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Ïðåäñòàâëåíî Þ.Ë. Òðàõèíèíûì

Abstract: The asymptotic behavior (as t → +∞) of the solution
to the initial-boundary value problem is analyzed for the system
of di�erential equations describing the barotropic dynamics of a
viscous multi�uid with a non-diagonal, symmetric and positive
de�nite viscosity matrix, in the case of one spatial variable. New
a priori estimates are obtained and stabilization of the solution to
the initial-boundary value problem is proved.

Keywords: barotropic �ow, viscous compressible multi�uid, visco-
sity matrix, stabilization of solution.

1 Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ îäíîìåðíûõ óðàâíåíèé äè-
íàìèêè âÿçêîé áàðîòðîïíîé ìíîãîêîìïîíåíòíîé ñìåñè

∂ρ

∂t
+

∂(ρv)

∂x
= 0, (1)
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ρ
∂ui
∂t

+ ρv
∂ui
∂x

+ αi
∂p(ρ)

∂x
=

N∑
j=1

νij
∂2uj
∂x2

, i = 1, . . . , N, (2)

ρ|t=0 = ρ0(x), ui|t=0 = u0i(x), i = 1, . . . , N, (3)

ui|x=0 = ui|x=1 = 0, i = 1, . . . , N. (4)

Çäåñü N ⩾ 2 � ÷èñëî êîìïîíåíò ñìåñè; ρ > 0 � ïëîòíîñòü ñìåñè è
ui, i = 1, . . . , N � ñêîðîñòè êîìïîíåíò (ñîñòàâëÿþùèõ) ñìåñè, ÿâëÿþòñÿ
èñêîìûìè ôóíêöèÿìè âðåìåíè t ∈ [0, T ], ãäå 0 < T < +∞, è òî÷êè x
îáëàñòè òå÷åíèÿ Ω = {x ∈ R | 0 < x < 1}; v � ñðåäíåâçâåøåííàÿ (áàðè-

öåíòðè÷åñêàÿ) ñêîðîñòü, v =

N∑
j=1

αjuj , αj = const ∈ (0, 1), j = 1, . . . , N ,

N∑
j=1

αj = 1; p ∈ C1(0,∞) � äàâëåíèå (ÿâëÿåòñÿ çàäàííîé ôóíêöèåé ïëîò-

íîñòè ρ), ïðè÷åì p > 0,
dp

dρ
> 0; ïîñòîÿííûå êîýôôèöèåíòû âÿçêîñòåé

νij , i, j = 1, . . . , N îáðàçóþò ñèììåòðè÷íóþ ìàòðèöó N > 0; íà÷àëüíûå

äàííûå ρ0 ∈ W 1
2 (0, 1), ρ0 > 0, u0i ∈

◦
W 1

2 (0, 1), i = 1, . . . , N .
Êàê âèäíî â óðàâíåíèÿõ (2) ïðèñóòñòâóþò ñòàðøèå ïðîèçâîäíûå (ïðî-

èçâîäíûå âòîðîãî ïîðÿäêà) îò ñêîðîñòåé âñåõ êîìïîíåíò, ââèäó ñîñòàâ-
íîé ñòðóêòóðû òåíçîðîâ âÿçêèõ íàïðÿæåíèé ñîñòàâëÿþùèõ ñìåñè [1].
Âñëåäñòâèå ýòîãî, ðåçóëüòàòû èçâåñòíûå äëÿ îäíîìåðíûõ áàðîòðîïíûõ
óðàâíåíèé Íàâüå-Ñòîêñà àâòîìàòè÷åñêè íå ïåðåíîñÿòñÿ íà óðàâíåíèÿ
(1), (2). Îòìåòèì, ÷òî âîïðîñû îá àñèìïòîòè÷åñêîì ïîâåäåíèè ðåøåíèé
îäíîìåðíûõ óðàâíåíèé Íàâüå-Ñòîêñà èññëåäîâàëèñü â ðàáîòàõ [2]�[7].
Ñóùåñòâîâàíèå, åäèíñòâåííîñòü è àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé
ïðè t → +∞ ðàññìàòðèâàåìûõ îäíîìåðíûõ óðàâíåíèé âÿçêèõ ìíîãîêîì-
ïîíåíòíûõ ñìåñåé â èçîòåðìè÷åñêîì è ïîëèòðîïíîì ñëó÷àÿõ èçó÷àëèñü
â ðàáîòàõ [8]�[13]. Àíàëîãè÷íûì âîïðîñàì äëÿ ñìåæíûõ îäíîìåðíûõ ìî-
äåëåé ìíîãîêîìïîíåíòíûõ ñìåñåé ïîñâÿùåíû ðàáîòû [14]�[21].

2 Ìàññîâûå ëàãðàíæåâû êîîðäèíàòû

Ïðè àíàëèçå çàäà÷è (1)�(4) áóäåò èñïîëüçîâàòü ìàññîâûå ëàãðàíæåâû
êîîðäèíàòû. Âîçüìåì çà íîâûå íåçàâèñèìûå ïåðåìåííûå t è

y(t, x) =

x∫
0

ρ(t, s) ds. Â ýòîì ñëó÷àå ñèñòåìà (1), (2) ïðèìåò âèä

∂ρ

∂t
+ ρ2

∂v

∂y
= 0, v =

N∑
j=1

αjuj , (5)
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∂ui
∂t

+ αi
∂p(ρ)

∂y
=

N∑
j=1

νij
∂

∂y

(
ρ
∂uj
∂y

)
, i = 1, . . . , N. (6)

Ïðè òàêîì ïåðåõîäå îáëàñòü òå÷åíèÿ Ω îòîáðàæàåòñÿ â îáëàñòü

Ω̃ = {y ∈ R | 0 < y < d}, ãäå d =

1∫
0

ρ0(x) dx > 0. Íà÷àëüíûå è ãðà-

íè÷íûå óñëîâèÿ ïðåîáðàçóþòñÿ ê ñëåäóþùåìó âèäó:

ρ|t=0 = ρ̃0(y), ui|t=0 = ũ0i(y), i = 1, . . . , N, (7)

ui|y=0 = ui|y=d = 0, i = 1, . . . , N. (8)

3 Àïðèîðíûå îöåíêè

Ïîëó÷èì ðàâíîìåðíûå ïî âðåìåíè îöåíêè, ïîçâîëÿþùèå ñäåëàòü âû-
âîä îá àñèìïòîòè÷åñêîì ïîâåäåíèè ðåøåíèÿ çàäà÷è (1)�(4) ïðè t → +∞.
Äëÿ ýòîãî óìíîæèì óðàâíåíèÿ (2) íà ui, ïðîñóììèðóåì ïî i è ïðîèíòå-
ãðèðóåì ïî y, ïîëó÷èì (ñ ó÷åòîì (1))

1

2

d

dt

N∑
i=1

1∫
0

ρu2i dx+

N∑
i,j=1

νij

1∫
0

(∂ui
∂x

)(∂uj
∂x

)
dx =

= −
N∑
i=1

αi

1∫
0

ui

(
∂p(ρ)

∂x

)
dx. (9)

Ïîñêîëüêó N > 0, òî äëÿ âòîðîãî ñëàãàåìîãî â ëåâîé ÷àñòè (9) ñïðàâåä-
ëèâî íåðàâåíñòâî

N∑
i,j=1

νij

1∫
0

(∂ui
∂x

)(∂uj
∂x

)
dx ⩾ C1

N∑
i=1

1∫
0

(∂ui
∂x

)2
dx (10)

ñ íåêîòîðîé ïîëîæèòåëüíîé ïîñòîÿííîé C1. Òåïåðü óìíîæèì óðàâíåíèå

(1) íà G′(ρ), ãäå G(ρ) = ρ

ρ∫
d

p(s)− p(d)

s2
ds, ïðîèíòåãðèðóåì ïî x è äëÿ

ïðàâîé ÷àñòè (9) ïîëó÷èì, ÷òî

−
N∑
i=1

αi

1∫
0

ui

(
∂p(ρ)

∂x

)
dx =

1∫
0

p(ρ)
(∂v
∂x

)
dx = − d

dt

1∫
0

G(ρ) dx. (11)

Áëàãîäàðÿ (10) è (11), èç (9) ñëåäóåò íåðàâåíñòâî

1

2

d

dt

N∑
i=1

1∫
0

ρu2i dx+
d

dt

1∫
0

G(ρ) dx+ C1

N∑
i=1

1∫
0

(∂ui
∂x

)2
dx ⩽ 0. (12)
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Â ìàññîâûõ ëàãðàíæåâûõ êîîðäèíàòàõ (t, y) ôîðìóëà (12) ïðåîáðàçóåòñÿ
ê ñëåäóþùåìó âèäó:

1

2

d

dt

N∑
i=1

d∫
0

u2i dy +
d

dt

d∫
0

G(ρ)

ρ
dy + C1

N∑
i=1

d∫
0

ρ
(∂ui
∂y

)2
dy ⩽ 0. (13)

Èç (13), ïîñëå èíòåãðèðîâàíèÿ ïî t, ïîëó÷àåì íåðàâåíñòâî

N∑
i=1

d∫
0

u2i dy +

d∫
0

G(ρ)

ρ
dy +

N∑
i=1

t∫
0

d∫
0

ρ
(∂ui
∂y

)2
dydτ ⩽ C2, (14)

ãäå ïîñòîÿííàÿ C2 > 0. Âñå ñëàãàåìûå â ëåâîé ÷àñòè (14) íåîòðèöàòåëü-
íû.
Ïðåîáðàçóåì òåïåðü óðàâíåíèÿ (6) ê âèäó

αi

N∑
j=1

ν̃ij
∂uj
∂t

+ αi

 N∑
j=1

αj ν̃ij

 ∂p(ρ)

∂y
=

= αi
∂

∂y

(
ρ
∂ui
∂y

)
, i = 1, . . . , N, (15)

ãäå ÷åðåç ν̃ij , i, j = 1, . . . , N ìû îáîçíà÷èëè êîìïîíåíòû ìàòðèöû Ñ =

N
−1. Ïðîñóììèðóåì (15) ïî i, ïîëó÷èì

N∑
i,j=1

αiν̃ij
∂uj
∂t

+ K̃
∂p(ρ)

∂y
=

∂

∂y

(
ρ
∂v

∂y

)
, (16)

ãäå ïîñòîÿííàÿ K̃ =

N∑
i,j=1

ν̃ijαiαj > 0. Îòìåòèì òàêæå, ÷òî èç óðàâíåíèÿ

(5) ñëåäóåò, ÷òî

ρ
∂v

∂y
= −∂ ln ρ

∂t
. (17)

Äàëåå, ïîäñòàâèì ρ
∂v

∂y
èç (17) â ðàâåíñòâî (16), è ïîëó÷èì ñîîòíîøåíèå

∂2 ln ρ

∂t∂y
+ K̃

∂p(ρ)

∂y
= −

N∑
i,j=1

αiν̃ij
∂uj
∂t

. (18)
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Óìíîæàÿ îáå ÷àñòè (18) íà
∂ ln ρ

∂y
è èíòåãðèðóÿ ïî y, ïðèõîäèì ê ðàâåí-

ñòâó

1

2

d

dt

d∫
0

(∂ ln ρ

∂y

)2
dy + K̃

d∫
0

(
∂p(ρ)

∂y

)(
∂ ln ρ

∂y

)
dy =

= −
N∑

i,j=1

αiν̃ij

d∫
0

(∂uj
∂t

)(∂ ln ρ

∂y

)
dy. (19)

Ïðåîáðàçóåì ïðàâóþ ÷àñòü (19), èñïîëüçóÿ ôîðìóëó èíòåãðèðîâàíèÿ ïî
÷àñòÿì è (8), (17):

−
N∑

i,j=1

αiν̃ij

d∫
0

(∂uj
∂t

)(∂ ln ρ

∂y

)
dy = − d

dt

N∑
i,j=1

αiν̃ij

d∫
0

uj

(∂ ln ρ

∂y

)
dy+

+
N∑

i,j=1

αiν̃ij

d∫
0

ρ
(∂uj
∂y

)(∂v
∂y

)
dy. (20)

Òîãäà ïåðåïèøåì (19) â âèäå

1

2

d

dt

d∫
0

(∂ ln ρ

∂y

)2
dy + K̃

d∫
0

(
∂p(ρ)

∂y

)(∂ ln ρ

∂y

)
dy =

= − d

dt

N∑
i,j=1

αiν̃ij

d∫
0

uj

(∂ ln ρ

∂y

)
dy +

N∑
i,j=1

αiν̃ij

d∫
0

ρ
(∂uj
∂y

)(∂v
∂y

)
dy. (21)

Ïðîèíòåãðèðóåì ðàâåíñòâî (21) ïî t, ïîëó÷èì

1

2

d∫
0

(∂ ln ρ

∂y

)2
dy + K̃

t∫
0

d∫
0

(
∂p(ρ)

∂y

)(∂ ln ρ

∂y

)
dydτ =

= −
N∑

i,j=1

αiν̃ij

d∫
0

uj

(∂ ln ρ

∂y

)
dy +

N∑
i,j=1

αiν̃ij

t∫
0

d∫
0

ρ
(∂uj
∂y

)(∂v
∂y

)
dydτ+

+
1

2

d∫
0

1

ρ̃20

(∂ρ̃0
∂y

)2
dy +

N∑
i,j=1

αiν̃ij

d∫
0

ũ0j
ρ̃0

(∂ρ̃0
∂y

)
dy.

Îòñþäà è èç (14) òåïåðü ñëåäóåò îöåíêà

d∫
0

(∂ ln ρ

∂y

)2
dy +

t∫
0

d∫
0

ρp′(ρ)
(∂ ln ρ

∂y

)2
dydτ ⩽ C3 (22)



ÑÒÀÁÈËÈÇÀÖÈß ÐÅØÅÍÈß ÇÀÄÀ×È ÄÈÍÀÌÈÊÈ ÑÌÅÑÈ 1495

ñ ïîñòîÿííîé C3 > 0.
Äàëåå, èç óðàâíåíèÿ (5) ñëåäóåò, ÷òî ïðè êàæäîì

t ∈ [0, T ] õîòÿ áû â îäíîé òî÷êå ξ(t) ∈ [0, d]

ρ(t, ξ(t)) = d. (23)

Òîãäà, ò. ê.

ln ρ(t, y) = ln ρ(t, ξ(t)) +

y∫
ξ(t)

∂(ln ρ(t, s))

∂s
ds,

òî èñïîëüçóÿ íåðàâåíñòâî Ãåëüäåðà, ñ ó÷åòîì (22) è (23), ïîëó÷èì

| ln ρ(t, y)| ⩽ | ln d|+
√
d

∥∥∥∥∂ ln ρ

∂y

∥∥∥∥
L2(0,d)

⩽ C4, C4 = const > 0.

Îòñþäà íåïîñðåäñòâåííî ñëåäóåò, ÷òî

0 <
1

C5
⩽ ρ(t, y) ⩽ C5 < +∞, C5 = const > 0. (24)

Òàêèì îáðàçîì, èç (14), (22) è (24) èìååì, ÷òî

N∑
i=1

t∫
0

d∫
0

(∂ui
∂y

)2
dydτ +

d∫
0

(∂ρ
∂y

)2
dy +

t∫
0

d∫
0

(∂ρ
∂y

)2
dydτ ⩽ C6 (25)

c ïîñòîÿííîé C6 > 0.

Ïðèñòóïèì ê âûâîäó äàëüíåéøèõ îöåíîê. Óìíîæèì (6) íà
∂2ui
∂y2

è ïðî-

èíòåãðèðóåì ïî y, ïîëó÷èì

1

2

d

dt

d∫
0

(∂ui
∂y

)2
dy +

N∑
j=1

νij

d∫
0

ρ
(∂2ui
∂y2

)(∂2uj
∂y2

)
dy =

= −
N∑
j=1

νij

d∫
0

(∂ρ
∂y

)(∂2ui
∂y2

)(∂uj
∂y

)
dy + αi

d∫
0

(
∂p(ρ)

∂y

)( ∂2ui
∂y2

)
dy. (26)

Ïðîñóììèðóåì (26) ïî i è ïðîèíòåãðèðóåì ïî t:

1

2

N∑
i=1

d∫
0

(∂ui
∂y

)2
dy +

N∑
i,j=1

νij

t∫
0

d∫
0

ρ
(∂2ui
∂y2

)(∂2uj
∂y2

)
dydτ =

=
1

2

N∑
i=1

d∫
0

(∂ũ0i
∂y

)2
dy −

N∑
i,j=1

νij

t∫
0

d∫
0

(∂ρ
∂y

)(∂2ui
∂y2

)(∂uj
∂y

)
dydτ+

+

t∫
0

d∫
0

(
∂p(ρ)

∂y

)(∂2v

∂y2

)
dydτ. (27)
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Äëÿ ëåâîé ÷àñòè (27) èìååò ìåñòî îöåíêà

1

2

N∑
i=1

d∫
0

(∂ui
∂y

)2
dy +

N∑
i,j=1

νij

t∫
0

d∫
0

ρ
(∂2ui
∂y2

)(∂2uj
∂y2

)
dydτ ⩾

⩾ C7

( N∑
i=1

d∫
0

(∂ui
∂y

)2
dy +

N∑
i=1

t∫
0

d∫
0

(∂2ui
∂y2

)2
dydτ

)
, C7 = const > 0. (28)

Äëÿ âòîðîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (27), ââèäó îöåíêè (25) è íåðà-
âåíñòâ ∥∥∥∥∂ui∂y

∥∥∥∥2
C[0,d]

⩽ 2

∥∥∥∥∂ui∂y

∥∥∥∥
L2(0,d)

∥∥∥∥∂2ui
∂y2

∥∥∥∥
L2(0,d)

, i = 1, . . . , N, (29)

ñïðàâåäëèâà îöåíêà

−
N∑

i,j=1

νij

t∫
0

d∫
0

(∂ρ
∂y

)(∂2ui
∂y2

)(∂uj
∂y

)
dydτ ⩽

⩽
C7

4

N∑
i=1

t∫
0

d∫
0

(∂2ui
∂y2

)2
dydτ + C8, C8 = const > 0. (30)

Òðåòüå ñëàãàåìîå â ïðàâîé ÷àñòè (27) îöåíèì ñëåäóþùèì îáðàçîì:

t∫
0

d∫
0

(
∂p(ρ)

∂y

)(∂2v

∂y2

)
dydτ ⩽

⩽
C7

4

N∑
i=1

t∫
0

d∫
0

(∂2ui
∂y2

)2
dydτ + C9, C9 = const > 0. (31)

Â èòîãå, èç (27), áëàãîäàðÿ (28), (30) è (31), ñëåäóåò îöåíêà

N∑
i=1

d∫
0

(∂ui
∂y

)2
dy+

N∑
i=1

t∫
0

d∫
0

(∂2ui
∂y2

)2
dydτ ⩽ C10, C10 = const > 0. (32)

Íàêîíåö, èíòåãðèðóÿ (26) ïî t, ïðèõîäèì ê íåðàâåíñòâàì

t∫
0

∣∣∣∣∣∣ ddτ
d∫

0

(∂ui
∂y

)2
dy

∣∣∣∣∣∣ dτ ⩽ C11, i = 1, . . . , N, C11 = const > 0. (33)
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4 Àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ ïðè
íåîãðàíè÷åííîì âîçðàñòàíèè âðåìåíè

Èç (25) è (33) íåïîñðåäñòâåííî ñëåäóþò ïðè t → +∞ ñõîäèìîñòè∥∥∥∥∂ui∂y

∥∥∥∥
L2(0,d)

→ 0, i = 1, . . . , N. (34)

Äèôôåðåíöèðóÿ (5) ïî y è óìíîæàÿ íà
∂ρ

∂y
, ñ èñïîëüçîâàíèåì (29),

ïîëó÷àåì îöåíêó

t∫
0

∣∣∣∣∣∣ ddτ
d∫

0

(∂ρ
∂y

)2
dy

∣∣∣∣∣∣ dτ ⩽ C12, C12 = const > 0. (35)

Ñëåäîâàòåëüíî, ïðè t → +∞∥∥∥∥∂ρ∂y
∥∥∥∥
L2(0,d)

→ 0. (36)

Òàêèì îáðàçîì äîêàçàíî (ñì. (23)), ÷òî â íîðìå W 1
2 (0, d) ïðè t → +∞

ui → 0, i = 1, . . . , N, ρ → d. (37)

Íåñëîæíî ïðîâåðèòü òåïåðü, ÷òî òàêèå æå ñõîäèìîñòè èìåþò ìåñòî â
ýéëåðîâûõ ïåðåìåííûõ â íîðìå W 1

2 (0, 1).
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