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APPROXIMATION OF DISCRETE FUNCTIONS USING
SPECIAL SERIES BY MODIFIED MEIXNER POLYNOMIALS

R.M. GADZHIMIRZAEV

ABSTRACT. This article is devoted to the study of approximative properti-
es of the special series by modified Meixner polynomials My y(z) (n =
0,1,...). For @« > —1 these polynomials form an orthogonal system on
the grid Qs = {0, 9,26, ...} with respect to the weight function w(z) =
6_1%, where § = %, N > 0. We obtained upper estimate on
[%”,oo) for the Lebesgue function of partial sums of a special series,
where 0,, = 4n + 2a + 2.

Keywords: Meixner polynomials, Fourier series, special series, Lebesgue
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1. INTRODUCTION

Suppose Q5 = {0,6,24,...}, where § = %, N > 0. We denote by M \(z)
M&(Nz,e™%) (n =0,1,...) the modified Meixner polynomials that form for
—1 an orthogonal system on the grid 25 with respect to the weight function w(x)
—zI'(Nz4a+1) .
Vet e

D M (@) ME y (@)w(@) = (1= e )" hy nbuk, > 1,

€S

where d,,; is the Kronecker symbol and hy; \, = (”Jga) e™T(a+1). The corresponding
orthonormal polynomials with the weight function py(z) = (1 — e~?)*Tlw(x)
we denote by m¢ y(x) = (he ) 2Mg (x) (n = 0,1,...). In this paper, we
continue the study of the approximative properties of partial sums of special series
by the modified Meixner polynomials mgp ~(2). The special series by the system
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of polynomials m;, () is a natural (and alternative to Fourier-Meixner series)
apparatus for simultaneous approximation of functions and their finite differences.
Moreover, partial sums of special series interpolate the original function at the
points 0,0,...,(r — 1)d. Note that partial sums of Fourier—Meixner series do not
have this property. However, the approximative properties of partial sums of the
special series are not sufficiently studied. In particular, the problem of estimating
on the interval [97", 00) the Lebesgue function I;" () of partial sums of a special
series was not studied. For the estimate of the function I;"y(x), the Christoffel-
Darboux formula (1) and weighted estimates (3), (5) play an important role. These
estimates hold for any z € [0,00) and depend on the location of the variable = on

the semi-axis. Therefore, to estimate the Lebesgue function [,y () on [rd, 0o), it is

necessary to spht the semi-axis into sets G1 = [rd, 3’\] G = [‘3—’\, &), G5 = &, 3]
and Gy = [2 2", ), where 0,, = 4n + 2a+ 2. For 2 € G; U G the function lmN(Q?)
was estimated in [1]. The main result of this paper is Theorem 1. In this theorem,

we obtained upper estimates for the function Zz;,(x) on the sets G3 and Gy4.

2. SOME PROPERTIES OF THE MODIFIED MEIXNER POLYNOMIALS
To study the approximative properties of partial sums of a special series, we need
some properties of the polynomials My y (). Let N > 0,6 = %, Qs ={0,0,20,...},
and let a be an arbitrary real number. Then for the polynomials M ~(z) we have
[2]:

e the Rodrigues formula

[(Nz +1)em*= {F(Nx +a+1) e_ﬁ}
§ )

My N (z) = n!T'(Nz + a + 1) I'(Nz—n+1)
where AYf(z) = f(x), Asf(x) = f(z+8) = f(x), AFf() = As(AF f(a):

e the orthogonality relation

Z Mk N(@)pn(z) = hg,N(Snlﬁ a>—1;
zEQs

e the Christoffel-Darboux formula

(1) Kon(t )= kazv ymi n(z) =

5\/ (n+1)(n+a+1)myy n@E)my y(@) —mp y(Emg 1 v(@)
eg — e_% x—t

which can be written [3, 4] as follows:
Q1 ) 1
(an + an—l) (6

(2) [mi’{N(w) (mg+171v(t) - mg—l,N(t)) _mrof,N(t) (mg+17N(I) - mg—u\r(ﬂﬁ))] )

where a, = /(n +1)(n + a + 1), m<, y(x) =0.
For0 <§ <1, N=%X>0,1<n<AN,a>-1,0<z<o00,s5 >0,
0, = 4n + 2 + 2 the following weighted estimates hold [2, 5]:

(3) e 2 |m& y(z £ 86)| < c(a, A, s)0n 2AO‘( ),

On

mn (tx) = mmn,N(t>mn,N($) +

(NED
\
@
|
[SE%
~—
—
8
\
~
~—
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o5, 0<a<g,
G4, .—o_1 1 0
072 rT271, o <z < 3
(4) Al (w) = 1 S
" 3 4 0 30
[en(en+|x—9n\)} , lcp< 3
_ 3z 30,
e s, 5 < < 00,

5 1
97’% ) OSmS Ev
—3 a1
On ' 5+Za 0% <$§7na
(5) C(Oé, /\7 5) o —3 1 i 9 30
720, " [0;{+|z—0n|} , o <r <,
e %, ¥ < x< o0

Hereinafter ¢, ¢(a), ¢(a, A, s) are positive numbers which can be different in different
places of the text.

3. LEBESGUE’S INEQUALITY FOR THE PARTIAL SUMS OF SPECIAL SERIES BY
MODIFIED MEIXNER POLYNOMIALS

We denote by l%N (Q25) the space of functions f defined on the grid Qs and such
that Y- .. f2(x)pn(x) < oo. For f € 12 () and © € Q.5 = {rd, (r +1)J,...},
we can define a discrete analog of the Taylor polynomial of the following form
P._in(z) = Z;;é W(Nx)[”}. It is easy to show that the function f,.(z) =
f(@)=Pr_1,n(z)

N-7(Na)l"]
the modified Meixner polynomials m§ v .(¥) = mg y(z —rd) (k = 0,1,...) for
a > —1 form an orthonormal basis in l/%N’r(QT,(;), then we can define the Fourier—
Meixner coefficients of f,.

= S fWpneOmi ) = 3 AL e )

teQ,. s teQ,. s

belongs to the space I2 . (Q,5), where py () = pn(z —70). Since

and the Fourier-Meixner series of f,.
(6) fr(@) =Y fremi n (@),
k=0

Series (6) converges to f, uniformly with respect to « € €, 5. This follows from the
basis property of the system of polynomials mg v () (k =0,1,...) in the space
12, (Q5). Then

(7) f(x) = Py n (@) + NTI(Na) Y frmi o (2), @€ Q.
k=0

Following [1, 6], we will call (7) the special series by the modified Meixner polynomials.
Denote by Sy, n(f, ) the partial sum of the special series (7) of the form

Se N (fox) = Pooin(@) + N (N) ST foyme (),
k=0

We note that if f(z) = pp4r(z) is an algebraic polynomial of degree n + r, then
[ = 0 for k > n + 1. Therefore from (7) follows that S5 N (Pntr, T) = Pnr(T).
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Further, denote by ¢+, (x) an algebraic polynomial of degree n 4 r such that
A'£(0) = A’gyyr(0) (i =0,7 — 1).
Then for x € Q, 5 we have

e 3a 3T | f(2) = Spy o (foo)| S e Fa BN | f(@) = g ()| +

r

_z _r 1 a
(8) e zgTz2t1 |Sn+r7N(Qn+r7fvx)|'
Since Pr_1 N(gntr — frx) =0,

_z _r 1
€ 2+4|Sr?+r,N(qn+r_fax>‘:

675x75+%N7T(N33)M <

Z(Qn+r - f);l-,kmg,N(x —rd)
k=0

Z m%N(t — r&)mg’N(ac —1d)
k=0

B NI lan++(t) — f(B)]
e 2x (Nz) te%:é (NE)F PN, (1)

(9) ef%x*%Jr%(Ng)[’”] Z Mplvm(t) |Ko N (t =1,z —76)].

teQ, 5 (Nt)[r]
Put
(10) EL(f,8) =inf sup e a7 3%1|f(z) - qu()|,
e zeQ, s

where the infimum is taken over all algebraic polynomials gx(x) of degree k for
which A?f(0) = Alqx(0) (i = 0,r — 1). Then from (8) — (10) we have

1

E

(11) eigxing |f(l') - S7OLL+T,N(f7 l‘)| S E:L+T(f7 5)(1 =+ ls:}ﬂv(x))v

where

(12) 125 (x) = e T2 575 (Nl (1 — e %) F1x
3 e 20t 5T (Nt —r + a +

1)
(NOIFID(Nt —r + 1) Ko N (t— 1o,z — 7).

tEQr s

Inequality (11) leads to the problem of estimating on [rd, o) the Lebesgue function
Iy v (x) defined in (12). For € Gy U Gy this problem was solved in [1]. In this
paper, we will estimate the function ZZ}"V (z) on the sets G3 and Gy.

Theorem 1. Suppose that r € N, 7"7% <a< r+%, 0, =4n+2a+2, A >0,
0<6<1,1<n<AN. Then the following estimates hold:
1) if x € Gs, then

1

(13) Ly (@) <ela, A r) |In(n+1) + (19n>
03 + |z — 0,

2) if x € Gy, then

e

Bl
ISES

(14) Iy (z) < c(a,)\,r)n7%+%x%+
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Proof. Assume that x € Gs. We introduce the notations: Dy = [rd,x — \/x/0,] N
5, Do =[x — /2 /0n, 2+ \/2/0,) N Qps, D3 = [z + \/2/0p,00) N Q5. Using
these notations, we can write

(15) lg:;v(ac) = H, + Hy + Hs,

where
1

Hi=e 2z 5% (Na)ll(1 — e7%)* T x

3 e 5t (Nt —r+a+1

)
Kt — 78, — 16
(Nt)FID(Nt — 7 + 1) |G (t = 16,2 — 1d)

(16)

. i=1,2,3.
teD;

First, we estimate Ho. Note that the Cauchy—Schwartz inequality yields

(A7) K2 (t — 16,2 — 18)| < |K& y(t — 16,8 —18)| "/ |K2 p (2 — 76,2 — 5)|"/2.

If x € G3, then for t € Dy we have cix < t < cox. Therefore, from (16) and (17)
we obtain the inequality
Hy < c(a,r)a?ti le " Ko n(x —ré,a — r5)|1/2 Ix
Z o5 d ‘e_th,O{7N(t —7d,t — 7‘5)|1/2 :
teD>

For the value |e 7' K5y (t — 70, — 70)| in [1] the following estimate was obtained:
(18) le™HCE (= 70,8 — 18)| < cla, A, 7)E ™ 203,

where o > —1, 0, =4n+2a+2,t > 3/0,, A >0, 1 <n < AN. From this estimate
it follows that

(19) c(a,)\,r)xg_%néé Z t57373 < c(oz,)\,r)x_%n% Z 0 < cla, A\ r).

We proceed to estimating Hs. To this end, we use equality (2) and write
(20) Hjz < c(a,r)(Hz1 + Hsz + Hsg),

where

x

Hyy = e 22305 |ms (= r0)[0 Y e 3t72 73t ms n(t — 1)),
teDs

Hsy =ne 3235+ 3 |mg+1’N(x — 1) —my_ n(7— r5)| 0x

—_z
2

Hss =ne 3235+ 3 |mg’N(x - 7“5)’ 0%

e str—5—1 N .
T — |mn+1,N(t —rd) — mn—l,N(t - T5)| .
|t — x|
teDs
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To estimate Hsy, we represent it as

(21) Hsy = Hy, + Hj,,

where

teD}

D} =[x+ V2/0,,30,/2+\/x/0,] N Qs, D3 =[30,/2+ \/2/0n,00) N Q5.

From inequalities (3) and (4) we obtain

2 —5—
H;l < clo, A\ 1) — 0 <

cla, A\ r)— O 6> — ! - <
(03 + |z —0u])7 tepy (0 + [t —Op])7

1 0n
ot 2
(22) c(ay )\,7“)19—1 0— + / #1-1-
(08 + |z —0,)7 | 037 (08 +0, —1)7
z++\/x /6

30, /24++/x/0n

dt 0, *
/ —— | SelaAr) <1> ;
g 03 +t—0,)7 03 + |x — 0,

(23) c(a,)\,r)en/yo‘e—”%ydt < c(a,/\,r)ﬁne_%/yo‘e_%ydt < c(a, A, r).
3 3
2 2

2

From (21)—(23) we derive the following estimate

(24) Hsy < c(a, A7) (19n> .
03 + |z — 0,

Now we estimate Hzo. To this end, we write it in the form

(25) Hsy = Hi, + Hsy,
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where

Hi, = ne %y3ta |m&y n(@—716) —mG_y y(z—1rd)| 6

1

t T
e 2t 271 .
Z ﬁh’n%,]\](t—réﬂ, Z:1,2.
teD}

Using the inequalities (3)—(5) we can write

3
1

(03 + 12— 6] * ox

IS

t 5400 (0,000 + 1t - 60a])]
<
t—x -
teD]
0; 0,))F
cla, A\, 1) (05 + |2 = On])

vepy (05 + |t = 60,])3 (t — )

1 1
Further, we consider two cases: 1) 0,/2 < x <0, —203; 2) 0, —203 <z <30,/2.
In the second case we have

05 + | — O, 4
0F +1t— 6,

then

1 1 30n/2+\/x/b, —x
(26) Hiy < c(a, A\, 7r)d Z - < ela, A, r)In

ieD} Va/o,
< cla, A\, r)In(n + 1).
If0,/2 <z <46, — 297’%, we can write
(27) Hiy < cla, \,7) (I + I + I3),
where

(03 + |z — 0,])%

I=6 . 1
tepy, (0 + [t = 0])x(t — )

) k:172737

DY, = [w4+/)0p, 6r—05 +/2/05)NDL, DLy = [0,—03 +/7 /0y, 0,+03 ++/7 /05D,

Dly = [0 + 04 +v/2/0,,36,/2 + \/2/0,] N D}
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1
Since 205 < 0, — x, we have

T LS A L
tepy, (0n + [t = On])3 (t — @) teD}, (On — )3 (t —2)

I <46

1
0,03 +1/2/6n

Tt
l + / n 1/4 S
(0n —x — \/2/0,)2/2/0, (1- en—t)(gz:;)

0
z++\/x /6 Op—x

bn—o—/578m

On—x
dy
C(Oé) / W S C(Oé) ln(n + 1),
0 /770

Op—x

Al

[3(0n — )]

veny, (O + |t = 6a])3 (t — )

3 T 1
< < |26, — 2503 <
I, <§ {2(% x)] 0,125 — <

teDl,
On+ 08 + /20w —z
0, — 03 +\/1/0, -

n )

() [;(Hn — x)} 0, <1 + PR jegx/en - I) <
T L 207%
0, — 03 + /)0 —2
203

On — v — 2=

c(a) {2(9,, - ac)] : 67 7% In

< ¢(@)(0, — 2)7

o
PN
Q
N~—
N
—~
>
R
N
&
8
S~—
w
~_
N
IN
o
PN
Q
SN—
/N
o
N
D
3l= :)Qb
—
w
~—
PN
IN
o
—
o
S—

Bl
(o9
~
~
8
N
Bl

O
teD}, (0 + |t*9n‘)%(t*x) teD},

c Z o) %Sc Z P—. < c(a)In(n +1).

teDi,

I3<6

w| o,

(t - )

From inequalities (26), (27) and the estimates for I, k = 1,2,3 it follows that

(28) H3y < cla,\,7)In(n +1).
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To estimate H3,, we use inequalities (3) and (5):

_3
1

r a 1
(29) HZ, < c(a, A\, r)nastia= 50, 1 (03 + |z — 0,])T0x

toz—l—le_% —3t el 1 . =%
Z 2710, e 8 Sc(a,)\,T)en +4(9${+|$—9n‘)162 te g <

t—xa
teD3 teD2

From (25), (28) and (29) we obtain

(30) Hso < c(a, A\, r)In(n +1).
Similarly, we get the estimate for Hss:

(31) Hyz = Hzy + His,
where

Hi, =ne 32571 |m® (z — r0)| 6
33 n,N

1

6,%750(,%,4 o o )
Z ﬁ|mn+17N(t—7’5)—mn_lﬁN(tfr5)|, 1=1,2.
teD}

From (3)—(5) we have

9;%+% 7 _ 3t en !
C(Oz,)\,’l“)l— / te” s dt < C(Oz,)\,’l“) I — .
i 03 + |z — 6,

7n+%

From (31)—(33) it follows that

1

On !
(34) Hiz < c(a,\,7) |In(n+1) + <1>
O + |z — 0,
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Comparing (24), (30) and (34) with (20) we have

0,, R
(35) Hs < c(a, A\, 1) [In(n+1) + <1>
03 + |x — 0,
Using the same scheme as for Hsz, we can obtain the following estimate
17
0
(36) Hy <c(a, A7) |In(n+1) + <1”> ]
03 + |z — 0y

From estimates (19), (35) and (36) we deduce that

lf:’yv(x) <c(a, A1) |In(n+1)+ <lon>
' 03 + |x — 6,

Thus, (13) is proved.
Now let us prove (14). Assume that © € G4. From (12) and (17) it follows that

(37) Ihin() <cla, Pziti (e Ky n(z—ré,x — 1"5))1/2 dx

Z 51 (e_t/Cg)N(t —7rd,t — r6))1/2 =

tGQT)(s
c(a,r)zsti (e "Kq y(x —ré,x — r§))1/2 (J1+ J2+ J3),

where

To=063 1058 (K y(t -6t — 1)) P k=123,

teEy

1 1 30
By = |16, —| N Qs By= |-, 20
1 [7‘5,0 }ﬂ rey Bo |:0n’ 5

n

30,
:| r1S27“,((57 E3 = |:27OO> mQT,(S'

W=

First, estimate the value (e K% y(x — 16,2 — 76))
have

. From (1), (3), and (4) we

k=0

2

cla, \,1) <Z k™ ei"’”> < (e, )\,T)n%e*%e*
k=0

Let us estimate Jy (we assume that J; =0, if rd > ei)

ENE]
IA
Q
—~
L
>
<
S~—"
3
M‘T
R
Q\
IS

(39) Ji <cla,\r)d Z AR (Z 9,6;) <
k=0

teE,

T 3
a1 i ar1 1\ 23 ra
cla, \,r)0p,2 6 Z 75T < (o, A\, )0, () <cla,\,r)nz "1,
tekb 9n

N
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Further, estimate (18) yields

(40) Jy < c(a, A, r)d g T IS Tip <
teFE>
30n
o _r_ 1 2
1 1 2 2 2 [e3 T T
c(a, A\, r)nt 5(0) Jr/t?*f*fdt <cla,\,r)n =z T
" 1
On

Finally, from (38) we have

(A1) Jy=8 3 1R (K (=it =) <
teks

From inequalities (37)—(41) we deduce the following estimate
an(e) < cla, \,r)n~ 5 tigstic i,

This completes the proof of the theorem.
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