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COERCIVE ESTIMATE FOR NON-HOMOGENEOUS
DIFFERENTIAL OPERATOR ON HEISENBERG
GROUP

D.V. ISANGULOVA

Abstract: We constructed a linear non-homogeneous differential
operator Q on the Heisenberg group, the kernel of which is interconnected
with the Lie algebra of the group of conformal mappings. More
precisely, the kernel of Q coincides with first two coordinate functions

of mappings of the Lie algebra of the conformal mappings. We
received integral representation formula and proved a coercive estimate
for this operator.
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1 Introduction

Consider a deformation F: Q ¢ R? — R3. In linearized theory of elasticity,
linear strain tensor ¢ = 5 ((DF) + (DF)!) defines a deviatoric strain tensor
¢’ of deformation which is defined by

/
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It measures the distortion independent of volume change.

Multidimensional generalization of deviatoric strain is defined as differential
operator

t
QF = DF + (DF)"  trDF
2 n

The operator Q linearizes the differential equation defining conformal mappings:
(DF)!DF = (det DF)?I. The latter means that DF is generalized orthogonal
matrix. The kernel of operator Q coincides with the Lie algebra of the group
of conformal mappings. Coercive estimate for QQ states

|F —TIF | W, (Q,R™)|| < C|QF | Ly(Q)|, F € W, (QL,R"), p>1,

where 11 is a projection to kernel of Q. This coercive estimate is the basis of
Yu. G. Reshetnyak’s proof of the stability of conformal mappings [18].

The aim of this paper is to construct the analog of deviatoric strain on
the Heisenberg group H with the sub-Riemannian metric, and to prove the
coercive estimate for it. Note that the analog of the linear strain tensor on
H was constructed and studied in [10]. On Heisenberg groups H" for n > 1
the author have constructed the analog of the operator Q and proved the
stability of conformal mappings with the help of coercive estimate for Q [8].
Therefore, in this paper we focus on the fisrt Heisenberg group H!.

Many papers are devoted to analysis on Heisenberg groups. H. M. Reimann
and A. Koranyi wrote foundations for the theory of quasiconformal mappings
on the Heisenberg group [14, 15]. The theory of mappings with bounded
distortion on Heisenberg groups is developed in the works of S. K. Vodopya-
nov |20], L. Capogna [2], N. S. Dairbekov [4, 5]. Introduction to the Heisenberg
group can be found in the book [3].

The Heisenberg group H is a Lie group diffeomorphic to R? with the
following group law:

I, F:QCR"—R"

(1,22, 23) - (Y1,Y2,y3) = (1 + Y1, T2 + Y2, 3 + Y3 — 2T1y2 + 2T2y1).

Vector fields
0 0 0 0 0 1
Xl—aixl—‘rZ’L‘QaixS, X2_87(E2_2x167x37 XS_T@__Z[XI,XQ]
are left-invariant basis vector fields of the Lie algebra. Subbundle HH of the
tangent bundle spanned by X7, X» is said to be horizontal. Vector fields X7, X»
are supposed to be orthonormal. Carnot—Carathéodory distance d is the
infimum of the lengths of all horizontal curves joining 2 points (absolutely
continuous curve 7y is horizontal if y(t) € H,y)H almost everywhere). Tn
the sequel we will consider Heisenberg group H with metric d and Lebesgue
measure in R3. The latter is the bi-invariant Haar measure on H.
Consider a mapping F' = (f1, fo, f3): U € H — H. Differentiability
conception on Heisenberg group means that F' preserves horizontal subbundle:
X1F(v), XoF (7) € Hp(»)H [17], i. e. so called contact conditions

Xifs=2fX1fi —2fiX1fo, Xofs=2fXofi —2/1Xaf2 (1.1)



COERCIVE ESTIMATE 3

are valid. In particular, fi and fo define vertical coordinate function fs up to
a constant. Therefore, it is sufficient to consider the mappings (f1, f2): Q C
H — R? instead of (f1, f2, f3): Q C H — H.

We consider a mapping w = (f1, f2) : © C H — R? of the class Wg(ﬂ; R2)
(for the definition of the Sobolev class, see the Section 2.4). Denote Dpw =
<X1f 1 Xof1

. Introduce the analog of deviatoric strain:
X1fa X2f2> &

_ Dpw + (th)t B tr Dpw

Sw

0 <Sw> 2 2
w = s
Tw Tw = <X2X1f2 —2X1Xofs — X12f1>
2Xo X1 f1 — X1 Xof1 + X2 f2)

Operator Q consists of two parts: S and 7. Operator S generalizes deviatoric
strain, it linearizes conformal equation (Dpw)!Dyw = (det Dypw)?1. Functions
f1 and fy determine subgradient Vj, f3 = (X1 f3, Xof3) (1.1). Therefore, the
analog of the equality of mixed partials should be valid, see [1, Theorem
2.9.8]. Operator 7T linearizes the analog of the equality of mixed partials. A
detailed justification for the appearance of T is given in [10, §3.1].

The kernel of S is infinite-dimensional because it includes all the solutions
to Cauchy — Riemann system (independent of x3). Theorem 1.1 shows that
kernel of Q is finite dimensional.

I,

Theorem 1.1. The kernel of the operator Q coincides with the horizontal
coordinate functions of the Lie algebra of the group of conformal mapping
on H. In particular, ker Q is finite dimensional.

The Lie algebra of the group of conformal mapping is written in Lemma
3.1.

Next theorem establishes the integral representation formula of Sobolev
functions in terms of the operator Q.

Theorem 1.2. Let s = 2/6+3. There is a projector IT: L1(Box(0,1); R?) —
ker Q such that for each function w € C*°(Box(0, 5); R?) the integral repre-
sentation formula
w0 =T+ [ Ky x)Qu(y)dy
Box(0,)
holds for every x € Box(0, 1), where
K (y,x)Qu(y) = Ly, x)Qu(y) + M(y~'x)Sw(y) + N(y~'x)Tuw(y)

with L(y,x) € C>°(H x H), supp L(-,x) C Box(0, ») for x € Box(0,1);
M,N € C*°(H\ {0}), supp M,supp N C Box(0,1), and

X7 M(x)] < Cd(x,0) %73, |X/N(x)| < Cd(x,0)"%2
for any multi-index J = (iy,...,i1) € {1,2}*. Here X' = X;, ... X, .
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Here
Box(0,r) ={x € H: |x1]| <7, |xo| <1, |23 < 1“2}, r > 0.

In this paper we obtain also coercive estimates for the operator Q on John
domains. In 1961 F. John [12] introduced the notion of a twisted interior
cone condition that nowadays is referred to as John domains. The class of
John domains is much larger than the class of domains with the interior cone
condition. It includes smooth domains, Lipschitz domains and certain fractal
domains (for example the snowflake domain).

A domain Q C His a John domain J(a, 8), 0 < a < [ [12], if there exists
a point xg € (2 such that every x € ) can be joined in  with xg by a
rectifiable curve « parameterized by the arc length, such that

7(0) = x, 7(I) = %0, | < B, and dist(v(s), Q) > % for all s € [0, 1].

It is obvious that B(xg,«) C Q C B(xo, ).
Denote by || - ||4,.0 the Ly-norm of a measurable vector-valued function on
a set ). Lg-norm is taken with respect to the Lebesgue measure on R3.
Next theorem is the main result of the paper. It establishes the coercive
estimate for Q.

Theorem 1.3. Let 1 < p < oo, Q be a John domain J(a, ), mapping
w: Q C H — R? be of the Sobolev class Wg(Q;Rg), Then the coercive
estimates

0
lw — TIw|l,.0 < c(g) (diam ©)'7573 [ Sl 0 + diam Qw0

B 6
|Da(w = Tw) [p0 < D(2) [ ISw
are fulfilled where
1) II: L1(Q;R?) — ker Q is the projection to the kernel of Q;
2) 6 = 7 z:f q # o0,
T+4/p if q= o0,
3) q satisfies

|p.o + diam QHTanQ]

p<q< g5 for 1 <p<4;
p<q< oo forp=4; (1.2)
p<q<oo forp>4.

Constants C, D are independent of w and 2.

Corollary 1.1. Let 1 < p < oo,  be a bounded domain in H, mapping

w: Q C H — R? be of the Sobolev class WiO(Q;RQ). Then the coercive
estimates

[w

o0 < C(diam )4 [||Swlly0 + diam Q| Twll,ol,

|Drwllpa < D|ISwllpq + diam Q) Twll, ol
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are fulfilled where q is a number satisfying (1.2). Constants C, D are independent
of w and €.

The paper is organized as follows. In Section 2 we give definitions and
auxiliary assertions, which are necessary for the formulations and proofs of
Theorems 1.1 — 1.3. It includes definitions of convolution, polynomials and
Sobolev spaces on Heisenberg group. In Section 3, we calculate the kernel of
Q. Section 4 is devoted to the proof of Sobolev-type integral representation
theorem. Coercive estimate is proved in Section 5. We base on the results
of the work [9] for proving Theorems 1.2 and 1.3. Theorems of [9] are valid
for the homogeneous differential operators, therefore we can not directly use
them. In Section 6, we write down the operator Q on groups H” for n > 1
and show why it does not suit to the first Heisenberg group.

The statement of the results of the present article and a brief scheme of
proofs are given in the short communication [11].

2 Definitions and Auxiliary Results

2.1. Heisenberg group. Points in Heisenberg group we denote by bold
symbols: x € H. It is convenient to use the following notations:

x = (z,y,t), X=X, Y=X,, T=Xj;.
1 — 1
x = (z,t), z=ux+1y, Zzi(X—iY), Z:§(X+iY).

Dilation &(x,y,t) = (sz,sy,s%*t), s > 0, is the group homomorphism.
Metric d is homogeneous: d(dsX, dsy) = s*d(x,y). Hausdorff dimension of H
with respect to Carnot — Carathéodory metric d equals 4.

Set U C H. By |U| we denote the Lebesgue measure of U in R3. Lebesgue
measure is biinvariant Haar measure.

2.2. Box quasimetric on H. Consider the norm

doo(x) = SUP{@IL ’$2|, V |IE3‘}
for any point x = (z1,22,23) € H. The norm dy defines the quasimetric
doo(X,y) = doo(x~ ! - y) for all x,y € H.
The function doo(+,-) is a quasimetric with constant \/g [10, Remark 3].

Quasimetric dy is homogeneous, left-invariant and equivalent to Carnot —
Carathéodory metric d [16].

Denote a ball in quasimetric do, by Box(a,r) = {x : dwo(a,x) < r}. It
follows | Box(a, )| = r4| Box(0, 1)|, where | - | is the Lebesgue measure in R3.

2.3. Convolution. For any integrable functions f and g, the convolution
f * g is a function defined as follows:

£ glx) = /H o ty)g(y) dy = /H F(3)9(y~"%) dy.

(Here integration is taken over the Lebesgue measure in R3.)
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It is easy to verify that the following properties holds for any smooth
integrable functions f, g, and a left-invariant vector-field X;, i = 1,2, 3:
1) fxg#g*f;
2) Xi(f xg) = [ Xig;
3) (X,f) + g = —f + (XRg), where
0 0 0 0 R 0

! 81‘1 + o aiL'g’ 2 83}2 o 81‘37 3 61’3

are the right-invariant vector fields: X' f = RX;Rf with Rf(x) = f(x1).

2.4. Cﬁ—smooth functions and Sobolev functions. Let o1 = 09 = 1,
03 = 2 be the weights of vector fields X, Xs, X3.

To a multi-index I = (iy,...,4) € {1,2,3}*, it corresponds the differential
operator X! = X;, ... X;, and the weight d(I) = Z?Zl ;- By multi-index
with subindex h we shall always denote the horizontal multi-index I, =
(i1,...,ix) € {1,2}*. Obviously, the length of the horizontal multi-index
coincides with its weight: d(I) = k.

By VF = {X : d(I}) = k} we will denote all horizontal derivatives of
order k. That is

Vi f = (X1f, Xaf) is a subgradient of a function f,
Vif = (Xif XiXof XoXif X3f),
Vi f=(X}f XiXof XoXPf XuX3f X3Xif X3f).

Suppose Q C H is an open set. Denote by Cﬁ(Q) the vector space of
continuous functions f: Q — R so that V f, ..., V,’f f are continuous.

We note that C’I’fﬂ is a proper subclass of C¥.

Let © be a domain in H, s,/ € N, 1 < ¢ < oo. The Sobolev space
Wé(Q,RS) consists of the functions f = (f1,...,fs): @ — R® having the
weak derivatives X' f; for d(I,) =k, k=1,...,1,j=1,...,s, and a finite
norm

I lwioms = Ifllae + D 1X"fllgo

0<d(Ip)<l

where || - [|¢,0 is Lg-norm of a measurable vector-valued function on €. Lg-
norm is taken with respect to the Lebesgue measure on R3.
As usual, W;O(Q, R?) states for Sobolev functions supported in €2.
Analogously to the Euclidean case, smooth functions are dense in the
space of Sobolev functions [6].

2.5. Polynomials on H. For a multi-index I = (iy,...,i;) € {1,2,3}",
set xI = z;, - ... x;,. Clearly, x! is homogeneous of degree d(I), that is
(6,)] = t40DT

A function P is said to be a polynomial on H if P(x) = Y ; arx! where
all but finitely many of the coefficients a; vanish. For the polynomial P, the
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(homogeneous) degree is said to be max{d(I): a; # 0}. Denote by Pj the
linear space of polynomials on H of homogeneous degree < k.

Following [9, p. 70] define basis homogeneous polynomials Qy,. Let a
number k£ € N and a function v € C*°(H). We have

Z Qr,(y)XThu(x0) where f(s) = v(x0dsy).

d(Ip)=
Write down basis polynomials for £ = 1,2, 3.
k=1:
Q1(x) =z1, Q2(x)=1z2;
k=2:

I T
Qux)=af, Qu=mnmn-7, QuE=nn+3, Qnkx) =
k=3
Quui(x) = af,

Qui2(x) = S (221m2 — 2123), Qu21(x) =0, Qa11(x) = Z(%%%z + x123),

w

4
Q221(x) = 2(2931962 +x0x3), Q212(x) =0, Qi2(x)= 2(295#% — X213),
Qa22(x) = 23.

3 Kernel of O

3.1. Lie algebra of the conformal group. The group SU(1,2) acts
in a natural way as a group M™ of conformal mappings on the one-point
compactification H of H. The group M ™ is generated by the subgroups [15,
p. 35]:
1) left translations 7, (x) = a - x, a € Hi
2) dilations sx = (sz,8%), s >0, x = (2,t), z € C, t € R;
3) rotations Ra(x) = (Az,t), A€ C, |A| =1;
z —t
) 2|2 — it |2]* + t2
Together with reflection ¢(x) = (Z, —t) they form the full group of conformal
mappings: M*™ U /M.
In the following lemma we write vector fields in the basis {Z, Z, T}, that
is, the notion (u + iv, p) stands for the vector field

4) inversion j(x) =

V=uX+0Y +pT = (u+iv)Z + (u—1iv)Z + pT.
The vector field V € CY(H, TH) is called an infinitesimal generator of the
one-parameter group Fys(x) = F(s,x) if
d

R E=VE).
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Lemma 3.1 (|7, Lemma 6]). Let a vector field generates a conformal flow.
Then it is a linear combination of the following fields:
1) (a,b+4Im(az)),a€C, beR, Fy = T (sa,sb)-
2) (az,2at), a € R, Fs = dgas.
3) (ipz,2p)2)?), p € R, Fy = Reius.
4) ((|z*—it)c—222¢, —4]2|* Im(2¢) —4t Re(z¢)), ¢ € C, Fy = jom(s.0)°J-
5) (idz(|z|* —it), d(|z|* + %)), d € R, Fy = j o m(g sq) © j-

3.2. Proof of Theorem 1.1. Consider a mapping w = (u,v). Recall
Sw
Quw = <Tw)’ where

Sw = %(th + (Dpw)t — tr(Dpw)I) = % <

Xu—Yv Yu+ Xv
Xv+Yu Yv—Xu

and
Tw = YXv—2XYv— X%y
YTy Xu— XYu+ Y2 )
Set
1
qlzi(Xu—Yv), g3 =YXv—2XYv— X%,
1
q2:§(Yu+Xv), @ =2YXu— XYu+ Y.

Obvious calculations give us

XYu=3YXu—-2Yq — qu, (3.1)
Y2u=—-3X%u+4Xq +2Y ¢ — g3, (3.2)
YXv=3XYv+2Xq + g3, (3.3)
X20 = =3Y%0 —4Y q1 +2X ¢ + qu. (3.4)

Notice, that
X%y —2XYX +YX?%= —4[X,T] =0, (3.5)
YV2X -2V XY 4+ XY? = —4[Y,T] = 0. (3.6)

Applying conditions (3.5) and (3.6) we obtain

12
X2V u + VX2 = 2XY Xu ) SX(XYut2Yq +aa),

Y2Xu + XY2u =2y Xvu A 2y 3y Xu — 2V g1 — qu),
X2Y0 4+ VX% = 2XY X0 & 20X (3X V0 + 2X 1 + ¢3),
(3.3) 2

Y2Xv+ XY?0=2YXYv = §Y(YXU —2Xq — q3).
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It yields immediately

1 4 2

Y X% = —§X2Yu + gXqu + §Xq4, (3.7)

XY?u=5Y2Xu—4Y?q — 2Y qu, (3.8)

Y X% =5X%Y v+ 4X%q + 2X g3, (3.9)
1 4 2

XY?y = —§Y2Xv —3VXa -2V (3.10)

We derive

XY%u = XY (2g — X0) 2 20XV g — X(BXY0 +2Xq1 + 3)

. 3
B 90Xy gy — 2X %, — X5 — SV X - 4X%q — 2Xqy)

o 2 1
Xv=2g—Yu gYXYu +2XYqo — 9Yqu + X% + - Xg3

5 5 5
619

6 2 6 1 3
“Y2Xu+2XYq — -YX X% — -Y? “Xq3— Y
5 u + q2 5 Q2+5 q1 5 (I1+5 q3 5 q4
(3.8) 9

6 2 6 1 3
= XY?u+2XYqp — -YX Zx? —Y? -X -y
25 u + q2 5 QQ+5 Q1+25 CI1+5 Q3+25 q4

and

25 15 5 3 5 3
XY?2%y = XY — Y X+ §X2q1 + §Y2q1 + g Xast gV (3.11)

Therefore, XY?u is a linear function on Vj, Tw and V7 Ssw. So, the same
are Y2 Xu, X3u, Y XYu, X?Yv,Y X?0, Y30, XY Xv.
Set o = Y X?u. Calculate V;? w in terms of « and ¢1,...,qs. We have

X2vu Y “3a 44XV +2Xqu,

51
XY Xu %) SX U Y XP0) = —a 42XV + Xai,

Y3u % 30 4 2Y2g, — Y3 + 4V Xqi,

and
YXYv=YX(Xu—-2q¢)=a—-2YXq,

v2x0 A 3y XV + 2V Xq1 + Y5 = 30 + Yqu — 4Y Xqi,

XY?%0 = XY (Xu—2q) = —a+ Xqu,

X3 & _3xY2y £ 2X%0 + Xqu — 4XY g

=3a+2X%qp —2Xq —4XYq.
Suppose, w € ker Q. Then
XYu=Y?’Xu=Xu=YXYu=XYo=YXv=Y30=XYXv=0
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and
a=YX*u=-XYXu=YXYv=—-XY?,
—3a=X*Yu=Y3u=-Y?Xv=—-X3.

Functions u and v are polynomials of degree 3 if a = const. It is sufficient
to show that Xa = Ya = 0. The latter is true since

N )
Xa=xYX%u ) 2(x?y 4+ Y X)) Xu = 5(-Xa)

1
2
and
Ya=v2x% % 0y Xy - Xv?)Xu = —2va.
Next we find v and v among all polynomials of degree 3.

Case 1. Suppose v = agg + a10% + a11y is a polynomial of degree 1. Then
Xu=Yv=ay;, Yu=-—-Xv=—ayp
and u = bgg + a117 — ajoy. In complex notation w = u + v = (agy + iboo) +
a1z + ialgz.
Case 2. Suppose v = a20x2 + a1y + a22y2 + a9st is a homogeneous
polynomial of degree 2. Then
Xv = 2a00x + a21y + 2a23y, Yv = asx + 2a2y — 2a23T
and
YXv=a9 +2a3 =3Y Xv = 3((121 — 2a23) = a9 = 4ass,
XQU = 2a99 = —3Y2U = —3(2&22) = agy = —3a99.
Therefore v = ag(y? — 322) + ags(t + 4ay). Tt is easy to find a function
u = ag3(2? — 3y?) + aga(dry —t) and w = u+iv = (|2|? — it)(—ag3 — iag) —
222(—ags + iags).
Case 3. Suppose v = azgx® + az12%y + azsxy® + assy® + asaxt + agsyt is
a homogeneous polynomial of degree 3. Then
Xv = 3azoz”® + 2a3170y + as2y” + azat + 2az47y + 2azsy,
Yv= a31$2 + 2(1321‘3/ + 3a33y2 - 2a34x2 + a35t — 2a35xy,
and

Y Xv =2as12 + 2a32y + 4agsy = 3XYv = 3(2a312 + 2a32y — 4azqx),

X20 = 6agox + 2a31y + dazay = —3Y v = —3(2azex + 6asgsy — 4assx).

Hence,
5
az1 = 3az4, asp =ass, G30 =ags, a33 = g%
and v = azs(2® + 2y? + yt) + ass(3x%y — 5y3/9 + xt). Recall that Y3v = 0.
It implies az4 = 0.
Next we find u. We have

Xu=Yv=asst, Yu=—Xv=—3azs5(z>+9%), Tu=assz.

Therefore u = ass(zt — 2%y — y®) and w = u + iv = iazsz(|z|? — it).
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Theorem 1.1 is proved.

4 Integral representation formula for operator Q. Proof of
Theorem 1.2

To prove integral representation formula for operator Q we use the Sobolev-
type integral representation formula from paper |9] with [ = 4 (Theorem 4.1).
To do this we need to prove two assertions. First, we show that Psw splits
into two parts, one of them is a projection to the kernel of @, and another
one is an integral over Qw (Lemma 4.1). Second, we show that Vjlw can be
calculated via Quw (Lemma 4.2).

Theorem 4.1 (|9, Theorem 3|). Let an integer | > 0, 3 = 2v/6 + 3, and
a function u € C*(Box(0, »)). Then for every x € Box(0,1) the integral
representation formula

u(x) = Poqu(x) + ) Xuly) K, (v, %) dy
d(]h):lBox(O,%)
holds where P,_1 is a projection on polynomials (4.1), Ky, (y,x) = ¥, (y 'x)+
O, (y,x) with &5, € C*(H x H), supp @y, (-,x) € Box(0,x) for x €
Box(0,1); ¥;, € C>*°(H\ {0}), supp ¥;, C Box(0,1), and
X7, (x)] < Cy(g)doo (X, 0)=UD=4 for any multi-indez J.
Here Cy(7) > 0 is a constant independent of u and x € H.

Remark. Originally, s = c+c*+2¢3 where c is the constant of the generalized
triangle inequality of the quasimetric doy. On Heisenberg group Remark 3 in

[10] gives the quantity c = \/g Therefore, 3 = 21/6 + %
Following |9, p. 73] we define a projection of L;(Box(0,1)) to P;_; as
(- 1
Pryu(x) = / uxo) S0 U X (@), (x5 X)p(x0)) dxo (A1)
(25, @)
Box(0,1) h
where

¢ € C*(H), suppy C Box(0,1) \ Box(0,1/2),

/ p(x)dx =1, / 2125?25t e(x)dx =0, 0<aj+a+tasz <l
Box(0,1) Box(0,1)

Here @7, is a polynomial defined in Section 2.5.
Notice, for C*°-smooth functions u projection P,_ju(x) equals

I’Lu (x
/ Z X 0 (xalx)gp(xo)dxo.

Box(0,1) d(In)<l
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Lemma 4.1. There is a projection II from L1(Box(0,1),R?) to ker Q such
that

Pyw(x) = / O(y,x)Q(y)dy, x € Box(0,1),

for every w € L1(Box(0,1),R?) where © is C*°-smooth and supp O(-,x) C
Box(0,1) for every x € Box(0,1).
Proof. We construct a projection Il stepwise by degree of polynomials.
STEP 0.
Pyw(x) = / w(y)p(y) dy € ker Q.
Box(0,1)
STEP 1. We have

Xu Yu
vhw_th_(Xv Yv)—Sw—i—Aw
where
A 1 (Xu+Yv Yu—Xv
w_Q Xv—Yu Xu+Yv
Set

T w(x / Aw(y <x1 - yl) ¢(y) dy

T2 — Y2
Box(0,1)

and show that II;w € ker Q. Obviously,

My (x) = / (Xu(y) +You(y))e(y) <1’1 — y1> dy

2 T2 — Y2
Box(0,1)
—Yu —
" ( ))%0(}’) ( 962_+ y2> dy
1 — U
Box(0,1)

_ (Xu —;Yv) (8;) (Xv —2Yu)<p . <_Q?2> '

Since <Q1> , <_Q2) € ker Q we obtain IIyw € ker Q.
Q2 Q1

STEP 2.

V2w = X?u XYu YXu Y2u
R =\ X2 XYv YXv Y2

)z(XVhw Y V)

= (XSw YSw) + Bw
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where

Bw = (X.Aw Y.Aw)
1 <X2u +XYv XYu—X% YXu+Y2%0 Y2u—YXv

2\ X% - XYu X?u+XYv YXv—-Y?u YXu+Y%
Denote as before
q = 5(Xu—Yv), @2 = 5(Xv+Yu),
B=YXv—-2XYv—-X%u, q=2YXu—XYu+Y?.
Calculate elements of Bw via q1,...,qs. We have

2

13

).

(4.2)

2 4 1 2
X%+ XYv= gX2u + 3 XV + gX(Xu —Yv) = 3 (YXv—q3)+ =Xq,

3
Yiu—-YXv=YYu+ Xv)—2YXv =2Y¢q — 2Y X,

2 4 1 2 2
YXu+Y2=2Y?0+ -YXu+-Y(Yv—Xu) = =(qa + XYu) — =Yq,

3 3 3 3 3
X% - XYu=XYu+ Xv) —2XYu=2Xq — 2XYu.

Therefore, it follows
Buw — 1 <XQ1 —q —3Xq@ @u-Yq 3Yq ) +Cu,

3\ 3 Xee Xa-@¢ -3¢ wu-Yq
where
c _1 Y Xv 3XYu XYu —-3YXvw
Y3\ 8XYu YXv 3YXe XYu )
Put
Qu
Mu) =5 [ co) | o8| 6 %00 dy.
2 Q21
Box(0,1) Q2
Then
n* (Qu1 — 3Q22) + ¢ * (3Q12 + Q21)
yw(x) =
¢ (—3Q11 + Qa22) + 1 (Q12 + 3Q21)
2 2
. 1 — 375 dx129 — 73
= <4x1x2+x3> +0x < x%—3x% > € kerQ
with

1 1
n = gcpYXv, (= EchYu.

STEP 3. By proof of Theorem 1.1 we know that
VB — X3u X?Yu YX%u XY?u Y?Xu Y3u
R =\ X3 X2Yv YX% XY Y2Xo Y

0 —-3a a 0 0 —3a
:q)(vh””vﬁ&w)*(w 0 0 —a 3a 0)

where a = Y X?u and ®(-,) is a linear function.

(4.3)



14 D.V. ISANGULOVA

Define Isw(x) as

6
Box(0,1) Qan(y 'x

( )
( )
/ Y X 2u(y) <0 -31 0 0 —3> Q211 (y %)
( )
( )
( )

3 2
X1x3 — Ty — T
:5*<13 2 12>€kerQ

xzf + 1711'% + xox3

with £ = $oY X?u.
Finally,
IMw = Pyw + Hjw + Isw + 3w € ker Q.

It rests to show that © is smooth function. Indeed,

Pyw = T + / =(Qu(y), ViQu(y), V2Su(y))b(y,x) dy,
Box(0,1)

where Z(-, -, -) is some linear function, 1 is smooth function and supp ¢ (-, x) C
Box(0,1). Applying integrations by parts, we obtain the required equality:

Pyw =TIw + / O(y,x)Qu(y) dy
Box(0,1)

with smooth ©. |

Lemma 4.2. Let Q be a domain in H. Then Vfllw 15 a linear combination
of V2 Sw and VE Tw for every w = (u,v) € C(Q2,R?), p > 1.

Proof. We show that all differentials of order 4 can be written down in terms

of g1 — q4 defined in (4.2). In view of (4.3) it suffices to show that X« and

Yo (a =Y X?2u) are linear combination of ¢; — g4 and their derivatives.
Recall from the proof of Theorem 1.1 that

XYXu=—-a+2XYq + Xqu,

3.2) 1
X3y, (&2 SX(UXq1+2Y g — g3 — V)

1

8

81
y2xu Y (XY2u+ 4Y2q) +2Y qu)

(3.11) 3 1_o 79 1 7
=" =-XYqp — =YX -X -Y —X —Yaqu.
3 q2 3 QQ+8 Q1+8 Q1+16 (J3+16 q4

7 1
(9% — Y21 —3X Vg5 + 5Y Xgp — S Xa5 — 5V an)),
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Calculate now Xa and Y. We have

1 1 1
Xoa=XYX%= 5(X2Y +YXHXu = —;Xat X% q + 5X2q4

1 7 1
v (9YX2q1 ~ Vg1~ 8Y XY +5Y°Xqy — 5V Xgs — 5Y2q4>,

16
Ya=Y?X?u=(2YXY — XY?)Xu=2Y(—a+2XYq + Xq4)
5 3 1 7 1 7
—X(=XYqgp - =YX —Xx? —y? —X —Yaqu).
(8 q2 3 CI2+8 Q1+8 CI1+16 Q3+16 Q4>

Therefore,

3Xa =2X%Yq + X2qu

1
+ (181/)(2(;1 —2Y3g, — 6Y XYqo +10Y2Xqo — TY X3 — Y2q4)

3Ya=4YXYq +2Y Xqu

1
- (10)(2Yq2 —6XY Xqo +2X3q + 14XY2q) + X2q3 + 7XYq4).

The lemma is proved. (]

Proof of Theorem 1.2. Now we can apply Theorem 4.1 with [ = 4. Integrating
by parts we obtain

w(x) — Tw(x) = / K(y, x)Viu(y) dy + / Oy, x)Qu(y) dy
Box(0,) Box(0,1)
- / (L(y. x)Qu(y) + M(y ™" -x)Suw(y) + Ny ' - x)Tw(y)) dy
Box(0,)

where L € C*°, supp L(-,x) C Box(0,1) for every = € Box(0,1), M,N €
C>°(H\ {0}), supp M,supp N C Box(0,1),

X7 M(x)| < Cagyd(x,0) D73, |XIN(x)| < Cyyd(x,0) 742

for any multi-index J. (]

5 Coercive estimates for Q. Proof of Theorem 1.3

To prove Theorem 1.3 we establish the local version of coercive estimate
(Proposition 5.1). To pass from local to global result we apply Theorem 7
from [10].

In what follows, C' denotes various positive constants. They may differ
even in a same string of estimates. Set s = 2/6 + %

To prove coercive estimates we use estimates for singular integrals. Observe
the following fractional integral operator (analog of the Riesz potential):

Rlv(zx) = / v(y) deo(2,y)" " dy, 0 < v € Ly(Box(0,)), ~>0.
Box(0,)
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Lemma 5.1. Let 1 < p < oo and 0 <y < 4. Then there exists a constant C
such that for every monnegative function v € Ly(Box(0,)) the following
inequality holds:
|’R7U”q,Box(0,%) < CHva,Box(O,%)

where

1) p<q< 525 foryp < 4

2)p<q< oo foryp=4;

3) p < q< oo foryp > 4.

In the main case vp < 4, Lemma 5.1 can be found in [19, Theorem 10].
The case yp > 4 is given in [10, Lemma 3|.
In the case v = 0 we will use the following statement.

Lemma 5.2 (|9, Lemma 4|). Let a function n satisfy the following conditions:

(i) n € C>°(H), suppn C Box(0,1) \ Box(0,1/4);

(i) [gn(x)dx=0.

o0
Forv € Ly(H), 1 < p < oo, set K(x) = Y. T*n(x), where Tn(x) =
k=0
16 n(d2x), and
Kb = [ K x)uy)dy,
H\Box(x,e)
Then
1Kevllp < Apllvllp
where Ay, is independent of v and €. Moreover, for each function v € L,(H),
there exists lin(lJ Kev L kv and 1o, < Apllv|lp.
E—

Now we formulate the local version of the coercive estimate.

Proposition 5.1. Let 1 < p < oo and w € WZ(Box(0, »); R?). Then
||w - Hw”q,BOX(O,l) < CHQpr,Box(O,%)
with q satisfying (1.2) and
H Vh(w - Hw)”p,BOX(O,l) < CHQpr,BOX(O,%)7

where Il is the projector from Theorem 1.2.

Proof. By Theorem 1.2 we have
w(x) — Mw(x)

= [ Ee0Quy) + My Su) + Ny X Tu() dy
Box(0,)
= Liw(x) + Lw(x) + [z3w(x) for all x € Box(0,1)

with smooth L, |[M(y~'x)| < Cd(x,y) 73, |[N(y~'x)| < Cd(x,y) 2
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Since L is smooth we can write

1]l Boxo.n) < C / Qu(y)|dy < C||Qu|

p.Box(0,)-
Box(0,)
By Lemma 5.1 we have
P<q< L, 1<p<A4,
”Ianq,Box(O,l) < CH‘sw”p,Box(O,%), p<qg<oo, p=4, (’Y = 1)
P g o0, p>4,
and
4p
PSS =5 1 <p<2,
”I3w||q,Box(0,1) < CHTpr,BOX(O,%)? psLg<oo, p= 2, (7 = 2)
p<qg<o0, p>2.

Combining conditions on pairs p, ¢ we obtain the first part of the proposition.
Again by Theorem 1.2 we have
V(w0 - o) = [ (Thaly 0 Qu(y)
Box(0,)
+ Vi M(y ' x)Sw(y) + VaxN(y~'x)Tw(y)) dy
=Jiw(x) + Jow(x) + Jsw(x) for all x € Box(0, 1),
with smooth Vj, L,
VaaxM(y™'x)| < Cd(x,y) ™", [VaxN(y™'%)| < Cd(x,y) 7.
As before, in view of smoothness of Vj, xL we obtain
HleHoo,Box(O,l) < CHQpr,BOX(O,%)‘

Lemma 5.1 yields
PSS

HJ3qu,Box(0,1) < CHTpr,BOX(O,%)a p < q<oo, p= 47 (7 = 1)
PSq<

It rests to estimate || J2wl|, Box(0,1)-
All the elements in the kernel M are the linear combinations of the

following elements:
(~1)IXIBER o d(Jy) =3, d(I) = 4,

where K7, are kernels from Theorem 4.1. From |9, Proof of Theorem 2, p.
71] we know that

o
th — Z 2_4kaC[fL
k=0
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with ¢ € C° and supp(p C Box(0,1) \ Box(0,1/4) (see |9, Lemma
1]). Here we have denoted I} = (i4,i3,42,,41) for the multi-index I, =
(il,ig,ig,i4) S {1,2}4.

Since X;T% = 2*T*X; and XFTF = 2bThx ]t

it =1,2, kernel Vj, M is a
linear combination of the following elements:

oo
D OTEXXIRCG, s =1,2, d(Jy) =3, d(I) = 4.
k=0

Hence, operator J, meets all the conditions of the Lemma 5.2 and

[J2wl|p,Box(0,1) < CllSwllp,Box(0,)-
The proposition follows. O

To pass from local to global estimate we use Theorem 7 from [10]. It is
formulated for metric spaces with doubling conditions but we rewrite it in
Heisenberg group.

Let P be the vector space of R™-valued functions P on H with the
following properties:

C
sup |P(x)] < Cs'sup [P(x)],  sup |P(x)] < = / PXldx  (5.1)
x€EsB zeB xeB |B| B

for all ball B and number s > 1, where [ > 0 and the constant C' do not
depend on P and B.

Theorem 5.1 ([10, Theorem 7]). Let P be a vector space of functions on H
satisfying (5.1), Q be a John domain J(«, B) with distinguished point xo, and
f, g and h be measurable functions defined on Q). Suppose 3¢ > 1,1 < p < o0,
p < qg< oo, \E =0, and, for each ball B with »xB C Q, there exists a
function P(B) € P such that

If = P(B)llg.8 < r(B)Mgllp,5 + r(B)|[hlp,x5.
Then

0
17~ PBo)lge < O(2)” [(diom @) gl + (dinm Q) ].0]

[+4 if q # oo,
l+44+4/p if ¢ = oc.
Proof of Theorem 1.3. Kernel of operator Q consists of polynomials of degree
< 3. Therefore, ker Q satisfies (5.1) with | = 3 and Vj ker Q satisfies (5.1)
with [ = 2 (for example, see [13, Lemma 2.1]).

Proposition 5.1 is valid for functions defined on balls B(0, »). Take a
function f € W2(€;R?) and a ball = B(a,r) such that »B = B(a, »r) C Q.
Then w = fomyo0d, € WPQ(B(O, »);R?) and by Proposition 5.1 we have

where By = B(xo, %ﬁ(})) and 0 = {

1f = Prllgs = r*"w — Mwlly, 1) < O Qull,, 50,

< CrY TP (S fllpes + T T fllpses),
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IDw(f = Pp)lp,s = /P~ |Dy(w — Tw) ||, go,1) < Cr/P~ | Qu|
<O(lIsf

p,B(0,)
|p,B + THTpr,%B)a (5.2)
Here we set Pp = IIw € ker Q. Therefore we can apply Theorem 5.1 with

g=Sf,h=Tf,l=3for P=ker Q and | = 2 for P = Vj, ker Q. Theorem
1.3 follows. U

Proof of Corollary 1.1. We consider bounded domain 2 C Hand u € W;O(Q, R?).
Take a big ball B = B(a, R) such that Q C »B\B. Then u € WIZO(%B,IR{Q).
Define projector on ker Q as Ilu = II(u o m, 0 6g) where II is the projector
from Proposition 5.1. We have ITu = 0 since QN B = (). Similar to expression
(5.2), we obtain the desired estimate:

[1Drullp.o = |Da(u = w55 < Cf|Qu

lp = Ol Qullpa- U

6 Operator Q on Heisenberg groups H", n > 1

We identify the points of H" with the points of R?"*! with the following
group law:

(.’E17 . 795271—&-1) : (y].a ... ay2n+1)
n

= (xl + Y1, Ton + Yo, Toant1 + Yoy — 2 Z TreYn+k — anrkyk)'

k=1
The left-invariant vector fields
0 0
Xi=—+200n——, Xizn=———2x; i1=1 n
" Oy T T Bz "Orani1’ U
constitute an orthonormal basis of the horizontal subbundle HH".
Together with the vector field Xo,11 = Wiﬂ they constitute the standard

basis of the Lie algebra. The only nontrivial commutator relations are
[Xjan+n] :_4X2n+1a jzl,,’l’L

In contrast to the Euclidean case, the horizontal differential of a contact
mapping has some additional structure: up to a factor, Dy F'(z) is a symplectic
matrix. Therefore, the operator Q consist of two parts: the first is responsible
for generalized orthogonality, and the second, for symplecticity.

Given a domain U in H", n > 1, denote by Q the homogeneous differential
operator acting on a mapping u: U — R?" as

Ou — 1 (Dypu+ (Dpu)t — L tr(Dyu)l
2 Dpu + JDyuJ ‘

""" -1 0
By [8, Lemma 2] kernel of Q coincides with horizontal coordinate functions
of the Lie algebra of the group of conformal mappings. In particular, ker Q

Here the 2n x 2n matrix Dpu equals (Xju;); j=1,.. 2, and J = ( 0 I).
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is finite-dimensional and the coercive estimates is valid for Q. The latter was
used to establish the stability of conformal mappings [8].

In the case n = 1 the group of symplectic matrices Sp(2, R) coincides with
the special linear group SL(2,R) and the symplecticity condition does not
play any essential role. Indeed, we have Q@ = S since

Dyu + JDyuJ = (X”“ — Xquy Xoup + X1“2> — 28u.

Xjug + Xour Xoug — Xquq

The kernel of Q is infinite dimensional since it includes solutions to Cauchy —
Riemann system (independent of x3).
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