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ROTATIONALLY SYMMETRIC SOLUTIONS TO
ISOTHERMAL COMPRESSIBLE NAVIER-STOKES
EQUATIONS

P.I. PLOTNIKOV

Communicated by O.S. ROZANOVA

Abstract: We consider a boundary value problem for compressible
Navier-Stokes equations with the pressure function p = o, where
o is the density of fluid. It is assumed the given data and a flow
domain are invariant with respect to rotations around the vertical
axis. The existence of weak rotationally symmetric solutions is
proved.
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1 Problem formulation. Results

The paper is devoted to the study of boundary value problems for 3D
compressible Navier-Stokes equations. Suppose a viscous compressible fluid
occupies a bounded domain Q C R?® with C* boundary 9. The state of
the fluid is characterized by the macroscopic quantities: the density o(x,t)
and the velocity u(z,t). For isentropic fluid, the pressure p(p) and internal
energy e(p) are given by the formulae

1

p=o0, e:ﬁdy, (1.1)
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where v > 1 is the adiabatic constant. In the end-point isothermal case the
pressure and internal energy are defined by the equalities

p=o, e=plno—op. (1.2)

The problem is to find u(z, t) and o(z, t) satisfying the following equations
and boundary conditions in the cylinder Q7 = Q x (0,7).

d(ou) + div (ou®u) + Vp(e) = div S(u) +of in Qr,
o+ div (ou) =0, 0>0 in Qr, (1.3)
u=0 ond2x(0,7),
u(z,0) =up(z), o(z,0)=go(z) >0 in Q.

Here, the vector field f € L>®°(Qr) denotes the density of external mass
forces, the viscous stress tensor S(u) is defined by the equality

2
S(u) = (Vu+Vu') — 3 dival. (1.4)
This is a typical form of the viscous stress tensor with shear viscosity equals

1 and bulk viscosity equals 0. We assume that given initial data satisfy the
conditions

w € L2(Q), 00 € L®(Q), po>0.

Regular solutions to problem (1.3) satisfy the energy diffusion equality

1 t
/Q (59(15)\u(t)]2 +e(t)) d —i—/o /QS(u(s)) : Vu(s) dxds

1 (1.5)
= / (590|u0|2 + (o) ) da for t € (0,T).
Q
In particular, they admit the energy estimates:
lolul® + p(0) | Lo o110 + all 20, 712(0)) < E for v > 1, (16)

lolul® + o n o] || zoo (0,701 (0)) + Illz2(0,rm1.2(0)) < E for v =1,

where the constant E depends only on Q, T\ |leollr=(q), l[uollz2(q), and
| 1l oo (@)~ For the macroscopic variables satisfying estimates (1.6), we can
define weak solutions to problem (1.3).

Definition 1.1. A weak solution to problem (1.3) is a couple (p,u) : Qp —
RT x R3 satisfying the following conditions

0,p(0), olul?> € L=(0,T; L*(Q)), w e L*(0,T; Wy (). (1.7)
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o The integral identity
/ (gu O+ ou®u: VE+ p(o)div € —S(u) : VE) dxdt
T

—I—/Tgf-ﬁdacdt—i—/ggouo(w)-£(x,0) dr =0 (1.8)

holds for every vector fields & € C*°(Qr) vanishing in a neighborhood
of the lateral boundary 02 x [0,T] and the lid Q x {t =T}.
e The integral identity

/ (004 + ou - Vip) dadt + / 00(x)Y(z,0)dz =0 (1.9)
T Q
holds for every ¢ € C*°(Qr) vanishing in a neighborhood of Qx{t =
T}.

The first nonlocal results concerning the mathematical theory of compressible
Navier-Stokes equations are due to P.-L. Lions. In monograph [12] he established
the existence of a weak solution to nonstationary boundary value problem
for the Navier-Stokes equations with the pressure function p ~ @7 for all
~v > 5/3. More recently, Feireisl, Novotny, and Petzeltovd, see [6], proved the
existence result for all v > 3/2, see also monographs [7], [14] for references
and details. For v < 3/2, the question on solvability of problem (1.3) is still
open. The main difficulty is the so-called concentration problem, which was
widely discussed in the mathematical literature in connection with vortex
sheets dynamics.

In this work, we focus on the end-point case of the isothermal flows. Hereinafter
we will assume that v = 1.

In this case the concentration problem can be formulated as follows. Let
us consider a sequence g, u. of approximate solutions to problem (1.3)
satisfying energy estimate (1.6). Here ¢ is the approximation parameter.
Such solutions can be obtained by the regularization method.

We may assume, after passing to a subsequence, that

u. — u weakly in L?(0,T; W(}’Q(Q)),
0. — o star weakly in L°°(0,T; L*(Q)),

0-u: ® u. — M star weakly in the space of Radon measures as ¢ — 0,

where M = (M;;)3x3 denotes a matrix-valued Radon measure in 2. In the
general case the weak star defect measure

p=M-puxu#0.
In particular, the momentum balance equation for the limits ¢ and u reads

Ot(ou) +div (pu ® u) —div S(u) + Vo +div p = of in Qr.
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The concentrations are canceled if div g = 0. Hence the problem is to
describe the structure of the defect measure and to find conditions under
which it is canceled.
For the compressible Navier-Stokes equations, the concentration problem
is
poorly investigated. Recently, the Hausdorff and parabolic dimensions of the
support of the defect measure were estimated in [21] and [22]. The absence
of concentrations in the critical case v = 3/2 have been proved in [17]. The
structure of the concentrations set may be very complicated. Therefore, we
restrict our considerations by the case of rotationally symmetric flows.
Denote by O(«) the orthogonal matrix defined by the equalities

Ola) = < 01%(04) (1) > Ora(a) = ( cosa  sina ) (1.10)

—sina  cosa

Definition 1.2. We say that a solution to equations (1.3) is rotationally
symmetric if the equalities

Q=0(a), u(O(a)z,t) =O0(x)u(z,t), o(z,t)=0(O(a)z,t) (1.11)
holds for every o € R.

We are now in a position to formulate the main results of this paper.
Introduce the regularized internal energy

e = plno—o+ei(o)+e2o), (1.12)
1
€1 = €Ql+51n(1+59)7 €2 = 563937

depending on the small parameters ¢,6 € (0,1/2). The corresponding pressure
function p = €’¢0 — e is defined by the equalities
p = o+pi(o)+p20), (1.13)

— o (eln(1 =0 — 5303,
p1 £0' " (e In( +69)+1+€0), p2 0

For positive €, 4, the function p meet all requirements of existence theorem
proved in [6], which leads to the following

Proposition 1.3. Let o9 > 0 and
ool () + ol 2y + 1f I (@) < - (1.14)
Then the boundary value problem
Oi(ou) + div (ou®@u) + Vp= div S(u) + of in Qr,
o+ div (pu)=0, 0>0 in Qr, (1.15)
u=0 ondQx(0,7),
u(z,0) =up(z), o(x,0)=g(x) >0 inQ
has a weak solution, which admits the estimate

lolu?|| Lo o.7:21(0)) + lle(@) | Lo o.7:11()) + 10l 20 7w1.2(0)) < E- (1.16)
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Here the constant E depends only on Q, T, and cg.

Note that
oln(2+ p) < 2(plnp—p) +c,
where c¢ is some absolute constant. It follows from this and the expressions
for e and p that

leln(2+ o)l~@ririey + ler@l=oro@) (117
Hle2()lz=rrr) < cE+e
and
HPHwaonglazn +‘HP1(Q)HL“wOJxLlaz» + Ip2(0)ll L= 0,7521 (02)) < ¢E +c.

(1.18)
The following remark is important.

Remark 1.4. Recall definition (1.10) of the matriz O(«). If the domain €2,
initial data (00,up) and mass force £ satisfy the symmetry conditions

Q=0(x)Q, up(O(a)z,t) = O(a)ug(z,t),
00(z,t) = 00(O(a)z,t), £(O(a)z,t) =O(a)f(z,t),

for all a € R, then problem (1.15) has a rotationally -symmetric solution
which meets all requirements of Definition 1.2 and Proposition 1.8. We do
not claim that all weak solutions to problem (1.15) given by Proposition 1.5
are symmetric. We mean that at least one of such solutions has symmetry
properties.

(1.19)

The particular cases of rotationally symmetric solutions are the axially
symmetric solutions with zero azimuth velocity component, and radially
symmetric solutions with ¢ and u depending only on |z|. In the radially
symmetric case, the existence of global weak solutions for all adiabatic exponents
v > 1 was proved in [10], see also [5]. The similar results for axially symmetric
and helically symmetric solutions were proved in [11] and [19]. However, the
obtained solutions are defined only in the flow domain with punctured axis
of symmetry. In paper [20] the existence of rotationally symmetric solutions
was proved for all v > (7 ++/73)/12. The end-point case of isothermal flows
with v = 1 is still poorly studied. Our goal is to fill this gap.

The following theorem is the main result of this paper. Assume that the
flow domain 2 with the boundary of the class C°° satisfies the symmetry
condition

O(a)Q =0 forall «a€R,
and the intersection of (2 with the symmetry axis Oz3 is an interval
IT={x: z1=22=0, x3 € (—a,a)}.

Furthermore assume that the initial data (g, ug) and mass force f satisfy
condition (1.14) and symmetry condition (1.19). Denote by (s, u.s) the
rotationally-symmetric solutions to problem (1.15) satisfying conditions of
Proposition 1.3.
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Theorem 1.5. Under the above assumptions, there is a subsequence of the
sequence

1
O = Oek(e)y Ue = Ugk(e) Ii(&) =e %,
still denoted by o-, u., with the following properties.
0c — 0, 0:U: — ou  weakly in LYQr), (1.20)
u. —»u  weakly in  L*(0,T; WOM(Q))

The functions o, u satisfy symmetry condition (1.11) and admit energy
estimate (1.16), (1.17), (1.18).

0:u:@u. —puu+p, po) =0 (1.21)

star weakly in the space of parametrized measures L] (0,T; Cy(R2)") for every
€ (1,00). (See Section 6 and Lemma 6.2 for details.)
The parametrized Radon measure

0 0 0
u®=100 0
0 0 pus3(t)

is supported on the segment I of the symmetry axis for a.e. t € (0,T).
The functions o, u serve as a rotationally -symmetric weak solution to the
boundary value problem

Oi(ou) + div (ou®u) + Vo + div p = div S(u) + of in Qr,
o+ div (pu)=0, 0>0 in Qr, (1.22)
u=0 on 0Q2x(0,T),
u(z,0) =ug(z), o(z,0)=go(z) >0 1inQ.
The rest of the paper is devoted to the proof of this theorem. In order
to obtain a priori estimates of rotationally symmetric weak solutions to the

regularized problem, we rewrite equations (1.15) in the cylinder coordinate.
The next section is devoted to this procedure.

2 Cylindrical coordinates. Integral identities
Denote by r, ¥, x3 the cylindrical coordinates in the space R3 of points
x = (r1, w2, 73),
r1 =rcost, xo=rsind, 3= 3. (2.1)
It is convenient to use the notation
y=(r,y3) = (r,x3), z=(21,22,23) = (r,0,33) = (y1,0,93).  (2.2)
Let G C R? be an intersection of the rotationally symmetric flow domain €

with the half-plane
It = {1'1 > 0,29 = 0},

ie.,

G={xeQ:x; >0,22 =0}
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It can be regarded as the domain in the plane of variable y. Assume that
Q and G are simply-connected. We also assume that the intersection 2 and
the symmetry axis Oxs is the interval

I={z: z3€(—a,a), z1=22=0}.

We will consider Z as the interval —a < y3 < a, y1 = 0 in the plane of
variable y. It follows that the boundary G consists of the interval Z, the arc
O NIIT, and the end-points of Z. In the cylindrical coordinates, we have

Q=(GxSHut.

Denote by v1, ve, and vs the radial, azimuth, and axial components of the
velocity u, i.e.,

cosf) —sinf 0
u=Uv, v=(v,v,v3), U=/ sinf cosf 0 |. (2.3)
0 0 1

The flow is rotationally symmetric if and only if ¢ n v are independent of 9,
o=o(yt), v=v(yt)

The main energy dissipation estimate (1.16) has analogy in the cylindrical
coordinates. This results from the following technical lemma.

Lemma 2.1. Let u: Q — R? be a rotationally symmetric vector field such
that u=U(0)v(y), y = (r,x3) = (y1,y3). Then

1
/ |V ul®de = 27r/ |Vyv|2y1dy+27r/(v%+vg)dy. (2.4)
Q G G Y1

Proof. The proof given in Section 7, Lemma 7.3. O

It follows from this lemma and (1.16) that the rotationally symmetric
solution (p, u) defined by Proposition 1.8 in the cylindrical coordinates admits
the estimate

T
1
/ / (]VV\Q + —z(v% + v%)) ydydt < c,
o Ja Y1

ess sup / (QIVI2 + 6(9)) yidy < c,
te(0,7) Ja

(2.5)

Here the constant E depends only on 2, T, and cg. Further we will use
the special integral identity for functions v and p.

Proposition 2.2. Let o(z,t), u(x,t) be a rotationally symmetric solution
to problem (1.15) given by Proposition 1.3. Furthermore, assume that the
vector fields v(y,t) and V(y,t) are defined by the equalities

u=UO)v(y,t), V(y.t)=(v1(y,t), v3(y,t)).



1234 P.I. PLOTNIKOV

Then the integral identities
/ (ng?@—i—gV@V:Vf—l—p(g) divs—B(V): Vg
Gx(0,T)

+ b(¥V, 0)s1 + of - 6) y1dydt =0, (2.6)

/ ( 00 + 0¥ - Vib ) y1 dy dt = 0. (2.7)
Gx(0,T)

hold for every continuously differentiable, compactly supported in G x (0,T)
vector field
S=(s1,53): G x(0,T) = R
and continuously differentiable, compactly supported in G x (0,T) function
Y :Gx(0,T)—R.
Here Va = Vya for each vector field a(y,t). The matriz B and vector field
b are defined by the equalities

2 1
B=(Vv+V¥')— (div ¥+ )T,
r
b= Lol 4~ Lo+ divy %)
= —ov —p— -0 —div V.
yi- 2 ylp 3y3 S

For every compact set K € G, the matriz B and vector field b admit the
estimate

B2k x(0,7)) + 1Pl L1 (k% (0,7)) < € (2.9)
where the constant ¢ depends only on K and the constant in estimate (2.5).

Proof. The proof given in Section 7, Proposition 7.6. O

3 Localization. Potential estimate

The main difficulty of our problem is the proof that the kinetic energy
tensors pu x u of rotationally symmetric solutions to problem 1.15 given by
Proposition 1.3 are equiintegrable on ever compact set K C Q\ Z. In order
to prove this result we developed the approach based on estimates of the
density potentials. The main ingredient of the method is the L? estimate
of the function (—A)Y/4p. In the cylindrical coordinates, the vector field v
demonstrates a complicated behavior near the boundary of G. Since we are
interesting in interior estimate, it is convenient to localize the problem and
work with compactly supported functions defined in the whole space.

3.1. Localization. Fix a compact set K € G x (0,T), and choose two
functions ¢,n € C§°(Gr) such that

(=n=1on K, n=1lonsupp(, 0<(n<Il, (3.1)
Assume that they are extended by zero to the whole space R? x R. Set

p(y,t) = C(y,t)o(y,t), w(y,t) =n(y,t)v(y,t), W= (wi,ws)=nv.
(3.2)
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Extend these functions by zero to R3. The following Lemma characterizes
the properties of the extended functions.

Proposition 3.1. The functions p and w are compactly supported in G X
(0,T). There is R > 0, depending only on K, such that

0< R '<y; <R on the supports of p and (.

There is a constant c, depending only on K and the constants in estimates
(1.16)-(1.18), such that

[Com(2 + 0) || oo (r;nr (r2)) + [I€ €1l oo (ryr1 (m2)) + 1I€ €2l oo (riL1 (R2)) < 6,

Hp’W’QHLOO(]R;Ll(R?)) + [|Wl L2 w2 m2y) < €

(3.3)
Moreover, the integral identities
/ (pW-@@—i—pW@W : VS + (p(p) divg
R3 (3.4)
“(B:Vc+F -f) yrdydt = 0,
/3 (PO + pW - Vip + ohop ) yrdydt = 0, (3.5)
R

hold true for all §,vp € CL .(R3\ {y1 = 0}). The vector field F and function
h are compactly supported in G x (0,T) and admit the estimates

|F (21 ms)y + Bl p2(rsy + [[oh]| Lo (rn1 (m2)) < ¢, (3.6)

where ¢ depends on K and does not depend on the regularization parameters
g, 0.

Proof. Compactness of the support of (p, w) obviously follows from (3.2).

For the proof of integral identities (3.4) and (3.5) choose arbitrary functions
S, ¥ € CL.(R3). Next, replace § and 1 in integral identities (2.6) and (2.7)
by (< and (1. By doing so we arrive at integral identities (3.4), (3.5) with

F = 0 (ow+ ow@wV(—BV(+pV({+
<b el + pfa
h = w- V(.
It remains to note that estimate (3.6) follows from estimates (3.3) and (2.8).

0

3.2. Potential estimate. In this section, we prove the estimate of the
Riesz potential for the function p. Recall that for every integrable, compactly
supported in R? function p the fractional Laplacian (—A)*1/2p is defined by
the equality, [1],

(—A)—l/zp(y) =12 /]R2 |;(_z)z| dz. (3.7)
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We have (—A)~1/2 = (—A)"V4(—=A)"V4 where

(-8 4pty) v [ .G (3.8)

Here ¢y /5, ¢1 /4 are some unessential absolute constants. The following proposition
is the main result of this section.

Proposition 3.2. Under the assumptions of Proposition 3.1, the truncated
density p admits the estimate

1(=2)""*pll 2 sy < e (3.9)

Here the constant ¢ depends on the compact set K C G x (0,T) and does
not depend on the regularization parameters €, § in the expressions for the
internal energy.

The proof falls into a sequence of lemmas. Introduce the kernels

Ko(y) = %y‘ sz%| (3.10)
_ 91?0 — yiy;

Kij(y) = 0;Koi(y) = for y € R\ {0}, i,j=1,3.

lyl?

We adapt the convention that these kernels equal zero at y = 0. Set

Si(y,t) = Koi * p(y, t) = /2 Koi(y — 2)p(t,2)dz, i=1,3. (3.11)
R

Lemma 3.3. Under the above assumptions, the vector field S belongs to the
class L°(R; C*(R?)). Its time derivative 0;S belongs to the class L*(R; C(R?))
and is defined by the equality

0y = — Z Kij * (pw]) + 0;. (312)
=13

The vector field o = (01, 03) admits the estimate
ol oo ey < (). (3.13)

Proof. We begin with the observation that estimate (3.3) and formula (1.12)
imply
53HP3HL°°(R;L1(R2)) <c (3.14)

From this and the Hélder inequality we obtain the estimate
2 2 2 2
lowlZoqmzngeny = [ Nowlecanydt < [ NolEsn I ooy

< ()72 [ VW[ aqaayt < c(6.9)
(3.15)
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which holds true for all 1 < s < 3. From this and (3.5) we conclude that the
integral identity

/ (p(z, )04 (2, 1)) 21 dydt + Z / (2, )w;(z,4)0;¢(z, t)) 21 dydt
R3 =13
+ [ e (et v, 1) syt =0
R3
(3.16)
holds for all v(z,t) satisfying the conditions

) € Cho(R; LS (R?\ {21 = 0})) N Cloe(R; W7 (R2\ {21 = 0})), & > 3/2.

(3.17)
Now choose an arbitrary function x € C§°(R). It is easily seen that for an
arbitrary fixed y, the function ) = zflx(t)KOi(y — z) satisfies condition
(3.17). Substituting v into (3.16) leads to the integral identity

L] [ Kuto=2)ot.0)d: Ja L Lxof [, Koto=2)pw ot de

—i—/ X(t){ / Koi(y — 2)(oh(z,t) — ipwl) dz} dt = 0.
R R2 Z1
Since x is an arbitrary function of the class C§°, it follows that the vector
field
$=(S1,%3), Si=Koi*o
satisfies the desired equality

055 = Z * (pw;(z,t)) + o3, (3.18)
=13
where )
o; = Ko; * (oh(z,t) — Z—pwl). (3.19)
1

Note that 1/|z1] < R on the support of p and h. On the other hand, estimates
(3.3) and (3.6) imply the inequality

|oh|| oo ;1 (r2)) + [0l W] Loo (r: L1 (R2Y)) < e(K).
Since the the kernel Ky(y) is bounded it follows that

oill Lo (ric(r2)) < e(K). (3.20)

Next, the boundedness and continuity of § obviously follows from equality
(3.3) and estimate (3.14). We have

— 2128 — (4 — 2\ (y: — 2
0,5 = Kij+p :/ ly — 2|%6i; — (yi Bzz)(yj Z])p(z,t)dz.
R2 ly — 2|

The kernel in the right hand side is smooth for y # z and has the weak
singularity of order ~ |y—z|~! at y = z. Since the function p € L®(R; L3(R?))
is compactly supported and 3 > 2, it follows from the standard estimates
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of potential operators, see [1], that 9;3; belongs to the class L= (R; C(R?)).
Hence § belongs to the class L®(R; C(R?))

Repeating these arguments and using estimate (3.15) we conclude that
K;j*(pw;) belongs to the class L*(R; C(R?)). This result along with equality
(3.18) and estimate (3.20) imply the inclusion 9,5 € L?(R;C(R?)). These
completes the proof of the lemma. ([

Lemma 3.3 implies the following important identity.

Lemma 3.4. Under the above assumptions, we have

—2)t (W —w(z 2
5 L plntiote ) =B BRI e

yidydzdt — _
/Cy, p(y, t)p(2,1) T ] +E=0,

(3.21)

where
(y — Z)L = (y2 — 22,21 —y1), W= (w,w3), [E|<e¢,
the constant c does not depend on the regularization parameters.

Proof. Substituting the vector field § given by formula (3.11) into integral
identity (3.4) and using formula (3.12) for 9;S we arrive at the equality

[ () (0 2 ) = (o0 () e+ (322)

/3 Cp(Kii x p)yndydt + 2 = 0,
R
where
E= / (pwmz' —(BijKij * p+ FiKo; * P) y1dydt. (3.23)
R3

Let us prove that |Z| is bounded by the constant independent of the regularization

parameters. Since |Kg| does not exceed 1, and p is compactly supported in
G x (0,T), we have

Ko * p| < cllpll Lo @ 21 (m2)) < c.
From this and estimates (3.3) and (3.13) we conclude that

‘ /3 (pwiai + F; Ko; * p) yldydt‘ <e. (3.24)
R

It remains to estimate the product of the matrix B and the convolution
Kij * p. Formula (3.10) for K;; implies the inequality

z,t)dz
‘/ CBinij*P?/ldydt‘ < C/ (/ M}‘CB(yvt)‘yldydt-
R3 < \Ja |

(0, y— 2|
(3.25)
Recall that there is a constant R, depending only on the compact set K such
that the inequalities

0 < R™! <y <R on the support of . (3.26)
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Since the supports of (B and p are contained in the support of (, it follows
from this and (3.25) that

z,t)dz
[ cBks x omayie] < /(m ([ P Y By
1) %

(B(y,t)|dy
= c =22 >p(z,t)dzdt.
/(0,T)><G< ¢ ly—~2| }( )

M(t) = [[¢B( 1)l 2 r2)

Introduce the functions

S(y,t) = (B(y,t) for M(t) >0 and S(y,t) =0 otherwise |,

/ IS(t,2)|d=
|y — 2|

IVEDllwree) < e (3.28)

1
M(t)

It is clear that

With this notation inequality (3.27) becomes

C/OTM(t){/G< GW)p(y,t)dy}dt

c/OTM(t){/GV(y,t)p(y,t) dy} dt.  (3.29)

Now our task is to estimate the integral in the right hand side of this
inequality. Applying the Young inequality we obtain

Vp<eV =V —14(1+p)n(l+p) —p. (3.30)

IN

‘ /R3 (Bi;Kij; * Pyldydt‘

IN

We have
In(1+p) < pln(2+p) for p>1 and In(1+p) <In2 for p <1,

which yields
(I+p)In(1+p)—p <2pIn(2+p) +1n2.
It follows from this and estimate (3.3)in Proposition 3.1, that

(@ po) a1+ ) = ple)) dy < 531
/G (2p(t) In(2+ p(t)) + In2) dy =
/G (2¢o(t) In(2 4 Co(t)) +1n2) dy

IN

2 / Colt) (2 + o(t)) dy + ¢ < ¢
G
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for a.e. t € R. On the other hand the Pokhozhaev- Trudinger inequality along
with estimate (3.28) implies

/ (eV(yﬂf) —V(y,t) — 1) dy < c([[V(, t)lwrze) <c forae teR
G

It follows from this estimate, estimate (3.31) and the Young inequality (3.30)
that

/ V(Opt)dy < c for ae tER. (3.32)
G

Combining this result with inequality (3.29) we arrive at the estimate

T
‘/ (Bij Kij *pdtdy‘ < c/ M (t)dt.
R3 0

Since (B is compactly supported in G x (0,7, there is a compact K’ C G
such that spt ¢ € K’ x (0,T). In fact, K’ is the orthogonal projection of
the support of ( onto G. Next, estimate (2.9) in Proposition 2.2 implies the
inequality

T
/ M(t)2dt < / By, t)Pdydt < c.
0 K’x(0,T)
Thus we get
’ / CBi; Kij * pyldydt‘ <e (3.33)
R3

It follows from the expression (3.23) for the quantity = that
=] < /3 | pwioi + F;Ko; * p| y1dydt + } /3 (Bi; K *pyldydt‘-
R R

It remains to note that desired estimate |Z| < ¢ is an obviously follows from
this and estimates (3.24) (3.33). Finally notice that the main identity (3.21)is
a straightforward consequence of relation (3.22) and the identities

[, (w535 p) = ) 05 5 o) sy =

- (w —W(z 2
s /R ottt )2 (‘y(f’fy)g GOy, dyaza,

y1dydzt
2 —y|

/ Cp(Kis + p)y dydt = / ¢y Op(y. Dp(=.t)
R3 RS

This completes the proof of Lemma 3.4
O

We are now in a position to complete the proof of Proposition 3.2. To
this end, note that the first integral in the left hand side of identity (3.21) is
nonnegative. From this and estimate for = in Lemma 3.4 we get the inequality

/RS p(y; t){ /R2 C(z,t)p(z, t) |zd_zy|}y1dydt <e
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Since p and (p are compactly supported in G x (0,7), and
O<R <y <R

on the supports ¢ and p, we have

/ p(y,t /Czt zt’ |}dydt

dz
—— tdyd i
/(O,T)pr(y’w /Gg(z,t)p(zj) |z—y|} ydt < ¢

Formula (1.13) for p and relation p = (p imply the inequality

(3.34)

(p=Co+Ceo' ¥ (en(l +e0) + ) +(6%0% > p,

)
1+ep
which yields the estimate

p(tz)d
/C” (1) |z—y\ /G Te—ol

From this and (3.34) we obtain

p(z,t)dz
ply,t / dydt < c.
/Gx(o,T) ( ){ a lz—yl }

Noting that p is compactly supported in G x (0, T') we arrive at the inequality

t)dz
A2 dydt = / /p(z’ddt<.
/R?)p( ) Epdydt =cypo | p(y, ){ S P } ydt < c

It remains to note
|8 g (=) Vg dyit = [ (-8 dyi,
R3 R3

and the proposition follows ([l

4 Estimates of rotationally symmetric functions in Orlicz
spaces

In this section we prove the Orlicz type estimates for the density o and
the velocity field u. The result is of general character and does not related
with the theory of Navier-Stokes equations. Suppose that the bounded flow
domain Q C R3 is rotationally symmetric and has a smooth boundary 9%.
The intersection of €2 and the symmetry axis Ozs consists of the only interval
7.

Recall that the cylindrical coordinates (y,v), y = (y1,y3) are defined by
the equalities.

1 =yycost, o =yisind, x3=ys. (4.1)
In particular, €2 is defined by the relation
O\Z={yd: yeG, 0€l0,2n]}. (4.2)
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Here the domain G C R? is the intersection of the rotationally symmetric
flow domain Q and the half-plane IIT:z1 > 0, 29 = 0. Since y; = x1 and
ys = x3, G can be regarded as a domain in the plane of the variable y.
Let us consider the function ¢ : Q x (0,7) — R* and the vector field
u:Qx (0,7) — R3 satisfying the following conditions.
C.1 The functions ¢ € L>(0,T; L' () and u € L?(0, T} WOIQ(Q)) admit
the estimate
ess sup / (eln(2+ o) + oul*) dz + |Vull 2o (0.1)) < co- (4.3)
te(0,1) JQ
C.2 The functions ¢ and u are rotationally symmetric, i.e.,
Q= Q(yvt)a u(y797t) = U(G)V(y,t), (44)
where the orthogonal matrix U is defined by (2.3).

C.3 For every compact set K € G x (0,T), the function o(y,t)1x admits
the estimate

/ ((=8)"4(o1x)) dydt < c(K). (4.5)
K
Here
1
_A) /4 — -
(—A) Vig(y, 1) = 14 /G el
The main result of this section is the following theorem.
Theorem 4.1. Let o : Q x (0,T) — RY and u: Q x (0,T) — R? satisfy
conditions (C.1)-(C.1). Then the inequality
/ olul> In(2 + oful?)*dzdt < ¢ (4.6)
K/

holds for all compact sets K' C (Q\Z) x (0,T) and for all 0 < a < 1/4.
Here the constant ¢ depends only on K', o, and the constant cq in condition

(C.1).

The proof falls into three steps. First, we reformulate the theorem in the
cylindrical coordinates.

4.1. Step 1. Cylindrical coordinates. Localization. Without loss of
generality we may assume that K’ is a toroidal compact set in the form

K ={(y.0.t): (y.t) e K, € 0,2q]},

where K is a compact subset G x (0,7). In other words, K’ is obtained by
rotation of K around the symmetry axis Ox3. By virtue of Condition (C.2),
it suffices to prove that the inequality

| elvP 12+ lv)* padyde < ¢ (4.7)
K

holds for all compact sets K C G x (0,T) and for all 0 < o < 1/4. In order
to simplify the proof, we use the localization procedure defined in Section 3.



ROTATIONALLY SYMMETRIC SOLUTIONS NAVIER-STOKES EQUATIONS 1243

Fix a compact set K € Gx(0,T'), and choose two functions ¢,n € C5°(Gr)
such that

(=n=1ma K, n=1masupp(, 0<(n<l (4.8)
Assume that they are extended by zero to the whole space R? x R. Set

p(y,t) = C(y, oy, t), w(y,t) =nly,)v(y,t), W= (wi,w3)=nV.
(4.9)
Extend these functions by zero to R3. Note that the function p and vector
field w meet all requirements of Proposition 3.1. Recall that the is R > 0,
depending on K, such that R~! < y; < R on the support of . Therefore, in
order to prove Theorem (4.1), it suffices to show that the estimate

/R3 plw|? In(2 + plw|?)* dydt < ¢ (4.10)

holds for all 0 < o < 1/4.

4.2. Step 2. Weak estimates of the kinetic energy. Now we prove the

weak type estimates for the localized kinetic energy p|w|?. Our considerations
are based on the following proposition.

Proposition 4.2. Let the vector field W : R3 — R3 compactly supported in
G x (0,T) and
IW(@)|[wi2m@ey <1 for ae teR. (4.11)

Furthermore assume that o satisfies conditions C.1-C.8 of Theorem 4.1.
Then, there is a constant c, depending on K and the constant cy in condition
C.1, such that

/ pIW|? In(2 + p|W|?)'/2 dydt < «, (4.12)
R3
where ¢ depends on K.

Proof. The proof is given in Appendix 9. O

The main goal of this section is the weak-type estimate for the kinetic
energy tensor. The result is given by the following proposition. Fix an arbitrary
N >0 and denote by Ay C G x (0,T') the set

Ay ={(y:t) € Gx (0,T): ply,t)|w(y, t)> > N }. (4.13)
Proposition 4.3. Under the above assumptions, we have
/ plw|? dydt < ¢ In(2 + N)~ /4, (4.14)
An

Here the constant ¢ depends on the compact set K, and does not depend on
the regularization parameters €, § in the expressions for the internal energy
e and the pressure function p.
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Proof. Since the function p|w|? is integrable, it suffices to prove the lemma
for N > 3. In this case, we may replace In(2 + N) by In N. Therefore, it
suffices to prove the inequality

/ plw|?dydt < c¢In N7V4 for all N > 3. (4.15)
AN

Our considerations are based on the following construction. Denote by M (t)
the function

M(t) = [lw(, ) llwrzmge)-
Note that M(t) is compactly supported in (0, 7). Choose an arbitrary o > 1
and set

B = {(yt) €Gx(0,T): (y,t) € Ay, M(t) <o},
C = {(y,t)eGx(0,T): (y,t) € An, M(t) > 0 }.
It is clear that
/ p]w|2dydt:/pwlzdydt—i—/p]W]Qdydt. (4.16)
AN B C

Let us estimate the second integral in the right hand side. It follows from
the energy estimate (3.3) that

/pw[2dydt < / (/p|w\2dy>dt
C t:M(t)>o G

< ¢ meas {M(t) > o}

Next, energy estimate (3.3) implies

[ 2= [ w0 de < c
R R2

which gives

meas {M(t) > o} < /o> (4.17)
Combining the obtained inequalities we arrive at the estimate
/p|w|2 dydt < ¢/o. (4.18)
C

Now our task is to estimate the first integral in the right hand side of (4.16).
Introduce the function

W (y,t) = M(t)"'w(y,t) when M(t) >0, and W(y,t) = 0 otherwise.
It is clear that (y,t) € B if and only if

M(t> <o, p(yvt)’W(y7t)’2 > M(t)2

It follows from this that

Bc B ={(y,t) e Gx(0,T): M(t) <o, ply,t)|W(y,t)]>>N/o*}.
(4.19)
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Thus we get
/p|w|2dydt < /pw]Qdydt (4.20)
B B
= /M(t)2p|W\2dydt
B*

< ¥/1MWP@ﬁ.
B*
On the other hand, definition (4.19) of the set B* implies
In(2 + N/O’Q)I/Z/ p|W |2 dydt < / p|W 2 In(2 + p|W [*)1/2dydt
B* B*
< [ WP W) Ry
Gx(0,T)
From this and estimate (4.12) in Proposition 4.2 we obtain
/ p|W|?dydt <
B*

(2 + N/UQ)—W/ PIW[2In(2 + p|W|2) 2dydt
Gx(0,T)

< eln(2+ N/o?)7V2 < cln(N/o?)~V2.
Substituting this inequality into (4.20) we obtain the estimate

/ plw|? dydt < co®In(N/o?)~1/2. (4.21)
B

Next, substituting inequalities (4.18) and (4.21) into identity (4.16) we arrive
at the estimate

/ plw|? dydt < ¢/o~2 + co®In(N/o?)~V/2. (4.22)
An

Now set 0 = In N'/8. We have
3
In (N/(In N)/*) > In (N/NV4) = TN
Substituting these relations into (4.22) we finally obtain

/ plw|? dydt < cln N4 4 cln NY4/(In N)Y/2 < cln N~Y4,

An

and the proposition follows. O

4.3. Step 3. The proof of Theorem 4.1. We are now in a position
to complete the proof of Theorem 4.1. To this end, we use the weak-type
estimate (4.14) in Proposition 4.3. Denote by E(A), A > 0 the monotone
function defined by the relation

E(X) =meas {(y,t) € Gx (0,T): p(y,t)|w(y,t)]* > A}
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It is the standard fact of calculus, that the equality
| sty dyde =~ [ g dB)
Gx(0,T) [0,00)

holds for every piecewise continuous function f such that f(p|w|?) € L(G x
(0, 7). Here —dE()) is the Borel-Stieltjes measure associated with the function
—FE(A). In particular, we have

/ plwl|? dydt = —/ NAE()N). (4.23)
-AN [N,OO)
With this notation the desired inequality (4.10) reads
/ plw|*In(24 p|w|*)* dydt = —/ Aln(2+N)YdE(X) < c. (4.24)
Gx(0,T) [0,00)

Introduce the monotone function F and the corresponding Borel-Stieltjes
measure —dF' defined by the equalities

F(s):—/[ B, dPO) = AdE(N)

Note that identity (4.23) and estimate (4.14) in Proposition 4.3 imply
F(s) < cln(2+s)"Y* for s> 0. (4.25)
It is clear that
- / An(2+ N)*dE(N) = — / In(2 4+ N)*dF())
[0,00) [0,00)
Now our task is to prove that the integral in the right hand side exists and
admits the effective estimate. Let us consider the regularized integral

B ~ In(2+ M)
(e, N) = — /[0 o IAFQ). ) = T

Note that g is bounded and continuously differentiable. On the other hand,
the total variation of F' is finite. Hence, we may integrate by parts to obtain

I(e,N) = /[0 . gV F(N) dA+g(0)F(0) —g(N) lm F(\).  (426)

We have
(A) = g90(A) —R(N),
N = aln+N)*12+ N1 FeEN)TH
(A) = 22AIn(2 + (1 + 272
Since « € (0,1/4), estimate (4.25) implies
g NFW)] < e(L+eN%)7
which yields ¢'F € L*(R*). On the other hand, we have
0<g(N)F(N)<cln(2+ N)* V41 +N?)"' 50 as N — .

H S o«
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Letting N — oo in equality (4.26) we conclude that there exists the integral
o0
[ ey = [T ayFoyay
[0,00) 0

_ /OO R()\) F(\) d\ + g(0)F(0).
0

Since R and F' are nonnegative, we have

—/ QMMHMS/W%MNUMwWWW@. (4.27)
[0,00) 0
It follows from (4.13) and (4.23) that
F0) = — dF()\) = — ME () 4.28
(0) 4@)() Am) ) (4.28)

= / plwl|? dydt = / plw|? dydt < c.
Ao Gx(0,T)

Next, estimate (4.25) yields
/ gFd\ < a/ In(2 + )12+ X)L F(\)dA
0 0

< / In(2 + N Y42 4 X)L < ¢(a).
0
It follows from this and (4.28) that
- / G\ dF(A) < c(a) + In2% < c. (4.29)
0,00)

Recall that —dF is a nonnegative Borel measure. Notice that gg is an increasing
function of € and

go(A) /" In(24+X)* as € \( 0.
Letting € — 0 in (4.29) and applying the Fatou theorem we conclude that
there exists the integral

- / (2 + \)* dF(\) = — / AMn(2 + NdEQ) < c.
[0,00) [0,00)

Combining this inequality with relation (4.24) we obtain desired estimate
(4.10). This completes the proof of Theorem 4.1.

5 Singular limits

Until now, we have been dealing with solutions of regularized equations
with internal energy e and pressure functions p given by the equalities

e = olng—o+ei(o)+e2o), (5.1)

1
€1 = 591+5 ln(l + 69)7 €2 = 553937
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p = o+pi(e)+p2(0), (5.2)

_ 1+e o _ 3.3
p1 = eo " (eln(l+eo) + 1+€Q), pa = 6°0°.
Here €,0 € (0,1/2) are the regularization parameters.

Proposition 1.3 guarantees the existence of weak rotationally symmetric
solutions of regularized equations. These solutions depend on the regularization
parameters € and d. In this section, we will show this dependence and use
the following notation for solutions of regularized equations (1.15)

0= 0es5, U =Ugy

Recall that the main goal of the article is to prove the existence od weak
rotationally symmetric solutions to the isothermal Navier-Stokes equations
(1.22). The main Theorem 1.5 gives a precise formulation of this result. We
obtain the solution of equations (1.22) as the limit of the solutions to the
regularized equations (1.15). The first step on this way is to prove that the
pressure functions pi, py converge to zero on compact subsets of Q\ Z as the
regularization parameters €, § tend to zero.
The main idea is the following. We assume that the regularization parameters

€ and 0 are dependent,

S=k(e)<e, kKle)=e &, ce(0,1/2). (5.3)
In this case, we use the denotations

Qe = Ock(e)y Ue = Ug k(e)- (5.4)

The following theorem is the main result of this section.

Theorem 5.1. Under the above assumptions,

/K/ (p1(0e) + p2(0e)) dzdt -0 as € =0 (5.5)

Jor every compact set K' C (Q\Z) x (0,T)

We reformulate this theorem in the cylindrical coordinates arguing as in
the beginning of Section 4. Recall that the cylindrical coordinates (y, ),
y = (y1,y3) are defined by the equalities.

r1 =1y costd, xo=yisind, x3=ys.
In particular, we have
O\Z = {y,ﬁ,t: y € G, 0€l0,2n] }

Here the domain G C R? is the intersection of the rotationally symmetric
flow domain €2 and the half-plane {z1 > 0,22 = 0}. It can be regarded as the
domain in the plane of variable y. Without loss of generality we may assume
that K’ is a toroidal compact set

K' ={(y,0,t): (y,t) € K, 6¢€[0,27]}.
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Here K is a compact subset of G x (0,7T). In other words, K’ is obtained
by rotation of K around the symmetry axis Ox3. A rotationally symmetric
weak solution to problem (1.15) admits the representation, see Section 2,

ucs5(z,t) =U(0)ves5(y,t), 05 = 0e5(y,t), (y,t) € Gx(0,T),

where the orthogonal matrix U is given by (2.3). Hence Theorem 5.1 can be
reformulated as follows

Theorem 5.2. Under the above assumptions,

/ p1(0e) dydt +/ p2(0:) dydt —0 as € -0 (5.6)
K K

for every compact set K C G x (0,T)

The rest of the section is devoted to the proof of Theorems 5.1 and 5.2.
We start with the analysis of the behavior of the function py for small § < €.

5.1. Estimates of ps. Auxiliary theorem. The proofs of Theorems 5.1
and 5.2 are based on the intermediate technical result. In order to formulate
it, recall the localization procedure, see Section 3 for details.

Fix a compact set K € Gx(0,T'), and choose two functions ¢,n € C§°(Gr)
such that

¢(=n=1lon K, n=1lonsupp(, 0<(n<l
Assume that they are extended by zero to the whole space R3. Set
P=5(yt) = C(Y: t)oes(y,t),  Wes(y,t) =n(y, t)ves(y,t).

Extend these functions by zero to R®. Note that the function p = pe,s and
and the vector field w = w, 5 meet all requirements of Proposition 3.1. We
also notice that ¢. s = p- s in K. The following auxiliary theorem is the main
result of this subsection.

Theorem 5.3. For every compact set K € G x (0,T), there is a constant ¢
such that the inequality

/ P2(pes) dydt = / 63 p2 s dydt < ce (5.7)
R3 R3 ’
holds for all (g,0) satisfying the inequalities

0<e<1/2, 0<d<k(e)=e . (5.8)

The proof falls into three steps. By abuse of notation, we will write simply
p and w instead of p. s and w 5.
Step 1. The basic inequality. Introduce the function

©(p) = In(1+dp) such that pap = §p® In(1 + 5p) (5.9)
Recall that the potential VA~! admits the representation

VA_lu:c/ Y E (2)dz.
R

u
2 |y — 2?
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Our first goal is the derivation of the special integral inequality for pap. The
result is given by the following lemma.

Lemma 5.4. Let B and F be defined by Propositions 2.2 and 3.1. Then we
have

5
/pz(p)@(p)yldydtﬁzli, (5.10)
R? =1
where
L = {VA_I div (W)} - (pW) y1dydt
R3
Iy = —/ (W @ W) : (V2A™ o) yrdydt, (5.11)
R3
I3 = (B: (VPA™'p) yidydt,
R3
Iy = —/ F - (VA p) yidydt,
R3
o= - [ (VAT ) (W) iy,
R3

Here W = (wy,ws), ¢ is a smooth cutoff function such that p = Co. The
function m is defined by the equality

0 1
ﬂ-:1+p6p(VC-W—y—lw1—divW)+<pdivW. (5.12)
Proof. The proof is given in Appendix 10. ([

Step 2. Estimates of I; Now our task is to estimate the quantities I; in
the right hand side of inequality (5.10). The derivation of these estimate is
based on the following auxiliary proposition, which is not related directly
to Navier-Stokes equations. Let us consider the function p : R? — Rt and
vector field W = (W7, W3) : R? — R? satisfying the following condition.

Condition 5.5. The functions p and W are compactly supported in G. They
admit the estimate

/RQpln(Q—l-p) dy—l—/RQpl(p) dy <c1 <00, [[W]pizmgs <1,

0< cfl <y <c1 on the supports of p and W.

(5.13)

Proposition 5.6. Let p and W satisfy Condition 5.5. Then there is a
constant ¢, depending on ¢y and G such that
c

C
Hp“ HL1+%(R2) < ?7 Hp‘ vV ’2HL1+%(R2) < 6737 (514)
_ . C _ C
VA~ div (W) 24 &) <5 IV2A 1QPHL2? (x3) < 5 (5.15)
1« c _
VA~ 7 ||L2.gE(R2) <5 IVA™ 0|l oo (re) < c. (5.16)



ROTATIONALLY SYMMETRIC SOLUTIONS NAVIER-STOKES EQUATIONS 1251

Here
v =In(146dp), =« = o (vg-w-iwl— div W ) +¢ div W. (5.17)
’ 1+dp Y1 T
Proof. The proof is given in Appendix 11. O

We are now in a position to estimate the quantities I;. The result is given
by the following lemma.

Lemma 5.7. Under the assumptions of Theorem 5.2, the quantities I; admit
the estimates
|| <ce™®, €,0€(0,1/2). (5.18)

Here the constant ¢ does not depend on € and §

Proof. We estimate I; step by step. Introduce the functions

M(t) = [[w(,t)lwre2ge), tER,
Wiy t) = M) 'W(y,1) for M(t) £0, (5.19)
Wi(y,t) = 0 otherwise.

Recall that the cutoff function ¢ : R® — [0,1] is compactly supported in
G x (0,7). In particular, we have

pIn(2+ p) = CoIn(2 + Co) < Coln(2 + o).

From this and estimate (3.3) in Proposition 3.1 we conclude that the inequality

/ p(t)In(2 + p(t)) dydt < c. (5.20)
R2

holds for a.e. t € R. Here ¢ does not depend on t. Therefore, the functions
p and W meet al requirements of Proposition 5.6 and satisfy inequalities
(5.14)-(5.16). Now we may estimate I;.
Estimate of I;. We have
{VA™  div (pW)} - (pW) = M(t)*pW - {VA™! div (¢W)}.
Recall that
0< R '<y <R on the support of p.
From this and expression (5.11) for I; we conclude that

L) <e / M(t / oW (@) [VA div (o()W(2))|dy) d.

Note that p(t) and W (¢) meet all requirements of Proposition 5.6 and admit
estimates (5.14), (5.15) with the constant ¢ independent of ¢. It follows from
these estimate and the Holder inequality that

| oW ol [9A div (ot W(e)]dy <

oW D] 15 o) VAT div (o)W (D] 24e ) < =

(R?)
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This gives the desired estimate

C C
|| < 66/RM 2dt < *HWHm(wa(R?)) <=5

Estimate of I5. Arguing as before we obtain

L] < c / Mt / o)W (1) [V2A" (1) dy) .

Estimates (5.14) and (5.15) in Proposition 5.6 imply the inequality
[ pOIW R [92A (0] dy <

C
lo@OIW @[] 1v5 o) VAT Q@] 252 o, < 5

(R?)
Thus we get

¢ 2 C =2 ¢

|2 < €6/RM(t> dt < ;ﬁHWHB(R;WL?(R?)) < =8

Estimate of I3.Note that the function ( is compactly supported in a compact
subset of G'x (0, 7). Moreover, this subset depends only on the compact set K
in Proposition 5.3. It follows from this and estimate (2.9) in this proposition
that

1Bl L2 rs) < c. (5.21)

On the other hand the inequality

p(p(t))* = In(1+p(t))* < cp(t)
along with estimate (5.20) implies

[l L2r2) < ¢
From this and estimate (8.5) for the Riesz singular integral in Appendix 8
we obtain
IV2A™ ()] 2 ee) <

where ¢ is independent on t. Since ¢ is compactly supported in G x (0,7 it
follows that

VA ol porsy < c. (5.22)
Combining estimates (5.21) and (5.22) we arrive at desired estimate for I3,

Is| < I¢B|z2gs) IVPA 0l p2(rsy < c.

Estimate of Iy. Since o(t) meet all requirements of Proposition 5.6 and
is compactly supported in G x (0,7, it follows from estimate (5.16) in
Proposition 5.6 that

IVA Tl ey < € (5.23)
From this, estimate (3.6) for F, and expression (5.11) for I; we obtain the
needed estimate

14| < HF||L1(R3) HVA_lﬁ,O”Loo(RS) <ec.
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Estimate of Is. Rewrite formula (5.11) for I5 in the equivalent form

- [ daep( [ (AT E) - ((Wnndy) .
R R2
It follows that
|I5|§/M(t)2 / |VA—17r*||pW|dy) dt

It follows from estimates (5.14) and (5.16) that

/IVA 7 (0)] ()W ()| dy <

c
IO WO 15 oy VAT 7 s o) < 5

This gives the desired estimate
c 9 C 2 c
[I5] < 86/RM(75) dt < | Wli2@wiz@e) < -
0

Step 3. Proof of Theorem 5.3 We are now in a position to complete the
proof of the auxiliary Theorem 5.3. We begin with the observation that

0<R! <y1 < R in the support of p.
Here the constant R depends only on the compact set K in Theorem 5.3. It

follows from this, inequality (5.10) in Proposition 5.4, and estimates (5.18)
in Lemma 5.7 that

5
§3p3 In(1 + o) dydt = / pap dydt < CZI,- < %, (5.24)
R3 R3 im1 9

where ¢ depends only on K. Let us prove that there is a constant ¢, independent
of € and ¢, such that

1 1
5 dydt < o 65+ — = ). 5.25
/R3 p° dydt < c +1n(1+5—1/6)56 (5.25)
To this end, choose two arbitrary numbers m and N satisfying the following
conditions

m,N > 1, % > m.
Introduce two sets Ay C A, C G x (0,T) defined by the equalities

Am = {(yat): p(y>t)2m}7
Av = {(y.t): dply,t) > N }.
We have
/ (6p)3 dydt = / (6p)3 dydt (5.26)
R3 (Gx(0,T)\Am

+ / (6p)3 dydt + / (6p)3 dydt.
m\AN AN
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It is easy to see that
/ (6p)% dydt < 6*m> T'meas G < c5°m>.
(Gx(0,T)\Am

Obviously we have

(50)3 < m

From this and estimate (5.24) we conclude that

(6p) In(1+dp) in Ap.

1 1
3 < -
/AN(ép) dydt < ¢ In(1+ N) &8

Next, the Chebyshev inequality and the energy estimate imply
1
meas A, < / p(y,t) dydt < <
m Jgrs m

Noting that dp < N in A, \ Ay we obtain

N3
/ (6p)3 dydt < ¢ —.
A'm\AN m

Estimates (5.27)-(5.29) along with equality (5.26) imply

N3 1 1
Sp)ddydt <c(8md+ —+ ——— ).
/Rs(p) Y _C( m+m+ln(1—|—N)58>

(5.27)

(5.28)

(5.29)

Substituting m = 756, N = Y9 in this inequality we obtain desired
estimate (5.25). It remains to note that for § < exp(—1/¢?), inequality (5.25)

implies the estimate
1 1
ptdydt < e 617 4 e )
/Rg prayat = 0 A o1/ &
_1 1 c
< ce 20 ————F <ce.
In(eo? )€
This completes the proof of Theorem 5.3.

5.2. Proof of Theorems 5.1 and 5.2..

Proof of Theorem 5.2. Introduce the sequence of compact sets K,, C

G x (0,T), n > 1 such that
K, CEKnp1, | JEn=Gx(0,7).

For every n, choose a function ¢, € C§°(R3) with the properties
the support of ¢, € G x (0,7), 0<(, <1, (,=1 on
Set

co"“

Pne = Cn0e, Where 0 = 0. ), k() =e .
It is easy to see that the function

Cn(ya t) 95,5(% t)

K,.
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meets all requirements of Theorem 5.3 with ¢ and K replaced by ¢, and K,,.
It follows from this and estimate (5.7) in Theorem 5.3 that

/ P2(pne(y,t)) dydt < cpe for all e € (0,1/2]. (5.30)
R3
for all
e€(0,1/2], 0<d<k(e).
Here the constant ¢, is independent of € and §.

Now choose an arbitrary compact set K C G x (0,7). It is clear that
K C K, for some n > 1. Hence

0: = pne on K.

Since the functions p; and py are nonnegative, we have

/ pl(Q&) dydt+/ pQ(Qa) dydt S/ pl(pma) dydt"‘/ p?(pma) dydt'
K K R3 R3

Therefore, it suffices to prove that

/3p1 (pn,e) dydt + /3p2(pn78) dydt -0 as ¢ —0. (5.31)
R R

By virtue of (5.30), we have

/ P1(pn.e) dydt + / P2(pn.e) dydt < / P1(pn.e) dydt + cpe. (5.32)
R3 R3 R3

Consider the integral in the right hand side of this inequality in more details.
By abuse of notation, we will write o, ¢, and p instead of o-, Cn, and ppe.

Note that the function o(y,t) meets all requirements of Proposition 3.1.
In particular, it admits the estimate

esssup [ ((y,t) e1(o) dydt < C(K).
teR JRR?2

Recall that ¢ is compactly supported in the bounded domain G x (0,T).
Since

p=Co, 0=<¢<1,
we have
Cer(0) = Ceo' (1 +€0) > ep' ™ In(1 +p) = e1(p),
which yields the estimate
ess sup/ e1(p) dydt < C(K). (5.33)
teR JR2
Introduce the function A(y,t) defined by the equalities
A=ep, p=2N\e.
Formulae (5.1) and (5.2) implies

A\ 1+e ) L A%FE
pilp) =cerlp) + (2) - .
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From this, estimate (5.33), and the inequality ¢~ ¢ < ¢ we conclude that the

estimate

A(t)2te
| mowyay < e [ S0ay

(5.34)

holds for a.e. t € R. Recall that p and A are compactly supported in Gx (0, 7).
Let us evaluate the integral in the right hand side. We split it into three parts

/ Al )**e dy = Ji(t) + J2(t) + J3(t),

G 1+ )‘(y’ t)
where
( )2+a
Ji(t) = / —2 - d
1) a1+ Ay, 1) .
( )2+5
Jo(t) = ——dy
2(t) / y L+ Ay, t)
)\ 7t 2+4¢
Js(t) = / Ay, )7 n
a\(G-@uat) 1+ Ay, 1)

(5.35)

G (t)={yeq: )\(y,t)gm*l}, Gtt)={yeG: Ay, t) >m},

m > 2 is an arbitrary number. It is easily seen that
t) < cm_Q/ dy = em™2.
G

For every A > m, we have
2\2te

< 1+e
1+)\_)\ In(1+\)

In(1+m)’

Next, we have

MFEIn(1 4+ \) = e%ep ™ In(1 + ep) = °e1(p) < cei(p).

From this we conclude that

2+¢ c
= [ 20l Ty < [ ety < ot

v L+ Ay, t) 7 7 In(1+m

It remains to estimate J3(¢). To this end, note that the estimate

/p(y,t) dy < c
G

and the Chebyshev inequality imply

)\ t 2+4¢
J3(t) < / %dy < mHE/ dy
m—1<\

m~1<A<m 1+ )‘(yu t)

= m1+€/ dy < cm'e(em) < cem?™=.
(em)~1<p

(5.36)

(5.37)

(5.38)
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Substituting (5.36)-(5.37) in (5.35) leads to the inequality
Ay, 1)*** —2 ¢ 2
— L —dy<cm 4 ———— +cem”TE,
/Gl—lr)\(y,t) v= (1 + m)

Note that the constant ¢ does not depend on t, m, d, and €. Since \(y,t) is
compactly supported in G x (0,7T), we conclude that

Ay, t)°+ —2 ¢ 2
: dy < cm m>te.
/Rzl-k)\(y,t) v=c +1n(1+m)+66

Since p1(p) is compactly supported in G x (0,7), itt follows from this and
(5.34) that

¢
t))dy < P e,
/R2p1(p( ))dy < ce+cm +ln(1+m)+csm

Combining this inequality with (5.32) and recalling that p = p, . we arrive
at the estimate
c
dydt dydt < 2y e,
/Rgm(pn,g) ] —i—/Rsz(pn,g) yat < ce+cm 7+ (1 +m) +cem
Letting € — 0 we obtain
__°
In(1+m)
Letting m — oo we arrive at desired relation (5.31). This completes the proof
of Theorem 5.2.

Proof of Theorem 5.1. Theorem 5.1 is a straightforward consequence of
Theorem 5.2.

lim sup / (D1(pne) + P2(pn.e) dydt < cm™? +
]RZ

e—0

6 Proof of Theorem 1.5

6.1. Part 1. Weak limits. We obtain a solution to isothermal compressible
Navier- Stokes equations (1.22) as a weak limit of solutions g, 5 = 0, u. 5 = u
to regularized equations (1.15). Note that these solutions are defined by
Proposition 1.3. Set
_1

O = Ock(e)y Ue = Ug g(e)s ’{(5) =e . (6'1)
In this subsection, we study the weak compactness properties of sequences
0e and u.. It follows from estimates (1.16)-(1.18) in Proposition 1.3 that

o< u || Lo 0,01 () + Nl 20 7m1.2(0)) < c (6.2)

|oe (2 + 0c )l oo, nr )y +  ller(ee) |l poe 0,701 (2)) (6.3)
+lea(e)ll o)y < ¢

Hp(gs)HLw(ovﬂLl(Q)) + le(QE)HLOO(O,T;Ll(Q)) + Hp2(Q6>HLOO(O7T;L1(Q)) <ec.
(6.4)
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Here the constant ¢ depends only on , T, and the constant cg in condition
(1.14) of Proposition 1.3. Our further considerations are based on the following
lemma.

Lemma 6.1. The estimate
| 0c[us| In(2 + oc|uc])*| Loo (0,21 () < € (6.5)

holds for every o < 1/2. Here the constant ¢ depends only on « and the
constants in estimates (6.2)-(6.4).

Proof. The proof is given in Appendix 12.
O

Estimates (6.3) and (6.5) imply that the sequences g. and p.u. are equi-
integrable. It follows from this and the Dunford-Pettis Theorem (see [8], thm.
2.54) that there are subsequences, still denoted by o, 0-ue, and functions g,
ou such that

0 — 0, o0.u. — ou weaklyin LY(Qr) as & — 0. (6.6)

In particular, for every measurable set 7 C (0,7), we have

/ odxdt = lim 0 dxdt
QxT =0 JaxT
< meas T limsup ||oc||z 1) < c¢meas T,
e—0
) / mdmdt‘ _ lim‘ / o.u, dadt
QxT =01 JaxT

< meas T limsup [[o-0c| oo ;1)) < ¢ meas T.
e—0

It follows from this that g,pu € L°(0,T;L'(2)). By virtue of estimate
(6.2), there is a subsequence, still denoted by u., and a vector field u €

L2(0,T; W,72(52)) such that
u. — u weakly in L?(0,T;W'%(Q)) as ¢ — 0. (6.7)

Let us consider the sequence K, n > 1, of compact subsets of (2\Z) x (0,7
such that

Ki C  CKyCKpp1 Co-- C (D) x(0,7), | JKn=(Q\I)x(0,7).
n>1

By virtue of Proposition 3.2, the sequences p. and u. satisfy conditions
(C.1)-(C.3) of Theorem 4.1. It follows from this theorem that for every
n>1and a € (0,1/4),

/ Qz—:|u€|2 ln(2 + Q€|u€|2) dxdt < cy,

n
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where ¢, is independent of e. It follows that the sequence o.|u.|? is equi-
integrable on every compact set K C (2 \ Z) x (0,7). Using the Dunford-
Pettis Theorem and a diagonal procedure we may extract a subsequuence of
0-u: ® u. (not relabeled) such that

0-u. ®u; — pu®u  weakly in L'(K) as £ — 0 (6.8)

for every compact set K C (Q\ Z) x (0,7T). Here pu®@u € LY(Q7) is a
matrix valued function.

Let us consider the weak compactness properties of the sequences of the
pressure functions p(g.:) and kinetic energy tensors g.u. ® u.. To this end,
recall briefly the basic facts concerning LP spaces on Banach spaces.

Let Y be a Banach space and let Y’ be a Banach space dual to Y. A
function v : (0,7) — Y is said to be weakly star measurable if for any
L €Y, the scalar function

te€ (0,7)— (v(t), L) is measurable .

Further the notation LI, (0,7;Y"), 1 <r < oo, stands for the Banach space
of weakly star measurable functions with the finite norm

T 1/r
Wiy = (| Il a)"

If a Banach space Y is separable, then every weakly measurable mapping
¢ : (0,T) — Y is strongly measurable. In this case, L"(0,7;Y) is the
standard space of functions integrable in the sense of Bochner. This leads to
the following lemma (see [§8], thm. 2.112)

Lemma 6.2. Assume thatY is separable. If L € (L”(O, T, Y)),, 1<r<oo,
then there exists a unique v € LF(O,T; Y') such that

T
(Logy= [ (o) (o) de (6.9)

0

for every p € L"(0,T;Y). Moreover,

= vl

L o .
| MUQﬂW) Ly T (0,T3Y7)

In particular, we have
L0 (0,T;Y") = (L71(0,T;Co())) for 1<r < 0.

Denote by M(€2) the Banach space of all Radon measures in Q. Note that
M(Q) = Cp(£2)' is dual to the space Cp(£2) of continuous functions u :  — R
vanishing at 0f2. By the Riesz representation theorem (see [8], thm. 1.195),
for every v € M(2) there is a unique signed Borel measure v* defined on the
algebra of Borel subsets of €2 such that

<m¢>=4wwf
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for all ¢ € Cy. The norm of v admits the representation

1 llbacey = 77 11(€2),

where ||v*||(Q2) is the total variation of a signed measure v* over 2. Further
we will identify v and v*.
Every function g € L'(£2) determines a unique Radon measure

dv =gdz, (v,¢) = /gpgda: for all ¢ € Cy(Q). (6.10)
Q
It is clear that [[v||lyq) = l|l9]lz1(q)- Relation (6.10) defines the isometry
L7(0, T3 L(R)) = L1, (0, T5 M(Q)).

In particular, L'-functions p(o-(t)) and o (t)ue,i(t)ue ;(t) determine the Radon
measures o¢(t) and v, ;; given by the equalities

/«pdae(t)Z/@p(@a)(t) dz, /sodva,ijz/waua,iua,j dx
Q Q Q Q

for all p € Cy(Q). It follows from estimates (6.2) and (6.3) that the sequences
o.(t) and v, ;; are bounded in every space Lj,(0,7;M(12)), 1 <r < oco.

Now fix an arbitrary r € (1, 00) and note that the space LT (0,75 Co(2))
is separable. From this and Lemma 6.2 we conclude that

L5 (0, T;M(Q)) = (L71(0,T; Co()))’

By virtue of the Alaoglu theorem, there are subsequences of the sequences
0c(t), Vej, still denoted by o.(t), ve,;, and the parametrized measures o,
vij € Ly, (0,T;M(Q)) such that

Oc = 0, Veij — vy weakly star in Ly, (0,7, M(€2)) as ¢ — 0.

This means that

/Tp(ge)wd:):dt = /()T</ngda(t)>dt, (6.11)
/Q oetcue i dudt /0 T( /Q godyij(t))dt

T

for all ¢ € L™1(0,T;Cp(Q2)).
Recall that g, and u. are weak solutions to boundary value problem (1.3).
They satisfy integral identities (1.8) and (1.9) with the pressure function

p(o) = o+pi(o) +p2(0),

pile) = et (eln(l+eo)+ ). p2(0) = K(e)’c’.

€Q
1+¢ep
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Substituting g¢, u. into (1.8) and (1.9), letting ¢ — 0, and using relations
(6.6), (6.7), and (6.11) we arrive at the integral identities

/ g11~8t£d:cdt+/0T</Qvgzdu(t)>dt
—|—/OT(/Qdiv§da(t))dt— ; S(u) : V& dedt (6.12)
—|—/ gf-édxdt—i—/ggoug(x)-§(x,0)dx—0,

/ (004 + ou - V) dzdt + /Q 00(x)y(z,0)dz = 0. (6.13)

T
Here v(t) = (vi(t))
Q.
Identities (6.12) and (6.13) hold for all vector fields € € C°°(Qr) vanishing
in a neighborhood of 092 x [0,7] and ©Q x {t = T}, and for all functions
¥ € C°°(Qr) vanishing in a neighborhood of Q x {t =T}.

1<ij<3 is a symmetric matrix-valued Radon measure in
<ig<

6.2. Part 2. Weak limits of the momentum and kinetic energy
tensor. In this subsection we study in details the vector field pu and the
measures o, v. The following lemma is the first result in this direction.

Proposition 6.3. Under the assumptions of Theorem 1.5, we have
ou=opu in Qp, (6.14)
ouRku=pulu n Q. (6.15)

In order to avoid repetition, we prove the relation (6.14). The proof of
(6.15) is similar. The proof of (6.14) falls into three steps.
Stepl. By virtue of the mass balance equation (1.15), the density function
0c satisfies the integral identity

/ 0 Opp dxdt = — / o:u; - Vi dzdt
T T

for every 1 € C°(Qr). It follows from the energy estimates (6.2), (6.3), and
the embedding WOB’Q(Q) — C1(Q) that

’/ o-u; - Vi) da:dt’ < c/OT sz(t)HWg,,z(Q) dt.
This means that '
10c0e Lo (0,7 -32(0)) < ¢ and || oc| Lipo,rsw—32(0)) < ¢
On the other hand, we have
0= (t) [l —2.2(0) < e

Note that the embedding W~2%2(Q) — W~32(Q) is compact. Hence the
sequence g : [0,T] — W~32(Q2) meets all requirements of the Arzela-Ascoli



1262 P.I. PLOTNIKOV

Theorem (see [4], thm. 7.5.7). Therefore, after passing to a subsequence we
may assume that

0 — 0 in C(0,T;W=2(Q)). (6.16)
Step 2. Choose an arbitrary integer N > 3. Introduce the truncated vector
field
uye(z,t) = uc(z,t) if Ju(z,t)] <N,
N
ez, t)]

It is clear that uy . € L2(0,T; Wy (Q)) and

uN,a(x7t) us(xvt) if ’u€(1‘7t)‘ > N.

lunellzzorwiz@) <6 [une < N. (6.17)

Using the diagonal procedure we may extract a subsequence (nor relabeled)
such that

uy. =ty weakly in  L*(0,7; W'?(Q)) and star weakly in L(Qr).
(6.18)
The limiting vector field uy admits estimates (6.18). The following lemma
is the main result of this paragraph

Lemma 6.4.

/ ¢ e uN drdt — poundzdt as € —0 forall ¢e CP(Qr).
T

Qr
(6.19)
Proof. Introduce the mollifier
1 r—vy
T, = — 9 d 6.20
uw) = 5 [ () ) dy (6.20)
where the kernel
6 € C°(R?), support 6 C {|z| < 1}, / O(z)dx = 1.
R3
Note that
go(gguN@—gﬁN)dmdt:H1+H2+H3, (6.21)
Qr
where

I, = / POe (U-N7a - TwU—N7a) dxdt,
T
I, = / po (TWﬁN — ﬁN) dxdt,
Qr

3 = / QO(QsTwuN,s — QTwﬁN) dxdt.

T

Note that the embedding W12(Q2) < L2?(2) is compact. It follows that
[une(®) — Toune ()2 < 6(w) [[une(@®)llwr2 @), (6.22)
[uy () = Toun (B2 < 0(w) [an(®)llwrz@),
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where §(w) ~ cw!/? = 0 as w — 0. We also have
June(t) = Toune(t)llpeo@) < 2N, (6.23)
[an(t) = Toun (8)[[Loe@) < 2N.

Fix an arbitrary m > 3 and set
Ay ={(z,t) € Qr: p: >m} C Qr.
We have

L < ‘ / PO (uN,5 - TwuNf) d:vdt) (6.24)
T\Am
+ ‘ / po: (une — Toun,) d:vdt‘.
Am
By virtue of (6.22), the first term in the right hand side admits the estimate

’ / po- (une — Toun,) dmdt‘
Qr\Am

IN

cm luy . — Tyun,| dedt

T

< cm ||uN75(t) — Twqug(t)”L%Q) dt
0

T
< cmé(w)/ lun.e () lwr2(q) dt < cmd(w).
0

On the other hand, energy estimate (6.3) and estimate (6.23) imply the
inequality
cN

’ / POe (uN,e - TwuN,e) d.’L‘dt‘ < nm’
AT’L nm

Substituting the obtained results into (6.24) we arrive at the estimate

N

Now set m = 1/(d|Ind|) and choose w so small that §(w) < 1. We thus get

N 1 N cN

Mm@ | TG R @)D~ [m@) k@)

which gives
cN
| < :
[ In(6(w)|né(w)[)|
Repeating these arguments and using estimates (6.22) and (6.23) for uy we
obtain the similar estimate for Ilo,

1T (6.25)

cN
el < TG s @]

Note that c is independent on w. Let us consider the quantity II3. We have

II3 = / (0e — 0) (SOTwllN,s) dxdt + / opTy, (llN,s — ﬁN) dxdt. (6.27)
Qr

T

(6.26)
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Recall that the function un . (t) € WO1 2(Q) equals zero outside of . It follows
from the properties of the mollifiers that

ITwune(Olws2) < c(w)llunellrz@) < c(w)llu@)] 2@

Since ¢ € C*°(Qr) is compactly supported in the cylinder Q7 = Q x (0,7),
the vector field p(t)un(t) € Wg’z(ﬂ) admits the estimate

lo(t)Twune(t)wsz0) < clw)llus(t)llr2(o)-
Here ¢ depends on w, ¢ and is independent on t. We thus get

IN

T
‘/Q (0: — 0)(¢Toun,c) dxdt’ lloc — ellco,mw-32) / [ Twun.e(t)|lwsz2@) dt
T 0

IN

T
c@le: ~ elleorav-sacay | etz de
0
< c(w)les - (Q”C(O,T;W*3=2(Q))~
From this and (6.16) we conclude that

/ (0c — 0)(¢Toun,) dodt — 0 as € — 0. (6.28)

T

Next we have

/ 0T\, (uN,E — ﬁN) dxdt = ; Tw(gcp)(uME — ﬁN) dxdt.
T T

Since the mapping Ty, : LY(Q) — L*>(Q) is bounded, we have
ITw(0@) Lo (@) < e(w)-
On the other hand,
uy. =y weakly in L*(Qr) as € — 0. (6.29)

It follows that
/ ggoTw(uME —ﬁN) dxdt -0 as ¢ — 0.
T

Combining this relation with (6.27) and (6.28) we conclude that
II3 -0 as ¢ =0

for fixed w and N. From this, estimates (6.25)-(6.26), and identity (6.21) we
obtain

cN
| In(6(w)[Ind(w)])|

e—0

limsup‘/ cp(gaqug—gﬁN)dxdt’ <
T

Letting w — 0 we arrive at the desired relation (6.19). O
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Step 3. We are now in a position to complete the proof of Proposition
6.3. The main idea is to consider the truncated sequence g.uy. as an
approximation of the sequence p.u.. Let us estimate the discrepancy

Di(N,e) = / oc|ue —un | dadt. (6.30)
Qr

It follows from estimate (6.5) in Lemma 6.1 and De la Vallee Poussin criterion
that the sequence g.u; is equi-integrable. This means that there is a function
51 : RT — RT, independent of ¢, such that

lim 03 (w) =0, / 0:|uc| dxdt < 61( meas C) for every C C Qp. (6.31)
C

w—0

Note that

Qz—:|u€ - uN,€| < 2Q€|u€| in Qr, Qs|us - uN,e’ =0 in Qr \ CN,sa

where
Cne={(z,t) € Qr : |uc(z,t)] > N }.
We thus get
Di(N,e) < c/ ocuc|dxdt < ¢d1( meas Ci ). (6.32)
CN,s

The Chebyshev inequality and estimate (6.2) imply

1 &
meas Oy < ]\72/ lu.|? dedt < Ne (6.33)
T

From this and (6.32) we conclude that
Dy (N,e) < ¢di(eN72). (6.34)

Note that we have no information about the limiting vector field pu. Now
our task is to prove that it is integrable and

Dy (N) :—/ lou — puy|dzdt -0 as N — oo. (6.35)
Qr
By virtue of the estimate (6.5) in Lemma 6.1, we have

/ Oclun | In(2 + o lun|)* dedt < / Oc|uc| In(2 4 oe|uc|)* dadt < ¢
T Qr

for all 0 < av < 1/2. Therefore, the sequence p.uy. is equi-integrable. From
this and (6.19) we conclude that p-uy . converge weakly in L'(Qr) to oun.
Choose an arbitrary measurable C' C Q7 and set

u t
<= (@) 1¢ for |uy(z,t)| >0 and ¢ =0 otherwise.

 [on(, )
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It is clear that the measurable function ¢ satisfies the inequality |¢| < 1 and
is supported in C. It follows from this and inequality (6.31) that

01 (meas C) > /gs|u€|dxdt2/ oc|un ¢ |dxdt
C C

v

/ O:un - sdxdt — ouy - cdxdt
T

Qr
= / olan|dxdt.
C

It follows that

/ olan|dzdt < §1( meas C) for all measurable C C Q7.
C

Hence the sequence puy, N > 3, is equi-interable. Let us prove that uy
converges to uin L'(Qr). Recalling estimate (6.33) and applying the Cauchy
inequality we obtain

/ ’uN7£ - U—s| dxdt = / ’uN7g - u€| dxdt
T CnN,e

< ¢( meas CN,E)l/2 < ¢N7L
Since
u. - u, uy.— uy weakly in L*(Qr) as € — 0,

we have

/ |lu —ay|dzdt < liminf/ lue — uy|dadt <
T Qr

e—0

c
N
It follows that

lu—un|ig,) — 0 as N — oo.

In particular, the the vector fields uy converges to u in measure. Therefore,
the sequence puy is equi-integrable in Q)7 and converges to gu in measure.
It follows that

otiy — ou in L'(Qr) as N — ooc.

This gives the desired relation (6.35) In particular, we prove that the vector
field pu is integrable. For every fixed ¢ € L*°(Qr), we have

/ p(0-u: — pu)dxdt = / Poe(ue — U-N,s) dxdt
T

T
+/ vo(y —u)dzdt + / v(p:un, — ouy) dzdt.
Qr Qr
It follows that

( / o(o-us — ou) d:zdt‘ < D1 (N, ) + ¢Ds(N) + D3(N, ¢),
Qr
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where
D3(N,¢e) = )/ o(osune — oun)dxdt| -0 as € =0
T

The latter follows from relation (6.19) in Lemma 6.4. From this and estimate
(6.34) we obtain

‘ / o(0:us — ou) da:dt( < ¢61(eN) + eDa(N) + D3(N, ).
T
Letting € — 0 we arrive at the inequality

lim sup ‘ / o(0su: — ou) dxdt) < ¢61(ecN) + cDa(N).
T

e—0

Note that the left hand side of this inequality is independent on N. Letting
N — oo and using (6.35) we arrive at the desired relation

lim v(psu: — pu) dxdt = 0.

e—0 QT
It remains to note that p.u. converge weakly to pu as € — 0. This completes
the proof of Proposition 6.3.

6.3. Part 3. Specification of the measures v and o. In this subsection
we study in details the structure of the measures v(t) and o(t) introduced
in Subsection 6.1. Note that v(¢) and o(t) are Borel measures defined on
the o- algebra of Borel sets B C (2. By the Lebesgue dominant convergence
theorem,

/ ondr(t) — / © duv(t), / ondo(t) — / ¢ do(t) as n— o0

Q Q Q Q

for every sequence of Borel functions ¢,, n > 1, satisfying the conditions
on Q=R on| <e, op(x) = () for every z € Q.

Denote by p(t) and w(t) the restrictions of the measures v(t) and o(t) on
I,
p(t) = [z v(t), =)= I[z0()

Recall that the interval Z is the intersection of €2 and the symmetry axis.

The following proposition is the main result of this subsection

Proposition 6.5. Assume that the function @ : Qr — R satisfies the
conditions

w0 € C(Qr), ¢(,t) e CT() for every te€[0,T].
Then

/OT(/Qcpdu(t)>dt—/T<PQU®uda:dt+/0T(/I(pdu(t))dt, (6.36)
/OT</Qs0da(t))dt:/QT ¢Qdmdt+/(]T</I@dw(t))dt. (6.37)
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Proof. The proof is based on the following construction. Fix an arbitrary
C™ function © : RT — R™ satisfying the conditions

0<O0<1 O(s)=1for 0<s<1, O(s)=0 for s>2.

0,(z) = @(%\/w% +23), r>0. (6.38)

Let us consider the integral

Set

/ YU Qu, drdt = / (1—-0,)po-u: @u. drdt + 0, po-u: @u. dxdt.

T T Qr
Note that (1 — 6, )¢ is compactly supported in Q\ Z. It follows from relation
(6.8) and equality (6.15) that

lim (1 —06,)po-u: @ u.dedt = / (1 —6,)pou ® udxdt.

e—0 QT T

On the other hand, relation (6.11) implies

T
lim 0rp0:Us ® ue dadt = / ( / 0, pdu(t)
e—0 Qr 0 0

We thus get

T
lim cpggu5®u5dz:dt:/ (1—9r)gogu®uda:dt+/ (/Hrapdu(t))dt.
Qr 0 Q

e—0 QT

(6.39)
Note that the integral in the left hand side is independent of r. We have for
fixed ¢ € [0, T,
Or(z)p(x,t) -0 as 7 — 0 for x € Q\Z, 0O.(x)p(z,t) = @(x,t) for ze€Z.

For every t € (0,7, the limiting function equals 0 outside of Z x (0,T") and
equals ¢ on Z. It is a Borel function as a pointwise limit of Borel functions.
Obviously, the sequence 0, is uniformly bounded. Applying the Lebesgue
dominating convergence Theorem we conclude that

/9 ol ) (t —>/ (2,1) dps(t) = J(2).

It is clear that
| (8)] < ellv () [Ime)

Recall that [|v(t)[lyq) € L7(0,T) for every r E [1 o0). Hence the sequence
Jr(t) meets all requlrements of the Lebesgue dominated convergence theorem
on the interval (0,7). Applying this theorem we obtain

T T
/ () dt — /
0 0
which gives

lim OT( /Q 0, (2. (e, 1) du(1) )t = /0 T( /I ol 1) dp(t) ) di.(6.40)
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Since pu ® u € L'(Qr), we have

lim (1 —6,)pou®@udrdt = / pou ® udxdt. (6.41)

r—0 QT T

Letting r — 0 in (6.39) and using (6.40), (6.41) we obtain

T
lim Yo:U: ® u. dxdt = / pou ® udzdt + / ( / o(z,t) du(t)) dt.
T 0 T

e—0 QT

It remains to note that by virtue of (6.11),

T
lim YU @ . drdt = / < / godu(t)) dt.
e—0 Qr 0 0

This completes the proof of (6.36). Let us prove (6.37). We have

/ oplo-) dadt = / (1— 0,)¢plo-) dedt + / 6,0m(0.) dadt.
Qr Qr Qr

Recall the equality

p(0:) = 0c + p1(0:) + pa(0e)-
Note that (1 —6,)¢ is compactly supported in Q\ Z. From this and relation
(5.5) in Theorem 5.1 we conclude that

lim (1 —0-)o(p1(0:) + p2(0e)) dedt = 0.
e—0 QT

Since g. — o weakly in L'(Q7), we have

lim (1—=6,)¢p(o:)dxdt = / (1 —6,)podxdt. (6.42)

e—0 QT T

It follows from relation (6.11) that

T
lim 0,0p(0:) dazdt:/ </¢9rg0da(t))dt.
Qr 0 Q

e—0

Combining this relation with (6.42) we arrive at the equality

lim o p(0e) dzdt = / (1 —06,)podzxdt

e=0JQr QT
T
+/ (/9,.<pda(t))dt.
0 Q

Letting » — 0 and arguing as before we finally obtain

T
lim o p(oe) dmdt:/ gogd:ndt—l—/ (/godw(t))dt.
e—0 Qr T 0 T

It remains to note that

imy | (o) dot = /0 T( /Q pdo (1)) )dt.

e—0

This completes the proof of (6.37).
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O
Corollary 6.6. Under the above assumptions, the integral identities
/ (Qu-8t§+gu®u:V£+Qdiv E)dxdt—l—
T
T T

/ (/vg : du(t))dt+/ ( /divgdw(t)) dt
0 T 0 A (6.43)

—/ S(u) : V&dmdt—i—/ of - &dxdt

T T
+/ oouo(z) - &(x,0)dx =0,
Q
/ (004 + ou - V) dxdt + / 00(x)Y(z,0)dz =0 (6.44)
Qr Q

hold for all vector fields & € C°(Qr) vanishing in a neighborhood of ) x
[0,T] and Q x {t = T}, and for all functions ¢ € C*°(Qr) vanishing in a
neighborhood of Q x {t =T}.

Proof. The proof obviously follows from integral identities (6.12)- (6.13) and
equalities (6.14)-(6.15), (6.36)-(6.37). O

6.4. Part 4. Proof of Theorem 1.5 . We are now in a position to
complete the proof of Theorem 1.5. It remains to show that matrix value
parametrized measure p = (/J,ij)i,j:m,g has the only nonzero entry pss, and
the parametrized measure w = 0. To this and choose an arbitrary functions

n€ Cge(0,T), xe€ (D).
Introduce the vector field € : Q7 — R? defined by the equalities
5 = (glv 07 0)7 51 = wlgr(SU)X(%)’?(t),

where 6, is defined by (6.38). For sufficiently small r, the smooth vector field
& is compactly supported in Q7. Denote by Q7 , the cylinder

Qry ={(z,t) €Qr: mgzr}.

Obviously, £ is supported in Q7. Substituting £ in integral identity (6.43)
we obtain

/ (ou10h&1 + oui0i &1 + ourudaéy + ourusdséy ) dadt+
QT,T

/ (001&1 — S1101€1 — S120061 — 5130381 + ofi&1) dedt  (6.45)
QT,T

+/0T77(t)( /Zx(m)dﬂﬂ(t)) dt +/o

Note that

T

o) [ ey am(v) ar

V& + 1061 < ¢ in Qr, o 0ul*, Sy € L'(Qr). (6.46)
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Moreover, we have
meas Qr, — 0 as r — 0. (6.47)

It follows that

/ (0u10i&1 + 0uldi &1 + ouruzdes + ouruzdséy ) dedt+
QT,T

/ (00161 — S1101&1 — S120261 — S1303&1 + of1€1) dadt — 0
QT,T

as 7 — 0. Letting r — 0 in (6.45) we obtain

/OTn(t)( /IX(mz)dM11(t)>dt+/0Tn(t)( /IX($3)dW(t)>dt:0

for all x € C§°(Z) and n € C§°(0,T). Recalling that p1; > 0 and @w > 0 we
conclude that

In order to prove the equality p12 = 0, introduce the vector field

£= (517 0, 0)7 &= anT($)X(x3)n(t)'
Substituting £ in (6.43) and noting that @ = 0 we arrive at the equality

/ (ou19:€1 + 0uidi &1 + ourusdals + ourusdséy ) dadt+
QT,T

/ (001&1 — S1101&1 — S120261 — 5130361 + of1é1) dadt (6.49)
QT,T

T
+/ 77(75)( /X($3)dM12(t)> dt = 0.
0 z
Recalling relations (6.46) and (6.47) we obtain

/ (0u10i&1 + 0uldi &1 + ouruzde&s + ouruzdsly ) dedt+
QT,T

/ (00161 — S1101&1 — S120261 — S1303&1 + of1€1) dadt — 0
QT,T

as r — 0. Letting 7 — 0 in (6.49) we get

T
/ n(t)( / x(:vs)dulz(t)) dt =0
0 7
for all x € C§°(Z) and n € C§°(0,T). We thus get

p12 = p21 = 0. (6.50)
Let us prove that pss = 0. To this end, take the vector field £ in the form
§=1(0,£,0), & =20, ()x(z3)n(t).
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Substituting € in (6.43) and noting that t = 0 we obtain

/ ((0u20i6a + ourusdi & + ou305€2 + ougusdséy ) dadt+
QT,T‘

/Q (00262 — 5120165 — S2202€2 — S2303&2 + 0f282) dadt
T,r

v/ Coto) [ X)) ae=o.

Arguing as before we conclude that pge = 0. Combining this result with
(6.48) and (6.50) we arrive at the equalities

pij =0 for 1<4,57<2, w=0. (6.51)
It remains to prove that
p13 = p31 = prog = psz2 = 0. (6.52)
We begin with the observation that
Ocle jUe jPip; = 0s(Ug - @) >0 forall peR5.
Choose an arbitrary functions
p: IR ¢ eCy(T), neCs0,T).

and set
§=0,(x)n(t) p(z3).
It follows from this and (6.11), (6.16) that

0< / 0rnoeue iue; pip; dxdt  — Ornouiujpip; drdt
Qr Qr

+ /OTT](t)(/ISOi(xg)goj(g;?)) dﬂi,j(t))dt.

Note that the functions 6,n¢ are uniformly bounded and are compactly
supported in the small cylinder Q7,, which measure tends to 0 as r — 0.
Since the function p|u|? is integrable, we conclude that

lim Ornouiu;pipj drdt = 0.

r—0 QT
We thus get

T
/ U(t)</ pi(w3)p;(xs) d/%uj(ﬂ) dt >0 for all e Cy(0,T).
0 7
It follows that
/gOi(.%'g)ng(J}g) dp;j(t) >0 forall ¢ € Cy(Z) and for a.e. t € (0,7).
T

Recalling (6.51) we conclude that the inequality

0< / (2¢103dp13(t) + 2p003dp23(t) + ©3duss(t))
A
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holds for all ¢; € Co(Z) and for a.e. t € (0,T). It is possible if and only if
p13 = p23 = 0. Therefore, the matrix p;; may have the only nonzero entry
u33. This completes the proof of Theorem 1.5.

7 Appendix. Navier-Stokes equations in the cylindrical
coordinates

In this section we give the proof of the lemma and proposition formulated
in Section 2. To this end we recall the denotations for the cylindrical coordinates
Denote by r, ¥, 3 the cylindrical coordinates in the space R? of points

x = (z1, %2, 3),

xr1 =rcost, xo=rsind, x3=x3, (7.1)

y=(y1,y3) = (r,w3), z=(z1,22,23) = (r,0,23) = (y1,0,y3). (7.2)
and the domain
G:{$€Q:CL‘1>O,$2:0}.

We will consider G as a domain in the plane of variable y. The radial, azimuth
and axial components v; of the velocity field u form the vector field v such
that

cosf —sinf 0
u=Uv, v=(v,v,v3), U=/ sinf cosf 0 |. (7.3)
0 0 1

We start with the proof of the following technical lemma. Throughout of
this section the denotation

A = [A17A27A3:|

stands for a matrix A with the columns A;. Next, we denote by A : B the
scalar product

A:B = tr (A" B).
Note that |A]? = A : A is the squared Hilbert-Schmidt norm of A.
Lemma 7.1. Let Q be rotationally symmetric and u € WH2(Q). Then
Veu(z) =U(0) (A(v) +v(v)) U’ (7.4)

Here the matrices A and v are defined by the equalities

1
- 1
Orv1 71489111 am3U1 0 —;Uz 0
A(V): Orv2 ;891}2 axg'UZ ) V(V): 0 Zuy 0 (75)
1 T
8/[)3 ;891/3 81«3’03 0 0 0

Proof. By virtue of the chain rule, the equality
V,u=V,uV,z
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holds true for almost all z € G x S!. We have

/ T2
z = (y/x% + 23, arctan — x3)
1

cos 0 sinf 0

1 . 1 T : 1
Vaez = ——sinf =cosf 0 | =RU', R = diag {17;71}'

r r

0 0 1

Which gives

Thus we get
V,u=V,uRU' (7.6)
On the other hand, we have
V.u = [0ru,0pu,0z,u] = [U0,v, Udyv,Udy,v ]| + [0,0,Uv,0] (7.7)
Notice that

cosf sinf 0 —sinf —cosf O 0 -1 0
U'H,U = —sinf cosf 0O cosf) —sinf O = 1 0 0 |=S.
0 0 1 0 0 0 0 0 O

Since UUT = I, we can rewrite identity (7.7) in the equivalent form
V.,u= [U&,V,U(%V,U&EBV] + [O,U(Sv),O}.
Note that for every matrix A and columns a, b, ¢, we have
[Aa,Ab,Ac] = A[a,b,c},

which yields
V.u=U[9,v,dv,0:,v| +U[0,Sv,0].
Substituting this identity into (7.6) we obtain

V,u=U ( [0,v,04v, 05, R+ [0,Sv, o]R) u’.
It remains to note that
[0,v,00v, 05, v]R = A(v), [0,Sv,0]R=vr(v)
and the lemma follows. (]
The next technical lemma gives the representation of u ® u and divu.

Lemma 7.2. Let u € WH2(Q) admits the representation u = U()v(z).
Then
u@u=Uvev)U'", dvu=tr (Av)+v(v)). (7.8)

Proof. The first equality in (7.8) easily follows from direct calculations. In
order to prove the second, it suffices to note that by virtue of Lemma 7.1 we
have

divu=tr Vau=tr (UA+v)UT) =tr (A+v).

The following lemma is a straightforward consequence of Lemma 7.1.
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Lemma 7.3. Let u: Q — R> be a rotationally symmetric vector field such
that u=U(0)v(y), y = (r,x3). Then

1
/ |V, ul?dz = 27r/ \V,v|* rdrdzs + 27?/ (v? + v3) =drdzs. (7.9)
Q G G r

Proof. By virtue of Lemma 7.1, we have

IVaul? = [UAW) +v(v)U' P = [A(v) +v(v)]* =
AWV) + (V) : AWV) +v(V) = AV 2+ [v(v) 2+ 2A(V) s v(v).
Note that

1
Orvy O 83531]1 0 _;U2 0
A(V)=| G2 0 Opyua |, v(v)=] o 0

67-1}3 0 81;31}3 0 T‘O 0

It follows that A(v) and v(v) are orthogonal which yields
Voul* = [AW)]? + [v(v)

Since v is independent of 6, we have

/\quIQda:—277/(\)\(v)|2+]1/(v)2)7’d7’da:3.
Q G
It remains to note that
1
AW = Vv, v = p(v% +v3).
O

We are now in a position to formulate the compressible Navier-Stokes
equations in the cylindrical coordinates. Let us consider the totality of test
vector fields € : Q7 — R3 satisfying the following conditions.

Condition 7.4.
£€Ci(Qr), €=U(0)s(z1). (7.10)

The vector field s € C*(G x St x (0,T)) is compactly supported in G x S' x
(0,7).

Proposition 7.5. Let o(x,t), u(x,t) be a rotationally symmetric solution to
problem 1.15 given by Proposition 1.3. Then the vector field v(y,t) defined by
the equality u = U(0)v(y,t), and the density o = o(y,t) admit the estimate

/ / ]VV\Q 7 (vy —1—1)2)) ydydt < c,

u (7.11)

ess sup /(QV| +e(o )yldygc,
te(0,T)
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where the internal energy e is defined by (1.12), the constant ¢ depends only
on the constant E in (1.16). The integral identity

T
/0 /G o ( ov-0is+ovev: (A(S) +v(s)) +plo)tr (M) +v(s)) ) y1 dydfdt
T
- / / ( (A@) +v(v) +AV) T +r()T ) (A(S) +v(s)) ) y1 dy d6 dt
0o Jaxst

% /oT /cxgl ( (tr (A(v) +v(v)) tr (A(s)+v(s)) ) y1 dydfdt

T
— / / of* - ¢ y1 dydfdt
0 G'xSt
(7.12)

holds for all test functions ¢ satisfying Condition 7.4. The integral identity

T
/ / ( 00ip + ov - (RV:) ) y1 dydfdt = 0 (7.13)
0 GxS?

holds for all functions 1 € C1(G x St x (0,T)) compactly supported in G x
S (0,T). Here A(v) and v(v) are defined by equalities (7.5) with Oyv = 0,
the matrices A(s) and v(s) are defined by equalities (7.5) with v replaced by
S, the vector field £*(y,t) is defined by the equality £ = U(0)f*.

Proof. Estimate (7.11) obviously follows from estimate (1.16) in Proposition
1.3 and LemmaT7.3.

Let us turn to the proof if identities (7.12) and (7.13). It follows from
Proposition 1.3 that the functions g, u = Uv, and §& = Ug satisfy the
integral identity

/ (ou- 06 +ouu: VE+p(o)div €—S(u) : VE+of -€) dzdt = 0. (7.14)
Qr

Note that

u-€=Uv-Uds=v- -0, [-£E=Uf"-Ug=1".g. (7.15)
Next, we have

u®u=(Uv)® (Uv)=Uvev)U',
which yields
u@u:VeE=U(vev)U' : Ve
It follows from Lemma 7.1 that
V.6 =U(X(s)+v(s))U'.

Combining the obtained results we arrive at the identity

u@u:VE= (Uvev)U ) : (U(Xs)+v(s))U")

7.16
:(V®V):()\(C)+V(§))- ( )
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Note that
S(u) = (Vyu+V,u') — %div u I,
which yields
S(u) : V&€ = (V,u+Vou') 1 VE— %div udiv &. (7.17)
It follows from Lemma 7.1 and Lemma 7.2 that
(Vou+ Veu'): VE =
(U ()\(V) +v(v)+ )\(v)—r + I/(V)T )UT) : (U ()\(g) +v(s) )UT)
= (AW +v() +AW) " +r(v)" ) (AS) +v(s))
and
div udiv € = tr (A(v) +v(v)) tr (A(s) +v(s))
Substituting these results into (7.17) we arrive at the identity
S(u) : V&€ = (Vou+ Veu') : VE — gdiv udiv &€ =
(AW +v(V)+AW) T +r()") : (A(e) +v(s))— (7.18)
;tr (AW) + v(v) ) tr (AS) + ().

Finally, substituting (7.15), (7.16), and (7.18) into (7.14) and noting that
dxdt = y1dy df dt we arrive at the desired identity (7.12).
In order to prove (7.12), notice that

T
/ / (00 + pu - Vb)) dadt = 0. (7.19)
0 Q

It is easy to see that
ou- Vi) = oUv - U(RV.9) = ov - (RV,9)).
Substituting these equalities into (7.19) we obtain (7.13). O

In the paper we use the simplified version of identities (7.12) and (7.13)
with special test function ¢. The result is given by the following proposition.

Proposition 7.6. Let o, v, g, and 1 meet all requirements of Proposition
7.5. Furthermore assume that

Ops =0, <=0, 0y =0. (7.20)
Then the vector fields

v = (vi(y,t),v3(y, 1)), <= (vi(y,t),v3(y,t), £=(fi(y,1),fi(y,1))
(7.21)
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satisfy the integral identities
/ (ng?tf—l— ov RV :Vs+p(p)divs—B(V): Vg
Gx(0,T)
+b(¥,0) ¢t + of - é) ydydt =0, (7.22)

/ ( 085 + oV - Vi ) g1 dydt = 0. (7.23)
Gx(0,T)

Here Va = Vya for each vector field a(y,t). The matric B and vector field
b are defined by the equalities

2 1
B=(VV+V¥')— -(div v+ -u),
3 r
=—oy+—p— 51+ 5divVv
T 397 1 3
For every compact set K € G, the functions B and b admit the estimate
IBll 2 (& x (0,7 + Pl r (% 0,1)) < (7.25)
where the constant ¢ depends only on K and the constant in estimate (7.11).

Proof. The proof is based on the identities (7.12) and (7.13). It follows from
the conditions of the proposition and relation (7.5) that

1
Orv1 0 Opyvy 0 v 0
A(V) = aTUQ 0 8I3U2 5 V(V) - 0 17)1 0 . (726)
Opvz 0 Og,v r
’ 0 0 0
and
o1 0 ax3§1 0 10 0
A= 0 0 0 |, v)=|0 —a 0 [ (7.27)
8r§3 0 a$3§3 0 0 0

In particular, A(s) is orthogonal to v(v) and to v(v)T. It follows that
(AV) +v(v) +AV) T +v()T) (X)) +v(s)) =
(A(v) + )\(V)T) :A(S) + (v(v) + V(V)T) :v(S).
It is easy to check that
(AV)+A@) ) A(5) = (Vv + V') : Vg

and
(V(v) + V(V)T) : V(c)) = %vl 'SP

We thus get

(AW) +v(V) +AWV) T +v@) ") (AS) + () =
9 (7.28)
(V¥4 Vv'): Vs + AR
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Next, we have
1 1
tr (A(v)+v(v)) =divv+ VL tr (A(s) +v(s)) =dive+ L
which yields
2
~tr (A(v) +v()tr (A() +v(s)) =
3
(7.29)
2 div ¥+ Loy (div e+ 1q)
3( rt rot
Combining (7.28) and (7.29) we arrive at the identity
(AW +2(v) +AW) T +v(v)T) : (Als) +v(s)) -

%tr (AW) +v(W)tr (A(s) +v(q) =

2
(VV+Vv'): Vs + oA
2 1 1
g(div v+ ;vl)(div S+ ;(1) =

2 1 4 2
_ —T L=, + e _ LA T
(Vv + Vv 3(d1vv+ Tm)I) : VS + ( 3,2 v + 3lev v)gl.
From this and expression (7.24) for B, we conclude that

(AWV) +v(v) +AW) " +v(v)" ) (As) +v(s)) -

gtr (AW) +v)tr (A +v(s) = (7.30)

_ 4 2 .. _
BIV§+<—ﬁU1+§dIVV)§1.

Next, notice that relations (7.27) imply
1
ovRv:(A)+r(s) =ovev:Vs+ ;Qvg S1. (7.31)

Relation (7.27) also implies

. 1
pe)tr (A(s) +v(s)) = p(o)div S + p(0) <. (7.32)
Obviously we have
ov-0is = ov- 05, of-¢=of 3. (7.33)

Substituting (7.30)-(7.33) into integral identity (7.12), recalling formula (7.24)
for b, and noting that the integrand in (7.12) is independent of 6 we arrive
at the desired identity (7.22).

Estimate (7.25) for B and b is a straightforward consequence of estimate
(7.11).

It remains to prove integral identity (7.24). To this end, it suffices to note
that the test function 1) is independent of # and hence

ov - (RV.4) = gv - V0.
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Substituting this equality into integral identity (7.13) we arrive at (7.24).
U

8 Appendix. Potential estimates. Singular operators

In this section we collect the basic facts from the theory of potential
operators and singular integrals.

8.1. Estimates of potentials. We begin with the representation of the
Sobolev functions via their gradients.

Lemma 8.1. Let Q C R™, n > 2, be a bounded domain with a Lipschitz
boundary. Then the equality

u(z) = 1 /(xl_yl)alu(y) dy a.e.in R" (8.1)
nwn JO |x_y|n

holds for ever function u € WHL(R™) compactly supported in Q. Here wy, is
a volume of S*~!

Proof. This statement is a particular case of Lemma 7.14 in [9]. O

Let Q C R™ be a bounded measurable set of positive measure. For every
€ (0,1), define the integral operator

Vo) = [ o=y u(y) dy. (3.2)

Lemma 8.2. Let1 < s <r < oo and
0<k=s'—rt<p.
Then the operator V,, : L*(Q2) — L"(2) is bounded and

L—r 1" 1— —K
Wil < (=) wh " Cmeas ) July (83
for all u € L*(Q).

Proof. This statement is a particular case of Lemma 7.12 in [9)]. O

8.2. Singular integrals. The Calderon-Zygmund singular integral operators
are defined as follows
Su(x) = lim K(z,z —yu(y)dy, =z,yeR? d>1.
70 |z—y|>e
Here the Calderon-Zygmund kernel K satisfies the conditions

_ b E 0o (mpd  qd—1 S
K(x,z)—‘z|dw(a:, \z|)’ w € L®(RxS™), /Sd_lw(a:,f)ds (&) =0.

It is known that the the operator S : L"(R%) — L"(R%) is bounded for all
1 < r < oo. Moreover, it admits the estimate, see [2],

7,2

r—1

[Sullrray < ¢ Jull ey,  u € L"(RY),
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where ¢ is independent of r and w. The typical example of the Calderon-
Zygmund singular integral is the Riesz operator

Rju = 8j(—A)_1/2u.

In particular it satisfies the inequality

2
r T
1 ”uHLT(Rd)’ u € L (Rd) (84)

[Riull prmay < c

The operators R;; = R;R; are not Calderon-Zygmund operators. However,
they are products of such operators and admit the estimates

4
r r ..
HRijUHLr(Rd) < 07(74 — 1)2 HUHLT(Rd), u €L (Rd)’ 1< 1,7 < d. (8.5)

9 Appendix. Proof of Proposition 4.2
Note that conditions C.1-C.3 and equality p = (p imply the estimates

ess sup / pln(2 4+ p) dy < cp. (9.6)
te(0,T) JR2
/ ((=A)"V4p) 2 dydt < c. (9.7)
Gx(0,T)

Here
1
A4 = - -
( A) p(yvt) Cl/ZJL/G |y—Z‘3/2 p(z,t) dz.
The further considerations are based on the following lemma.

Lemma 9.1. Let p and W satisfy all conditions of Proposition 4.2. Then
for every integer n > 2, we have

/R W[ dyit < c. (9.8)

where ¢ depends on K, n, and constants in (9.6), (9.7).

Proof. Since W (-, t) is compactly supported in G, it follows from the embedding
theorem that

L W0l dy = [ (Wt dy < o)Wl < o) 09)
for every r € (1,00) and a.e. t € R. Now set
o= [WIHVWI, VW] =n[W[" 2[VWIW| <np. (9.10)
Estimate (9.9) and the Hoélder inequality imply the estimate
le@®ll L2y = [TWI"HOIVW(#) ] s 2) <

n— 9.11
WO, 2, g [IVW @ 2022) < 10
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which holds for every s € [1,2) and a.e. t € R. It follows from identity (8.1)
in Lemma 8.1 that

Wi = o [ TR gy e
We thus get
Wbl e [ Tpeds = a8 e, 01

Recall that ¢ is compactly supported in G x (0,T). We have

— _ _ p(z,t
(-A) V2 = () V=8 g, (A) =iy [ ’y_(|3)/2d

Since G is bounded, there is a disc Bg = {|y| < R} such that G € Bg. Note
that the integral operator

AN-1/4 RGN _plzt)
(—A) Y =C1/4 /R? — z|3/2 dz = C1/4 Bun ly — z,S/Q dz

meets all requirements of Lemma 8.2 with 2 = Bag, u = 1/4. Now set r = 3,
s =2. We have k = 271 — 37! < 471 Applying inequality (8.3) in Lemma
8.2 we arrive at the estimate

(=) (t) ]| 3B,y < ¢ for ae. tER. (9.13)
Since ¢(t) is supported in G C Bpg, we have
[(=A) o)) < eyl llell L) < clyl™? in R*\ Bag.
It follows from this and (9.13) that
[(=A) " 4o(t) || 22y < ¢ for ae. tE€R.
Since ¢(t) vanishes outside of the interval (0,7), we have
1(=A) V40| 2oy < c.

Combining this result with estimates (9.12) and estimate (9.7) we finally
obtain the desired estimate

/R3 p|[W|hdydt < C/R3 p(—A) "2 dydt
= /R =AY A) g

= c/ (=A) VA p(=A) V4o dydt < c.
R3
]

We are now in a position to complete the proof of Proposition 4.2. We
have

PIWInE2+ g W22 < cpln(24p) 2 W+ (9.14)
ol WP In(2 + [WP)'/2.
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It is easily seen that
pIn(2+ p) /2 W2
pIW[*In(2 + W%

pIn(2+ p) + p|W[*,

<
< cp|WP + cp| WP

Substituting these inequalities into (9.14) we arrive at the estimate
4
pIWIn(2 + p|WHY2 < cpln(2+p) +cp Y [W.
k=2
Integrating both the sides of this inequality over R? and applying estimates

(9.6) and (9.8) we obtain the desired estimate (4.12). This completes the
proof of Proposition 4.2.

10 Appendix. Proof of Lemma 5.4

By virtue of (3.5), the function p satisfies the integral identity
[ (004 9506+ gh) e =0
-

for every ¢ € CL_(R3). It follows that it satisfies the first order differential
equation

y10ip + div (py1W) = y1ph,
which is understood in the sense of distribution. Note that p and w are
compactly supported in G x (0,7T). Moreover, Proposition 3.1 implies that

0<R'<y <R,

where R depends only on the compact set K. Hence we may rewrite equation
for p in the form

dp+ div (pw) = p(V(-W — yllwl)' (10.15)
Here we use the relation h = V¢ -W. Since p € L®(R; L3(R?)) and W €
L*(R; L"(R?)), the right hand side of this equation belongs to the class
L?(R; LI(R?)) for every q € [1,3). Next, the vector field W belongs to
the class L?(R; W12(R?)). Moreover, the functions p and W are compactly
supported in R3. Hence we may apply the renormalization procedure to to
obtain the equation for ¢(p).

Orp + div (W) = . (10.16)
where
dp
T =
1+ dp
Equation (10.16) is equivalent to the system of integral identities

1
(VC-W—y—wl— divW)—i—(pdivW.
1

/ (¢8t7,/}+apW) -Vw—i—ﬂ'w)dydt, (10.17)
R3
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where ¢ € CL_(R?) is an arbitrary function. Now choose an arbitrary vector
field v € C§°(IR?). Substituting the test function 1 = A~! div v into identity
(10.17) and noting that

(At div )" = -vA~!
we arrive at the integral identity
/R3 (VA1) - 0o + VAT div(pw) - v + VA ' - v) dydt = 0.

Since v is an arbitrary smooth compactly supported vector field, it follows
from this that

(VA o) = VA div(ew) + VA~ 7. (10.18)
Notice that

o € L°(R; L"(R?)), W e L*(R;L"(R?), 1<r< oo,

which yields

ow € L*(R; L"(R?)), = ¢ L*(R; LY(R?)).

for all » € (1,00) and ¢ € (1,2). From this and estimates (8.3), (8.5) for
potential and singular integrals in Section 8 we conclude that

VA~ div(pw) € L*(R; L"(R?)),  V?A~lp e L%®(R; L?(R?))10.19)
VA ' € L®(R;C(R?)), VA 'me L*R;L"(R?)),
for all r € (1,00). In particular, we have
(VA o) € LA(R; L7 (R?)) for all r € (1,00). (10.20)
On the other hand, we have
p € L®(R, L} (R?), pw e L*(R; LY(R?)),
ow @ W € L' (R; LY(R?)) (10.21)

for all ¢ € (1,3). Hence we may substitute the test function ¢ = VA~ly into
integral identity (3.4). Using formula (10.18) for 9,5 = 0;VA~ly we arrive
at the identity

5
I = dydt. 10.22
; /R3 Cp(o)p yrdydt (10.22)

It remains to note that desired estimate (5.10) follows from this and the
obvious relations

p2(p) = Cp2(Co) < ¢p(o)-
This completes the proof of Lemma 5.4
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11 Appendix. Proof of Proposition 5.6

Throughout of this section we deal with the functions p : R? — RT and
vector fields W = (W7, W3) : R? — R? satisfying the following condition.

Condition 11.1. The functions p and W are compactly supported in G.
They admit the estimate

/R2 plnp|dy + /RZ er(p)dy < cp <oo, [Wllyrems) <1,

0< 01_1 <y <c1 on the supports of p and W.

(11.1)

Remark 11.2. Under the above assumptions,

/]1%2 p e dy < cel. (11.2)
Here ¢ depends only on c1 and G. Indeed, set \ = ep. We have
M1+ X)) = e In(1 + ep) < ceq(p),
which yields
/2 M1+ ) dy < c. (11.3)
Since p and X\ are supporteﬂz in G, we also have
At < (M In(1+A) + 16 ).

From this and (11.3) we obtain the inequality

/R2 MFedy <e.

which obviously yields (11.2)
Recall the formulation of Proposition 5.6.

Proposition 11.3. Let p and W satisfy Condition 11.1. Then there is a
constant ¢, depending on ¢1 and G such that

C C
W5 ey < v NI P is ey < 50 (114)
C _ C
VA div (W)l 2 < 5 VAT e < 5 (115)
c _
HVA ™ H 2+5 RQ) S 3/2, HVA 1(p||L°°(R2) S C. (116)

Here

1
¢ =1In(l+6p), =" = 0 j_p(sp(VC-W—ylWl—div W)+ div W. (11.7)

The proof is based on the two technical lemmas.
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Lemma 11.4. Under the assumptions of Proposition (11.3), the function ¢
admils the estimate

el < ev for all € [2,00). (118)
Here ¢ depends only on G and the constant ¢y in Condition 11.1.

Proof. Note that the function In(1 + s)7/(1 + s), s € [0,00), takes the
maximum at the point s = €7 — 1, where it equals 77 e7. Since ¢(p) and p
are supported in G, we have

/ pldy = /@”dyﬁ/ln(lﬂ)”dy
R2 G G
< v 6‘”/ (L+p)dy<cy'e ™,
G
which obviously yields (11.8) O

Lemma 11.5. Under the assumptions of Proposition (11.3), the vector W
admits the estimate

Wz~ r2y < ey for all v € [2,00). (11.9)
Here ¢ depends only on G.
Proof. Tt follows from identity (8.1) in Lemma 8.1 that

W =V;0;W, where V;f = c/ |yl — 2|12f(z) dz.
R2 |Y —
The potential operator V; meets all requirements of Lemma 8.2 with 2 = G,
n =2, and p = 1/2. It follows from estimate (8.3) in Lemma 8.2 with s = 2
and r =y that

VVWil @) < (1 —) IV Wllia) < (1 =) k=g
Thus we get
W@ < [IViVW] o) (11.10)
= RS
2
and the lemma follows. (]

We split the rest of proof of Proposition 11.3 into three steps.

Step 1. Proof of estimates (11.4). It follows from the Hélder inequality
that the estimate
1

1 - a—1
/ P WTEdy < (/ P08 dy )" (/ (W12 ay )
R2 R2 R2

holds for every 1 < o < 00. Now set
l+e 242 o 2+ 2¢
o= = = :
1+5 2+’ a-—1 5
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By virtue of Remark (11.2), we have

1 2+¢e

(o m)t =( [oam)’ <o)

Noting that

« e 1+e¢
(1+§):(2+5>T1:7>2,

a—1

we obtain
2+4¢

1y 572
1AW 15 gy < ()5 IW Loy

From this and inequality (11.9) in Lemma 11.5 we get desired estimate (11.4)
for pW. Repeating these arguments we obtain
24e

1 242¢
oW s gy < e(2) 7 Wl ey < S IWZar(e

Applying estimate (11.9) with v replaced by 2+ we arrive at the estimate
(11.4) for p|W|2. This completes the proof of inequalities (11.4).

Step 2. Proof of estimates (11.5). Note that the matrix-value operator
VA~! div admits the representation

(VA_l div )ij = RiRj = Rz'j,

where R; is the Riesz operator. It follows from the Calderon-Zygmund estimate
(8.5) that

C 2+¢e
R fll 2tz goy < 2 1N 2te o) forall fe L

(R?). (11.11)
In particular, we have
VA~ div (<pW)\|L2f

||¢W\| 2 (11.12)

2) — Rz)'

The Cauchy inequality implies

W 250 o) < 19112252 oy IWI 22

(R2)"
From this and estimates (11.8), (11.9) with v =2(2 + 6)5*1 we obtain
c

c <=
Substituting this inequality into (11.12) we arrive at the first estimate in
(11.5). In order to prove the second, note that V2A =1y is the matrix valued
func tion with entries

(V2A™9)ij = RjRip.
Applying inequality (11.11) we arrive at the estimate

2A—1
128720 25 o < 191 252 g

From this and estimate (11.8) with v = (2 + €)e~! we obtain the second
estimate (11.5).
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Step 3. The proof of estimates (11.6). We begin with the observation
that

VA lx*| = ‘/ dz

| | G Iy - 2\2 )

< c/ |7 (2)| d=.
cly— 2|
On the other hand, relation (11.7) implies

|70 < W[+ |1+ || div W].

We get
|VA—17T*| < c(—A)_1/2(|W|)+c(—A)_1/2(\1+<p||div\M\l)l%)

/ Wid: + c/ 11+l div W]
aly—=| ly —

It is easy to see that the potential (—A)*l/2 meets all requirements of Lemma

8.2 with n =2, p=1/2, and Q = G. Now set
69 2+4¢ . 1 €

= T = = - — .

’ g’ 2 2+¢

Applying estimate (8.3) in Lemma 8.2 to the potential A~'/2(|W]) and
noting that

(L) () <

w—K 2e — ¢

we arrive at the estimate for the first integral in the right hand side of (11.13).
I(=2) "2 (W), 2 - HVVHL2 < - (11.14)

(G)
The estimate of the second integral in (11.13) is more comphcated. Choose
the number s satisfying the equalities

2s 2+4¢ 2(2+¢)

T di—a ST ais_am €LY (11.15)
Now set
2+¢ 1 1 2+e—22 1
T e TS T T 2219 T o
Recall that the potential operator (—A)~1/2 satisfies all conditions of Lemma

8.2 with n = 2, up = 1/2, and Q = G. For our choice s and r, the quantity
k < 1/2. Hence we may apply estimate (8.3) to obtain

I(=2)"2(11 + | | div W) [y <

11—k 1% )
(1a=y) M+ wlldiv Wiz,

It follows from the expression for « that
( 1—k )17,'{_ (2+€+2€2)2;r<52i252 < °
1/2 -k N g2 g2
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Thus we get
I(=2)"2 (11 + | | div W) || () < 2 S 11+ ¢l | div W) (11.16)

Let us estimate the right hand side of this inequality. Set
2 a 2

T a1 2-s
It follows from the Hélder inequality that

I+l | div WLy < |

ol div Wlllzes ()

- La 1
or equivalently
10+l div Wil S 1+l L div Wil (1117
< 25 .
- L2—s (G)
Estimate (11.15) yields
s < s
el 2y < el @)
= (14
( HwHLE(l @)
Applying Lemma 11.4 with v = (2+¢)/(e(1 — ¢)) we arrive at the estimate
c
1 < -
el g

From this and inequality (11.17) we get the estimate
1+l | div Wil < &

Substituting this inequality into (11.16) and noting that r = (2 +¢)/e we
get the estimate

I(=2)""2 (11 + ¢l | div W)

< £
I 2;:#5 (G) = 73
Combining this result with estimate (11.14) and recalling inequality (11.13)
we finally obtain the desired estimate

VAT s < el (=A) (L4 ) div W] 2

(@) (@)

<

@ - ¥

It remains to prove the second inequality in (11.6). Arguing as before we
obtain

e (AW s

\VAflgol < c(—A)fl/Qap = c/ 1 (2)dz.

P
aly—~|
Obviously we have

(—A) 20 < clloll s

Applying Lemma 11.4 with v = 3 we arrive at the desired estimate
VAT ¢ < e(=A) 2 < el < e
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This completes the proof of estimate (11.6) and Proposition 11.3.

12 Appendix. Proof of Lemma 6.1

First we prove the equi-integrability of the sequence p.u.. To this end,
choose an arbitrary set A C 2 and N such that

|A| := meas A< 1/3, N >3. (12.1)
Fix t € (0,T) and set
Ay ={z € A: o(z,t) > N} C A.

For every € > 0 we have
1

J el < 5 f

-5 (/ e [ evde) +5 [ oo i

It follows from estimates (6.2) and (6.3) that

c
dr < —— t)|uc(t)? dr < c.
[ o< i [ emrin <

0 (1) dx+§/Ag5(t)|u5(t)]2dx

Thus we get

1 1
<c— — . 12.2
[ eO(0]dn < o (VIA]+ ) + oo (12.2)

Introduce the function A : [3,00) — R™ defined by the equality A(s) = slns.
It has the smooth inverse A™! : [3In3,00) — R with the properties

ln?s Al(s) =1, In(A7l(s))/lns =1 as s — oc.
Set o )
N=X\" (W), €= NEVR
From this and inequality (12.2) we obtain the estimate
/Ags(t)|ug(t)| dr < cn (14]71) V2 (12.3)

for |A| <1/3 and for a.e. t € (0,T"). Note that the constant c is independent
of t. Inequality (12.3) implies the weak type estimate for the momentum
0-u.. By virtue of estimates (6.2) and (6.3), we have

1 1
/Qgg(t)ua(t)\dacg 2/§2Q8(t)dx+Q/QQa(tﬂua(t)Fdxgcl,

where ¢; > 1 depends only of the constants in (6.2), (6.3) and is independent
of t. From this and the Chebyshev inequality we obtain that for every m > 0,

meas {o-(t) u:(t)] > m} < 2.
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Now set

B = {0:(t)|us(t)| = m}. (12.4)
Inequality (12.3) with A = B,,, implies the weak type estimate
/ 0-(H)[uc(t)] dz < eIn(m/c)) ™% for m > 3c;. (12.5)

m

Now we proceed as in the proof of Theorem 4.1. Fix t € (0,7"). Denote by
E(X), A > 0 the monotone function defined by the relation

E(\) =meas {z € Q: o.(z,t)|uc(z,t)] > \}.
It is the standard fact of calculus, that the equality

/ F(oe(®)lus(t)]) d = — / () dE(N)
Q [0,00)

holds for every piecewise continuous function f such that f(o-(¢)|us|) €
LY(2). Here —dE()) is the Borel-Stieltjes measure associated with the function
—E()). In particular, we have

/ Oc|uc| dydt = —/[ | AAE(N). (12.6)
With this notation, the desired inequality |
[[ocue[ (2 + oc|u|)*[| oo (0,751 (02)) < € (12.7)
reads
/ 0= (D) ue(8) (2 + 0 (1) uc (1)) dydt = / AMn(2 + N*dE(\) < c.
"’ ) (12.8)

Here o € [0,1/4), ¢ is independent of ¢.
Introduce the monotone function F' and the corresponding Borel-Stieltjes
measure —dF defined by the equalities

F(s):/[ )AdE()\), dF(\) = AdE()).

Identity (12.8) and estimate (12.5) imply

F(s) < cln(s/e)™Y? for s> 3e. (12.9)
Next note that
2. 2 2 s )
ln(1+7)§f§f§ln3§ln(—2)zlnsflncl for s > 3¢7,
S S 3 ct

which yields

2
In(2+s)=Ins+In(l+-) <2lns—2In¢ :21n(£) for s> 3cy.
S C1

From this and (12.9) we conclude that
F(s) < cln(2+s)"Y? for s> 3¢. (12.10)
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Since
P == [ 2aBQ) = [ alde <
we obviously have "
F(s) <cln(2+4s)7Y2 for s < 3c2.
Combining this result with (12.10) we finally obtain
F(s) <cln(2+ )72 for s> 0. (12.11)

Here the constant ¢ depends only on the constant in energy estimates (6.2),
(6.3) and is independent of ¢. It is easy to see that

- / An(2 + N dE()) = — / In(2 + \)* dF())
[0,00) [0,00)

Therefore, our task is to prove that the integral in the right hand side exists
and admits the effective estimate. Let us consider the regularized integral

B _ In(2+ M)
I(e,N) = — /[ ) IAFQ) 90 = T

Note that g is bounded and continuously differentiable. On the other hand,
the total variation of F' is finite. Hence, we may integrate by parts to obtain

I(e,N) = /[0 . gV F(N) dA+g(0)F(0) = g(N) lim F(). (12.12)

We have

g = go(}) =R, (12.13)
aln(2+ )12+ N1 +eEN)T

R(\) = 2AIn(24+ M\)*(1+ M) 2
Since a € (0,1/2), estimate (12.11) implies that

g (NFN)| < e(1+ %)
and hence ¢'F € L*(RT). On the other hand, we have
0<g(N)F(N)<cln(2+N)*1(14+eN)™t =0 as N — oo.

Q
o
—
>~
SN—
Il

Letting N — oo in equality (12.12) we conclude that there exists the integral
- /[ I dFQ) = | s Foyax
0,00 0

_ /Oo R(\) F(\) dA + g(0)F(0).
0

Since R and F' are nonnegative, we have

[ ayaroy < /°° W) FO)dA+g(0)F(0).  (12.14)
[0,00) 0
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It follows from (12.11) that F'(0) < c. Next, estimate (12.11) yields

/ goFdx < a/ In(2 + N2+ X)L F(\)dA
0 0

<[4 T 24 ) < ca),
0
It follows from this and (12.14) that
— / go(A) dF(A) < ¢(a) +In2% < ec. (12.15)
[0,00)

Recall that —dF' is a nonnegative Borel measure. Note that go is an increasing
function of € and

go(A) /1 In(24+ X)) as € N\, 0.
Letting € — 0 in (4.29) and applying the Fatou theorem we conclude that
there exists the integral

- / (2 + N dF()) = — / An(2 + N)dE() < c.
[0,00) [0,00)

This completes the proof of Lemma 6.1.
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