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PSEUDOFINITE S-ACTS
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Abstract: The work has begun to study the structure of pseudo-
finite acts over a monoid. A theorem on the finiteness of an arbitrary
cyclic subacts of S-act is proved under the condition that this S-act
is pseudofinite and the number of types of isomorphisms of finite
cyclic S-acts is finite. It is shown that a coproduct of finite S-acts
is pseudofinite. As a consequence, it is shown that any S-act, where
S is a finite group, is pseudofinite.
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Introduction

Recently, the model theory of pseudofinite structures is an actively deve-
loping area of mathematics. The concept of pseudofiniteness was first intro-
duced by J. Ax to show the solvability of the theory of all finite fields [1].
Subsequently, the theory of pseudofinite fields received great development
(see, for example, [2], [3]). A large review of the theory of models of finite
and pseudofinite groups is presented in [4]. In [5] the characterization of
pseudofinite groups is given in terms of Szmielew’s invariants. The results
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related to the model theory of finite and pseudofinite rings can be found in
[6]. In [7] the structure of pseudofinite acyclic graphs is studied. In [8] the
authors of this work considered the issues of pseudofiniteness of connected
unars without cycles.

An acts over monoids are a generalization of unars. In this work we study
pseudofinite S-acts. A theorem on the finiteness of an arbitrary cyclic subacts
of S-act is proved under the condition that this S-act is pseudofinite and the
number of types of isomorphisms of finite cyclic S-acts is finite. It is shown
that a coproduct of finite S-acts is pseudofinite. As a consequence, it is shown
that any S-act, where S is a finite group, is pseudofinite.

1 Preliminaries

Let us recall some definitions and facts from act theory and model theory
(see [9, 10, 11]). Throughout this paper S will denote a monoid with identity
1. An algebraic system (A; s)scg of the language Lg = {s | s € S} consisting
of unary operation symbols is a (left) S-act if s1(s2a) = (s152)a and la = a
for all s1,s0 € S and a € A. An S-act (A;s)secs is denoted by gA. An S-act
gAis called cyclic if there exists a € A such that A = {sa | s € S}. The cyclic
act that generated by a is denoted by gSa. Elements z,y of an S-act gA are
called connected (denoted by x ~ y) if there exist n € w, ag,...,a, € A,
$1,...,8, € S such that x = ag, y = a,, and a; = s;a;—1 or a;—1 = s;a;.
An S-act gA is called connected if we have © ~ y for any x,y € gA. It is
easy to check that ~ is a congruence relation on the S-act gA. The classes of
this relation are called connected components of the S-act gA. A coproduct
of S-acts gA; is a disjunctive union of this S-acts. The coproduct of S-acts
sA; is denoted by [] s4;. It is known (see [9]) that every S-act gA can be

el
uniquely represented as a coproduct of connected components.

A structure 9t of the language L is pseudofinite if any sentence of language
L true in 9 is true in some finite of language L.

If gA is an S-act, then writing @ € A means that ay,...,a, € A, where
a={ay,...,an). If u= (uy,...,uy,), then {(a) will denote the length of the
tuple @ and the notation v € @ means that v is an element of the tuple u.

2 Pseudofiniteness of a coproduct of finite S-acts

Lemma 1. Let sA = [],..
connected components of gA,

sDs = [ s4a (B<r),

a<f

SD: H SD,B/F’
B<k

sAy, k be an infinite ordinal, sA, be the

where F' is an ultrafilter on k containing a Fréchet filter, i.e. filter {a € K |
|k \ al < k}. For any a € A, by o’ we denote an element of [, D such
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that o/ (a) = a if o > ag, and a’ () is an arbitrary element of Dy, if o < ay,
for some ag < k; by A we denote a set {a’/F | a € A}. Then sA = gA and
sA < sD.

Proof. Themap 0 : A — A such that 6(a) = a’/F is an isomorphism from gA
to sA, so sA = gA. We show that sA < gD. Let n € w, T = (21,..., ),
a = {(ay,...,an) € A, @ = {(a}/F,...,a,,/F) € A, ®(&) be a formula of
language Lg, Ls be a language of formula ®(z), gA = ®(a’). It is necessary
to prove that D = ®(a).

For an arbitrary formula W(Z) of a language L we will use standard
notation: (¥(z))' = ¥(z), (¥(z))? = —¥(z). For m € w, let E(™ denote
theset {e | e: (S")?x{1,...,m}?> = {0,1}}; fore € B let U_(z1,...,2m)
denote the formula /\(i,j)e{l,...,m}2 /\(Svt)e(sl)z (sxj = txj)a((svt)7(i’j)).

Since #~! is an isomorphism from gA to gA, then g4 = ®(a). In addition,
®(z) = ¢'(x), where

'(2) = Vi3 .. eIz \/ Te(2,9, 2),
eck
7=y, ur), 2= (21,...,2), B C E®2k) We can assume that ®(z) =
®'(Z). Since sA = ®(a), then there are functions f; : A* - A (1 < i < k)
such that

SA ):V?lek \/ \Pa(dayla---ay/ﬁfl(yl)a---7fk(y1a"'7yk3))‘
eek

For an arbitrary b = (b1,...,by) € A there is unique e € E(+2k) gych
that g4 = W, (a@,by,...,bg, f1(b1), ..., fe(b1,. .., by)). Since the set E(+2k)
is finite, then there is a finite number of different & , ..., & such that for any
¢ € A there is b; € {b1,...,bn}, satisfying the equality ez = &5, We denote
the set {b1,...by} by M. For |l|-element set J = {j1,...,5} C {1,...,k},
j€{l,...,k} and arbitrary ¢ = (c1,...,cx) € A, we introduce some more
notations:

¢ = <Cl, .. .Cj>,
Kl—;] = {(aj,,..., ;) € kKl|3ce AVjed (fi(@) € Aa;, g5 = c2) }-

Consider an S-act gD,,, where ag € &, such that aq,...,a, € D,, and for
any b € M, J = {ji,...,5} C{1,...,k} (I =|J|) the following conditions

are satisfied:
(1) if |Kg]| > p, where p = [ - (n+ 2k — 1), then (sA 1 ,...,9 A1 )y -+
J1 Jl

(sAyp ,...,5A,r ) are [-tuples of the connected components of S-act gDq,
J1 g1
for some different (ozjl-l, e ,ozjll), cee (ozé’l, e a?l) € Kg];
(2) if \ng\ < p and KEJ = {(ajl-l, e ,a}l), e (O‘?N . ,ai)}, then

(SAal. 7"‘7SAa1 )7"'7(SAaP 7"'75Aa7.))
J1 7 71 J1

are [-tuples of the connected components of S-act gD, .
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Let a > ap. Then Dy, € Do. We show that sD, = ®(a). For this we
construct functions g; : D!, — D, (1 < < k) such that

SDOé lzvyl Yk \/ \Pé(a7y17'"7ykagl(y1)7"'7gk(y17'~'73//6))'
eER

Let ¢ = (c1,...,ck) € Dqy. By the definition of ez, we have

sA ): \Pgé(d, Cly...,Ch, fl(cl), ce fk(cl, cee, Ck))
By the definition of the set M, there exists b € M such that e = ez Let
J={je{l,....k} | f;(&) & Do }. If J = @, then

SDa }: ‘Ilag(ay Cly...,Clk, fl(cl)7 DRI fk(clv o ,Ck))
and we set g;(c') = f;(¢") for all i, 1 <i < k.

Suppose that J = {ji1,..., 5} and J # @. Then in the formula V., (z, ¥, Z)
there is no subformulas of the form (sz; = tu)!, where s,t € ', j € J, and
uefr;|ie{l,...,n}}U{yi|ie{l,...;k}}U{z|ie{l,....,k}\ J}.

If K| < pand K = {(a],...,a]),..., (e ,....a% )}, then by (2),
(sAgt 5o 8 Ag1 )y ooy (8Aue 5. .., 54, ) are l-tuples of the connected com-

J1 gl J1 il ] ]
ponents of S-act 5Dq,, hence there is (o, ,...,aj) € Kg] such that f;(&) €
A,i € D, for all j € J, contradiction.

J

Therefore \Ki]\ > p, where p=1-(n+2k—1). By (1), (s44t 5.5 4,1 ),

J1 Jl
ooy (8Ayp ..., 5A,» ) are [-tuples of the connected components of S-act
J1 g1

sD,, where (0‘31‘1» . ajl-l), s (af ... ol ) are the different elements of Ki]'
Then there is (aj,,...,a5) € {(af,...,a5),..., (o} ,...,a%)} such that

SA%'l U...u SAajl does not contain elements from the set

{ajlie{l,....n}}U{g i {l,... . k}YU{fi(@) |ie{l,....,k}\ J}.
By definition of Kli)], l-tuple (oj,,...,q;) corresponds to d € A such that
eg=¢pand f;j(d’) € A,, for all j € J. Since in the formula W, (7,7, ) there
is no subformulas of the form (sz; = tu)!, where s,t € S', j € J,

we{r; |ie{l,....,n}}U{yi |ie{l,... k}}U{z|ie{l,....k}\ J}
and

sAE Y (a,dy, ... d,g1(d1),. .., gk(d1, ... dy)),
then
sDo = Ve, (a,c1,. . ek, 91(c1)5 -, grlcns - - -5 cr)),s
where g;(¢') = fi(¢") if i ¢ J, and g;(¢') = fi(d) ifie J.
Thus, we construct functions g¢; : D!, — D, (1 <1i < k) such that

sDa =y e \) Ye(@yrs o Uk 101, -5 96 (W1 )
eek
So D, = ®(a) for any a > «g. Since the ultrafilter F' contains Fréchet
filter, then by Lo$’s Theorem gD = ®(a’). O
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Corollary 1. Let A = [],.,. sAq, K be an infinite ordinal, sA, be the
connected components of sA, ® be a sentence of language Lg, and sA
®. Then there is a finite set {sB1,...,sBm} C {sAa | @ < K} such that
sBiU...UgBn, ):(I),

Proof. Let the conditions of Corollary be satisfied. We will use the notation
introduced in the proof of Lemma 1. As in Lemma 1, we can assume that

O =V 3a .. Vs \/ (5, 2),
eek

where § = (y1,...,uk), 2 = (21,...,2k), E C E®®_ As the desired S-act
sB1U...UgB,, we take an S-act gDj,, constructed in the proof of Lemma
1 for n =0. [l

Theorem 1 follows directly from Corollary 1.
Theorem 1. Any coproduct of finite S-acts is a pseudofinite S-act.
Since any S-act over a group is a cyclic S-act, we get
Corollary 2. Any S-act, where S is a finite group, is a pseudofinite S-act.

In [12], there are the examples of connected infinite pseudofinite and non-
pseudofinite S-acts over a finite monoid S.
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