers, 9To

2
FAE) + £a(E) + folE) + o(8) = () (21)
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U3 pasencrs (14) n (16) caemyer (15). O
Caencreue 7. /Jlas awbotl atiaeposoti opuenmayuu E € Oy 6vinosHero
2
fa(E)— fp(E) = n*(2n-1),
2 2
fB(E)+4fp(E) = 4n°(n—1)%,
2
fo(B) = 2fp(B) = 2n%(n—1).
Jloxasameavcmeo. PaccMoTpum 1enb u3 TpexX JIyr, OPUEHTUPOBAHHYIO TaK,
Y9TO JAB€ BHYTPEHHUE BEPHINHBI ABJIAIOTCA UCTOKOM U CTOKOM. Ta,Kaﬂ KOH(bI/I—
ryparus BCTPeYaeTCs UeThIpe pa3a B 4-1ukJje Tuna ) u oauH pa3 B IUKJIE
tuna B. C apyroit cropoHbl, oblee 4ucio 4-IUKJI0B ¢ TaKOi KOH(PUrypa-
Uil MOXKHO HOCYUTATDH CJIEAYIONUM 06pa3oM. Beibepem myry 4n? crocoba-
mu. Beibepem 1o OHOI Jyre W3 UCXOSINUX U3 HAaYaJla U BXOJANUX B KOHEI]

BbIOpaHHOI jtyru (n— 1)2 crrocobaMu. DTH TPU IYTU €IMHCTBEHHBIM 00pa3oM
3aMBIKAIOTCA B 4-IIUKJI. O

Teopema 3. /[aa 210600 stseposoti opuenmavyuu E € Og, vinosneno
fa(B) <n'.

Jloxasameavcmeo. N3 caencrsust 77 uMeeM, 9TO MaKCUMaJIbHOE 3HAYEHUE
fa(E) mocruraercs npu makcumyme fp(E). Haiiem BepXHIOIO OLEHKY JIJist
fp(E) nist npousBosbHOil opuentaiuu F.

st Kazk10i mapbl BEPUIMH U, v OPUEHTAIMA F 09eBUIHbI OIEHKU:

0<|Nt(uw)NNT(v)] <n. (22)

3amMerum, 9TO

> Wt Nt =n(}).

u7U6VK2n,2n

TaK KakK Kaxkjias BepiinHa rpada BHOCUT BKJIA/T (Z) B Ty cymmy. U3 mpen-
JIOXKeHUsT 2 cjiefiyer, 9to jyisi Makcumusanuu fp(F) HeoOGXoauMo MaKCUMU-
3UPOBATH

Y. INTwn N (23)

u,vEV Kop 2n

Makcumyw™m Boipazkenust (77) npu orpanndenusix (17) mocturaercs, eciu cpe-
J1 MOIITHOCTEHN BCeX map IepecevdeHn BhIXOJAINX OKPECTHOCTEN N BCTpeda-
ercs 4(72‘) pas, a ocrajbuble MoiHocTH paBubl 0. Orcona ciejyer, 9To

oty <4(;)

Teneps BHOBb mcnosb3yst caexacrsue 7, caspBaiomiee fa(E) u fp(E),
II0JIy9aeM MCKOMYIO OIEHKY. [l

Teopema 4. /Jlas a106020 n cywecmsyem u eOUHCMBEHHAA C MOYHOCTIBIO
do usomoppuszma opuermayus B € Oqy, dns xomopot

fa(E) =nt
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Hoxazamesvcmeo. U3 nokazaTebCcTBa T€OPEMbI 6 CJIEIyeT UTO OIEHKA MO-
2KEeT JIOCTUTATHCS TOJIBKO B CJIydae, ecJii MHOYKECTBO BEPIIHUH JBYI0JBHOTO
rpada yraacrcs pa3duTh Ha 4 mogMHOXKecTBa, S1, So, S3, S4, BHYTPH KOTO-
PBIX JIJIs KaxK10if BepiuHbl v MHOMKecTBO N T (v) ofHo u To ke. Takast opu-
EHTAINS CTPOUTCS OJHO3HAYHO C TOYHOCTBIO JI0 M30MOPMOU3MA CJIEITY FOIITIM
obpazom.

IIycts S1, Sa, S3, Sy - pasbuenue 4n Bepimu nycroro rpada G Ha 4
MHO2KECTBa OJIMHAKOBOIT MotHOoCcTU N. JobaBum B rpad G myru:

{(u, U) | u € S1,v € SQ},

{(u,v) | u € S2,v € Ss},

{(u,v) | u e Ss,ve Sy},

{(u,v) | uw € Sy,v € Sr}.
Herpyamo Bumers, uro mosyunsniuiicss rpad G — JBYIOIBHBIN € TOJISIME
S1US3 u SoUSy. [lepecetuenne okpecTHOCTENH UMEET MOIITHOCTD N, JIJIsi BEPIIIHH

13 OJIHOIO MHOYKECTBa U MOITHOCTD () B IPOTUBHOM ciIydae. SHAUNT, Ha rpade
(G nckoMas OIeHKa JTOCTUTHYTA. O

6 4-1MKJIbI B OPUMEHTAIUAX T'UIepKyOoB

O6oznaunm 4yepes Py 4 MHOKECTBO Beex opueHTarumii rpacda N-MepHOro
rurepky6a (Qy CO CTEIEeHHOI I0C/IeI0BaTeIbHOCTRIO d, a depe3 Po, Bce 3ii-
JIEPOBBI opueHTaInn rpada Qoy,.

IIpennoxenue 9. Jlas 10601 opuenmavuu E € @y 4 evinosrero

2N

SO .

=1

fB(E) + fc(E) +2fp(E)

N-2 N - d+
E)— E) = 277 — L. 25
fa(E) = fo(E) (3) ;(2) (25)
Zloxasameavcmeo. Bepiuna ¢ IByMs BBIXOSIIIUME U3 Hee JyraMU BCTpeda-

eTcs o OHOMY pa3y B 4-tukJjiax Tuna B u C, u 110 JiBa pa3a B IUKJIAX THIIA
D. C npyroit cTOPOHBI, i-as1 BEPIINHA BXOJIUT B KAYECTBE TAKON BEPIIWHBI B

+
(dé' ) pazimaabx 4-mmkiios. CioreoBaresnsho, BepHo (77).
Herpy/Ho Bujers, 49To

FAB) + £5(E) + folE) + () =22 ). (26)

U3 pasencts (?77) u (?77) cuenyer (77). O

Caenactsue 8. Jlisa moboti atineposoti opuenmayuu E € Wqy, svinoanero

fB(E) + fc(E)+2fp(E) = 2 (Z)’

fa(E) = fp(E) = 22" *n.
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CaenctBue 9. Jlasa 110600 2taeposoti opuenmayuu E € W, 6vinoanero
22n72n < fA(E) < 22n72n2'

Teopema 5. Jlas a106020 n cyuecmeyem opuewmavus E € ®oy, das xomo-
poti

fa(E) = 22n=2p,

loxazameavcmeo. IlpuBeném mpuMep Takoit opueHTAInn. PaccMOTpuM opu-
eHTAIUIO B (2, TOJIydaeMyto Bo3BejieHneM KouTypa C' jymabl 4 (1uKIia Tumna
A) B crenens n.

ITocunraem KoamuecTBO 9K3eMILIsIpoB C' B IOJIYUUBINENHCsS] OPUEHTAIUN.
st KayK10r0 U3 1 HaIpaBJ/IEHUH B MOJIYy IUBIIIEMCsT TOPE OyIeM UMeThb 22n—2
KOHTYpOoB C' (PpUKCUPOBAHHOO HAIIPABJIEHUSI.

Herpymuo Busers, 9To ecym mukJ JymHbl 4 oOpa3oBan pédpaMu pasiintd-
HBIX 3K3eMILIsipoB C', TO IIPOTUBOIIOJIOKHBIE PEOPA B TAKOM ITUKJIE COHAIIPAB-
JIEHBI, 8 3HAYWUT, TUIl PACCMATPUBAEMOro IuKJia He A. ([

Teopema 6. /laa 2106020 n cywecmseyem u eOUHCMBENHAL € TMOYHOCTIBIO
do usomoppuszma opuernmayus B € ®op, dasa xomopoti

fA(E) — 2277,—2”2‘

Loxasameavcmeo. st nocrmxkumoctu BepxHeit orenku B Chencreum 77
JIOCTATOYHO IOy YUTh OPUEHTAINIO, He cojeprKalyio 4-1ukioB Tuma B u C.
3aMeTHUM, YTO €CJIU XOTsl Obl OJHA IIapa IPOTHBOIOJIOXKHBIX PEOGED B IHK-
JIe COHallpaBJIeHa, TO JaHHBIA UK/ uMeer Tul Jmbo B, aubo C. Takum
0bpa3oM, HEOOXOAUMO IOCTPOUTHL OPHEHTAIMIO (J2,, B KOTOPOH B KarKIOM
4-nuKJIe IPOTHBOIOJIOXKHBIE pEOPa OPUEHTUPOBAHbI HABCTPEUY JPYL JIPYTLY.
Takast opreHTaIsI CTPOUTCSA OJHO3HAYHO C TOYHOCTBIO 0 H30MOpPdU3Ma
CJIEIYIONINM OOPa30M.

Pa3o6bém Bce 2n HampaB/ieHnii B KyOe Ha J1Ba paBHOMOIIHBIX MHOYKECTBA
Ri u Ro. Temnepn mjist Bcex BepmmH (o, IETHOTO Beca IOJAraeM, 9TO BCE
MCXOSIIe IyTH UMEIOT HalpaBjeHns n3 Ry, a Bxomdine — HaIIpaBJICHUsT
3 Ro. st Becex Bepin (Jo, HEIETHOTO BeCa HAITPOTUB: BCE UCXOISAIIIE Iy TH
UMEIOT HallpaBJieHus u3 Ry, a Bxojdie — Hamnpasjaenus u3 K. Herpyano
BUIIETH, UTO B TAKOIl OpHMeHTAINN PEOpPa OTHOTO HAIIPABJIEHUS B KaXKIOM 4-
UKJje OyIyT OPUEHTUPOBAHBI HABCTPETY JAPYT APYTY. O

7 3akJiroudyeHue

B saksouenne xoresioch Ob1 00pATUTH BHUMAaHUE YUTATEIS HA P BOIIPO-
COB M THUIIOTE3, BO3HUKAIOIINX B PE3y/JIbTaTe IPOBEJIEHHOI'O HUCCIEOBAHUSI.
JlBe opuenTaIuu npon3BoJibHOro rpada G Ha3bIBaIOTCH k-3KBUBAJICHTHBIMU,
€CJIM OJTHY U3 JIPYT'Oil MOXKHO HOJIyYUTh B pe3yJibTaTe I0cjaeJJ0BaTeIbHON 3a-
MEHBI OPUEHTAIMI Ha IIPOTUBOIOJJIOXKHBIE B KOHTypax inHbl k. [lonsiTHO,
9TO JJIs SKBUBAJIEHTHOCTA HEOOXOMMO COBIIQJIEHUE TIOJIyCTEIeHeN UCXOJa U
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3aX0/la BO BCeX BEPIIMHAX TOH W JAPYroi opueHTanuu. Hcau He orpaHddu-
BaThb cebsd KOHTypaMi (PUKCUPOBAHHON JJIMHLI, TO OTMEUYEHHOE YCJIOBHUE CTa-
HOBUTCS U JOCTATOYHBLIM JJIsl S9KBUBAJECHTHOCTHU, B UeM HETPYIHO YOeIUuThCs.
N3yyast 9uca0 KOHTYPOB MaJIOH IJIMHBI MBI HCXOIMM M3 TOI'O COODPasKEHMUSI,
YTO IJIsd Kk-3KBUBAJIEHTHOCTH OPHUEHTAIMi HEOOXOAUMO CyIIeCTBOBAHHUE XO-
Ts1 OBl OZHOrO K-KOHTYpa B KaxKJoH u3 HuxX. YeMm 0oJjibllleé KOHTYPOB, TEM
BBIIIE BEPOSITHOCTD 3KBUBaJeHTHOCTH. CKarkeM, JJIs CUJIBLHO CBSA3HBLIX TYP-
unpoB u3sectHo (|?], Teopema 9.29), 4T0 KazKAblil U3 HUX COJEPIKUT KOHTY-
Pbl BeexX IuH oT 3 10 mopsiaka TypHupa. OIHAKO HEU3BECTHO, OYAYT JIi
k-3KBUBaJIEHTHBI JIIOObIE Ba W3 HHUX, WMEIOIUEe OIWHAKOBBbIE HaOOPBHI IO-
Jycreneneii. Tak>ke HeOE3BIHTEPECHO, SIBJISETCS JIM IOJHBIM HHBAPUAHTOM
[IPOM3BOJIBHOIO TYPHHUPA CIIEKTDP THUIIOB €ro IHUKJIOB BCEX BO3MOXKHBIX IJIMH.
[IpoBemeHHbIE HCCIEIOBAHNS MOATBEPXKIAIOT JAHHYIO THIIOTE3Y IS MaJIbIX
HOPSIAKOB. KOMIILIOTEPHBIE 3KCIIEPUMEHTHLI TAKXKE IMOKA3AJM, YTO HUMKHAA
OIleHKa JJIsl YUCJIa 4-KOHTYPOB JJIsl BCEX TPEX PACCMOTPEHHBIX HAME KJIAC-
COB OPHEHTAINI JOCTUTAeTCs Cpa3y Ha HECKOJBKUX ITpUMepax.
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