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COBEPIIEHHBIE PACKPACKHN HNUPKYJIAHTHBIX I'PA®OB B
BOJIBIITIOE YNCJIO IIBETOB

M.A. JIUCUIIBIHA, C.B. ABTYCTUHOBUY

ABSTRACT. An infinite circulant graph with a continuous set of distances
is a graph, whose set of vertices is the set of integers, and two vertices ¢
and j are adjacent if |i — j| € {1,2,...,n}. We study perfect colorings of
such graph with k colors for k at least 3n 4+ 3. A complete description of
them is obtained.
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BBEJOEHUE

IIycrs G = (V, E) — ob6bikHOBeHHBIH Tpad. DIeMEeHThI KOHEYHOIO MHOMKECTBA
I=1{1,2,...,k} 6ynem nasbBarh ysemamu. Orobpaxkenne ¢ : V — I HazbiBaercs
cosepuentoti k-packpackoti, €Cu IMBETOBON COCTAB BCAKOro mapa pamuyca 1 B G
3aBHUCUT TOJIBKO OT I[BETA €r0 MEeHTPA.

Becxonewnoili yupkysanmuoil epad ¢ nabopom ducmanyut dy < dy < ... < d,
— 3710 rpad Koau OGecKOHEUHON IUKINIECKOl Tpymmbl 7, ¢ CUCTEMON 00pa3yro-
wux {dy,ds,...,d,}. Obo3navaercs Takoit rpad depes Coo(dy,ds,...,d,). Ipad

Coo(n) et Co(1,2,...,n) Ha3bIBACTCH OECKOHEUHBIM YUPKYAAHMHOIM 2PaPom cO
cnaowhbim Habopom ducmanyud (cm. puc. 1). Berogy masee BeprinHbl TakKuxX Tpa-
doB Oynem obo3HadaTh v; AjId § € Z.

JanHuas craTbs IPOIOIKAET U3y YE€HNE COBEPIIEHHBIX PACKPACOK rpadoB Coo(n).
B pabore ommcanbl Bce COBEpIIEHHBIE PACKPACKH TaKux rpadoB B k MBETOB s
k> 3n+3.
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Puc. 1. Jlokanbnoe crpoenue rpada Coo(3)

ITepBble pe3yabTaATBl O COBEPINEHHBIX PACKPACKAX IUPKYJISHTHBIX rpadoB mpu-
nazyexkar 1. B. Xopommmusosoii [1, 2]. Cosepiennbie 2-packpacku rpados Co(n)
u Coo(1,3,...,2n — 1) nony4uenst B [3] u [4] coorsercrenno. B [5] onucaust cosep-
menHble k-packpackn Juist rpada Coo(2) M TPOM3BOIHLHOTO KOHEYHOTO k.

B [6] BBIABHHYTA rHIIOTE3a O TOM, YTO COBEpIeHHbIe packpacku rpabdoB Co(n) B
MIPOM3BOJIBHOE KOJIMIECTBO I[BETOB MCUYEPIIBIBAIOTCSH OPOUTHBIME CEPUSIMU U COBEP-
[IIEHHBIMU pacKpackaMmu ¢ nepuogavu 2n, 2n + 1 u 2n + 2. Crporoe onpeenenne
opbutHbIX cepuii Oyjer naHo nosauee. B pabore [7] mosy4eHO MHOXKECTBO COBEp-
MIEHHBIX PACcKpacok rpados Coo(n) amst n = 3m + 1 ¢ nepnogaMn miauHs 4n + 2,
OTPOBEPTAIOIIEE TUTIOTEY.

IIycts G — BepmmuHO Tpau3uTHBHLI rpad. [Ipon3BosibHOE MHOXKECTBO €ro Bep-
mma T HazoBeM @pazmenmom. Eciu ansa moboit k-packpacku G Haidijercs aBTo-
Mopdu3M 7 Takoil, 4ro cyxkenue packpacku Ha 7(7T) mo3BOsHET TY PACKPACKY
OJTHOBHAYHO BOCCTAHOBHUTH, TO 3TOT (pparment — k-mecmoswiti. Jauny T ompene-
JINM PABHOI €ro MOITHOCTH. BepXHue OeHKY HA, JJINHBI MUHUMAJIBHBIX K-TECTOBBIX
dparmenTos rpada Cuos (n) AJ18 TPOM3BOIBLHBIX HATYPAIBHBIX k U 1 IOy Y€HbI B [§].
Tam ke Haitmena BepXHsS ONEHKA U JJIsT OOIIEro Caydast — Ijist OECKOHEeTHOTO IHp-
KyJISHTHOTO rpada ¢ auctannuamu di, ds, . . ., d, W TPOU3BOJLHOTO KOHEIHOTO K.

1. MUHUMAJIbHBIN k-TIECTPBIAI ®PATMEHT I'PA®A Coo(n)

K -necmpuii dparment rpada G — 3ro dparment T', KOTOPbL JJis J11060i coBep-
MIEHHON k-PAaCKPACKU ¢ MOXKET OBITh MEepPEeBEIeH B TAKOE MOJIOKEHUE (C MOMOIIbIO
asromopdusma rpada G), B KOTOPOM OH COIEPKUT BEPIIUHBI BCeX k 1BeTOB. Besze
B JasbHeiiem B KadecTse k-necrporo dpparmenta rpada Cu(n) Gyaem paccmar-
pPUBATH MHOXKECTBO BEPIITHH, HOMEPA KOTOPBIX 00PA3yioT MEJ0YUCIEHHBIH OTPE30K.
He orpannvumsas obmHOCTH, CIUTaEM, 9TO 9TO MHOKeCTBa Buaa T = {vy, va,. .., v}
sl € N.

N3gecrHo (cM. [2]), uro mrobast coBepiieHHast packpacka rpada Co (n) siBisiercs
MEPUOINIECKON. SHAUUT, JJId €€ ONMMCAHUS JOCTATOYHO YKA3ATh HAMMEHbBIIH Tepu-
0/1. 3aIuChIBATH TAKOM TIepruo/1 OyeM 3aKII0YeHHOM B KBAIPATHBIE CKOOKH CTPOKOIA,
KOJIMYECTBO 3JIEMEHTOB KOTOPO# paBHO JyinHe niepuoja. iis packpacku dpparmen-
ra T = {v1,vq,...,v} GyIeM MCTOIL30BAaTh CTPOKY IIBETOB JUIMHBI | B KPYTJIBIX
CKODKax.

B niemme 1 cpopmymupoBaHo BaskKHOE CBOMCTBO MUHMMAJIHHOTO k-11eCTpOro dpar-
MEHTa OECKOHEUHOTO MUPKYISHTHOrO rpada ¢ JUCTAHIUAMA di,ds, ... U dy,.

Jlemma 1. (JI. 1 6 [8]) B awbol cosepwennot k-packpacre zpaga Coo(dy,da,
., dn) ysema ePuIUH V1 U V] MUHUMAALHOZ0 k-necmpozo dpaemenma T = {v1,va,
!
..., U1} pasauuno, u 6 Ppazmenme T = {vg,v3,...,v1—1} He scmpenaromces.
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Paccmorpum coBepIlieHHYIO PACKpPacKy ¢ ucciemyemoro rpada B 1msera u3 I =
{1,2,...,k} u ero munumasnbhbiii k-necrpoiii dparmenr T = {v1,ve,...,v;}. He
orpaHuuuBas OOLIHOCTH, MOXKHO CYUTATh, 410 ¢(v1) = 1, a ¢(v;) = k. Hawa rnas-
Has 33/1a9a B 3TOM Taparpade — nmokasarh, 9To nmpu k > 3n+ 3 Beimonnusiercs | = k,
T.e. Bce nBeTa B ¢(T') pasiudaHbL.

Iycts k > 3n + 3. 3amerum, ato [ > k > 3n + 3. Jlesvimu HA30BEM BEPIITUHDI
OT Vg 10 Upt1, CPEOHUMU — OT Upito JO Ul—p_1, & NPABBLMU — OT Vj_y, 10 Uj—1 (CM.
puc. 2). llgera seBbIxX, CpeJHUX U IIPABLIX BEPIIUH B ¢ OyneM TakxkKe Ha3bIBATh
A€6BIMU, cpedHuMU U Npasbimu. MuookecTBa Takux 1nperoB oboznadum L, M u R
COOTBETCTBEHHO. A 1BeTa, KOTOphie BeTpedarorcss B (1) POBHO OJMH pa3 Ha30BEM
YHUKAAOHOLMU.

\A v, v v v v \'J v
n+1 n+2 I-n-1 l-n 11 I
AN ‘e N 2 AN 7
7 7
SNe - S Pt SNe _-

~N—_——— ~N—_ SN——

neBble cpeaHune npasble

Puc. 2. Jlesbre, cpennue u npasble BepmiuHbl k-1recTporo par-
menTa rpada Co(n)

MHOKECTBO I[BETOB OKDPYXKEHWs BEpIIUHBI U IIBETA % B ¢ HA30BEM NAAUMPOU
mBeTa ¢ ¥ 0603Ha4InM ero By (7).

B siemme 2 niepedunciieHbl CBOMCTBA CyKEHUI COBEPIIEHHBIX Kk-PACKPACOK HA M-
HUMAJIbHBLA k-LiecTpblit pparmedT s gocrarodno bonbwux k (k> 3n + 3).

Jlemma 2. FEcau k > 3n + 3, mo dasa munumasvhozo k-necmpozo dpaemenma T
epagpa Coo(n) u 210601 €20 cosepuwennoti k-packpacku ¢ sepru, caedyrouue ymeep-
orcdenua:

1. Mnoowcecmea L, M u R nonapno ne nepecexaromcs.

2. Kaotcooili cpednutl ysem ¢ ABAAEMCH YHUKAALHDIM.

3. By(1) u By(k) ne codeporcam cpednux yeemos.

4. Kaowcduti ysem 00HO3HAUHO 0ONPEJEAAETNCA MHOHCECTNEBOM CPEJHUT UBEMOE 6
€20 NAAUTIPE.

JHokasamenvcmeo. CrupaseJmBocTb MyHKTOB 1 u 2 crenyer u3 jeMMm 4 u 5 B [§]
COOTBETCTBEHHO. B moapobHOM J0Ka3aTeIbCTBE HYKIAIOTCA TOIBKO mil. 3 u 4.

3. Y BepInuH cpegHuX 1MBETOB HeT 1- m k-OKpaleHHbIX cocemeit. I3 qero nemes-
JIEHHO TIOJIyYaeM yTBep:KIeHne TyHKTa 3.

4. PaccmorpuM Bepmunay v; ¢ 1 < ¢ < n + 1 meBoro mBeta. B cuny n. 3 nannoii
JIEMMBI CPEJIHUMH I[BETAMH MOI'YT OBIThb OKDAIE€HbI TOJILKO TE€ €e COCEIH, KOTO-
pole HaxomaTcs cupasa. Torma: Bg(¢(v;)) N M = {p(vny2), @(Vnt3)s- -+ &(Unti)}
Paccyxmas amamormaHo mus npasoit Bepumusl v; ([ —n < j < [), momydnwm:
By(o(v;)) N M = {¢p(vj—p), d(Vj—nit1), .-, $(vi—n—1)}. Ilo usBecrnoit packpacke
¢(T) MOXKHO 3ammcaTh OKpYIKeHHe JII000r0 CpeiHero mpeTa. Kak ciencreue, omHo-
3HAYHO OIIPEJIETISeTCs U epecedenne MajJuTpbl TAKOro IBeTa ¢ MHoxkectsoM M. Bee
TaKWe TMePecevueHr sl PA3IMIHbI CONTIACHO M. 2. SHAYUT, KaXKI0e U3 HUX OJHO3ZHATHO
330361 cBoit nper. UTo m TPeOOBAIOCH TOKA3ATD. O
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B teopeme 1 ommcana packpacka MHHHMAJIBHOTO k-TIECTPOro p)parMeHTa B WC-
crexyemom rpade mpu k > 3n + 3.

Teopema 1. IIyecmv k > 3n + 3, ¢ — npoussoavHas cosepwennas k-packpacka
epagpa Coo(n), a T — e2o0 munumasronot k-necmpod gpazmenm, moeda dauna T
pasna k u p(T)=(12 ... k).

Zlokxazameavcmeo. B cuny memmbl 1 n 1. 4 jeMMbl 2 Bce BepITUHBI 1 OKPAIEeHbI
YHUKAJIbHBbIME [[BeTaMu. He Tepsis 0OLUIHOCTH, MOXKHO CUUTaTh, 4T0 O(v;) = i 1Jid
Bcex ¢ or 1 g0 k. I3 gero momyvuaem yTBep:KaeHHE TeOpeMbl 1. (Il

Caencrue 1 1103BOJISIET TOYHO BOCCTAHOBUTH JIEBbIH (NpaBbIil) HBET BEPIIUHBIL,
€CJIM W3BECTHA MOIIHOCTH ePEeCeYeHus ero MaJUuTPhl C MHOXKECTBOM M.

Caencrue 1. Ilycms evinoanens. ycaosus meopemo, 1, b — nexomopuii yeem
cosepuennol k-packpacku ¢ ui > 0. Ecau |[Bg(b)NM|=iube L, mob=i+1;
aecau [Bgb)NM|=iubeR, mob=k—i.

2. OCHOBHOW PE3VJIBTAT

Paccmorpum packpacku rpada Coo(n) ¢ nepuogamu

Sy1(k) = [123...(k—1)k(k 1) ...392,
Sia(k) =123 ... (k=1 kk(k—1) ... 32],
Sor(k)=[123 ... (k—1)k ( 1)...321),
Soo(k) = [123 ... (k—1)kk(k—1) ... 321],

Sk)=1[123 ... k]
IlepBbie gernipe OymeMm HA3bIBATDH 3eprasvHuimu munos 1-1, 1-2, 2-1 u 2-2 coot-
BETCTBEHHO, a MATYI0 — yukAuveckoly. THN 3epKasbHON PACKPACKN ONMpeenseTcs
KOJINYECTBOM BepiiuH Kpaiinux 1seros (1 u k) B nepuose.

YTBepKaAeHNE CJAEYIONeH JJeMMbl O9€BU/THO.

JIemma 3. Packpacru yupryssnummuozo epaga Coo(n) ¢ nepuodamu St1(k), S12(k),
Sa1(k), Saa(k) u S(k) asasomes cosepuernvimy 0as AOOBT HAMYPAALHOT 1 U K
(n>1,k>1).

I[Inknnyaeckne W 3epKajbHBIE COBEPIEHHBIC PACKPACKHU Jajiee OymIeM Ha3bIBATh
opbumHbLMU, TTOCKOJIBKY OHM MOTYT OBITH TOJIyYeHbI KaK Pe3yJIbTaT MPUMEHEHUS
OpOUTHOTO METO/IA, KOTOPBIA ABJISIETCS OCHOBHBIM CITOCOOOM MOCTPOEHUST COBEPIIEH-
HBIX packpacok rpados (cu., Hanpumep,[9]). Cupasemiusa cieayiomas Teopema.

Teopema 2. Cosepwennvie k-packpacku epaga Coo(n) das k > 3n+ 3 ucwepnoisa-
OMCA NAMBIO OPOUMHBLMU.

Zloxazameavcmeo. IlycTth ¢ — coBepieHHasi packpacka mucciemyemoro rpada B k
uBeroB u k > 3n + 3. CorsacHo teopeme 1 nmeem T = {vy,va,...,V;} — €ro MuHU-
MaJstbHbI k-mectpsrit dbparment u ¢p(T) = (12 ... k).

HokazareabcTBO HpoBeeM 11epebopoM JOMyCTUMbBIX 3Haderuii ¢(vg) u ¢(vg41)-
B cuuy toro, uro ¢(v1) = 1, u n. 3 jemmbl 2 mojydaem: vg uMeer B cBoeil 1-
OKpEeCTHOCTU He 0oJiee OIHOM BepIuuHbL cpeanero nsera. Torga coryiacHo 1. 4 toit
JKe JIEMMBI ¥y OKDAIlleHa OJHNUM U3 deThipex 1BeToB 1,2, (k — 1) wim k. Ananornd-
HBIE PACCYKICHUS IPUMEHUMBI K P(Vk11). sl HANISIHOCTH Pe3y/IbTaThl iepebopa
[PEJCTABJIEHBI ¢ OMOIIBLIO Tabymipbl (cM. Tabauiy 1). B ee nepsbix aByx crosbiax
[EPEYnCIeHbl BO3MOXKHbBIE TPOJOIKEHUS PACKpacKu (pparmenta T BIEBO U BIPABO
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TapuaA 1. Cxema mokasaresbcTBa Teopembr 2.

d(vo) | d(vis1) | Cosepwennasn packpacka
1 E—1 Sa1 (k)
k Saa (k)
2 E—1 S11(k)
k Sia(k)
k—1 - -
k 1 S(k)

Ha O/IHy BepimuHy. A B TperbeMm Crosifie — NepuoJi COBEPLIEHHOW PACKPACKH, 0
KOTOPO#i Takoe MPOIOJIZKEHNE OJHO3HAYHO BOCCTAHABIMBAETCS.

Cuyuaaii ¢(vg) = 1. OKpy2KeHus BEpIIuH vg U v1 [[BeTa 1 OTINYa0TCs BEPIIUHA-
MU U_y U Upp1. SHAUUT, Q(V_p,) = P(vp41) = n+ 1. [lanurpa usera n+ 1 usBecrna:
By(n+1)={1,2, ..., n, n+2, ..., 2n, 2n + 1}. IlonoBuna ee 1BeTOB — JI€BLIE,
Jpyras II0JIOBMHA — CpeaHue. B cury 1. 3 1eMMbl 2 BEPIIUHBL Uy, VU_pil, -« ., U1
OKpAIIeHbI JIEBBIMU TBeTaMu. TOraa v_o,, U_9u41, ---, U—_p_1 OKDAIIEHBI CPEI-
aumMu. [Ipumenum Tenepb K nepsbiM ciefcTBue 1 u momydanm npomposkerue ¢(T)
BJEBO Ha n BepimH: (n (n—1) ... 21).

Hastee paccmorpum Jomycrumbie npogoskenus ¢(T') Bupaso Ha n sepius. T.K.
¢(vg) = k, 10 coruacHo 1. 3 jileMMbl 2 BEPLIKMHA Vg1 uMeeT He 6oJiee OIHOro cocela
cpennero nsera. IIpunnMas Bo BHIMaHME TO, 9To k ¢ By(1) u k ¢ By(2), Bepiunua
Vg+1 OKparena nbo nperom (k — 1), 6o nserom k.

Paccmorpum nogcayvaii ¢(vgy1) = k — 1. B cuy m. 3 meMMbr 2 B TOrO, 9TO
(k—n—1) € Bg(k—1)NM, nomyaum ¢(vgint1) = k—n—1. Ilanurpa sroro usera

m3BecrtHa: By(k—n—1) = {k—2n—1, k—2n, ..., k—n—2, k—n, ..., k=2, k—1}.
YuurbiBasg m. 3 jeMMbl 2, MMEEM: BEPUIMHBI Vg1, Vk+2, ---; Uktn OKPAIIEHbBI
OPABBIME [IBETAMU; & Vgt t2; Vktnt3ds - - -, Vktont1 — CPEIHUME. IIpUMEHUM Tenepn

K T1epBbIM ciecTBue 1 u nosyunm npogoszkenue ¢(7T') Bupaso Ha n Bepumn: ((k —
k-2 ... (k—n+1)(k—n)).

Paccyxuenus B nozpciaydae ¢(vi11) = k Takue xke, Kak jjis nupogoskenus ¢(1T')
BJICBO BepKHOi nBeta 1. IIoBTOpUB MX, BOCCTAHOBUM PACKPACKY ¢ HA 1 BEpLIMHAX
cupasa ot T: (k (k—1) ... (k—n+1)).

Taxum 06pa3oM, moJryueHbl mpono/kenus ¢(T') BIE€BO U BIPABO Ha 7. BEPIIWH,
YTO MO3BOJISIET BOCCTAHOBHUTH IAJINTPY Kaxkaoro msera. C y9eToM M3BECTHBIX Ma-
sarp ¢(T) OMHOZHATHO MPOJOIIKAETCS 0 COBEPINEHHON PACKPACKH BCero rpada: B
noncaygae ¢(vgy1) = k — 1 mepuon ¢ pasen Soq(k), a mag ¢(vgy1) = k umeer Bug
SQQ(k‘).

Cuyuaii ¢(vg) = 2 10Ka3bIBAETCA AHAJOTUIHO MPEALIAYIIEeMY (B CULy CUMMET-
pun). JIoIycTUMbBIE TIPOIOJIZKEHUS 3/1ECh UCYEPIBIBAIOTCS COBEPIIEHHBIMEU PACKPAC-
kamu ¢ mepuogamu Sq1 (k) m Sio(k).

Cayuait ¢(vo) = k — 1. CpaBuum nasurpbl usera k — 1 y Bepiius vy u Vg_1.
st vg Bepuo {1, 2, ..., n} C By(k—1); a s vp—1: {(k—n—1), (k—n), ..., (k—
2), k} C Bg(k—1). MommHoCTb IEPBOro TAKOTO MOJAMHOXKECTBA PABHA 7, & BTOPOTO —
(n+1). U3 n. 1 temmbl 2 ciiemyer, 9To OHU He Tiepecekarorca. Ho Torna y Bepuimnb
usera (k — 1) we menee 2n + 1 cocezeit, 4To GosbIe MOINIHOCTH 1-OKpecTHOCTH
BepIMUHbI Uccaeayemoro rpada. [IporuBopetune.
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Cuyuaii ¢(vpg) = k. ConocraBum najuTpbl nseta k y Bepiiut vg u vg. C yuerom
n. 1 memmsr 2 monyunMm By (k) = {1, 2, ... , n, k—n, k—n+1, ... , k—1}. B cany
. 3 TOR 2Ke JIEMMbI UMEEM: BEPIIMHBL U_pn, U_pil, -.., U_1 OKPAIIEHbI IIPABBIMU
useramu u3 By (k) (T.e. nBeramu or (k—n) 10 (k—1)). Cormacuo m. 4 1eMMbI 2 B ©X
NaJIUTPE eCTh CPEIHUE [BETA. SHAUUT, BEPIIUHAM VU_25, U—_2p41, -« -5 U_p_1 COOT-
BETCTBYIOT Cpejinue 1BeTa. [IpuMeHuM Tenepb K BEPUIMHAM U_pi1, U—pt2, - .-, U_1
ciepcrsue 1 u nosyunm npogoskenue ¢(1') Bieso na n Bepumn: ((k—n+1) (k—n+
2) ... (k—1) k). IloBropus aHnajoru4Hble MArK [1JIs BEPIIUH Vg +1, Vk42, -« -5 Vktn,
nostyuum rakxke upojoszkenue ¢(1') Bupaso na n sepuun: (12 ... n).

ITo npomosxkenuio ¢(T') BAEBO U BOPABO HA N BEPIIWH COBEPIICHHAS PACKPACKA,
BCero rpada BOCCTAHABINBAETCS OHO3HAYHO, [IPU TOM ee eprof paser [1 2 ... k].
Teopema mokazana. ([

Bamerum, uto cosepmennblie packpacku rpada Cuo(n) ¢ nepuomamu Sia(k) u
S21(k) sKBUBAJIEHTHBI, IOCKOJIBKY BTOPAs COBIAJAET C [EPBOM 110Cje 11epeobo3Ha-
YeHUs IBETOB.

3AKJIIOYEHUE

C yueroMm pe3y/ibraroB, IOJIYyYEeHHbIX B JIAHHOW pabore, /s 3aBeplIeHUs Old-
CaHWs COBEPINEHHbIX k-pacKpacok rpadoB Cu(n) 0CTaIoCh MEPedncanTh BCE MX
nepuoanl aad 2 < k < 3n + 2.

Mbr nosaraem, uro u mis rpada Cu(dy,ds, .. .dy,) cymecrsyer ouenka K(d,,)
Takasi, 4YTO ero copeplieHHble k-packpacku upu k > K (d,) ucuepnbiBaorcs nsrTbio
OpPOUTHBIME PACKPACKAMH.
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