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ROTATIONALLY SYMMETRIC SOLUTIONS TO
COMPRESSIBLE NAVIER-STOKES EQUATIONS

P.I. PLOTNIKOV

ABSTRACT. We consider a boundary value proiblems for compressible
Navier-Stokes equations with the pressure function p = p, where g is
the density of fluid. It is assumed the given data and a flow domain are
invariant with respect to rotations around the vertical axis. The existence
of weak rotationally symmetric solutions is proved.
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1. PROBLEM FORMULATION. RESULTS

The paper devoted to the theory of boundary value problems for 3D compressible
Navier-Stokes equations. Suppose a viscous compressible fluid occupies a bounded
domain € C R3. The state of the fluid is characterized by the macroscopic quantities:
the density o(x,t) and the velocity u(z,t). For isentropic fluid, the pressure p(p)
and internal energy e(p) are given by the formulae

1

1.1 =0 —
(1.1) p=o', e P

07,

where v > 1 is the adiabatic constant. In the end-point isothermal case the pressure
and internal energy are defined by the equalities

(1.2) p=o, e=plnp—op.

The problem is to find u(z,t) and o(z,t) satisfying the following equations and
boundary conditions in the cylinder Q7 = Q x (0, 7).

O¢(ou) + div (ou®u) + Vp(p) = div S(u) + of in Qr,
(1.3) oo+ div (pu) =0, >0 in Qr,
u=0 ondQ x (0,7),
u(z,0) = ug(x), o(x,0)=pgo(x) >0 in Q.

Here, the vector field f € L*°(Qr) denotes the density of external mass forces, the
viscous stress tensor S(u) is defined by the equality

(1.4) S(u) = (Vu+ VuT) + % divul.

This is a typical form of the viscous stress tensor with shear viscosity equals 1. We
assume that given initial data satisfy the conditions

ug € L*(Q), 00 € L™(Q), po > 0.
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Regular solutions to problem (1.3) satisfy the energy diffusion equality
1 t
/ (59(75)|u(t)|2 +e(t)) de + / / S(u(s)) : Vu(s) dzxds
Q o Ja

1
=/ (590\u0|2+6(90))dx for t e (0,T).
Q

(15)

In particular, they admit the energy estimates:

(16)

where the constant £ depends only on Q, T', [0 || > (), [[uollz2(0), and || || Lo (@) -
For the macroscopic variables satisfying estimates (1.6), we can define weak solutions
to problem (1.3).

lolul® + p(o) || L0, 7521 (02)) + lullL2(0,7w12(0)) < E for v > 1,
||Q|11|2 +]o Ing HLOC(O,T;Ll(Q)) + ”u”L?(O,T;WL?(Q)) < Efor v =1,

stokes9| Definition 1.1. A weak solution to problem (1.3) is a couple (p,u) : Qr — RT xR3
satisfying the following conditions
[ ]

stokes103| (1.7) 0,0(0), olu? € L®(0,T; LY(Q)), u e L*(0,T; W,*(Q)).
e The integral identity

stokes10| (1.8) / (ou- 9, + pu®u: VE+p(o) div € — S(u) : VE) dudt
Qr

—|—/Tgf-£dxdt+/ﬁgou0(x)-£(m,0)d33=0

holds for every vector fields € € C*°(Qr) vanishing in a neighborhood of
the lateral boundary 0Q x [0,T] and the lid Q x {t = T}.
o The integral identity

(L.9) / (00 + ou- V) dadt + / 2o(x)b(z,0) dz = 0
Q

T

holds for every ¥ € C*®(Qr) vanishing in a neighborhood of Q x {t =T}.

The first nonlocal results concerning the mathematical theory of compressible
Navier-Stokes equations are due to P.-L. Lions. In monograph [12] he established
the existence of a weak solution to nonstationary boundary value problem for the
Navier-Stokes equations with the pressure function p ~ o7 for all v > 5/3. More
recently, Feireisl, Novotny, and Petzeltova, see [6], proved the existence result for
all v > 3/2, see also monographs (7], [14] for references and details. For v < 3/2, the
question on solvability of problem (1.3) with critical subcritical  is still open. The
main difficulty is the so-called concentration problem, which was widely discussed
in the mathematical literature in connection with vortex sheets dynamics.

In this work, we focus on the end-point case of the isothermal flows. Hereinafter we
will assume that v = 1.

In this case the concentration problem can be formulated as follows. Let us consider
a sequence gg, U, approximate solutions to problem (1.3) satisfying energy estimate
(1.6). Here ¢ is the approximation parameter. Such solutions can be obtained by
the regularization method.
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We may assume, after passing to a subsequence, that
u. —u weakly in L2(0,T; W, *(Q)),
0. — o star weakly in L>(0,T; L' (Q)),

o-u. @ u. — M star weakly in the space of Radon measures as ¢ — 0,

where M = (M;;)3x3 denotes a matrix-valued Radon measure in Q. In the general
case the weak star defect measure

u=M-pu®u#0.
In particular, the momentum equations for the limits ¢ and u reads
Ot(ou) + div (pu®@u) —div S(u) + Vo +div p = of in Qr.

The concentrations are canceled if div g = 0. Hence the problem is to describe the
structure of the defect measure and to find conditions under which it is canceled.

For the compressible Navier-Stokes equations, the concentration problem is poorly
investigated. Recently, the Hausdorff and parabolic dimensions of the support of the
defect measure were estimated in [21] and [22]. The absence of concentrations in the
critical case v = 3/2 have been proved in [17]|. The structure of the concentrations
set may be very complicated. Therefore, we restrict our considerations by the case
of rotationally symmetric flows.

Denote by O(«) the orthogonal matrix defined by the equalities

rotorz] (110)  O(a) = ( Orx(@) 0 ) olz(a):< cosa  sina )

0 1 —sina  cosa

rita3| Definition 1.2. We say that a solution to equations (1.3) is rotationally symmetric
if the equalities

rotorl| (1.11) Q=0()Q, u(O(a)z,t) =0(a)u(z,t), o(z,t)=0(0(a)z,t)
holds for every a € R.

We are now in a position to formulate the main results of this paper. Introduce
the regularized internal energy

stokes105| (1.12) e = olno—o+ei(o)+e2o),

1
er = 591+Eln(1+sg), 621553 3

depending on the small parameters ¢,§ € (0,1/2). The corresponding pressure
function p = €’¢ — e is defined by the equalities

stokes106 | (1.13) p = o+pi(e)+p20),

— ot (eln(1 £o — 63,°,
p1 e0'* (e In( +59)+1+59)’ P2 0

For positive ¢, d, the function p meet all requirements of existence theorem proved
in [6], which leads to the following

stokes107 | Proposition 1.3. Let g > 0 and

stokes108a| (1.14) llooll o= () + l[wollz2 () + | fll o= (@r) < cE-
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Then the boundary value problem
Ot(ou) + div (pu®u) + Vp = div S(u) + of in Qr,
stokes108| (1.15) 0o+ div (pu) =0, >0 in Qr,
u=0 ondQx(0,T),
u(z,0) =ug(z), o(z,0)=0p(x) >0 inQ

has a weak solution, which admits the estimate

stokes113| (1.16) lolul*|| L 0,7:L1 (@) + le(@) Lo, 752 ()) + Iullz2 07w 20)) < E.
Here the constant E depends only on Q, T, and cg.
Note that
oln(2+ o) <2(¢lno—p) +ec,
where 5
= In (1+ —) —min(glnp — 20).
¢=maxoln (1+ Q) min(eInp — 20)
It follows from this and the expressions for e and p that
stokes113cor | (1.17) lon(2 + o)L= 1) + ller(o)ll=(o,r:L )
+Hlez(o)ll =iy < cE+ec.
and
stokesll4cor (1.18) ||pHLo<>(O,T;L1(Q)) + ||p1(g)||Loo(07T;Ll(Q)) + ||p2(g)||Loo(07T;Ll(Q)) <cEF+ec.
The following remark is important.
stokes114| Remark 1.4. Recall definition (1.10) of the matriz O(«a). If the domain 2, initial
data (09,u0) and mass force f satisfy the symmetry conditions
Q=0(a), uy(O(a)z,t) = O(a)ug(z,t),
oo(z,t) = 0o (O(oz)x,t), f(O(oz)x,t) = O(a)f(z,1),
for all a € R, then problem (1.15) has a rotationally -symmetric solution which
meets all requirements of Definition 1.2 and Proposition 1.3. We do not claim that

all weak solutions to problem (1.15) given by Proposition 1.3 are symmetric. We
mean that at least one of such solutions has symmetry properties.

stokes115| (1.19)

The particular cases of rotationally symmetric solutions are the axially symmetric
solutions with zero azimuth velocity component, and radially symmetric solutions
with ¢ and u depending only on |z|. In the radially symmetric case, the existence of
global weak solutions for all adiabatic exponents v > 1 was proved in [10], see also
[5]. The similar results for axially symmetric and helically symmetric solutions were
proved in [11] and [19]. However, the obtained solutions are defined only in the flow
domain with punctured axis of symmetry. In paper [20] the existence of rotationally
symmetric solutions was proved for all v > (7 + 1/73)/12. The end-point case of
isothermal flows with v = 1 is still poorly studied. Our goal is to fill this gap.

The following theorem is the main result of this paper. Assume that the flow
domain € with the boundary of the class C? satisfies the symmetry condition

O(a)Q2=Q forall aeR,
and the intersection of €2 with the symmetry axis Oz3 is an interval

I={x: 21 =22=0, 3 € (—a,a)}.
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Furthermore assume that the initial data (9o, ug) and mass force f satisfy condition
(1.14) and symmetry condition (1.19). Denote by (g5, u. s) the rotationally-symmetric
solutions to problem (1.15) satisfying conditions of Proposition 1.3.

thmi | Theorem 1.5. Under the above assumptions, there is a subsequence of the sequence

L
Oc = Oc,r(e)y Ue = Ug g(e)s H(E) =e 7,

still denoted by o-, u., with the following properties.
(1.20) 0c = 0, 0:u. — ou  weakly in LYQr),
u. —u  weakly in L2(0,T; W, 2 ().

The functions o, u satisfy symmetry condition (1.11) and admit energy estimate
(1.16), (1.17), (1.18).

(1.21) o-u- @u. = u@utp,  plo:) = o

star weakly in the space of parametrized measures L7, (0,T;Co(S2)') for every r €
(1,00). (See Section 6 and Lemma 6.2 for details.)
The parametrized Radon measure

0 0 0
ut)=[ 00 o
0 0 ps3(t)

is supported on the segment T of the symmetry azis for a.e. t € (0,T).
The functions g, u serve as a rotationally -symmetric weak solution to the
boundary value problem

O¢(ou) + div (ou®u) + Vo + div p = div S(u) + of in Qr,
(1.22) o+ div(ou)=0, 0>0 in Qr,
u=0 ondQx(0,T),
u(z,0) =ug(z), o(z,0)=go(x) >0 in.
The rest of the paper is devoted to the proof of this theorem. In order to
obtain a priori estimates of rotationally symmetric weak solutions to the regularized

problem, we rewrite equations (1.15) in the cylinder coordinate. The next section
is devoted to this procedure.

2. CYLINDRICAL COORDINATES. INTEGRAL IDENTITIES

s2
Denote by r, ¥, z3 the cylindrical coordinates in the space R? of points z =
($171'2,l'3),
ritat| (2.1) x1 =rcost, wmg=rsind, x3=xs.

It is convenient to use the notation

ritaly (22) Yy = <y17y3> = (T7 .’173)7 z = (21,22723) = (T70,$3) = (y1797y3)-

Let G C R? be an intersection of the rotationally symmetric flow domain ) with
the half-plane

It = {1‘1 > 0,29 = 0},
ie.,

G:{$€QZ£K1>O,£B2:0}.
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It can be regarded as the domain in the plane of variable y. Assume that Q and G
are simply-connected. We also assume that the intersection (2 and the symmetry
axis Ox3 is the interval

I:{x: z3 € (—a,a), x1:x2:0}.

We will consider Z as the interval —a < y3 < a, y; = 0 in the plane of variable y.
It follows that the boundary G consists of the interval Z, the arc 9Q NIIT, and the
end-points of Z. In the cylindrical coordinates, we have

Q=(GxSHUuT.

Denote by vy, va, and w3 the radial, azimuth, and axial components of the velocity
u, i.e.,

cosf) —sinf O

(2.3) u=Uv, v=(v1,v9,v3), U= /| sinf cosf® 0
0 0 1

The flow is rotationally symmetric if and only if o u v are independent of 6,
o=o(y1), v=v(y1).

The main energy dissipation estimate (1.16) has analogy in the cylindrical coordinates.
This results from the following technical lemma.

Lemma 2.1. Let u : Q — R? be a rotationally symmetric vector field such that
u= U(@) V(y)7 Y= (Ta .Tg) = (yl,y3)' Then

1
(2.4) / V,ul? de = 2 / IV, V]2 yady + 27 / W2+ 02) Ly,
Q G G

1

Proof. The proof given in Section 7, Lemma 7.3. O

It follows from this lemma and (1.16) that the rotationally symmetric solution
(p,u) defined by Proposition 1.8 in the cylindrical coordinates admits the estimate

r 1
/ / <|Vv|2 + = (v + v%)) y1dydt < e,
o Ja Y1

s sup [ (ol + o)) may < c.
te(0,T)JG

23

Here the constant E depends only on €, T, and cg. Further we will use the
special integral identity for functions v and p.

Proposition 2.2. Let o(x,t), u(z,t) be a rotationally symmetric solution to problem
(1.15) given by Proposition 1.3. Furthermore, assume that the vector fields v(y,t)
and V(y,t) are defined by the equalities

u=UO)v(yt), V(y,t)=(vi(y,t), vs(y,1)).
Then the integral identities

(2.6) / (gv -9S+ 0V OV : VS +p() divs — B(V) : V5
Gx(0,T)

+b(v,0) S+ fo) yrdy dt = 0,
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(2.7) / ( 00 + oV - V) ) g1 dy dt = 0.
Gx(0,T)

hold for every continuously differentiable, compactly supported in G x (0,T) vector
field

S = (§1,§3) G x (O,T) — RQ.
and continuously differentiable, compactly supported in G x (0,T) function v : G X
(0,7) —» R.
Here Va = Vya for each vector field a(y,t). The matriz B and vector field b
are defined by the equalities

1
B=(Vv+V¥ )+ (divv+-u)I,
T
(2:8) 1 1 8 2

b=(—ovi+ —p— v — —divv)e.
(Z/1Q2 ylp 37 1 3y )1

Wl N

For every compact set K € G, the matriz B and vector field b admit the estimate

(2.9) IBllz2(x x0.1)) + bl (x (0,7 < 65
where the constant ¢ depends only on K and the constant in estimate (2.5).

Proof. The proof given in Section 7, Proposition 7.6. (]

3. LOCALIZATION. POTENTIAL ESTIMATE

The main difficulty of our problem is the proof that the kinetic energy tensors
ou X u of rotationally symmetric solutions to problem 1.15 given by Proposition
1.3 are equiintegrable on ever compact set K C Q \ Z. In order to prove this
result we developed the approach based on estimates of the density potentials. The
main ingredient of the method is the L? estimate of the function (—A)Y/4p. In the
cylindrical coordinates, the vector field v demonstrates a complicated behavior near
the boundary of G. Since we are interesting in interior estimate, it is convenient to
localize the problem and work with compactly supported functions defined in the
whole space.

3.1. Localization. Fix a compact set K € G x (0,T), and choose two functions
¢,n € C§°(Gr) such that

(3.1) (=n=1onK, n=1lonsupp¢, 0<(n<l,
Assume that they are extended by zero to the whole space R? x R. Set
(32)  ply,t) =<y, t)ely,t), wyt) =n(yt)v(y,t), W= (wi,ws)=nv.

Extend these functions by zero to R3. The following Lemma characterizes the
properties of the extended functions.

Proposition 3.1. The functions p and w are compactly supported in G x (0,T).
There is R > 0, depending only on K, such that

0< R <y, <R on the supports of p and (.
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There is a constant c, depending only on K and the constants in estimates (1.16)-
(1.18), such that

(3.3) ICon(2 + o) || m:r1 (r2)) + € €1lloe w1 ®2)) + [I€ €2llLoomir1 (r2)) < €

. ||p|w|2||L°°(R;L1(]R2)) + Wl L2 ®wrzge)) < c

Moreover, the integral identities

5.4) /]R3 (pr)ﬁ—«—prW:Vf—f—(p(g)div?
—(B:Vc+F -f) yrdydt = 0,

(3.5) [, (000 + 57 95+ o) gt =0,

hold true for all §,¢ € CL_(R?*\ {y1 = 0}). The vector field F and function h are
compactly supported in G x (0,T) and admit the estimates
(3.6) |F (L2 rs) + B L2@s) + [[ohll e @1 m2)) < ¢,
where ¢ depends on K and does not depend on the reqularization parameters e, 4.
Proof. Compactness of the support of (p, w) obviously follows from (3.2).
For the proof of integral identities (3.4) and (3.5) choose arbitrary functions

S, 1 € CL.(R3). Next, replace § and ¢ in integral identities (2.6) and (2.7) by (<
and (9. By doing so we arrive at integral identities (3.4), (3.5) with

F = 0w+ ow@wWV(—BV(+pV(+
b + pf,
h = w.V(

It remains to note that estimate (3.6) follows from estimates (3.3) and (2.8). O

3.2. Potential estimate. In this section, we prove the estimate of the Riesz
potential for the function p. Recall that for every integrable, compactly supported
in R? function p the fractional Laplacian (—A)~/2p is defined by the equality, [1],

(37) (8 0l) = e [ L
We have (—A)~1/2 = (=A)~V4(=A)~1/4, where
(3.8) (=A) Y p(y) = c14 /}R2 yf(;)?'/? dz.

Here ¢y /3, ¢1/4 are some unessential absolute constants. The following proposition
is the main result of this section.

Proposition 3.2. Under the assumptions of Proposition 3.1, the truncated density
p admits the estimate

(3.9) 1(=2)"*pl| p2gzs) < e

Here the constant ¢ depends on the compact set K C G x (0,T) and does not depend
on the regularization parameters €, § in the expressions for the internal energy.
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The proof falls into a sequence of lemmas. Introduce the kernels

inma3| (3.10) Koly) = ﬁ Kol-:%‘
2 _ g
Kily) = 0Ky = 0% for yeR2\ {0}, ij—13.

|yl

We adapt the convention that these kernels equal zero at y = 0. Set
B11)  y.t) = Koi s plu, ) / Koily — 2)p(t,2)dz, i=1,3.

inna4 | Lemma 3.3. Under the above assumptions, the vector field S belongs to the class
L (R; C1(R?)). Its time derivative 9,5 belongs to the class L*(R; C(R?)) and is
defined by the equality

(3.12) 01 = Z * (pw;) + 0y
7=1,3
The vector field o = (01,03) admits the estimate

(313) ||O'i||Loo(R3) S C(K)
Proof. We begin with the observation that estimate (3.3) and formula (1.12) imply

E. ” E
a1 o o
7] o o

inna60 (314) 53Hp3||Loo(R;L1(R2)) <c

From this and the Hélder inequality we obtain the estimate

oW 172 R. s m2)) :/RHPW|%S(]R2)dtS/RHPH%3(R2) HWH%M/(s—s)(Rz)dt

inna6| (3.15)
< c(s)aﬂ/ IV W[2 goydt < (3, 5),
R

which holds true for all 1 < s < 3. From this and (3.5) we conclude that the integral
identity

/( (p(z, 0)0p(z, 1)) 21 dydt + Z / (2, t)w;(z, 0)0;¢(z,t)) 21 dydt
inna7| (3.16) * j=13
+ [ els ) (et apde =0
R3
holds for all 9 (z,t) satisfying the conditions
rita30| (3.17) ¥ € CL,(R; LS (R?\ {21 = 0})) NCloe(R; WL (R?\ {21 = 0})), o > 3/2.

loc

Now choose an arbitrary function x € C5°(R). It is easily seen that for an arbitrary
fixed y, the function 1 = 2 ' x(t)Ko;(y — 2) satisfies condition (3.17). Substituting
1 into (3.16) leads to the integral identity

[xo{ ], K0i<yz>p<z,t>dz}dtj§;3 [0 [ K= 20w, .0 dz
= [xof [ Koty 2)(ehtzn) - ;ﬂpwl) dz}dt =0,

Since x is an arbitrary function of the class C§°, it follows that the vector field

$=(31,%3), Si=Koixo
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satisfies the desired equality
(3.18) OSi = Z K;j x (pw;(z,t)) + o4,
7=13

where

1
(3.19) o; = Ko; * (oh(z,t) — Z—pwl).
1

Note that 1/|z1| < R on the support of p and h. On the other hand, estimates (3.3)
and (3.6) imply the inequality

llohl|Loe (riz1 (r2Y) + QW] oo (r; L1 (R2)) < (K).
Since the the kernel Ky (y) is bounded it follows that

(3.20) loill 2= (Ric (r2)) < c(K).
Next, the boundedness and continuity of § obviously follows from equality (3.3)
and estimate (3.14). We have

— 2 = (s — 2)(ys — 2
0,5 =Kijxp= /]Rz ly — 2 |(yy Zs)(yj ])p(z,t)dz.

The kernel in the right hand side is smooth for y # z and has the weak singularity

of order ~ |y — z|~! at y = 2. Since the function p € L*>(R; L3(R?)) is compactly

supported and 3 > 2, it follows from the standard estimates of potential operators,

see [1], that 8;5; belongs to the class L>(R; C(R?)). Hence § belongs to the class

L (R; C(R?))

Repeating these arguments and using estimate (3.15) we conclude that K;; *
(pw;) belongs to the class L?(R; C(R?)). This result along with equality (3.18) and
estimate (3.20) imply the inclusion 9,5 € L?(R; C(R?)). These completes the proof
of the lemma. 0

Lemma 3.3 implies the following important identity.

inna8| Lemma 3.4. Under the above assumptions, we have

1 — 2t (W(y,t) — W(z,1))|?
- 2 Jrs ly — 2]
imna9| (3.21) duded
yiayaz —
/C:% yv (7t) ! +:‘:07
|z —yl
where
(y—2)"=@W2—2,2—y1), W= (wi,ws), [E<c

the constant ¢ does not depend on the reqularization parameters.

Proof. Substituting the vector field § given by formula (3.11) into integral identity
(3.4) and using formula (3.12) for 9,S we arrive at the equality

322 [ ()« ) = () (K # () gt +

/3 Cp(Ky x p)ypdydt + = = 0,
R
where

nnall (323) == / ([)U},LO'Z — CB”K” * P + FZKOZ * p) yldydt
R3
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Let us prove that |Z| is bounded by the constant independent of the regularization
parameters. Since | K| does not exceed 1, and ¢ is compactly supported in Gx (0,T),
we have

|Ko * p| < cllpllLe L1 @2)) < c.
From this and estimates (3.3) and (3.13) we conclude that

(3.24) ‘ / (pwiai + F;Kq; * p)yldydt‘ <ec.
]Rl}

H
B

B
N

It remains to estimate the product of the matrix B and the convolution Kj;; * p.
Formula (3.10) for K,; implies the inequality
t)d
inna31| (3.25) ‘/ (Bi; K;; *pyldydt‘ < c/ (/ M}\CB(y,tﬂyldydt.
R3 (0,T)xG “J@ ly — 2|

Recall that there is a constant R, depending only on the compact set K such that
the inequalities

inna36| (3.26) 0 < R ! <y, <R on the support of (.

Since the supports of (B and p are contained in the support of ¢, it follows from

this and (3.25) that
p(z,t)dz
c ———— *|(B(y, t)|dydt
/(O,T)XG</G ly — 2| }‘ |

[(B(y,t)|dy
c =t p(z,t)dzdt.
/(O,T)XG( ¢ ly—~2| }( )

IN

inna32 (327) ‘ / CBinij * pyldydt‘
R3

Introduce the functions
M(t) = IKB(- )| 2 (r2)

1
S(y,t) = WCB(y,t) for M(t) >0 and S(y,t) =0 otherwise ,
S(t, z)|dz
Vg.p) = [ B2l
¢ ly—=|
It is clear that
(3.28) IVEDllwize) < e

With this notation inequality (3.27) becomes

(ABCBinij*pyldydt\ < c/OTM(t>{/G( GW)p(W)dy}dt
(3.29) < ¢ / TM(t){ / V(y, )p(y, 1) dy} dt.
0 G

Now our task is to estimate the integral in the right hand side of this inequality.
Applying the Young inequality we obtain

(3.30) Vp<eY =V -1+ (1+p)n(l+p)—p.
We have
In(1+p) <pln(2+p) for p>1 and In(1+p) <In2 for p <1,

which yields
(1+p)In(l1+p) —p<2pIn(2+p)+1n2.
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It follows from this and estimate (3.3)in Proposition 3.1, that

(3.31) /G (14 p(t)) In(1+ p(t)) — p(t)) dy <
/G (2p(t) In(2+ p(t)) +In2) dy =
/G (2¢o(t) In(2 + Co(t)) + In2) dy <

2 / Colt)In(2 + o(t)) dy + ¢ <
G

for a.e. t € R. On the other hand the Pokhozhaev- Trudinger inequality along with
estimate (3.28) implies

/ (VWD —V(y,t) = 1) dy < c(|[V(-,t)[lwrz) < ¢ forae. teR.
G
It follows from this estimate, estimate (3.31) and the Young inequality (3.30) that

(3.32) / V(t)p(t)dy < c for ae. teR.
G

Combining this result with inequality (3.29) we arrive at the estimate

T
R3 0

Since (B is compactly supported in G x (0,7, there is a compact K/ C G such
that spt ¢ € K’ x (0,T). In fact, K’ is the orthogonal projection of the support of
¢ onto G. Next, estimate (2.9) in Proposition 2.2 implies the inequality

T
/ M(t)%ltg/ IB(y, t)|*dydt < c.
0 K’x(0,T)

Thus we get
(3.33) ‘/}R (Bij Ky pyldydt‘ <e.
It follows from the expression (3.23) for the quantity = that
=] < /R3 | pwios + F;Ko; * p| yrdydt + ‘ /11@ (B K;j; * Pyldydt‘-

It remains to note that desired estimate |Z| < ¢ is an obviously follows from
this and estimates (3.24) (3.33). Finally notice that the main identity (3.21)is a
straightforward consequence of relation (3.22) and the identities

/R3 ((pwiwj)(Kij * p) — (pw;) (K5 * (pwj)))dydt —

-2t (w —w(z 2
% @Wﬂ)p(ﬂz)w ) (y(f’f|>3 O e

dydzt
[z =yl

/ (oK p) dydt = / ¢y tply. (= t)
R3 R5

This completes the proof of Lemma 3.4
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We are now in a position to complete the proof of Proposition 3.2. To this end,
note that the first integral in the left hand side of identity (3.21) is nonnegative.
From this and estimate for = in Lemma 3.4 we get the inequality

dz

/Rg p(y,t){ /Rz C(z,t)p(z,t) H}yldydt <e

Since p and (p are compactly supported in G x (0,7T), and
O<R'<y1<R
on the supports ¢ and p, we have

/R oyt /R (e plz, ) |Zd_2y|}dydt _

dz

/(O,T)xG p(y’t){ /G C(z,t)p(z,1) = }dydt <e.

Formula (1.13) for p and relation p = (o imply the inequality

— (e In(1 =
(p = Co+ Ceo' ™ (eln( +6@)+1+€Q

(339

) +¢6%0° > p,

which yields the estimate

/C;C(th)p(z,t) dz Z/Gl’(t,Z)dz

|z — v lz—y|

From this and (3.34) we obtain

p(z,t)dz
ply,t /7 dydt < c.
/GX(O,T) ( ){ ¢ lz—vl }

Noting that p is compactly supported in G x (0,T") we arrive at the inequality

z,t)dz
/ p(=A)"pdydt = 61/2/ p(yi){/ u}dydt <ec
R3 R3 R

2 |z =yl
It remains to note
[ )M ayae = [ (-2 dya,
R3 R3
and the proposition follows ([

4. ESTIMATES OF ROTATIONALLY SYMMETRIC FUNCTIONS IN ORLICZ SPACES
ena

In this section we prove the Orlicz type estimates for the density g and the
velocity field u. The result is of general character and does not related with the
theory of Navier-Stokes equations. Suppose that the bounded flow domain Q C R3
is rotationally symmetric and has a smooth boundary 0f2. The intersection of 2
and the symmetry axis Ox3 consists of the only interval Z.

Recall that the cylindrical coordinates (y,4), v = (y1,y3) are defined by the
equalities.

(4.1) Ty =y cosv, o =yisind, 3 =ys.

In particular, §2 is defined by the relation

(4.2) O\Z={y0: yeG, 0(0,27]}.
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Here the domain G C R? is the intersection of the rotationally symmetric flow
domain Q and the half-plane II*:z; > 0, 25 = 0. Since y; = x; and y3 = x3, G can
be regarded as a domain in the plane of the variable y.

Let us consider the function ¢ : Q x (0,7) — RT and the vector field u :
Q x (0,7) — R? satisfying the following conditions.

C.1 The functions ¢ € L>®(0,T;L*(Q)) and u € L2(0,T; Wy *(€2)) admit the

estimate
(4.3) ess S(up )/ (oIn(2+ ) + olu?*) dz + [|Vul| L2 (ax (0,7)) < co-
te(0,7) JQ

C.2 The functions g and u are rotationally symmetric, i.e.,

(4.4) o=o(y,t), ua(y,0,t)=U(0)v(y1),

where the orthogonal matrix U is defined by (2.3).
C.3 For every compact set K € G x (0,7T), the function o(y,t)1x admits the
estimate

(4.5) | (84 01s0) g < o(50).
K
Here
1
_A) /4 - -
(—A) o(y,t) = 01/4/G y— 272 o(z,t) dz.
The main result of this section is the following theorem.

Theorem 4.1. Let o: Q2 x (0,T) = R* and u: Q x (0,T) — R? satisfy conditions
(C.1)-(C.1). Then the inequality

(4.6) / olul* In(2 + olul*)* dzdt < ¢
K/

holds for all compact sets K' C (Q\Z) x (0,T) and for all 0 < o < 1/4. Here the
constant ¢ depends only on K', «, and the constant ¢y in condition (C.1).

The proof falls into three steps. First, we reformulate the theorem in the cylindrical
coordinates.

4.1. Step 1. Cylindrical coordinates. Localization. Without loss of generality
we may assume that K’ is a toroidal compact set in the form

K = {(y,@,t) c(y,t) e K, O¢€ [07271'}},

where K is a compact subset G x (0,T). In other words, K’ is obtained by rotation
of K around the symmetry axis Ozs. By virtue of Condition (C.2), it suffices to
prove that the inequality

(47) | elv 2+ olvl?)® yudyde < c
K

holds for all compact sets K C G x (0,T) and for all 0 < a < 1/4. In order to
simplify the proof, we use the localization procedure defined in Section 3.

Fix a compact set K € G x (0,7T), and choose two functions ¢,n € C5°(Gr)
such that

(4.8) (=n=1maK, n=1masupp(, 0<(¢n<L
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Assume that they are extended by zero to the whole space R? x R. Set

(4.9)  ply,t) =Cy, ey, 1), w(yt)=ny,t)v(y,t), W= (wi,w3)=nv.

Extend these functions by zero to R3. Note that the function p and vector field w
meet all requirements of Proposition 3.1. Recall that the is R > 0, depending on K,
such that R~! < 7; < R on the support of (. Therefore, in order to prove Theorem
(4.1), it suffices to show that the estimate

(4.10) / plw|? In(2 + plw|?)* dydt < c
R3
holds for all 0 < o < 1/4.

4.2. Step 2. Weak estimates of the kinetic energy. Now we prove the weak
type estimates for the localized kinetic energy p|w]|?. Our considerations are based
on the following proposition.

Proposition 4.2. Let the vector field W : R3 — R3 compactly supported in G x
(0,T) and

(4.11) IW(#)|[wro@e <1 for ae teR.

Furthermore assume that o satisfies conditions C.1-C.8 of Theorem 4.1. Then,
there is a constant ¢, depending on K and the constant cq in condition C.1, such
that

4.12 W2 In(2 + p|W[A)Y2 dydt < c,
(4.12) Pl p y
]R3

where ¢ depends on K.
Proof. The proof is given in Appendix 9. O

The main goal of this section is the weak-type estimate for the kinetic energy
tensor. The result is given by the following proposition. Fix an arbitrary N > 0
and denote by Ay C G x (0,T) the set

(4.13) Av = {1 €Gx (0,1): ply.Diw(y. D > N }.

Proposition 4.3. Under the above assumptions, we have
(4.14) / plw|? dydt < ¢ In(2 + N)~/4,
An

Here the constant ¢ depends on the compact set K, and does not depend on the
reqularization parameters €, § in the expressions for the internal energy e and the
pressure function p.

Proof. Since the function p|w|? is integrable, it suffices to prove the lemma for
N > 3. In this case, we may replace In(2 + N) by In N. Therefore, it suffices to
prove the inequality

(4.15) / plw|? dydt < ¢ InN~Y* forall N > 3.
AN

Our considerations are based on the following construction. Denote by M (t) the
function

M(t) = [[w( D)lwr22)-



ROTATIONALLY SYMMETRIC SOLUTIONS TO ISOTHERMAL COMPRESSIBLE NAVIER-STOKES EQUATIONS

Note that M (t) is compactly supported in (0,7). Choose an arbitrary ¢ > 1 and

set
B = {(yt)eGx(0,T): (y,t) € Ay, M(t) <0},
C = {(ypt)eG@x(0,T): (y,t) € Ay, M(t) >0 }.
It is clear that
(4.16) / plw|? dydt = / plwl|? dydt + / plw|? dydt.
AN B C

Let us estimate the second integral in the right hand side. It follows from the energy

estimate (3.3) that
Loy < [ (] owPay)ar
C t:M(t)>o G
< ¢ meas {M(t) > o}

Next, energy estimate (3.3) implies
/ M dt / ||W ||W1 2(R2) dt < C,
which gives

(4.17) meas {M(t) > o} < c/o.

Combining the obtained inequalities we arrive at the estimate

(4.18) /p|w|2dydt <c/o’
c

Now our task is to estimate the first integral in the right hand side of (4.16).
Introduce the function

W(y,t) = M(t)"*w(y,t) when M(t) >0, and W(y,t) =0 otherwise.
It is clear that (y,t) € B if and only if

IN

M(t) <o, py,)[W(y,t)* > M](\;)z

It follows from this that

(419) BcB*={(y,t) e Gx(0,T): M(t) <o, p(y,t)[W(y,t)]>> N/ }.

Thus we get
(4.20) [owPayar < [ piwayae
B B*

= / M (t)?p|W|? dydt
B*

IN

02/ p|W|? dydt.
B*
On the other hand, definition (4.19) of the set B* implies

1n(2+N/02)1/2/ p|lW[dydt < /p|W|2ln(2+p|W|2)1/2dydt
B* B*

A

< / pIW2In(2 + p|WI2)/2dyt.
Gx(0,T)
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From this and estimate (4.12) in Proposition 4.2 we obtain
/ p|W|?dydt <
B*

(2 + N/o2)~1/2 / PIWI2In(2 + p| W) 2dydt
Gx(0,T)

< ¢In(2+4 N/o?)7V/2 < cIn(N/o?) 712
Substituting this inequality into (4.20) we obtain the estimate

(4.21) / plw|? dydt < co®In(N/o?)~1/2,
B

Next, substituting inequalities (4.18) and (4.21) into identity (4.16) we arrive at
the estimate

(4.22) / plw|?dydt < c/o=% 4 o2 In(N/o?)~V/2.
A

Now set o = In N1/8. We have

In (N/(In N)V/4) > In (N/NV*) = 2 InN.

Substituting these relations into (4.22) we finally obtain

/ plw|? dydt < cin N=Y4 4 cln NV4/(In N)Y/2 < cln N~Y/4,

N

and the proposition follows. O

4.3. Step 3. The proof of Theorem 4.1. We are now in a position to complete
the proof of Theorem 4.1. To this end, we use the weak-type estimate (4.14) in
Proposition 4.3. Denote by E(A), A > 0 the monotone function defined by the
relation

BN = meas { (5.1) € G x (0,7): ply.)lwiy.0)> > A }.

It is the standard fact of calculus, that the equality
[ fewPagde =~ [ 5o deoy
Gx(0,T) [0,00)

holds for every piecewise continuous function f such that f(p|w|?) € L'(G x(0,T)).
Here —dE()) is the Borel-Stieltjes measure associated with the function —E()). In
particular, we have

(4.23) / plw|? dydt = —/ AAE(N)
AN [N,00)
With this notation the desired inequality (4.10) reads
(4.24) / plw|* In(2 + p|lw|*)* dydt = —/ An(2 4+ N)*dE(N) < c.
Gx(0,T) [0,00)

Introduce the monotone function F' and the corresponding Borel-Stieltjes measure
—dF defined by the equalities

F@):-/{ NBQY), dF) = AdB(),
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Note that identity (4.23) and estimate (4.14) in Proposition 4.3 imply

(4.25) F(s) <cIn(2+s)"Y* for s>0.

It is clear that

- / Aln(2 + \)* dE(N) = — / In(2 + \)® dF())
[0,00) [0,00)

Now our task is to prove that the integral in the right hand side exists and admits
the effective estimate. Let us consider the regularized integral

B ~ In(2+ M)
== [ aaE. o =g

Note that g is bounded and continuously differentiable. On the other hand, the
total variation of F' is finite. Hence, we may integrate by parts to obtain

(4.26) I(e,N) = /[ON) g (N) F(\)dXA+ g(0)F(0) — g(N) lim F()).

A=N-0

We have

g\ = g(A) -R(),

go(N) aln(2+N)*12+ N1+ N7

R(A) = 2AIn(2+ N2 (1 + €2)\?) 72
Since a € (0,1/4), estimate (4.25) implies

g/ NFN)| < e(1+e2)7
which yields ¢ F € L*(R™T). On the other hand, we have
0<g(N)F(N) <cln(2+ N)* V41 +&N?)71 50 as N — .

Letting N — oo in equality (4.26) we conclude that there exists the integral

[ ey - /OO go(N) F(A) d
[0,00) 0

— /000 R(\) F(A\) dA + g(0)F(0).
Since R and F' are nonnegative, we have
(4.27) - /[ AN AF) < / " 90 FO) A+ g(0)F(0).
It follows from (4.15)) and (4.23) that

(4.28) FO) = - /[O Aro) =~ /[0 MEQ)

/ plw|? dydt = / plwl|? dydt < c.
Ao Gx(0,T)

Next, estimate (4.25) yields

/ goFd\ < a/ 24+ N2+ X)L F(\)dA
0 0

[ee]
< / In(24+ A V424 X)L dx < ¢(a).
0
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It follows from this and (4.28) that

(4.29) _ / 9o(N) dF(N) < e(a) + 2% < c.
[0,00)

Recall that —dF' is a nonnegative Borel measure. Notice that g is an increasing
function of € and

go(A) S In(24+ X" as e N\, 0.

Letting € — 0 in (4.29) and applying the Fatou theorem we conclude that there
exists the integral

_/ (2 + \)* dF()) = _/ AMn(2 + N)dE() < c.
[0,00) [0,00)

Combining this inequality with relation (4.24) we obtain desired estimate (4.10).
This completes the proof of Theorem 4.1.

5. SINGULAR LIMITS

Until now, we have been dealing with solutions of regularized equations with
internal energy e and pressure functions p given by the equalities

(5.1) e = plno—p+er(o)+eaxo),
1
e1 = eo'tIn(l+¢ep), ex= 55393,
(5.2) p = o+mlo)+ (o),
— 14-¢ In(1 €e :63 3.
p1 e0' ™ (eln(1+e0) + 1+EQ), P2 0

Here €,d € (0,1/2) are the regularization parameters.

Proposition 1.3 guarantees the existence of weak rotationally symmetric solutions
of regularized equations. These solutions depend on the regularization parameters
and 4. In this section, we will show this dependence and use the following notation
for solutions of regularized equations (1.15)

0= 05, U=Ucs

Recall that the main goal of the article is to prove the existence od weak rotationally
symmetric solutions to the isothermal Navier-Stokes equations (1.22). The main
Theorem 1.5 gives a precise formulation of this result. We obtain the solution of
equations (1.22) as the limit of the solutions to the regularized equations (1.15).
The first step on this way is to prove that the pressure functions p;, p2 converge to
zero on compact subsets of 0\ Z as the regularization parameters £, § tend to zero.

The main idea is the following. We assume that the regularization parameters ¢
and § are dependent,

(5.3) S=rk(e)<e, k(e)=e &, £€(0,1/2).
In this case, we use the denotations
(5.4) Oc = Oc,k(e)s Ue = Ug k(e)-

The following theorem is the main result of this section.
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Theorem 5.1. Under the above assumptions,
(5.5) / (p1(0e) + p2(0e)) dxdt -0 as € -0

for every compact set K' C (Q\Z) x (0,7T)

We reformulate this theorem in the cylindrical coordinates arguing as in the
beginning of Section 4. Recall that the cylindrical coordinates (y,d), vy = (y1,y3)
are defined by the equalities.

r1 =ypcost?, xo=yisint, x3=y;s.
In particular, we have
O\Z={yd,t: yeG, 6c0,2n]}.

Here the domain G C R? is the intersection of the rotationally symmetric flow
domain © and the half-plane {x; > 0,22 = 0}. It can be regarded as the domain
in the plane of variable y. Without loss of generality we may assume that K’ is a
toroidal compact set

K' ={(y,0,t): (y.t) e K, 6¢€]0,27]}.

Here K is a compact subset G x (0,7T). In other words, K’ is obtained by rotation
of K around the symmetry axis Oxs. A rotationally symmetric weak solution to
problem (1.15) admits the representation, see Section 2,

ue,ﬁ(mvt) = U(Q) VE,(S(yat)? Oe,56 = 96,5(y7t>7 (%t) S G x (Oa T)a

where the orthogonal matrix U is given by (2.3). Hence Theorem 5.1 can be
reformulated as follows

Theorem 5.2. Under the above assumptions,
(5.6) / p1(0e) dydt +/ p2(0s)dydt -0 as € =0
K K

for every compact set K C G x (0,T)

The rest of the section is devoted to the proof of Theorems 5.1 and 5.2. We start
with the analysis of the behavior of the function py for small § < e.

5.1. Estimates of p,. Auxiliary theorem. The proofs of Theorems 5.1 and 5.2
are based on the intermediate technical result. In order to formulate it, recall the
localization procedure, see Section 3 for details.

Fix a compact set K € G x (0,T), and choose two functions ¢,n € C5°(Gr)
such that

(=n=1lon K, pn=1lonsupp¢, 0<(n<L
Assume that they are extended by zero to the whole space R3. Set

pes(y,t) = C(y, t)oes(y, ), Wes(y,t) =n(y,t)ves(y,t).

Extend these functions by zero to R3. Note that the function p = p.s and and
the vector field w = w, 5 meet all requirements of Proposition 3.1. We also notice
that 9.5 = pes in K. The following auxiliary theorem is the main result of this
subsection.
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Theorem 5.3. For every compact set K € G x (0,T), there is a constant ¢ such
that the inequality

(5.7) /]R3 p2(pe,s) dydt = /R3 53 pg”(; dydt < ce
holds for all (,8) satisfying the inequalities
(5.8) 0<e<1/2, 0<d<k(e)=e .

The proof falls into three steps. By abuse of notation, we will write simply p and
w instead of p. s and w, 5.
Step 1. The basic inequality. Introduce the function

(5.9) ©(p) =1In(1 +dp) such that pap = 63p® In(1 + 6p)
Recall that the potential VA~! admits the representation

VA ™y = c/ HTE u(z) dz.
R

2 |y — 2

Our first goal is the derivation of the special integral inequality for pap. The result
is given by the following lemma.

Lemma 5.4. Let B and F be defined by Propositions 2.2 and 3.1. Then we have

5
(5.10) [ o) oty iyt < 3" 1.
R? i=1
where
L = {VA™! div (¢W)} - (pW) y1dydt
R3

(5.11) I, = f/RB(pW@@W):(va*1¢)y1dydt,
I; = g (B : (V*A™" ) yrdydt,
I, = —/RsF%VA’lw)yldydt,
o= = [ (VAT ()

Here w = (w1, ws), € is a smooth cutoff function such that p = Co. The function =
is defined by the equality

op 1
12 = W — —w; —divw div w.
(5.12) ™ 1+6p(VC W y1w1 ivw)+pdivw
Proof. The proof is given in Appendix 10. O

Step 2. Estimates of I;. Now our task is to estimate the quantities I; in the
right hand side of inequality (5.10). The derivation of these estimate is based
on the following auxiliary proposition, which is not related directly to Navier-
Stokes equations. Let us consider the function p : R? — RT and vector field
W = (Wy, W3) : R? — R? satisfying the following condition.
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olga38ab| Condition 5.5. The functions p and W are compactly supported in G. They admit
the estimate

/ pIn(2+ p) dy+/ pi(p)dy < c1 <oo, [[Wlwrems) <1,
olga39| (5.13) R2 R2

0< cl_l <wy1 <c1 on the supports of p and W.

Proposition 5.6. Let p and W satisfy Condition 5.5. Then there is a constant c,
depending on ¢1 and G such that

o o o o
= = = =
[0,¢] [0)¢] [0)¢] [0)¢]
2% [ [+ [+
S o IS N
o o IS w
o ) o o
o o o o

c c

(5'14) ”pW”LlJr%(]Rz) < 5727 ||p|W‘2||L1+%(R2) < 573’

1 g < 241 <
(515) VAT div (oW 2 oy € 50 IVPATg] e, < 5
1. c _
(5.16) (2N I A 2N P
Here
. . op 1 : :
olgad6piab| (5.17) ¢ =1In(l1+dp), =" = 1535 (V- W — —W; — div W) + ¢ div W.
p Y1
Proof. The proof is given in Appendix 11. O

We are now in a position to estimate the quantities I;. The result is given by the
following lemma.

olga110| Lemma 5.7. Under the assumptions of Theorem 5.2, the quantities I; admit the
estimates

olgat11l] (5.18) |Li| <ce™®  £,6€(0,1/2).

Here the constant ¢ does not depend on € and §

Proof. We estimate I; step by step. Introduce the functions

M(t) = ||W('7t)||W1.2(R2)7 t eR,
(5.19) Wyt) = M) 'W(y,) for M(t) £0,
W(y,t) = 0 otherwise.

Recall that the cutoff function ¢ : R® — [0, 1] is compactly supported in G x (0, 7).
In particular, we have

pIn(2 + p) = (oln(2 + (o) < (oln(2 + o).

From this and estimate (3.3) in Proposition 3.1 we conclude that the inequality

olgal15| (5.20) / p(t)In(2 + p(t)) dydt < c.
RQ

holds for a.e. t € R. Here ¢ does not depend on t. Therefore, the functions p and W
meet al requirements of Proposition 5.6 and satisfy inequalities (5.14)-(5.16). Now
we may estimate I;.

Estimate of I;. We have

{VA™ div (¢W)} - (pW) = M(t)*pW - {VA~! div (¢W)}.

Recall that
0 < R ! <y <R on the support of p.
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From this and expression (5.11) for I; we conclude that

nl<e [ M@ [ pOW@ITAT div (oW (0)]dy) .

Note that p(t) and W(¢) meet all requirements of Proposition 5.6 and admit
estimates (5.14), (5.15) with the constant ¢ independent of ¢. It follows from these
estimate and the Hélder inequality that

L oW O [VA div (o Wi(e)] dy <

— . C
oW Ol 5 goy VAT div (o)W (H)]] 242 @) S %

This gives the desired estimate

¢
|I]_| S 576 AM dt < 7HW||L2 RWl 2(R2)) S
Estimate of 1. Arguing as before we obtain
Bi<e [ M@ [ pOW@R VA (0] dy) .
Estimates (5.14) and (5.15) in Proposition 5.6 imply the inequality
[ AOIWOR V287 o(0)] dy <

||p(t)|W() ”LH (R2) ||V2A <p( )|| 24e

c
6"

IA
m@‘ a

(R2)
Thus we get

c € I ¢
|| < = /RM(t)2 dt < ;6HW||2L2(R;W1’2(R2)) < 6"

Estimate of I3.Note that the function ( is compactly supported in a compact
subset of G x (0,T). Moreover, this subset depends only on the compact set K
in Proposition 5.3. It follows from this and estimate (2.9) in this proposition that

(5.21) [(Blr2(rs) < c.
On the other hand the inequality
¢(p(t))? = In(1 +dp(1))* < cp(t)
along with estimate (5.20) implies
o)l 2 w2y < ec.
From this and estimate (8.5) for the Riesz singular integral in Appendix 8 we obtain
IV2A™ o) || 2rey < ¢,

where ¢ is independent on ¢. Since ¢ is compactly supported in G x (0, T) it follows
that

(5.22) ||V2A_1(,OHL2(R3) <ec
Combining estimates (5.21) and (5.22) we arrive at desired estimate for I,

|I3| < ”CB”L?(RS‘) ||V2A71Q0||L2(R3) <ec
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Estimate of 1. Since ¢(t) meet all requirements of Proposition 5.6 and is compactly
supported in G x (0,T), it follows from estimate (5.16) in Proposition 5.6 that
(5.23) VA | oo g3y < ¢

From this, estimate (3.6) for F, and expression (5.11) for I, we obtain the needed
estimate

L] < |Fllzr o) VAT @ll oo rey < e
Estimate of I5. Rewrite formula (5.11) for I5 in the equivalent form
- [y [ (vaTm) - (Windy) de.
R R2
It follows that
5] < / M(t / VA~ L] |pW|dy) dt
R2

It follows from estimates (5.14) and (5.16) that

/|VA 7 (0)] | p (YW ()] dy <

. c
oW @)l 15 gy IVAT A 252 o < 5

This gives the desired estimate

C
|I5] < —/ M(t)*dt < 6Hw||L2(R Wi2(R2)) < 6"

O

Step 3. Proof of Theorem 5.3. We are now in a position to complete the proof
of the auxiliary Theorem 5.3. We begin with the observation that

0<Rl< y1 < R in the support of p.

Here the constant R depends only on the compact set K in Theorem 5.3. It follows
from this, inequality (5.10) in Proposition 5.4, and estimates (5.18) in Lemma 5.7
that

(5.24) / 53 In(1 + 00) dydt :/ pap dydt < CZI < — =
R3

i=1

where ¢ depends only on K. Let us prove that there is a constant ¢, independent
of £ and §, such that

1 1
3 3 3/8
olea202|  (3.25) /Rg‘S r dydtgc(‘;/ *mg)

To this end, choose two arbitrary numbers m and N satisfying the following conditions

N
m,N>1, — >m.

1)
Introduce two sets Ay C A,,, C G x (0,T) defined by the equalities
A = {t): plyt) 2m},

Av = {(t): dp(y,t) > N }.
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‘We have
(5.26) / (6p)? dydt
R3

/ (6p)? dydt
(GX(0,T)\Am

+ / (6p)3 dydt+/ (6p)® dydt.
Am\AN AN

It is easy to see that
(5.27) / (6p) dydt < 63m3 T meas G < ¢6°m3.
(GX(0,T)\Am

Obviously we have

1
< —— (6p)° In(1 in Ay.
(0p)” < I+ V) (6p)" In(1+6p) in Ay
From this and estimate (5.24) we conclude that
1 1
5.28 6p) dydt < ¢ ———= =
(5.28) /AN(”) YVE=SI N &6

Next, the Chebyshev inequality and the energy estimate imply
1
meas A, < —/ py,t) dydt < .
m Jgrs m

Noting that dp < N in A,, \ Ay we obtain

NS
(5.29) / (6p)3 dydt < ¢ —.
Am\AN m

Estimates (5.27)-(5.29) along with equality (5.26) imply

/ (6p) dydt < ¢ (53m3 + Ai) + él)
R3 - m  In(l1+4+ N)eS
Substituting m = §~7/8, N = §~1/6 in this inequality we obtain desired estimate
(5.25). It remains to note that for § < exp(—1/¢7), inequality (5.25) implies the
estimate
/ B3pddydt < 0(53/8 + S S i)
R3 - In(1+4 6-1/6) &6

1 ¢
—— < ce.
ln(esi7 g8

_ 3
< ce 87T +

This completes the proof of Theorem 5.3.

5.2. Proof of Theorems 5.1 and 5.2.
Proof of Theorem 5.2. Introduce the sequence of compact sets K, C G x (0,7T),
n > 1 such that

K, C Knp1, | JKn=Gx(0,T).
n

For every n, choose a function ¢, € C§°(R3) with the properties
the support of ¢, € G x (0,T), 0<(, <1, ¢,=1 on K,.
Set

|~

Pne = Cn0s, where o, = Oce,r(e)s H(E) =€ <.

-
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It is easy to see that the function

Cn(y? t)9576(ya t)

meets all requirements of Theorem 5.3 with ¢ and K replaced by (, and K,. It
follows from this and estimate (5.7) in Theorem 5.3 that

/ Ca (Y1) 02,6y, 1) dydt < cne
R3
for all
e€(0,1/2], 0< 6 <k(e).
Here the constant ¢, is independent of € and §. In particular, we have

(5.30) / D2(pn.e(y,t)) dydt < cpe for all € € (0,1/2].
R3

Now choose an arbitrary compact set K C G x (0,7T). It is clear that K C K, for
some n > 1. Hence
Oc = Pn,e on K.

Since the functions p; and p, are nonnegative, we have

/pl(ga)dydt+/ pz(gs)dydté/ pl(pn,e)dydt+/ P2(pn,e) dydt.
K K R3 R3

Therefore, it suffices to prove that

(5.31) /pl(pme)dydtJr/ p2(pne)dydt -0 as e — 0.
R3 R3

By virtue of (5.30), we have

(5.32) /3 P1(pn ) dydt + /3 p2(pn.c) dydt < /3 P1(pn,e) dydt + cpe.
R R R

Consider the integral in the right hand side of this inequality in more details. By
abuse of notation, we will write o, ¢, and p instead of o<, Cn, and pp c.

Note that the function p(y,t) meets all requirements of Proposition 3.1. In
particular, it admits the estimate

esssup | C(1,1) ex(o) dydt < C(K).
teR JR2
Recall that ¢ is compactly supported in the bounded domain G x (0,T). Since
p=¢Go, 0<(<1,
we have
Cer(0) = Ceo' T In(1 +£p) > ep' ™ In(1 + £p) = e1(p),
which yields the estimate
(5.33) ess  sup / e1(p) dydt < C(K).
teR JR2
Introduce the function A(y,t) defined by the equalities
A=¢ep, p=Ae.
Formulae (5.1) and (5.2) implies

A\ 1+e )\ B 2\2+e
plp) =celp) +e (2) = .
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From this, estimate (5.33), and the inequality e ~¢ < ¢ we conclude that the estimate

24¢
(5.34) /R pl(p(t))dygcs+c/G fg)x(t) dy

holds for a.e. t € R. Recall that p and X are compactly supported in G x (0,T). Let
us evaluate the integral in the right hand side. We split it into three parts

(5.35) /G % dy = J1 (1) + Ja(t) + Js(1),

where

Jl (t) _ L ( )2+6 dy

@ 1+ Ay,1)

( )2+€
Bt) = / My
2(1) ety LAy 1)
no = | A,
G- uG+y L+ A1)

G t)={yeG: Ny, t)<m™'}, GT(t)={yeG: Ay,t)>m},

m > 2 is an arbitrary number. It is easily seen that

(5.36) Ji(t) < cm72/ dy = cm™2.
G

For every A\ > m, we have

AT <A In(1 4 )\) !
n —_— .
1+ In(1 4+ m)

Next, we have
M1+ )) = e%ep' T In(1 +ep) = %e1(p) < cer(p).

From this we conclude that
)\(y t)2+5 c

c
lgaza| (5.37) Jolt) = gy < ) dy < — .
( ) h(t) /G+(t) 14+ A(y,t) vy = In(1 4+ m) /061(,0(34 ))dy < In(1 4+ m)

It remains to estimate J3(t). To this end, note that the estimate

/p(y,t)dy <c
G

and the Chebyshev inequality imply

R N . oy
m-1<a<m 1+ Ay, 1) mo1<a

- m1+5/ dy < emte(em) < cem?Te.
(em)—1<p

Substituting (5.36)-(5.37) in (5.35) leads to the inequality

A(yat)ﬂa -2 c 2
S dy < o+ e
/Gl+/\(y,t) y=emo T A m "
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Note that the constant ¢ does not depend on ¢, m, ¢, and e. Since A(y, t) is compactly
supported in G x (0,7T), we conclude that

Ay, t)**° -2 ¢ 2
DT dy < - - +e.
/RzlJr)\(y,t) YEem ot i m) ™
Since p1(p) is compactly supported in G x (0,T), itt follows from this and (5.34)
that

C
t d < -2 - 2+€.
/Wpl(/)()) y< e tom s s eem

Combining this inequality with (5.32) and recalling that p = p, . we arrive at the
estimate

c
n,e) dydt ne) dydt < R 2te,
/Rspl(P &) dy +/RSP2(P ) dydt < ce+cm +ln(1+m) +cem
Letting ¢ — 0 we obtain
c

li N w ) dydt <em 24—
im sup /RS(pl(p e) +p2(pn,e) dydt < cm +1n(1+m)

e—0

Letting m — oo we arrive at desired relation (5.31). This completes the proof of
Theorem 5.2.

Proof of Theorem 5.1. Theorem 5.1 is a straightforward consequence of Theorem
5.2.

6. PROOF OF THEOREM 1.5
thm

6.1. Part 1. Weak limits. We obtain a solution to isothermal compressible Navier-
Stokes equations (1.22) as a weak limit of solutions g, 5 = g, u. 5 = u to regularized
equations (1.15). Note that these solutions are defined by Proposition 1.3. Set

. _ 1
lital (61) Oc = Oe,k(e)y Ue = Ug k(e) K’(E) =e <.

In this subsection, we study the weak compactness properties of sequences g. and
u.. It follows from estimates (1.16)-(1.18) in Proposition 1.3 that

lita2| (6.2) lloe el oo 0,752 () + 10l 20, mwr20)) < c.

lita3| (6.3) loeIn(2 + oo)||Le(o,rinr )y +  ller(ee)llzoe (0,131 ()
Fllez(ee) =) < ¢

litad| (6.4) [Ip(ec)llze= (o751 () + IIP1(0e)ll (0,101 (@)) + [P2(0e) | o< (0,7521 () < ¢

Here the constant ¢ depends only on 2, T', and the constant cg in condition (1.14)
of Proposition 1.3. Our further considerations are based on the following lemma.

lita5| Lemma 6.1. The estimate

g
B
q
&
=3

lita6| (6.5) [[0cue[ In(2 + oc[uc)* || Lo 0,751 (0)) < €

holds for every o < 1/2. Here the constant ¢ depends only on o and the constants
in estimates (6.2)-(6.4).

Proof. The proof is given in Appendix 12.
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Estimates (6.3) and (6.5) imply that the sequences g and g-u. are equi-integrable.
It follows from this and the Dunford-Pettis Theorem (see [8], thm. 2.54) that there
are subsequences, still denoted by o., o-u., and functions p, gu such that

(6.6) 0 — 0, 0-u. — pu weakly in L'(Qr) as e — 0.
In particular, for every measurable set T C (0,7T), we have
/ odxdt = lim 0e dxdt
axT =0 JaxT
< meas T limsup [|oc|| 0,01 () < cmeas T,
e—0
‘/ dedﬁ‘ = lim ‘/ o-u. dxdt

QxT =01 JaxT

< meas T limsup || o-uc| L= (0,01 (0)) < ¢ measT.
e—0

It follows from this that o, pu € L>(0,T; L*(£2)). By virtue of estimate (6.2), there
is a subsequence, still denoted by u., and a vector field u € L2(0,T; Wy *(2)) such
that

(6.7) u. —u weakly in L*(0,T; W?(Q)) as & — 0.

Let us consider the sequence K,,, n > 1, of compact subsets of (2\Z) x (0,7T") such
that

KiC - CKyCKpp1 C---C(QA\T)x (0,7), |J Kn=(Q\I)x(0,7).

n>1

By virtue of Proposition 3.2, the sequences g, and u. satisfy conditions (C.1)-(C.3)
of Theorem 4.1. It follows from this theorem that for every n > 1 and a € (0, 1/4),

/ oc|uc|? In(2 + oc|uc|?) dadt < c,,
Ky

where c,, is independent of ¢. It follows that the sequence g.|u.|? is equi-integrable
on every compact set K C (Q\Z) x (0,T). Using the Dunford-Pettis Theorem and
a diagonal procedure we may extract a subsequuence of g.u. ® u. (not relabeled)
such that

(6.8) o:u.®u. » ou®u weakly in L'(K) as ¢ =0

for every compact set K C (Q\ Z) x (0,T). Here pu®@u € L'(Q7) is a matrix
valued function.

Let us consider the weak compactness properties of the sequences of the pressure
functions p(p.) and kinetic energy tensors g.u. ® u.. To this end, recall briefly the
basic facts concerning LP spaces on Banach spaces.

Let Y be a Banach space and let Y’ be a Banach space dual to Y. A function
v:(0,T) = Y’ is said to be weakly star measurable if for any L € Y, the scalar
function

t€(0,T)— (v(t), L) is measurable .
Further the notation LI, (0,T;Y"), 1 < r < oo, stands for the Banach space of
weakly star measurable functions with the finite norm

T , 1/r
ooy = ([ ool ae) "
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If a Banach space Y is separable, then every weakly measurable mapping ¢ :
(0,T) — Y is strongly measurable. In this case, L"(0,7;Y) is the standard space
of functions integrable in the sense of Bochner. This leads to the following lemma
(see [8], thm. 2.112)

Lemma 6.2. Assume that Y is separable. If L € (LT(O,T;Y))/, 1 <71 < oo, then

there exists a unique v € Ly, ' (0,T;Y") such that

T
(69) (Lo} = [ (), ote))
for every ¢ € L™(0,T;Y). Moreover,

L 1 = Al .
| ”(LT(o,T;Y)) I 221 o v
In particular, we have

L0 (0,75Y") = (L71(0,T5Co(Q))) for 1 <7 < 0.

Denote by M(2) the Banach space of all Radon measures in §2. Note that M(Q) =
Co(9Q)" is dual to the space Cy(Q) of continuous functions u :  — R vanishing at
090). By the Riesz representation theorem (see [8], thm. 1.195), for every v € M(2)
there is a unique Borel measure v* defined on the algebra of Borel subsets of 2

such that
(v,p) = /de*-
Q

for all ¢ € Cy. The norm of v admits the representation

lace) = I7*[1(62),
where ||v*|| is the total variation of a signed measure v*. Further we will identify v
and v*.
Every function g € L'(Q) determines a unique Radon measure

(6.10) dv=ygdz, (v,p) = /(pgdx for all ¢ € Co(Q).
Q
It is clear that ||v||mq) = [|9]|L1(q)- Relation (6.10) defines the isometry
L7(0,T; L'()) < Ly, (0, T3 M(%)).

In particular, L'-functions p(o-(t)) and o (¢)uc;(t)uc j(t) determine the Radon
measures o.(t) and v, ;; given by the equalities

/s@doe(t)Z/wp(Qe)(t)dw, /wdve,ijz/tpgsug,iua,j dx
Q Q Q Q

for all ¢ € Cyp(2). It follows from estimates (6.2) and (6.3) that the sequences o.(t)
and v, ;; are bounded in every space L7, (0,T;M(12)), 1 <r < oc.

Now fix an arbitrary » € (1,00) and note that the space L71 (0,T;Co(Q)) is
separable. From this and Lemma 6.2 we conclude that

L1,(0,T;M(R)) = (L77(0,T;Co()) )’

By virtue of the Alaoglu theorem, there are subsequences of the sequences o.(t),
Ve ij, still denoted by o4 (t), v ;;, and the parametrized measures o, v;; € L7, (0, T; M(Q2))
such that

Oc = 0, Vgi; — V;; weakly star in L;, (0,T;M(Q2)) as ¢ — 0.
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This means that

(6.11) / p(o:)pdadt — /OT(/Qsoda(t))dt

T
/ Ocle iUe j pdadt — / (/cpdyij(t))dt
T 0 Q

for all p € L7™1(0,T;Co(Q)).
Recall that g, and u. are weak solutions to boundary value problem (1.3). They
satisfy integral identities (1.8) and (1.9) with the pressure function

p(o) = o+pi(o) +pa(o),

pi(o) = 591+E(51n(1+59)+ 303

), p2(0) = K(e)’0’.

%
14¢€p

Substituting ., u. into (1.8) and (1.9), letting ¢ — 0, and using relations (6.6),
(6.7), and (6.11) we arrive at the integral identities

/Tgu-atﬁdxdt—k/:(/Qvgzdu(t))dt

lita21]| (6.12) +/T</div£da(t))dt/ S(u) : VE dudt
0 Q

T

+/QT Qf-dedt—I—/nguo(m)-E(:mO)dcc:O,

lita22| (6.13) / (00 + pu - V) ddt + / o00(z)(x,0) dz = 0.
T Q
Here v(t) = (vy; (t))1<i <3 15 a symmetric matrix-valued Radon measure in Q.

Identities (6.12) and (6.13) hold for all vector fields & € C°°(Qr) vanishing in a
neighborhood of 9Q x [0,T] and Q x {t = T}, and for all functions ¢ € C*°(Qr)
vanishing in a neighborhood of Q x {t =T}.

part2

6.2. Part 2. Weak limits of the momentum and kinetic energy tensor. In
this subsection we study in details the vector field gu and the measures o, v. The
following lemma is the first result in this direction.

lita23| Proposition 6.3. Under the assumptions of Theorem 1.5, we have

lita24| (6.14) ou=ou in Qr,

lita25| (6.15) ouu=ogu®u in Qr.

In order to avoid repetition, we prove the relation (6.14). The proof of (6.15) is
similar. The proof of (6.14) falls into three steps.
Stepl. By virtue of the mass balance equation (1.15), the density function o,
satisfies the integral identity

/ 0 Oy dxdt = 7/ o:u. - Vip dzdt
T T
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for every ¢ € C§°(Qr). It follows from the energy estimates (6.2), (6.3), and the
embedding W?(2) < C(Q) that

T
‘/ gguE.qudxdt’ §c/ 1) 22 .
T 0
This means that

Hath||L°°(O,T;W*3v2(52)) <c and ”Qe”Lip(O,T;W*?’vQ(Q)) <c

On the other hand, we have

||Q€(t)||W*2v2(Q) <ec.

Note that the embedding W=22(Q) — W ~=32() is compact. Hence the sequence
0: 1 [0,T] — W=32(Q) meets all requirements of the Arzela-Ascoli Theorem (see
[4], thm. 7.5.7). Therefore, after passing to a subsequence we may assume that

lita26| (6.16) 0. — 0 in C(0,T;W32(Q)).

Step 2. Choose an arbitrary integer N > 3. Introduce the truncated vector field

uye(z,t) = u(x,t) if |u.(z,t)] <N,
N .
uN,E(I7t) = m us(x,t) if |u5($,t)| Z N.

It is clear that uy . € L2(0,T; Wy *(€2)) and

(6.17) lanellzzommwiz) <¢  |une <N.
Using the diagonal procedure we may extract a subsequence (nor relabeled) such
that

lita28| (6.18) uy. — Uy weakly in L*(0,7;W'2(Q)) and star weakly in L>®(Qr).

The limiting vector field Ty admits estimates (6.18). The following lemma is the
main result of this paragraph

Lemma 6.4.

)
.
ot
[

N
©
[

lita29| (6.19) / ¥ s up e drdt — poundxdt as € =0 forall ¢ e C°(Qr).
T Qr

Proof. Introduce the mollifier

(6.20) Tou(z) = % /R 9( 2 — LY u(y) dy

where the kernel
0 € CSO(RS), support 6 C {|z| < 1}, / O(x)dx = 1.
RS

Note that

lita4dl (621) / © ( Qs UNe — OUN ) dxdt =11 + 115 + 113,

T
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where
I, = / POe (uN,E —Tyun, ) dzdt,
T
II, = / Yo (TwﬁN —uy ) dxdt,
T
II; = / cp(QETWuJ\LE —oT, un ) dxdt.
Qr
Note that the embedding W2(Q) < L2(f2) is compact. It follows that
(6.22) luye(t) = Toune(®)llz@) < 6(w) lune(®)llwr2 o),
[an () = Toun ()2 < 0(w) [[An(D)llwr2(o),
where §(w) ~ cw!/? = 0 as w — 0. We also have
(6.23) [uye(t) = Toune()l=@ < 2N,
[ay (t) = Toun (t)|lp~@) < 2N.

Fix an arbitrary m > 3 and set

Ap ={(z,t) €Qr: p: >m} C Qr.
We have

(6.24) m o< | / po- (ux. — Toun. ) dud]
Qr\Am

+ ‘/A POe (UN@—TWUN,E)dxdt‘.

By virtue of (6.22), the first term in the right hand side admits the estimate

’ / po- (une — Toune ) d:z:dt’
QT\Am

IN

cm luy e — Toun | dadt

IA

Qr
T
cm/ ||uN7€(t) — TwuNys(t)HLz(Q) dt
0
T

IN

emé(w) / e (8) lwrzgey dt < emd(w).
0
On the other hand, energy estimate (6.2) and estimate (6.23) imply the inequality

N
’/ POe (uN.s - TwuNg)dSﬂdt’ < 67
A : ’ Inm

m

Substituting the obtained results into (6.24) we arrive at the estimate
N
;| < ¢ (md(w) + m ).
Now set m = 1/(d|Ind|) and choose w so small that §(w) < 1. We thus get

N 1 N cN

M i T To@)] * The@ me@D] = @) h @]

which gives
cN

(6.25) < G @
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Repeating these arguments and using estimates (6.22) and (6.23) for uy we obtain
the similar estimate for I,

cN

(6.26) | < G ms@

Note that c is independent on w. Let us consider the quantity IIs. We have

(6.27) I3 = / (0 — 0)(pToun,.) dudt + / 00T, (uy,- — Uy ) dadt.
Qr Q

T

Recall that the function uy . () € Wy ">(Q) equals zero outside of Q. It follows from
the properties of the mollifiers that

[Toun.e(t)[ws20) < cw)unelrz) < cw)llae(t)l|rz)-

Since ¢ € C*°(Qr) is compactly supported in the cylinder Q7 = Q x (0,7, the
vector field p(t)uy - (t) € WS (Q) admits the estimate

o) Toun,e()wsz@) < c(w)|us(t)]L2@)-
Here ¢ depends on w, ¢ and is independent on t. We thus get

T
’ / (0- — 0)(¢Tyup,c) dxdt’ < lee = alleo,rsw—32(0)) / leTounc(t)|lws.2(q) dt
T 0

IN

T
c@)llee — allcoraw-sa@) / e ()] 2o dt
0

IN

lloe — Q”C(O,T;W—&?(Q))'
From this and (6.16) we conclude that

(6.28) / (0- — 0)(¢Tyup,) dzdt -0 as & — 0.

T

Next we have
/ opT, (uN,E — ﬁN) dxdt = / T, (op) (uN,E — ﬁN) dxdt.
Qr Qr
Since the mapping T, : L'(2) — L>°(Q) is bounded, we have
ITw(e0)l L= (@r) < c(w).

On the other hand,

(6.29) uy. — Uy weakly in L?(Qr) as £ — 0.

It follows that

0T, (uye — Uy ) dadt -0 as £ — 0.
Qr
Combining this relation with (6.27) and (6.28) we conclude that

II3 >0 as ¢ >0

for fixed w and N. From this, estimates (6.25)-(6.26), and identity (6.21) we obtain
cN

lim su ‘/ u —ou da:dt’ < .

2P| g, (o e ~ 0T) [I0(3(e)[ 1 3]

Letting w — 0 we arrive at the desired relation (6.19). O
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Step 3. We are now in a position to complete the proof of Proposition 6.3. The
main idea is to consider the truncated sequence p.uy . as an approximation of the
sequence g-U.. Let us estimate the discrepancy

litas0| (6.30) Di(N,e) :/ 0:|ue —un | dadt.
T

It follows from estimate (6.5) in Lemma 6.1 and De la Vallee Poussin criterion that
the sequence p.u. is equi-integrable. This means that there is a function §; : R* —
R*, independent of &, such that

lita53| (6.31) lirn0 9 (w) =0, / Oc|uc| dzdt < §1( meas C) for every C' C Qr.
w—r C

Note that
Qa|u5 - uN,€| < 2Q5|u5| in QT7 Qs‘ue - uN,a| =0 in QT \ CN,E7
where
CN,s = { (ZL’,t) €Qr: |u5(x,t)| > N}
We thus get
litab4| (6.32) D;(N,e) < C/ 0c|uc|dzdt < c61( meas Cn ).
CN.E

The Chebyshev inequality and estimate (6.2) imply

C

1
litab4a| (6.33) meas Cy . < m/ lu.|? dzdt < ~3-
T

From this and (6.32) we conclude that
litab5| (6.34) Dy (N,¢e) < cdi(eN72).

Note that we have no information about the limiting vector field pu. Now our task
is to prove that it is integrable and

lita62| (6.35) Dy(N) = / lou — gun|dxdt - 0 as N — occ.
T

By virtue of the estimate

/ oc|un.e| In(2 + gc|un ) dedt < / oc|uc|In(2 + oc|ue|) dedt < e,
Qr Qr

the sequence g.uy . is equi-integrable. From this and (6.19) we conclude that g.up ¢
converge weakly in L'(Q7) to guy. Choose an arbitrary measurable C' C Qr and
set
- un (.’E, t)
[ (1))
It is clear that the measurable function ¢ satisfies the inequality |¢| < 1 and is
supported in C. It follows from this and inequality (6.31) that

5y (meas C) > / 0. [u.|dadt > / 0. .| dadt
C C

1l¢ for |uy(z,t)] >0 and ¢ =0 otherwise.

Y

/ 0sUp¢ - Sdxdt — ouy - sdxdt
T

QT
= / olun|dzdt.
c
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It follows that
/ olun|dzdt < 61( meas C) for all measurable C' C Qr.
c

Hence the sequence puy, N > 3, is equi-interable. Let us prove that uy converges
to u in L'(Qr). Recalling estimate (6.33) and applying the Cauchy inequality we

obtain
/ lune — uc|dedt = / |lun e — ug| dedt
T CnN,e
< ¢( meas C'N,E)l/2 < eN7L
Since
u. —u, uy.— uy weaklyin LQ(QT) as ¢ — 0,
we have

/ |lu —ay|dzdt < liminf/ lu, — up c|dzdt <
e—0
T Qr

=1k

It follows that
lu—un|r1(@) — 0 as N — oo.

In particular, the the vector fields uy converges to u in measure. Therefore, the
sequence puy is equi-integrable in Q7 and converges to pu in measure. It follows
that

oy — ou in LY(Qr) as N — ooc.

This gives the desired relation (6.35) In particular, we prove that the vector field
ou is integrable. For every fixed ¢ € L*°(Qr), we have

/ p(oeue — ou)dadt = / poe(us —upn ) dadt
T T

+/ po(ty —u)dxdt —+ / p(oun,e — oupn) dzdt.
It follows that ' '
‘ / v(o-u. — gu) d;vdt' < Dy (N,e) 4+ ¢Dy(N) + D3(N,e),
where '
D3(N,¢e) = ‘/ p(osune —oun)dedt| -0 as € -0
T

The latter follows from relation (6.19) in Lemma 6.4. From this and estimate (6.34)
we obtain

‘ / ©(0eue — ou) dxdt‘ < ¢61(cN) + cD2(N) 4+ D3(N, ).
T
Letting € — 0 we arrive at the inequality

lim sup ‘ / p(0sue — ou) dxdt‘ < ¢61(cN) + cD2(N).

e—0

Note that the left hand side of this inequality is independent on N. Letting N — oo
and using (6.35) we arrive at the desired relation

lim v(psu. — pu) dzdt = 0.
e—0 Q
T
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It remains to note that o.u. converge weakly to ou as € — 0. This completes the
proof of Proposition 6.3.

6.3. Part 3. Specification of the measures v and o. In this subsection we
study in details the structure of the measures v(t) and o(t) introduced in Subsection
6.1. Note that v(¢) and o(t) are Borel measures defined on the o- algebra of Borel
sets B C 2. By the Lebesgue dominant convergence theorem,

/g@n dv(t) — / © dv(t), /g@n do(t) —>/g0 do(t) as n— oo
Q Q Q Q
for every sequence of Borel functions ¢,,, n > 1, satisfying the conditions
on Q=R on| <, on(z) = @(x) for every z € Q.
Denote by p(t) and w(t) the restrictions of the measures v(t) and o(t) on Z,
p(t) =z v(t), w=(t)=zo()

Recall that the interval Z is the intersection of €2 and the symmetry axis. The
following proposition is the main result of this subsection

Proposition 6.5. Assume that the function ¢ : Q7 — R satisfies the conditions
© € C™®(Qr), @(,t) € CF(Q) for every te[0,T).
Then

(6.36) /OT(/ngdu(t))dt/Tgogu®udxdt+/OT(/Icpdu(t))dt,
(6.37) /OT(/Qcpda(t))dt:/Tcpgd:cdt—k/OT(/Iapdw(t))dt.

Proof. The proof is based on the following construction. Fix an arbitrary C*°
function © : Rt — R satisfying the conditions

0<O<1, O(s)=1for 0<s<1, ©O(s)=0 for s>2.
Set

(6.38) 0,,(3:):9(%\/;6%—1—;5%), r>0.

Let us consider the integral
/ YU @ u. dxdt = / (1—-6,)po-u. ® u. dedt + / Orp0-u. ® u. dadt.
T T T

Note that (1 — 6,)¢ is compactly supported in 2\ Z. It follows from relation (6.8)
and equality (6.15) that

lim (1-6,)po-u. ® u. dedt = / (1 -6,)pou® udzxdt.
e—0 Q Q
T T

On the other hand, relation (6.11) implies

T
lim | 6p0.u. ® u, dedt = / ( / Grcpdu(t))dt.
e—0 Or 0 Q
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We thus get

(639

T
lim Po-u: @ u, drdt = / (1-6,)pou®udxdt + / ( / O pdur(t) )dt.
e—0 Qr Qr 0 Q

Note that the integral in the left hand side is independent of r. We have for fixed
t €[0,T],

0. (x)p(x,t) >0 as r—0 for € Q\Z, 0O.(x)p(z,t)=p(z,t) for z €.
For every t € (0,T), the limiting function equals 0 outside of Z x (0,T") and equals
@ on Z. It is a Borel function as a pointwise limit of Borel functions. Obviously, the

sequence 0,.¢ is uniformly bounded. Applying the Lebesgue dominating convergence
Theorem we conclude that

/9 o(z, t)dv(t —>/ (z,t) du(t) =: J(¢).

It is clear that

| ()] < cllv (@) he)-
Recall that ||v(t)|lmo) € L7(0,T) for every r € [1,00). Hence the sequence .J,.(t)
meets all requirements of the Lebesgue dominated convergence theorem on the
interval (0,7"). Applying this theorem we obtain

T T
/ () dt — /
0 0
which gives

(6.40)  lim T( /Q 0, e, pla 1) (1) )t = /O T( /I ol 1) dp(t) ) de.

r—0 0

Since pu ® u € L'(Qr), we have

(6.41) lim (1—-0,)pou®udzdt = / pou ® udzdt.

r—0
Qr
Letting » — 0 in (6.39) and using (6.40), (6.41) we obtain

e—0

T
lim Pou: @ U, dadt = / pou ® udxdt + / ( / oz, t) du(t)) dt.
Qr T 0 I

It remains to note that by virtue of (6.11),

T
lim YU @ u. drdt = / ( / godu(t)) dt.
0 Q

e—=0 Or

This completes the proof of (6.36). Let us prove (6.37). We have

/ op(o:) dudt = / (1—0,)op(o.) dedt + | 6,0p(0.) dedt.
Qr Qr Qr

Recall the equality

p(o:) = 0 + p1(0:) + p2(0-).
Note that (1 — 6,)p is compactly supported in Q \ Z. From this and relation (5.5)
in Theorem 5.1 we conclude that

lim [ (1—6,)p(p1(o:) + p2(o:)) dzdt = 0.
e—0 Qr
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Since g. — o weakly in L'(Q7r), we have

(6.42) lim (1—60,)pp(oe) dedt = / (1—6,)podxdt.

e—0 Qr -

It follows from relation (6.11) that

e—=0

T
lim 0Tg0p(gs)dxdt:/ (/Hrcpda(t))dt.
Qr 0 Q

Combining this relation with (6.42) we arrive at the equality

lim pp(0e) dedt = / (1-6,)podxdt

=0 Qr
+/OT(/QGT<de(t))dt.

Letting » — 0 and arguing as before we finally obtain

@gdxdth/oT(/I(pdw(t))dt.

lim e p(0e) dzdt = /

e—0 Qr T

It remains to note that

i | wp(gg)dxdt:/OT(/ngda(t)(t))dt.

e—0

This completes the proof of (6.37).

Corollary 6.6. Under the above assumptions, the integral identities

/ (,Qu-até'—&—gu@u:Vﬁ—i—gdiv S)dxdt—i—

T

/OT(/Ivszdu(t))dH/oT(/Idivgdw(t))dt

- S(u) : V& dadt +/ of - € dxdt
Qr T

(6.43)
+ / gouo() - €(,0) dz = 0,
Q

(6.44) / (g@tw + ou - V?/J) dzxdt + / oo0(z)Y(2,0)de =0
Q

T

hold for all vector fields &€ € C°(Qr) vanishing in a neighborhood of OQ x [0,T]
and Q x {t =T}, and for all functions ¢» € C*>°(Qr) vanishing in a neighborhood
of QUx{t=T}.

Proof. The proof obviously follows from integral identities (6.12)- (6.13) and equalities
(6.14)-(6.15), (6.36)-(6.37). O
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6.4. Part 4. Proof of Theorem 1.5. We are now in a position to complete the
proof of Theorem 1.5. It remains to show that matrix value parametrized measure
= (i5)ij=1,2,3 has the only nonzero entry pss, and the parametrized measure
w = 0. To this and choose an arbitrary functions

n€Cs(0,T), x € Cy(D).
Introduce the vector field € : Q1 — R? defined by the equalities

where 0, is defined by (6.38). For sufficiently small 7, the smooth vector field £ is
compactly supported in Q7. Denote by @, the cylinder

Qrr={(x,) €Qr: /st +a3<2r).

Obviously, £ is supported in Q. Substituting £ in integral identity (6.43) we

obtain
/ (ou10:&1 + 0ui01 &1 + ourusdoéy + ouruzdséy ) dadt+
Qr,r
(6.45) / (00161 — S110161 — 8120261 — S130361 + of1&1) dadt
Qr,r
T T
[ a0 ([ ) der [ ao( [ oo dwt)) ar
0 T 0 T
Note that
(6.46) Ver| +10&a| < in Qr, o 0ul?, Si; € L'(Qr).

Moreover, we have

(6.47) meas Qr, — 0 as 7 —0.

It follows that

/ (ou104€1 + 0uid1 &1 + ouruzdaés + ouiusdséy ) dadt+
Qr,r

/ (001& — S1101&1 — 5120261 — 5130581 + of1&1) dadt — 0
Qr,r

as r — 0. Letting » — 0 in (6.45) we obtain

[ o0 [ i [ oo [ is)a=o

for all x € C§°(Z) and n € C§°(0,T). Recalling that p1; > 0 and @ > 0 we conclude
that

In order to prove the equality w12 = 0, introduce the vector field

5 = (517070)7 51 = $29r(x)X(x3)77(t)

T
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Substituting £ in (6.43) and noting that o = 0 we arrive at the equality

/ (ou10:&1 + 0ui01&1 + ourusdoés + ourusdséy ) dadt+
Qr,»

(6.49) | (0061 = Sudna — Siaats — Sudues + o)) dads
Qr,r

+/0Tn(t)(/Ix(xg)dm(t))dtzo_

Recalling relations (6.46) and (6.47) we obtain

/ (ou10¢&1 + 0uid1&1 + ouiuzdsés + ouiusdséy ) dadt+
Qr,r

/ (001&1 — S1101&1 — S1202&1 — S130361 + of1&1) dwdt — 0
Qr,r

as r — 0. Letting » — 0 in (6.49) we get

/OT n(t)( /IX(xB)dﬂlz(t)) dt =0

for all x € C§°(Z) and n € C§°(0,T). We thus get

(6.50) f12 = poy = 0.

Let us prove that pse = 0. To this end, take the vector field £ in the form
€=1(0,£,0), & =20, (x)x(w3)n(t).

Substituting &€ in (6.43) and noting that @ = 0 we obtain

/ ((ou20ls + ourus0i &1 + ou3dabs + oususdsé ) dadt+
Qr,r

/ (00282 — S1201&2 — S2202€5 — Sa303&a + 0faly) daxdt
Qr,r

+ / Tn(t)( / s dpn(t) ) di = 0.

Arguing as before we conclude that p99 = 0. Combining this result with (6.48) and
(6.50) we arrive at the equalities

(6.51) pij =0 for 1<4,5<2, w=0.
It remains to prove that
(6.52) H13 = p31 = pog = p32 = 0.
We begin with the observation that
Ocle ills j i = 0e(Ue - <p)2 >0 forall ¢ eR3.
Choose an arbitrary functions
p: IR ¢, €Cy(I), neCH0,T).

and set
£ =0r(x)n(t) p(as).
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It follows from this and (6.11), (6.16) that

0< GTnQEuE,quj pip; dxdt  — Ornouiu;p;ip; drdt
QT QT

+ /OT ’I](t)(/z‘pi(mi’:)@j(x?,)d/j,i’j(t))dt.

Note that the functions 6,n¢ are uniformly bounded and are compactly supported
in the small cylinder 7, which measure tends to 0 as » — 0. Since the function
olu|? is integrable, we conclude that

lim Ornousuzpsp; dedt = 0.
r—0 Qr

We thus get

T
|00 [ ertaarestan) duss @) ) dt 2 0 for all e GF.)
0 A
It follows that

/ @i(x3)pj(x3) dp ;(t) >0 forall ¢ € Cy(Z) and for a.e. t € (0,T).
T
Recalling (6.51) we conclude that the inequality

0< / (20195dp15 (1) + 20205dpns (1) + Pdus(t) )
z

holds for all ¢; € Co(Z) and for a.e. t € (0,T). It is possible if and only if p135 =
p23 = 0. Therefore, the matrix p;; may have the only nonzero entry pss. This
completes the proof of Theorem 1.5.

7. APPENDIX. NAVIER-STOKES EQUATIONS IN THE CYLINDRICAL COORDINATES

In this section we give the proof of the lemma and proposition formulated in
Section 2. To this end we recall the denotations for the cylindrical coordinates
Denote by r, ¥, z3 the cylindrical coordinates in the space R? of points = =
(Ihl‘Q,Ig),

(7.1) Ty =rcos?d, wm=rsind, x3=x3,
(7.2) y=(y1,y3) = (r,w3), 2= (21,22,23) = (r,0,23) = (y1,0,93).

and the domain
G={ze€eQ:z1>0,290 =0}

We will consider G as a domain in the plane of variable y. The radial, azimuth and
axial components v; of the velocity field u form the vector field v such that

cos —sinf 0
(7.3) u=Uv, v=(v1,v9,v3), U=/| sinf cosf 0
0 0 1

We start with the proof of the following technical lemma. Throughout of this
section the denotation

A = [AlaA27A3:|
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stands for a matrix A with the columns A;. Next, we denote by A : B the scalar
product

A:B = tr (AT B).
Note that |A|?> = A : A is the squared Hilbert-Schmidt norm of A.

Lemma 7.1. Let Q be rotationally symmetric and u € W12(Q). Then

(7.4) Veu(z) = U(0) (A(v) +v(v)) U

Here the matrices A and v are defined by the equalities

1
Orv1 ;301)1 5953111 0 —<vs 0
1 r
(75) AW =| dvs O dpwe | v =| o L
1 r
ar’U;g ;(991)3 39531)3 0 0 0
Proof. By virtue of the chain rule, the equality
V,u=V,uV,z
holds true for almost all z € G x S!. We have
z= (m, arctan%, x3)
Z1
Which gives
cos 6 sinfd 0
1. 1 T . 1
Vzz=| —=sinf -cosf 0 | =RU', R = diag {1,;,1}.
r

r
0 0 1
Thus we get

(7.6) V,u=V.,uRU'

On the other hand, we have

(7.7) V.u=[0,u,0pu,9,,u] = [U0,v,Udgv,Ud,,v ]| + [0,0,Uv,0]
Notice that

cosf) sinf 0 —sinf) —cosf 0 0 -1 0
UT9U=| —sinf cosf 0 cos§ —sinf 0 | =1 0 0 |=S.
0 0 1 0 0 0 0 0 0

Since UU " =1, we can rewrite identity (7.7) in the equivalent form

V.u=[U0,v,Udv,Ud,,v]+ [0,U(Sv),0].
Note that for every matrix A and columns a, b, ¢, we have

[Aa,Ab,Ac} = A[cub,c],
which yields
V.u=U[08,v,0v,0;,v] +U[0,Sv,0].
Substituting this identity into (7.6) we obtain
Vo,u=U ( [0,v, 09V, 0y v | R + [0, sv,o]R) u’.

It remains to note that

[0,v,00v,0:,v]R = A(v, [0,Sv,0]R=wv(v)
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and the lemma follows. O

The next technical lemma gives the representation of u ® u and divu.
Lemma 7.2. Let u € WH%(Q) admits the representation u = U(0)v(z). Then
sveta12| (7.8) ueu=Uvev)U", diva=tr (A(v)+rv(v)).

Proof. The first equality in (7.8) easily follows from direct calculations. In order to
prove the second, it suffices to note that by virtue of Lemma 7.1 we have

divu=tr Vou=tr (UXA+2)UT) =tr (A+v).

The following lemma is a straightforward consequence of Lemma 7.1.

Lemma 7.3. Let u : Q — R3 be a rotationally symmetric vector field such that
u=U0)v(y), y = (r,xz3). Then

1
(7.9) / |qu|2dx:27r/ |Vyv\2rd7’dx3+27r/(v%+v§)fdrdx3.
Q G G r

Proof. By virtue of Lemma 7.1, we have
IVoul? = [UAW) +v(v))UT P = [A(v) +v(v)[* =
AW) +2(v)) : (AW) +v(v) = AW + v (V)P +2A(v) : v(v).
Note that
1
o1 0 63531}1 0 _;/U2 0

AW)=1{ 82 0 92 |, wv(v)=|

“u 0
Bvs 0 By,vs &

r
0 0 0
It follows that A(v) and v(v) are orthogonal which yields

[Voul* = AW + [v(v)]*.

Since v is independent of 8, we have

/|V$u|2dx:27r/(|/\(v)|2+ w(v)[2) 7 drdzs.
Q G
It remains to note that

1
AMIP = [Vyv?, v ()]* = (o] +03).

(]

We are now in a position to formulate the compressible Navier-Stokes equations
in the cylindrical coordinates. Let us consider the totality of test vector fields £ :
Qr — R3 satisfying the following conditions.

Condition 7.4.
(7.10) £€Ci(Qr), £=U(0)s(z1).

The vector field s € CH(G x St x (0,T)) is compactly supported in G x St x (0,T).
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Proposition 7.5. Let o(x,t), u(z,t) be a rotationally symmetric solution to problem
1.15 given by Proposition 1.3. Then the vector field v(y,t) defined by the equality
u=U(O)v(y,t), and the density o = o(y,t) admit the estimate

T 1
/ / (|Vv|2 + = (v + vg)) yrdydt < c,
o Ja Y1

€SS sup / (QV|2 + 6(@)) y1dy <c,
te(0,7) JG

(7.11)

where the internal energy e is defined by (1.12), the constant ¢ depends only on the
constant E in (1.16). The integral identity

(7.12

)
/0 /G o ( OV -0 +ovRV: (/\(g) + u(g)) + p(o)tr (/\(g) + I/(C)) ) y1 dydOdt =
/o /stl ( (AW) +2v) + AW) "+ "(V)T) D () +v(s)) ) y1 dy df dt+

;/OT /G><Sl ((tr (A(W) +v(v)) tr (As)+v(s)) )yl dydfdt — /OT/GXS1 of* - ¢y dydodt

holds for all test functions ¢ satisfying condition 7.4. The integral identity

T
(7.13) [ ] (0wt ove V.0 ) o dydoi =0
0 G xSt

holds for all functions ¢ € CH(GxStx(0,T)) compactly supported in GxS*x (0,T).
Here X(v) and v(v) are defined by equalities (7.5) with 0 + 0v = 0, the matrices
A(s) and v(s) are defined by equalities (7.5) with v replaced by s, the vector field
f*(y,t) is defined by the equality f = U(0)f*.

Proof. Estimate (7.11) obviously follows from estimate (1.16) in Proposition 1.3
and Lemma7.3.

Let us turn to the proof if identities (7.12) and (7.13). It follows from Proposition
1.3 that the functions g, u = Uv, and £ = Ug satisfy the integral identity

(7.14) / (gu -0+ ou®u: VE+p(o)div € — S(u) : VE + of - 5) dzdt = 0.

Note that
(7.15) u-06=Uv-Uds=v-0, - £=Uf"-Us=f(" 5.
Next, we have
u@u=(Uv)® (Uv)=Uvev)U',

which yields

u@u:VéE=Uvav)U'.
It follows from Lemma 7.1 that

Vo€ =U(A(s) +v(s) )UT.
Combining the obtained results we arrive at the identity
u@u:VE=(Uvev)U ) : (U (X)) +v(s))UT)

(7.16) = (vev): (A +v()).
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Note that
S(u) = (Vyu+ Veu') + %div ul,
which yields
(7.17) S(u) : V&€ = (Vou+Veu'): VE+ ;div udiv &.
It follows from Lemma 7.1 and Lemma 7.2 that
(Veu+ Veu'): VE =
(U(AW) +v(V) +A) " +v()")UT) : (U(A) +v(s))UT)
= (AW) +r¥) +AW) T +r)") (M) + ()
and
div udiv &€ = tr (A(v) +v(v)) tr (A(s) +v(s)
Substituting these results into (7.17) we arrive at the identity

S(u) : V€ = (Vou+Veou'): VE+ %div udiv & =

(7.18) (AWV)+v(v) +AV) T +v()" ) (A(S) +v(s) )+
2
Str (A(WV) +v(v)) tr (A(s) +v(s).
Finally, substituting (7.15), (7.16), and (7.18) into (7.14) and noting that dzdt =
y1dy df dt we arrive at the desired identity (7.12).
In order to prove (7.12) note that
T
(7.19) / / (000t + ou - Vo) dadt = 0.
0o Ja
It is easy to see that
ou-Vyp = oUv - U(sz¢) = ov- (szd})
Substituting these equalities into (7.19) we obtain (7.13). O
In the paper we use the simplified version of identities (7.12) and (7.13) with

special test function ¢. The result is given by the following proposition.
Proposition 7.6. Let o, v, s, and ¥ meet all requirements of Proposition 7.5.

Furthermore assume that
(7.20) 996 =0, «=0, Optp=0.

Then the vector fields
(7.21) v =(ui(y,t).v3(y,1), S = (vi(y.t),vs(y, 1), = (fi(y.1), f5(y.1))

satisfy the integral identities
(7.22) / (QV-@K—&— V@V : VS +p(o)divs —B(V): VS

Gx(0,T)

+b(¥,0) s1 + of - é) yrdy dt =0,

sveta28| (7.23) / : ( 00 + oV - VY ) y1dydt = 0.
Gx(0,T
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Here Va = Va for each vector field a(y,t). The matriz B and vector field b are
defined by the equalities

2 1
B=(Vv+Vv')+ g(div V4 ~u),
(721 Lo s o]
b=—ovi+ —p— v — —div¥
w2y 3y 3y
For every compact set K € G, the functions B and b admit the estimate

(7.25) IBllz2(x x0.1)) + IIbllLr (e x (0,7 < €5
where the constant ¢ depends only on K and the constant in estimate (7.11).

Proof. The proof is based on the identities (7.12) and (7.13). It follows from the
conditions of the proposition and relation (7.5) that

1
o1 0 89331}1 0 7;1)2 0

(7.26) AW) = 92 0 dugvz |, wv)=| o L,

Orvs 0 Og.v r
s 87 0o 0 0
and
Ors1 0 Opss1 0 10 0
(7.27) A= 0 0 0 |, v=]0 -g 0
Orss 0 Ogy53 0 To 0

In particular, A(s) is orthogonal to v(v) and to v(v)T. It follows that
(A@) +v(v) +AW) T +r()T) (M) +w(9) =
(AW) AW 1) Q) + (v(v) +u(v) ") v(9).
It is easy to check that
(A@)+AW)T) t A(s) = (Vv +V¥"): Ve
and
(v(vr(v)" :v(s) = %vl G
Thus we get
(7.28) (AW) +v(v) +AW) T +r(v) ") (As) + V2(§)> =
(VV+Vv'): Vs + SR
Next, we have
tr (A(v) +v(v)) =divv+ %vl, tr (A(s) +v(s)) =dive+ %q,
which yields

2
—tr ()\(v) + V(V))tr ()\(g) + y(g)) —
720 ;

2, _ 1 .o 1
g(dlv v+ ;vl)(dlv S+ ;ql).
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Combining (7.28) and (7.29) we arrive at the identity
(AW) + () + AW) " +v(v) ") 1 (M) +2(9))+
;tr (A(V) +v(v))tr (A(s) +v(s))

2
(Vv + VVT) : VS + 2 V1§14
2 1 1
g(div v+ ;vl)(div S+ ;q) =

2 1 8 2
_ T R - -
(VV+ VvV —i-g(leV—l— ;vl)I) : VS + (ﬁvl—i—g—rdlv V)gl.

From this and expression (7.24) for B, we conclude that
(A@) +v() +A) T +r() 7)) (AS) +w(9))+

(7.30) 2t (AW) +()ir (A(S) +0(6)) =

_ 8 2 .
B:Vc+ (ﬁvl+§dlv V) ISP

Next, notice that relations (7.27) imply

1
(7.31) ovev:(AR)+v(s) =oveV:Vs+ ;Qvg <1
Relation (7.27) also implies
. 1
(7.32) ple)tr (A(s) +v(s)) = plo)div T +pleo) <.
Obviously we have
(7.33) ov-0s = ov- 05, of*-¢=of -3

Substituting (7.30)-(7.33) into integral identity (7.12), recalling formula (7.24) for
b, and noting that the integrand in (7.12) is independent of § we arrive at the
desired identity (7.22).
Estimate (7.25) for B and b is a straightforward consequence of estimate (7.11).
It remains to prove integral identity (7.24). To this end, it suffices to note that
the test function 1 is independent of 6 and hence

ov - (RV ) = gv- V1.
Substituting this equality into integral identity (7.13) we arrive at (7.24).

8. APPENDIX. POTENTIAL ESTIMATES. SINGULAR OPERATORS

In this section we collect the basic facts from the theory of potential operators
and singular integrals.

8.1. Estimates of potentials. We begin with the representation of the Sobolev
functions via their gradients.

Lemma 8.1. Let Q C R", n > 2, be a bounded domain with a Lipschitz boundary.
Then the equality

(8.1) u(z) = L /Q —(xl — yi)diu(y) dy a.e.in R"

nwn, ‘I - y|n
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holds for ever function u € WH(R™) compactly supported in Q. Here w,, is a volume
Of Snfl

Proof. This statement is a particular case of Lemma 7.14 in [9]. g

Let © C R™ be a bounded measurable set of positive measure. For every u €
(0,1), define the integral operator

(8.2 V) = [ o=yl uly) dy
Q
Lemma 8.2. Let 1 <s<r <oo and
0<k=s'—r"t<p.

Then the operator V,, : L*(2) — L"(2) is bounded and

1—r\1-r _ ke
(8.3) IVl < ( = ) W (meas Q) [lull (o)
for allu € L*(Q).
Proof. This statement is a particular case of Lemma 7.12 in [9]. O

8.2. Singular integrals. The Calderon-Zygmund singular integral operators are
defined as follows

Su(z) = lim K(z,z —yu(y)dy, z,yecRY d>1.

20 Jjg—y|>e

Here the Calderon-Zygmund kernel K satisfies the conditions

1

K(m,z)zww( ° ), we LR xS, / w(z,z)dS4t = 0.
Sd—l

2|

It is known that the the operator S : L"(R%) — L"(R?) is bounded for all 1 < r <
00. Moreover, it admits the estimate, see [2],

2
,
ISuller gy < e llullzr gy, w e LM(RY),

where c is independent of r and u. The typical example of the Calderon-Zygmund
singular integral is the Riesz operator

Rju = 8j(—A)_1/2u.

In particular it satisfies the inequality

2
r
(84) IRiullpr ey < 1 ull r@ay, u€ LT(Rd)~

The operators R;; = R;R; are not Calderon-Zygmund operators. However, they
are products of such operators and admit the estimates

4
r .
(85) ||Riju||Lr(Rd) < 07(71 — 1)2 Hu||L7~(Rd)7 u e LT(Rd), 1<4,7 <d.
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9. APPENDIX. PROOF OF PROPOSITION 4.2
Note that conditions C.1-C.3 and equality p = (p imply the estimates

(9.6) ess sup / pln(2 + p) dy < co.
R2

te(0,T)

(97) [ (e <
Gx(0,T)
Here
1
_A) /4 —
(—A) 4 p(y,t) = e14 /G T e e
The further considerations are based on the following lemma.

Lemma 9.1. Let p and W satisfy all conditions of Proposition 4.2. Then for every
integer n > 2, we have

(9.8) [ oW ayde < c.
R3

where ¢ depends on K, n, and constants in (9.6), (9.7).

Proof. Since W (+,t) is compactly supported in G, it follows from the embedding
theorem that

09 [ Wl dy= [ (W0l dy < oWl < o)
for every r € (1,00) and a.e. t € R. Now set

(910) =W YW|, |[VIW["|=n|W|" VW W]| < ng.
Estimate (9.9) and the Hélder inequality imply the estimate

)l e @2y = W] HOIVWI(#)]| 2o r2) <
-1 ena24 9.11 e
O WO 2o VW) 2ge) < c,

L2=5 (R2)

which holds for every s € [1,2) and a.e. ¢ € R. It follows from identity (8.1) in
Lemma 8.1 that

W = - [ YWIED - 2)

= dz
A Jo ly — z|?

, y€R2

Thus we get

1 _
(9.12) IW(y. )" < e / 7 P = =) (w0,

Recall that ¢ is compactly supported in G x (0,T). We have
CAV=L/2 (L AY=1/A( AY—1/4 CAV-1/4, o(2,t)
(A = () A M () = [ Ao

Since G is bounded, there is a disc Bg = {|y| < R} such that G € Bg. Note that
the integral operator

- t) p(z,t)
_A) V4, = / Ld = / = g
( ) p =C1/4 o |y — z|3/2 Z = C1/4 Bar |y — Z|3/2 z
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meets all requirements of Lemma 8.2 with Q = Bog, 1 = 1/4. Now set r = 3, s = 2.
We have k = 271 — 371 < 471 Applying inequality (8.3) in Lemma 8.2 we arrive at
the estimate

(9.13) [(=A) " 4()|| 13 (Bon) < ¢ for ae. t€R.
Since ¢(t) is supported in G C Bg, we have
(=) (@) < eyl lplrey < clyl =2 in B2\ Ba.
It follows from this and (9.13) that
||(—A)_1/4cp(t)||Lz(R2) <c forae. teR.
Since ¢(t) vanishes outside of the interval (0,7"), we have
(=8 xqasy < c.

Combining this result with estimates (9.12) and estimate (9.7) we finally obtain the
desired estimate

/]R3 p|W|hdydt < C/R3 p(=A) V20 dydt
— o[ pl-a)y Ay g dyi
R

= c/ (=A)"VAp(=A)" V4o dydt < c.
R3

We are now in a position to complete the proof of Proposition 4.2. We have
(9.14) PIWPIn@ + o W22 < cpln(2+p) /2 W2 +
cp|WIn(2 + [W|?)1/2,
It is easily seen that
pIn(2+ p) /2 W2
pIW2In(2 + [W|?)

Substituting these inequalities into (9.14) we arrive at the estimate

pIn(2 + p) + p|WJ*,
cp|W >+ cp| W,

INIA

4
PIW2In(2 + p| W22 < cpln(2+ p) +cp 3 [W.
k=2

Integrating both the sides of this inequality over R? and applying estimates (9.6)
and (9.8) we obtain the desired estimate (4.12). This completes the proof of Proposition
4.2.

10. APPENDIX. PROOF OF LEMMA 5.4
By virtue of (3.5), the function p satisfies the integral identity

[ 0010+ g% -V 4 h) 0

R3

for every ¢ € CL_(R?). It follows that it satisfies the first order differential equation
y10ip + div (py1 W) = y1ph,
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which is understood in the sense of distribution. Note that p and w are compactly
supported in G x (0,T). Moreover, Proposition 3.1 implies that

0<R'<y <R,

where R depends only on the compact set K. Hence we may rewrite equation for p
in the form

(10.15) Op+ div (pw) = p( V(- W — yiwl).

1

Here we use the relation h = V({-W. Since p € L=(R; L3(R?)) and W € L?(R; L"(R?)),
the right hand side of this equation belongs to the class L?(R; L4(R?)) for every
q € [1,3). Next, the vector field W belongs to the class L?(R; W12(R?)). Moreover,
the functions p and W are compactly supported in R3. Hence we may apply the
renormalization procedure to to obtain the equation for ¢(p).

(10.16) Orp + div (W) = 7.
where
op
TmT =
1+6p
Equation (10.16) is equivalent to the system of integral identities

(10.17) [ (w0t +w)- 07 dyat,

where ¢ € CL _(R3) is an arbitrary function. Now choose an arbitrary vector field
v € C§°(R?). Substituting the test function ¢ = A~! div v into identity (10.17)
and noting that

1
(V(-W—y—wl— divW)+<pdivW.
1

(A7t div)" = -vA~!

we arrive at the integral identity
/ ((VATY) - v + VAT div(ew) - v + VA ' - v) dydt = 0.
R3

Since v is an arbitrary smooth compactly supported vector field, it follows from
this that

(10.18) O(VATp) = ~VA™! div(pw) + VA 7.
Notice that
o € L®(R;L"(R?)), we L*R;L"(R?), 1<r<o0,
which yields
ow € L*(R; L"(R?)), = ¢ L*(R; LY(R?)).

for all € (1,00) and ¢ € (1,2). From this and estimates (8.3), (8.5) for potential
and singular integrals in Section 8 we conclude that

(10.19) VA~!div(ew) € L*(R; L"(R?)),  V?A~'p e L™(R; L*(R?)),
VA p e L®(R;C(R?)), VA 'me L*(R;L"(R?)),

for all » € (1,00). In particular, we have

(10.20) (VA p) € L*(R; L™ (R?)) for all r € (1, 00).
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On the other hand, we have
p € L(R,L3(R?)), pw € L*(R;LY(R?))

olga36| (10.21) 0w @ W € L\ (R: L9(R?))

for all ¢ € (1,3). Hence we may substitute the test function ¢ = VA~lyp into
integral identity (3.4). Using formula (10.18) for ;5 = 9;VA ™1y we arrive at the
identity

5
(10.22) ;I = /RS (p(o)p yrdydt.

It remains to note that desired estimate (5.10) follows from this and the obvious
relations

p2(p) = (p2(Co) < Cplo)-
This completes the proof of Lemma 5.4

T 11. APPENDIX. PROOF OF PROPOSITION 5.6
sSliva

Throughout of this section we deal with the functions p : R? — R* and vector
fields W = (Wy, W3) : R? — R? satisfying the following condition.

sliva38| Condition 11.1. The functions p and W are compactly supported in G. They
admit the estimate

Plnpdy+/ e1(p)dy <cp <oo, ||Wlwizms <1,
sliva39| (11.23) /Rz [Inpl o () Wiz (ms)

0< cl_1 <wy1 <c1 on the supports of p and W.

sliva40| Remark 11.2. Under the above assumptions,

slivadl | (11.24) / pi e dy <ceh
R2

Here ¢ depends only on ¢; and G. Indeed, set A = ep. We have
M1+ )) =T p e In(1 + ep) < cei(p),

which yields

slivad2| (11.25) / MFTEIn(14+ ) dy <e.
R2
Since p and A\ are supported in G, we also have
A< (M In(14+2) + 1¢).

From this and (11.25) we obtain the inequality

/]R2 ATedy <e.

which obviously yields (11.24)

Recall the formulation of Proposition 5.6.
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sliva43| Proposition 11.3. Let p and W satisfy Condition 11.1. Then there is a constant
¢, depending on c¢1 and G such that

C C
slivadd (1126) ||,0“ ||L1+%(]R2) < ?7 ||P| vV ‘2||L1+%(]R2) < 5737
—1 7. c _ c
slivads| (11.27) [[VA~!div (W) 2= . VA 1¢\|L2§5 =) S o
c
sliva4d6 (1128) ||VA717T*||L2-:€ (R2) S m, ||VA71Q0||L00(]R2) S C.

Here
_ _op
1+6p

The proof is based on the two technical lemmas.

sliva46pi| (11.29) ¢ =In(l1+44dp), =«

1
(vc-W—y—Wl—divw)Jr@divw.
1

sliva49| Lemma 11.4. Under the assumptions of Proposition (11.3), the function ¢ admits
the estimate

sliva50| (11.30) ol @2y < ey forall € [2,00).
Here ¢ depends only on G and the constant ¢; in Condition 11.1.

Proof. Note that the function In(1+ s)7/(1+s), s € [0,00), takes the maximum at
the point s = ¥ — 1, where it equals v7 e~7. Since ¢(p) and p are supported in G,

we have
/so”dy = /so”dyS/ln(ler)”dy
R2 G G

< e‘”/ (I+p)dy <cyve,
G
which obviously yields (11.30) O

sliva52| Lemma 11.5. Under the assumptions of Proposition (11.3), the vector W admits
the estimate

sliva53| (11.31) Wl r2)y < ¢y for all v € [2,00).
Here c depends only on G.
Proof. Tt follows from identity (8.1) in Lemma 8.1 that

W =V,0;W, where V;f = c/ Yi — % f(z)d=.

r2 |y — 2[?
The potential operator V; meets all requirements of Lemma 8.2 with Q = G, n = 2,
and g = 1/2. It follows from estimate (8.3) in Lemma 8.2 with s = 2 and r = v
that

1—k\1-r 1—k\1-~r 1 1
ViYW 1) < c( . ) 1YW |26y < c( - ) k= — -
55—k 5K 2 v

Thus we get

(11.32) IWllzvey < IViVW/lLv(a)

1—k\1-~r 24+ v\3+>
o(7=5) —FF7) T =en
§_K,

and the lemma follows. O

A

IN



56 P.I. PLOTNIKOV

We split the rest of proof of Proposition 11.3 into three steps.

Step 1. Proof of estimates (11.26). It follows from the Holder inequality that
the estimate

1 a1
/ PIE (WIS gy < (/ P00 dy ) (/ W0+ gy )
R2 R2 R2

holds for every 1 < a < co. Now set
I1+e 242 a 242

b

- 1+ 2+4¢’ a-1 ¢
By virtue of Remark (11.2), we have
1 1 1 2+e
(/ pa<1+g>dy)a :</ pHEdydy)a gc(f)ms.
R2 R2 3
Noting that
« € 1+e¢
1+-)=(2 = 2
D) =@t =g >,

we obtain

1 2+2E
1PWl s ooy < e(2) 7 IIWllzo o,

From this and inequality (11.31)in Lemma 11.5 we get desired estimate (11.26) for
pW.
Repeating these arguments we obtain

1\ 375 c
1PIW I g oy < e(2) 7 MWl < Z IW a0
Applying estimate (11.31) with ~ replaced by 2 we arrive at the estimate (11.26)
for p|W|2. This completes the proof of inequalities (11.26).

Step 2. Proof of estimates (11.27). Note that the matrix-value operator VA~! div
admits the representation

(VA™hdiv ), =RiR; = Ry,

where R; is the Riesz operator. It follows from the Calderon-Zygmund estimate
(8.5) that

(11.33) ||R1Jf|| 24

<3 TIFI ase o forall feL*(R?).

(R?) — (R?)

In particular, we have

(11.34) VA~ div (W)l 22 ||<pW|| 2+e

(R2)
The Cauchy inequality implies

||g0W|| 2te g2y S H‘PHLz—(Rz) HWHLZzej(H@)'

From this and estimates (11.30), (11.31) with v = 2(2 + ¢)e~! we obtain

C

leWil, 252 ) < 5
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Substituting this inequality into (11.34) we arrive at the first estimate in (11.27).
In order to prove the second, note that V2A~1¢y is the matrix valued func tion with
entries

(V2A™19)i; = RjRip.
Applying inequality (11.33) we arrive at the estimate

IV2A™ || 22e QH@II

(R2) — L7 (re2y

From this and estimate (11.30) with v = (2 +¢)e~! we obtain the second estimate
(11.27).

Step 3. The proof of estimates (11.28). We begin with the observation that
VA ln*| = ’ / dz
va ArEey

< c/ 7" (2)|dz.
G|y*2|| G

On the other hand, relation (11.29) implies

|7 | < W]+ |1+ ¢|]| div W].
We get
(11.35)  |[VA™'m*| < o(—=A)"V2(W]) + e(=A)"V2(]1 + ¢l | div W) =
c/ 1wl + c/ L 14| div W de.
aly—=| aly—2|

It is easy to see that the potential (—A)~'/2 meets all requirements of Lemma 8.2
with n =2, p=1/2, and Q@ = G. Now set
24¢ 1 €

s=2, r= , K== — .
e 2 2+4e

Applying estimate (8.3) in Lemma 8.2 to the potential A~/2(|W|) and noting that

(1—5)1—5 (2+35) Ble _c
— K 2¢ — ¢’

we arrive at the estimate for the first integral in the right hand side of (11.35).

_ C C
(11.36) I8 2AWDI, 2 ) < S I Wiz <

The estimate of the second integral in (11.35) is more complicated. Choose the
number s satisfying the equalities

2s 2+4¢ 2(2+¢)
1iva69 11.37 = . s=— 1 c(1,2).
[s1iva6os] (11.37) 7 -1 "Tar3 _azc®?
Now set
2+¢ 1 1 24e-22 1
r= , R=———=———— < .
€ s T 2(2+¢) 2

Recall that the potential operator (—A)~1/2 satisfies all conditions of Lemma 8.2
with n = 2, p = 1/2, and Q@ = G. For our choice s and r, the quantity x < 1/2.
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Hence we may apply estimate (8.3) to obtain
I(=2)"2(11 + ¢l | div W] ) |[1r6) <

11—k \1=5 | .
(1p=y) Mol dy Wil

It follows from the expression for x that

( 1—k& )1—'@_(2—&-5—&-252)23(2?252 < £
1/2 -k N g2 2
Thus we get

(1138)  [(=A) 721+ ¢l | div W)l < 5 lIe'p = ol | div Wlllze(a)-

Let us estimate the right hand side of this inequahty. Set

2 « 2
o= — =
s a—1 2-—s

It follows from the Holder inequality that

le'p — ¢l | div Wl|[Ls@) < Ll AV Wilizes ),
or equivalently
(11.39) llg'p— ¢l | div Wiy < llelp— @IIL“(G | div Wil
< .
- (@)
Estimate (11.37) yields
ol g < 1+l 2 )

)-

Applying Lemma 11.4 with v = (2+¢)/(¢(1 — €)) we arrive at the estimate

C
< -
I+l 2 g <

= 1
e(1+ Il g,

From this and inequality (11.39) we get the estimate

<
) =

Substituting this inequality into (11.38) and noting that r = (2 4 ¢)/e we get the
estimate

—1/2 . c
1=8)72(1¢'p = ol | div W) 2se ) < 55

Combining this result with estimate (11.36) and recalling inequality (11.35) we
finally obtain the desired estimate

1« _A)1/2 i
VAT | 2se (0 < ell(=A)T2(I(1 4 ) div W) 2ee
Cc
+ell(=A)T2(IW)| 2 @ S =

It remains to prove the second inequality in (11.28). Argumg as before we obtain

VA ] < o(—A) Vg = /

ly— =2 ¥
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Obviously we have
(=8)7p < cllellisa)
Applying Lemma 11.4 with v = 3 we arrive at the desired estimate

VAT | < eo(=A) "¢ < cllgllLs(e) < e
This completes the proof of estimate (11.28) and Proposition 11.3.

12. APPENDIX. PROOF OF LEMMA 6.1
persi

First we prove the equi-integrability of the sequence p.u.. To this end, choose
an arbitrary set A C 2 and N such that

(12.1) |A] := meas A <1/3, N >3.

Fix t € (0,T) and set
Av={zr e A: p.(z,t) > N} C A

For every € > 0 we have

1 € 2
[ewmewiar < 5 [ @+ § [ oonoFa
1

- 26(/A\A @E(t)d%L/A Qa(t)dx)+§/A@e(t)lu5(t)l2dx.

It follows from estimates (6.2) and (6.3) that

c
< — 2 <c.
/AN 0:(t)dz < N /Ags(t)|u€(t)| dr <c

IN

Thus we get
1 1
- ) < c— i .
persik2| (12.2) /Agg(t)|u5(t)|dz_626(N|A|+IHN)+CG
Set
1
Al=—— N=XYATY), e=In(A'(4 )2
A= 5 N =ATAT = 4)

From this and inequality (12.2) we obtain the estimate

/ 0- (D)[us ()| dz < (A~ (JA] 1))~ V/2.
A
For |A|~! > 3, we have

A(AIY) > (A (A > (A2,

which gives

(123) [ e-Olcto]de < em((a=) 2,

for a.e. t € (0,T). Note that the constaint ¢ is independent of ¢. Inequality (12.3)
implies the weak type estimate for the momentum p.u.. By virtue of estimates
(6.2) and (6.3), we have

1 1 )
/an(t)|ug(t)|dac§i/ﬂgg(t)dm—l—i/ﬂgs(tﬂug(tﬂ dx < ¢,



persik4

persikb

persik?7
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where ¢; > 1 depends only of the constants in (6.2), (6.3) and is independent of ¢.
From this and the Chebyshev inequality we obtain that for every m > 0,

2

c c
meas {o:(t)|uc(t)| > m} < El < El

Now set
(12.4) Bm = {oe(t)|uc(t)| = m}.
Inequality (12.3) with A = B,,, implies the weak type estimate

(12.5) / 0:(H)[uc(t)| dz < e¢ln(m/ey) ™2 for m > 3e;.
B

Now we proceed as in the proof of Theorem 4.1. Fix ¢t € (0,7). Denote by E()\),
A > 0 the monotone function defined by the relation

E(\) =meas {z € Q: o.(z,t)|u(z,t)]> > A}
It is the standard fact of calculus, that the equality

/ Floe(luc (b)) d = — / () dE()
Q [0,00)

holds for every piecewise continuous function f such that f(o-(t)lu.]) € LY(Q).
Here —dE()) is the Borel-Stieltjes measure associated with the function —E()). In
particular, we have

(12.6) / ga|u5|dydt:f/ AdE()).

B [ ,oo)

With this notation, the desired inequality

(12.7) l[oc[ue[In(2 + oc[uc|)* | L= 0,7;01(0)) < €

reads

(12.8) / 0e(Ouc ()| (2 + 02 (1) s (O))* dydt = _/ An(2 + N dE() < c.
Q [0,00)

Here « € [0,1/2), ¢ is independent of ¢.
Introduce the monotone function F' and the corresponding Borel-Stieltjes measure
—dF defined by the equalities

Fs) = — / NE(N), dF(\) = NdE()).
[5,00)
Identity (12.8) and estimate (12.5) imply
(12.9) F(s) < cIn(s/(c1)) "2 for s> 3c2.
Next note that

<

» | DN

<In3< ln(%) =Ins—2lne¢; for s> 30?,
€1

Wl o

2
In(1+-) <
S
which yields

2
In(2+s)=Ins+In(l+-) <2lns—2In¢; :2ln(i) for 3230%
S C1

From this and (12.9) we conclude that
(12.10) F(s) < cIn(2+4s)7Y2 for s> 32
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Since
Fs) <~ [ MEQ) = [ a0l dr<e,
0,00 Q
we obviously have
F(s) <cln(2+s)"Y2 for s <3¢l
Combining this result with (12.10) we finally obtain

(12.11) F(s) <cln(2+s)"Y% for s> 0.

Here the constant ¢ depends only on the constant in energy estimates (6.2), (6.3)
and is independent of ¢. It is easy to see that

—/ AMn(2 + ) dE()) = _/ (2 + \)* dF(A)
[0,00) [0,00)

Therefore, our task is to prove that the integral in the right hand side exists and
admits the effective estimate. Let us consider the regularized integral

- TS
I(e,N) = /[0 ¥ gNAE(Q),  g(A) = 1+ e2)2

Note that g is bounded and continuously differentiable. On the other hand, the
total variation of F' is finite. Hence, we may integrate by parts to obtain

(1212)  I(e,N) = /[ON) (N FQ) A+ g(0)F(0) — g(N) lim F(N).

A=N-0
We have
(12.13) J0) = glh) - RO,
aln(2+ N2+ A1+ N7
R(\) = 2AIn(2+ (1 + M%)~

Since « € (0,1/2), estimate (12.11) implies that

g NFN)| < e(1+e3%) 7!
and hence ¢’F € L*(R*). On the other hand, we have

0<g(N)F(N)<cln(2+N)* (1 +eN)"™' =0 as N — co.

Letting N — oo in equality (12.12) we conclude that there exists the integral

- / g AF(N) = /OO g0 F(N) dA
[0,00) 0

i)
o
—~
>~
Nai?
Il

/OO R(A) F(\) dA + g(0)F(0).
Since R and F' are nonnegative, we hoave
21 [ < [T ) POy g0 F0)
It follows from (12.11) that F'(0) < c. Next, estimate (12.11) yields

/ goFd\ < n(2+ N2+ A)"EEF(\)dA
0

IN

n(2+ N1 V42 4 N7l < ¢(a).

h
[
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It follows from this and (12.14) that

persik13| (12.15) —/ go(N) dF(N\) < c(a) +In2% < c.
[0,00)

Recall that —dF is a nonnegative Borel measure. Note that go is an increasing
function of € and

go(A) S In(24+ M) as e N\, 0.

Letting ¢ — 0 in (4.29) and applying the Fatou theorem we conclude that there
exists the integral

—/ (2 + \)® dF(\) = —/ Aln(2 + \dE(N) < c.
[0,00) [0,00)

This completes the proof of Lemma 6.1.
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