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Abstract

In this article, we explore the adjacency matrix of a two-sided group graph and
its properties. We introduce the two-sided color group digraph as a general-
ization of the Cayley color graph and the two-sided group digraph. We also
obtain the adjacency matrix of the latter digraph and provide a criterion for
determining the normality of the adjacency matrix of a two-sided group graph.
Moreover, we prove that if all the two-sided group digraphs of valency two for
a certain group G are normal, then G is a Hamiltonian group. We also show
that if a strongly connected two-sided group digraph of valency two is normal,
the corresponding group is isomorphic to the product of two groups: a cyclic

group with either Ty ,, or Hy, 4, or an abelian group.
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1 Introduction

A Cayley digraph is a directed graph that has a finite group, G, as its vertex set. An
arc (x, %) connects vertex z to vertex y if and only if 271y € S, where S is a subset of

G and the identity element, e, is not an element of S. The digraph is represented as
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C’—ay> (G, S). If the subset S is symmetric, meaning S = S~ = {8_1 NS S}, then
the digraph becomes a simple undirected graph called a Cayley graph. This graph
is represented as Cay(G, S). If the subset S is empty, the related Cayley graph has
no edges. The graph is connected if and only if G is generated by S [2]. There have
been many generalizations of Cayley digraphs, including the recent introduction of a
two-sided group digraph by Iradmusa and Praeger, denoted by 2?(6‘ ; L, R) [6]. This
digraph is defined on a group G as the vertex set, with L and R as two non-empty
subsets of G. An arc is formed between vertices x and y if and only if y = [~lar
for some [ € L and r € R. It is important to note that for distinct ordered pairs
(I;,7;) that occur in the relation y = lyzr; = loxry, at most one arc from x to y
is considered. If the digraph has no loops and the adjacency relation is symmetric,
then it is a simple graph called a two-sided group graph, denoted by 2S(G; L, R). If
a group is abelian, its associated two-sided group digraph will be a Cayley digraph.
For the purposes of this paper, we will assume that all groups are non-abelian.

In a two-sided group digraph Q?(G; L, R), the arcs that start from a vertex x
are referred to as the pairs (z,y), where y is known as the out-neighbor of x. The
out-valency of a vertex x is the number of distinct out-neighbors of z. Conversely,
the in-valency of a vertex x is the number of distinct in-neighbors of x, represented
by the pairs (y,x), where y is called the in-neighbor of x. If all vertices in the
digraph have the same out-valency and in-valency c, it is considered as regular of
valency c¢. Let © € G be an arbitrary element; we define an equivalence relation
~z on L x R as follows; (l1,71) ~z (l2,72) if and only if L tery = Iy are, and
the set Cy(l,7) = {(I',r)| I'"*ar’ = I"'ar,l! € L,7' € R} is the equivalence class
containing (I,7). Further, C; denotes the set of all equivalence classes of ~;. The
out-valency of z equals |C,|, the cardinality of C,. Similarly, we define another
' on L x R. By definition, (I1,71) ~} (l2,72) if and only if
Lar, ™! = lyzro L. The set Cp/(1,r) = {(I',7)| Var’ ™' = lar~1, ' € L,v’ € R} is the

equivalence class including (I,7) and C, is the set of all equivalence classes of ~/.

equivalence relation ~

Evidently, |C%| is the in-valency of z. The following definition provides sufficient and
necessary conditions by which a two-sided group digraph is simple with no loops and
regular valency |L||R).

We must remark that if g € G and L C G, then LI = g~ Lg.

Definition 1 [6] Let G be a group, L and R be two non-empty subsets of G. A pair
(L, R) has the 2S-graph-property if for all g € G the following conditions hold:



(i) L7'gR = LgR™",
(i) LINR =0,
(iii) (LL~YH9 N (RR™Y) = {e}.

Note that, unlike Cayley graphs, the condition G = (LUR) is insufficient ﬁ(G ; L, R)

graphs to be connected.

Lemma 1 [6] Let L, R be two non-empty subsets of a group G. If 2_L>§(G;L,R) is
connected, then G = (LY(R) and there exist words w in LUL™! and w' in RUR™!,
with lengths having opposite parity, such that ww' evaluates to the identity element

e in G.

In this discussion, we have focused on color graphs that involve labeling the arcs
of digraphs with complex numbers. A color graph is defined as a pair consisting
of a vertex set and a mapping that associates a color to each arc. Non-edges are
represented by the color 0. The adjacency matrix of a color graph is obtained
by evaluating the color mapping on each pair of vertices. Cayley color graphs, a
specific type of color graph, are defined using a group and a function that maps
group elements to complex numbers.

If the matrix N satisfies the relation NN = NN7T [10], then it is considered
normal. The relationship between the eigenvalues of these matrices and their entries
is significant, as stated in Theorem 2.5.3 [5]. Basically, an n x n matrix A = [a;;] is
considered normal if and only if >|a;;|> = Y |Ai|?, where \; are the eigenvalues of
the matrix and 1 <4 < n. This rgljation shovzfs a connection between the normality
of the adjacency matrix of a digraph and its spectrum. Several authors have recently
studied the computation of eigenvalues of digraphs [3, 7, 11]; moreover, this issue
justifies how this topic is essential.

We emphasize that a digraph is normal only if its adjacency matrix is normal.
It is clear that whenever N = N7, N is a normal matrix; therefore, if all arcs of
a digraph are double and both (z,y) and (y,x) are arcs, for all vertices z,y, the
adjacency matrix of the digraph is symmetric, and so the digraph is normal. A
proper normal digraph (PND) is a normal digraph where all arcs are not double and
without loops [10] . According to above definition, all arcs of a two-sided digraph
2—§(G; L, R) are double if and only if L~'gR = LgR™*, for each g € G, making the
related digraph an undirected graph and a normal digraph (graph). Further, the
relation LI N R = (), for all g € G, indicates that 2?((?; L, R) is a digraph without a
loop.



Corollary 1 Let G be a group with two non-empty subsets L and R. Assume that
the two-sided group digraph I' = ﬁ(G; L, R) is normal. Then it is a PND if and
only if L~'gR # LgR™!, for some g € G, and LYN R =), for all g € G.

It is evident that the following result is true by citing Proposition 4 from reference
[10].

Corollary 2 There is no non-abelian group G with two non-empty subsets L, and R,
such that the two-sided group digraph I = 2?((?; L, R) be a proper normal connected
tree or a proper normal connected unicyclic digraph with at least one vertex of valency

one.

In this paper, we establish certain conditions that ensure the adjacency matrix of
= 2?((1; L, R) is normal. A Hamiltonian group is a non-abelian group where all
subgroups are normal. We prove that if all two-sided group digraphs of valency two
for a certain group G are normal, then G is a Hamiltonian group. This outcome
is similar to the previously researched Cayley digraphs of valency two [8]. Further-
more, we indicate that if a strongly connected two-sided group digraph of valency
two is normal, then G = K.(z) in which K is an abelian subgroup of G and (z) is a

cyclic group either G = T}, ,.(z) or G = H), 4.(2) in which T}, ,,, Hp, 4 are as follows:
T = (z,y| 22" =y" = ¢, 2~ lyxr =y~ 1), where m > 1 and n > 3; and

Hpq = (a,c| 2% =e, y*1 = 2%, a7 lyz =y 1), where p > 1 and ¢ > 1.

2 Two-sided Color Group Digraphs and their adjacency

matrices

Now, we generalize a Cayley color graph, a digraph defined in [1], and we name it a
two-sided color group digraph. Let G be a finite group, o : G — C, : G — C be
two functions, and for g, h € GG, we define the function cp : G x G — C as follows:
1 _
cr(g,h) = — > alg leh)B(=), (1)
g:h zeCG
where T, , = {x € G : a(g~*zh) = B(z) # 0} and
B { Tynl  if Tyn#0
tgh =

1 otherwise



We introduce a two-sided color group digraph I' = I'(G; «, ) with the vertex set
V(I') = G and cr(g, h), where cr : G x G — C defined by relation (1).
In the following theorem, we show that I' = I'(G;«, 3) is a two-sided group

digraph for two specific functions «, and 5.

Proposition 1 Let G be a group. If a two-sided color group digraphT' = T'(G; «v, B),
in which two functions «, 8 are from G to C, have the values in {0,1}, then T is a
two-sided group digraph.

Proof. Tt suffices to have a,  : G — C such that a(g),5(g) € {0,1} for all g € G,
R={reG:a(r)=1},and L ={l € G : B(l) = 1}, then T is a two-sided group
digraph denoted by I" = ﬁ(G; L,R) .

Let g,h € G, for all z € G, if a(g~tzh) = 0 or B(x) = 0, then g~'zh ¢ R
or © ¢ L, therefore (g, h) is not an arc, and according to relation (1), we have
cr(g,h) = 0. Now, if there is at least one z € G such that a(g~'xh) = 1 and
B(xz) =1, then g~'zh =r and 2 = [ for some r € R, | € L, so g~ 'lh = r, hence (g,

h) forms an arc and, in this case, cr(g,h) = 1. O

According to the proposition 1, the adjacency matrix of I' = (G;a, 3) is as

‘1 Z Z—ag xh)B(x)Lg.Ry,

g9,heG zeCG g,

follows:

1 ifg_lx:y

, and
0 otherwise

where Lg = [lmy(g)]z,yeG7 Rg = [Txy(g)]x,yEG’ l:vy(g) = {

1 ifzg=y
0 otherwise
Now, we have the matrix Ay = [Azy(9, h)]zyeq, where

ra:y(g) =

1 if y=g 'zh
0 otherwise.

/\my(g, h) = {

Further, it is clear that LyR; = Ay, so the adjacency matrix of a two-sided color

group digraph is represented by the following relation.

A= 1 Z tia(gflxh)ﬁ(x)j\gﬁ.

| |g,h€Gch€G g:h



Example Let G = Dg = (a,bla® = b*> = 1,b-tab = a~!) be the dihedral group of
order 6 and L = {a,a?}, R = {ab,a?b}. Here, corresponding permutation matrices
are L1 = Ry = Ig, the identity matrix of order 6, and L, = (6l g), L, = (]g %),

Ly =(&GF): Lab = (B 0) Lz = (£ §): Ba=(F B), Bz = (5 2), B = ()
Ry = ($5), Ryzp = (2F) where 0, A, B, C, D, E are matrices of order 3 as
follows

001 010 100 010 001
A = (100), B = (001), C = (001), D = (100), E = (010), and 0
010 100 010 001 100
represents zero matrix.

With simple computations and mentioning «(g), 5(g) € {0,1}, we have

000111
1 000111
-1 _ 0ooo111 | _
E Z fa(g wh)ﬁ(x)Lg‘Rh =6] 111000 | = 6T
9,heG zeG 9P 111000
111000

Here, T is the adjacency matrix of I' = 25(Dg; L, R).

3 Two-sided Group Digraphs with Normal Adjacency

Matrices

For the adjacency matrix of a digraph to be considered normal, it must satisfy
the condition that the number of common in-neighbors between any two vertices is
equal to the number of common out-neighbors. This is a well-known fact that can be
found in Proposition 1 of [10]. To apply this concept to a two-sided group digraph
I'= 2?((}Y ; L, R), where L and R be two non-empty subsets of a group G, we can use
the fact that L~ 'gR, LgR ™! represent the sets of out-neighbors and in-neighbors of
g (g € G), respectively. Therefore, the adjacency matrix of I' will be normal if and
only if the intersection of L='gR and L™'hR equals to the intersection of LgR™!
and LhR™!, for all g,h € G.

Proposition 2 Let G = Dy, = {(a,bla® = b*> = ¢, b~tab=a"'), L and R be two
non-empty subsets of G. If one of the following three cases holds, I' = 2?'(6’; L,R)
is normal :

(i) L,R C {a’|0 <i<n—1};

(i) L, R C (a);

(iii) One of the sets L or R is a subset of (a), and another is a subset of {ab|0 <
i<n-—1}.



Proof. (i) In this case, since L and R are inverse-closed subsets, then I' is
a simple undirected graph; so, the adjacency matrix of I' is symmetric, which is
normal. (ii) Let L, R C (a), then L = {a“,...,a%} and R = {a’!,...,a’}. We must
show that |L~'a*b* RN L~ a* b R| = |La*b* R~ N La¥ b R7Y|, for all k, k', w, w',
where 0 < k, k' <n—1, 0 < w,w < 1. It is convenient to call these two recent
subsets A and B, respectively. We define the function ¢ : A — B as follows.
If £ € A, then x = a~#+Fpals = o=ty gJt for some iy, i, € {i1,...,is} and
Jgrdt € {1,y jm}. Therefore, a'rtFb¥aJt = a» ¥ pv'q=Ja. Tt implies that y =
airthpwe =it = qirtK p’ g =Ja belongs to set B. Hence, it is sufficient to define ¢(x) =
y. One can prove that ¢ is bijective; therefore, the adjacency matrix of I" is normal.

(iii) It is similar to the case (ii). O

By the Proposition 2, the Dihedral group does not have a PND in case (i), and
if cases (ii) or (iii) occur, it likely has one. For example, if we consider the Dihedral
group of order 12 with L = {a,a?}, R = {a®}, then I = 2?((1; L,R) is a PND.

Now, we determine the necessary condition under which the adjacency matrix

of the two-sided group digraph is normal.

Lemma 2 Let G be a finite group and L,R C G and |L| > 2. If the adjacency
matriz of ' = 2?(6’; L, R) is normal, then (LL™Y)YRR™! = (L"'L)YR™'R, for all
yeG.

Proof. Suppose that y € G and e # g € (LL™Y)YRR™!, then g = (lllz_l)yrgrl_l,

ly and = =

for some ly,ls € L, ri,m79o € R. Assume that x = yg, then g = y~
(lllgl)ymrfl. Hence, lflzm“l = l;lym = z is a common out-neighbor of z,y, i.e.,
the set of common out-neighbors of z and y is non-empty. Since the adjacency
matrix of I' = 2?(6’; L, R) is normal, thus the number of common in-neighbors of
x, y equals the number of common out-neighbors of x, y. So, the set common in-
neighbors of x and y is not empty. Therefore, l3xrs - l4yril, for some I3,14 € L and
rg,ry € R. Thus z = l§1l4yr471r3, sog=ylz= (l§1l4)y7’4717‘3 € (L7'L)YR™'R,
and it implies (LL~1)YRR™! C (L7'L)Y R7!R. Similarly, the reverse is correct, so
(LL7YYRR™' = (L 'L)YR™ IR, forally € G. O

Here, a sufficient condition of normality of I' = 2?((?; L, R) is presented.

Lemma 3 Let G be a finite group and L, R C G. If one of the following conditions
holds, then the adjacency matriz of T’ = 2?(6’; L, R) is normal.
(i) lile = laly, T17m9 = 1211, for allly,ly € L and r1,79 € R,



(i) 12 = 13,73 = r2, for all l1,ls € L, and r1,72 € R.

Proof. (i) Let x,y € G and if 21, 23 are distinct common out-neighbors of z,y, then
z1 = ll_lacrl = ml_lynl and z9 = ZQ_I.ZUTQ = m;lyng for some Iy, lo, m1,mo € L and
r1,r2,n1,n2 € R. Since lllgl = l;lll, rlrgl = r;lrl for all l1,lo € L and r1,72 € R,
we obtain distinct common in-neighbors 2 = lyyr;t = myzn?t, 25 = layry ' =
MoTNy 1. Thus, in this case, we have a one-to-one mapping from L~ 'zRN L~ 'yR
to LvR~' N LyR~!. Therefore, the number of common in-neighbors z,y equals the
number of common out-neighbors of z, y.

(ii) The proof is similar to (i). O

If L and R are two single-member subsets of G, then the sets of common out-
neighbors and common in-neighbors of two distinct elements z,y of G are empty;
then the adjacency matrix of I' = 2?(6’; L, R) is normal. In additon, it can be the
unique PND, up to isomorphism, the directed cycle C,, [10].

Corollary 3 Let G be a finite group with two subsets L = {x,y} and R, in which R
is an arbitrary singleton. Then the adjacency matriz of I' = 25(G; L, R) is normal,
if and only if 2> = y? or xy = yx.

Proof. If we use Lemmas 2 and 3, the proof easily follows. [J

Since 2?((;; L,R) = 2?(6’; R, L), then Corollary 3 explains that if a two-sided
group digraph of valency two is normal, then both elements of L ( or R if |R| = 2)
are commuted or have the same square.

The following theorem shows that if I' = 2?((? ; L, R) of valency two is normal, G
is a Hamiltonian group. This consequence is similar to Cayley digraphs of valency
two with a normal adjacency matrix (see [8]). The next proposition presents a

relationship between normality in matrices and group theory.

Proposition 3 For a finite group G; if the adjacency matriz of any two-sided group
digraph I' = 2@(6’; L, R) of valency two is normal, then any subgroup of G is normal.
Proof. Let H be an arbitrary subgroup of G, a € H, and b € G. Let Ly, Lo
be {a,b}, {ba,a} respectively, and R be an arbitrary singleton of G. Since both
I'= 2?(6’; Li,R)and ' = 2?(6’; Lo, R) are normal if ab # ba, Corollary 3 concludes
that a? = b? and (ba)? = a® and this implies b~ 1ab = a~!; therefore H is a normal

subgroup. U

As a result, if both I' = 2?(6?; Li,R) and T = 2?((;; Ly, R) are normal where



L1, Ly be {a, b}, {ba,a} respectively, with an arbitrary singleton R, then b='ab = a
or b~ lab=a"t.

In the following, we explain a theorem that is similar to one pertaining to Cayley
graphs of valency two as referenced in [8]. The methods employed in proving this
theorem closely resemble those used in Theorem 1 of [8]. We should mention that
Qs is the quaternion group of order 8, that is, Qs = (z,y| z* = e, y?> = 2%, y~lay =
x~1). Further, Corollary 3 implies that two non-commuting elements of L, when
|L| = 2, are the same square; therefore I' = ﬁ(G; L, R) is normal, and obviously,
any two elements of Qg x Z5 has this condition while Z§ = Zy x ... X Z3 for some
n € Z4. Theorem 1 shows that () x Z5, up to isomorphism, is the only example

that satisfies the assumptions.

Theorem 1 Let G be a finite non-abelian group. If the adjacency matriz of every
two-sided group digraph I’ = 2?(6‘; L, R) of valency two is normal, then G = Qg X Zy
for somen € Z.

Proof. Let G be a non-abelian group with elements x,y € G such that zy # yz.
Using Corollary 3, we can show that z? = 32. Furthermore, the adjacency matrix
of the group digraph I' = 2?((;; L, R) is normal when L = {z,y} or L = {yx,z}.

gy = 271 and so 272 = 22. Thus, we have 2 = e, and the

This implies that y~
subgroup (x,y) is isomorphic to Qg and that is a normal subgroup of G by using
Proposition 3.

Suppose that o € G does not commute with z and y. Using the same method as
in the proof of Proposition 3, we can show that o commutes xy, so & commutes with
at least one of z, y, zy. If ax = xa and ya = ay, then we can use the adjacency
matrix of the two-sided group digraph with L = {za,y} to show that o? = e and

thus « lies in the center of G. If ya # ay, then we have o? = y? = 22 and

(za)? = 4

= e, implying that xz« lies in the center of G. Therefore, G is generated
by @ and Z(G), and since Z(G) has exponent 2, we can choose a subgroup X of
index 2 of Z(G) such that X N (x,y) = {e}. This implies that G = (z,y) x X, and
since X is a subgroup of Z(G), it is a group of exponent 2 and is isomorphic to Z%

(the other cases are similar to the considered one). O

The next proposition and paragraph present more details about groups 7}, ,
and Hp,.

Proposition 4 [8] For the groups Tp,,, and Hp 4, the following three statements
hold:



(1) T = Ty iff =m0 and n = n/;
(2) Hyq = Hp’,q’ iff p=7p" and ¢ =¢;
(3) Hp,q '/Qé Tm,n fO?" any p,q,m,n.

According to research, both T, , and H,, are considered metacyclic groups. A
metacyclic group G is a group that has a cyclic normal subgroup N, and the quotient
group G/N is also cyclic [9]. In a specific case, T} 5, is proven to be the dihedral group
Do, of order 2n, while Hy 4 is a dicyclic group of order 8¢ which is an extension of
the cyclic group of order two by a cyclic group of order 4¢q. Further, T}, , contains
subgroup (z™,y) = Dy, if m is odd, and (aP,y) is a subgroup of H,, which is
isomorphic to a dicyclic group of order 8¢ if p is odd. There is a full classification
of such groups in [4].

Using the definition, a digraph I' is strongly connected if, for any two vertices
v and w, there is a path from v to w in I". In the final theorem, we show that
if I' = 2?(6‘; L, R) is a strongly connected two-sided group digraph of valency two

with a normal adjacency matrix, G' has very particular conditions.

Theorem 2 Let G be a finite group. Suppose that I' = ﬁ(G;L,R) is a strongly
connected two-sided group digraph of valency two with L = {x,y}, R = {z} whose
adjacency matriz is normal. Then, G is isomorphic to one of the following groups:
(1) K.(z), where K is an abelian group;

(2) Trn-(2), where m > 1 and n > 3;

(3) Hpq.(z), where p>1 and ¢ > 1.

Proof. Since I is strongly connected, then it is connected, and using Lemma 1 implies
G = (L)(R) = (x,y)(z) and there exist words w in LU L~! and v’ in RUR™!, with
lengths having opposite parity, such that ww’ evaluates to the identity element e in
G. Applying Corollary 3, we have 22 = y? or xy = yx. If 2y = yx, then the case (1)
happens, otherwise 22 = 32 and suppose that t = = 1y. It is clear that (L) = (z,t)
and we have 2% = y? = ztat or, equivalently, 'tz = ¢!, If the order of t is two,
then t~! = ¢. It implies 2 'tz = ¢, and thus (L) must be abelian and this is a
contradiction. Therefore, the order of ¢ is at least three. Assume that r is the order
of x; since x2 € Z((L)) and x ¢ Z(({L)), we know that » = 2m for some m. Let n
be the smallest natural number such that ¢" = z° for some s € {0,...,2m — 1}. We
get t" = z~4"r = (x7'tx)... (z"tx) = t7" and therefore z2* = t*" = e. Hence,
either s =0 or s = m. If s =0, then (L) = T}, ,. In case s = m, then (L) has the
form (z,t|z?™ = e,t" = 2™,z "z = t~1). Since 22 € Z((L)), 2™ € Z((L)), and

10



x ¢ Z((L)), we have m = 2p for some p. If n is odd, then (t2™)" = t"z™ = t?" = e.
Furthermore, z~!(tz™)x = t~12™ = 2™t~ = (t2™)~!. So, we can conclude that
(L) is isomorphic to Ty, ». Finally, if n = 2¢ for some ¢, then (L) = H, 4. Therefore,
G=Tyn(z) or G=H,,(z). O
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