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Abstract

In this research, we discuss the real-world Drilling Rig Routing Problem (DRRP) in an

uncertain environment. There is a set of customers that are drilling sites requiring work

on drilling wells. For each customer, we know the number of wells that need to be drilled

within a given time interval, and it is allowed to partition the set of wells so that several

drilling rigs perform the required work. The work on a well is unsplittable and must be

performed by only one rig. A rig does not have to return to the depot it started from after

it completes its work plan. This problem is close to an open uncapacitated multi-depot split

delivery vehicle routing problem with time windows. The main difference with traditional

SDVRP is that it is the service time that is split, not the demand, and there is only a

limited number of studies on such problems.

Yet, in the real world, unforeseen circumstances can affect drilling time, and that, if dis-

regarded, can lead to a disruption of the work plan. Thus, in this problem, we maximize

possible deviations of drilling times from expected values when there is still a feasible solu-

tion to perform all well-drilling requests in time. At the same time, total traveling costs

must be no more than a given threshold. It is a so-called threshold robustness approach.

This research proposes a MILP model for the DRRP with uncertainties and an Adaptive

Large Neighborhood Search (ALNS) algorithm to solve it. The destruction operators used

in the algorithm are working either at the route, customer, or visit level. The reconstruction

operators consider the possibility of changing the work partition. Computational results for

the algorithm and Gurobi solver show the dominance of the ALNS scheme for the medium-

size instances. Experiments also show the factors that allow one to increase the robustness

of a solution.
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1 INTRODUCTION

Vehicle Routing Problems (VRP) are well-known NP-hard combinatorial optimization problems with a large number of various real-world
applications Golden, Raghavan, and Wasil (2008); Toth and Vigo (2014).

The described problem is similar to the Split Delivery Vehicle Routing Problem with Time Windows (SDVRPTW), where a fleet of capacitated
homogeneous vehicles has to serve a set of customers requiring service within a specific time interval. But contrary to the classical VRP, a customer
can be visited by several vehicles Archetti and Speranza (2012); Ho and Haugland (2004). But usually, SDVRPs consider split deliveries concerning
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customer demand for goods, not service time. The fact that vehicles may not return to their initial location classifies the DRRP as Open VRP
Li, Golden, and Wasil (2007). In Yakici and Karasakal (2013), an Uncapacitated Open SDVRP with splittable service demand was studied. In this
problem, the maximum service completion time was minimized, and time windows were not considered. %%%%%% Add refs about threshold
robustness.

The rest of this paper is structured as follows. We first introduce the mathematical model for the problem in Sect.2. Algorithm details are
describred in Sect.3. Computational results are discussed in Sect.4. The last Sect.5 concludes the paper.

2 PROBLEM FORMULATION

We considered the drilling rig routing problem earlier in Kulachenko and Kononova (2021). In this problem, one has a set of drilling sites (hereinafter,
sites or customers) and a fleet of uncapacitated drilling rigs (hereinafter, rigs or vehicles). The sites consist of a predetermined number of wells
planned for drilling, and a rig travels from one site to another, performing drilling until it drills all assigned wells. The initial location for each rig is
known, and it does not have to return to the initial location after it completes all the assigned work. Each customer has a time window that is a
period of time during which all work on the site has to be started and completed. That means each customer has the earliest time when a rig can
start drilling and the latest time when all wells have to be already drilled. To speed up the work on the site, one can make use of several drilling rigs.
The entire set of wells of the site is to be distributed among the drilling rigs serving this site. The work of different drilling rigs on the same site does
not depend on each other. A rig that has started work on a well completes it to the end. The objective is to determine a set of rig routes (including
the numbers of assigned wells) to perform all well-drilling requests in time to minimize the total traveling distance. Further, we will consider only
such instances for which it is known that the fleet of rigs can complete all the work in time.

Let the schedule for the rigs be already known, in which all the work is completed in time. This paper considers the problem of studying the
solution robustness to uncertain initial data. In the real world, well drilling may take longer than initially thought. Such an increase in time can lead
to going beyond the time window not only at the original site but also at other sites where further work will take place. So, we consider the drilling
times to be uncertain and want solutions to be robust to these uncertainties. For this purpose, we find a solution that would be feasible even in
the case when all the drilling times are multiplied by some real-value number. Consequently, what we want is to maximize this number to improve
the robustness of a solution, but the total traveling cost should not exceed a certain threshold. As a threshold, we use increased minimum total
traveling time found by the algorithms from our previous paper Kulachenko and Kononova (2021). It is called the threshold robustness approach
in the literature, and this approach has not been applied to vehicle routing problems before [refs].

2.1 Non-linear Model

Let K be the set of vehicles, each of which is initially located at vk, that is its corresponding depot. Let us define complete oriented
graph G = (V,A), where V is a set of vertices consisting of the set of depots VDEP = {v1, v2, . . . , v|K|} and the set of customers VCST =

{v|K|+1, v|K|+2, . . . , v|K|+n}, and A is a set of arcs. For convenience, we additionally define the set Vk = VCST ∪ {vk} that is the set of vertices
that can be visited by vehicle k. For each customer i ∈ VCST, we know the number of wells wi that is need to be drilled. All driiling work for the
customer i has to be done in the time interval [ei, li]. The work at the site i cannot be started before ei, even if the vehicle has already arrived. The
planning horizon is referred as H = maxi∈VCST li. Drilling any well at the site i performed by vehicle k requires dik days. For i ∈ VDEP, we assume
dik = 0.

For each arc (i, j) ∈ A the traveling time tijk from i to j for vehicle k is known. Some customers can be serviced only by certain vehicles, for
example, due to geographical distance from roads. If vehicle k cannot travel from i to j, then we assume tijk = H. Since at the end of the planning
horizon, the vehicles do not have to return to the depot but can remain at the last visited site, then we set the traveling times from all the sites to
all depots to zero ti,vk,k = 0, i ∈ VCST, k ∈ K. It allows us to consider a model with circular routes. We denote by T the value of the total traveling
time that cannot be exceeded.

We introduce the following binary decision variables:

xijk =

{
1, if vehicle k ∈ K travels from vertix i to vertix j, j ∈ Vk,
0, otherwise,

yik =

{
1, if vehicle k ∈ K visits the vertex i ∈ Vk,
0, otherwise.

The decision variables sik, i ∈ Vk, k ∈ K represent the time when vehicle k starts the work at site i ∈ VCST. We assume sik = 0, if i ∈ VDEP.
The decision variables wik ∈ Z≥0, i ∈ Vk, k ∈ K represent the total number of wells drilled by rig k at site i, or 0 in the case of i = vk.

Полина
Выделение
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Let us move on to the description of variables and parameters associated with uncertainties. Imagine that now drilling a well at site i preformed
by rig k requires not dik, but (1+ εik)dik days, where εik ≥ 0 are additional variables, i ∈ VCST, k ∈ K, which set the maximum increase in drilling
time when servicing site i performed by k.

Let αi > 0 be the weight coefficient for customer i, which regulates the importance of guaranteed robustness for the customer. Thus, using
αi < 1, one can simulate a situation in which the acceptable increase in drilling time at site i is to be greater than on the j object with αj = 1. And
for customers with αi >> 1, an increase in drilling time has little effect on the objective function.

It is necessary to find the maximum acceptable increase in drilling time εik at each site so that all the work will be performed in time. The variable
εmin ≥ 0 corresponds to the minimum product of αi and εik for i ∈ VCST , k ∈ K.

We formulate the problem as a problem of mixed integer quadratic programming:

max εmin (1)∑
k∈K

∑
i∈Vk

∑
j∈Vk

tijkxijk ≤ T, (2)

εmin ≤ αiεik, i ∈ VCST, k ∈ K, (3)

yvkk = 1, k ∈ K, (4)

svk,k = 0, wvk,k = 0, k ∈ K, (5)∑
j∈Vk

xijk =
∑

j∈Vk

xjik = yik, i ∈ Vk, k ∈ K, (6)∑
k∈K

wik = wi, i ∈ VCST, (7)

wik ≥ yik, i ∈ VCST, k ∈ K, (8)

wik ≤ wiyik, i ∈ VCST, k ∈ K, (9)

sik ≥ ei, i ∈ VCST, k ∈ K, (10)

sik + (1 + εik)dikwik ≤ li, i ∈ VCST, k ∈ K, (11)

sik + (1 + εik)dikwik + tijk − sjk ≤ ∆ijk(1− xijk), i ∈ Vk, j ∈ VCST, k ∈ K, (12)

xijk, yik ∈ {0, 1}, εik, εmin ∈ [0,Mε], sik, wik ∈ Z≥0, i, j ∈ Vk, k ∈ K. (13)

The objective function (1) maximizes the robustness for all the sites when taking into account the weight coefficients αi. Constraint (2) makes
sure that the threshold on the total traveling time will not be exceeded. Inequalities (3) set value for εmin. Inequalities (4)–(5) set the distribution of
vehicles by their depots and prohibit them from visiting other ones. Constraints (6) set circular routes from the depot. Inequalities (7) ensure that
all the wells will be drilled at the site. Auxiliary inequalities (8) show that if a vehicle visits the site, it drills at least one well there. And inequalities (9)
forbid vehicles not visiting the site to drill wells there. Inequalities (10)–(11) guarantee that all the drilling work will be done in correspondence
with time windows Inequalities (12), where ∆ijk = max{li + tijk − ej, 0} are constants, set the service starting time and prohibit a vehicle from
visiting one site several time. Constraints (13) define the variable types,Mε are constants that limit the scope of variables εik, εmin.

2.2 Linearization

The constraints (11)–(12) are non-linear, but they can be linearized by introduction of additional variables: binary variables wikj and continuous
ones ξikj and ξik. The latter are the equivalent of the products εikwikj and εikwik respectively.

wik =
∑wi

j=1
jwikj , i ∈ VCST, k ∈ K, (14)∑wi

j=1
wikj ≤ 1, i ∈ VCST, k ∈ K, (15)

ξik =
∑wi

j=1
ξikj , i ∈ VCST, k ∈ K, (16)

jεik − ξikj ≤Mεwi(1− wikj), i ∈ VCST, k ∈ K, j ∈ {1, . . . , wi}, (17)

ξikj ≤Mεwiwikj , i ∈ VCST, k ∈ K, j ∈ {1, . . . , wi}, (18)

ξikj ≤ jεik, i ∈ VCST, k ∈ K, j ∈ {1, . . . , wi}, (19)

sik + dik(wik + ξik) ≤ li, i ∈ VCST, k ∈ K, (20)

sik + dik(wik + ξik) + tijk − sjk ≤ ∆ijk(1− xijk), i ∈ Vk, j ∈ VCST, k ∈ K, (21)

xijk, yik ∈ {0, 1}, εik, εmin ∈ [0,Mε], sik, wik ∈ Z≥0, (i, j) ∈ V2
k , k ∈ K, (22)

wikj ∈ {0, 1}, ξik, ξikj ∈ [0,Mεwi], i ∈ Vk, k ∈ K, j ∈ {1, . . . , wi}. (23)

Now, (1)–(10), (14)–(23) is the mixed-integer linear programming model for the problem under consideration.
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3 ALGORITHM

We use an Adaptive Large Neighborhood Search scheme to solve the problem.

3.1 Solution Representation

Solution σ of the problem consists of individual vehicle routes σ = {σ1, . . . , σ|K|}. The route of vehicle k can be represented as the sequence
σk = (σk

0 , σ
k
1 , . . . , σ

k
uk
), where σk

u is the pair (iku,wuk), iku is the uth visited site, and wuk is the number of wells that vehicle k drills at that site. Each
route begins from a depot ik0 = vk, and the includes only customer visits: iku ∈ VCST for u > 0.

We refer to solution σ as feasible, if given εik = 0, all the work can be performed in time according to vehicle routes provided.

3.2 Objective Function Calculation

Objective function (1) landscape has large plateaus with non-smooth transitions between them. Such a landscape makes it difficult for local search
methods to work. Many different solutions have the same value of the objective function. In order to introduce additional diversity, we will track
the possible acceptable increase in drilling time separately for each of the sites and separately for each of the vehicle routes.

We introduce new notation and add additional terms to the objective function. Let

εcsti = min{αiεik|(i, wuk) ∈ σk, wuk > 0}

be the maximum allowable increase in drilling time at the site i for each vehicle operating at this site. We denote by εvehk the maximum acceptable
increase in drilling time during the operation of the vehicle k at all the sites it visits,

εvehk = min{αiεik|(i, wuk) ∈ σk, wuk > 0}.

We assume that εvehk = 0 for those vehicles that do not perform any work.
We add to the objective function a linear convolution of εmin, the average possible increase in time for the sites and for the routes with

coefficients C1,C2,C3. The coefficients are set so that the main goal is to maximize εmin. New terms make it possible to make the landscape of
the objective function more diverse, and their maximization does not conflict with the primary goal.

A popular technique in local search algorithms is to leave the domain of feasible solutions in an attempt to find a better feasible domain. Let us
assume that we consider solutions σ that are feasible with respect to time windows, but the total traveling time for them may exceed the specified
threshold T. The excess of the threshold is introduced into the objective function with penalty λ. We get a new objective function fT(σ), which
we will maximize.

fT(σ) =C1εmin +
C2

|K|
∑
k∈K

εvehk +
C3

|VCST|
∑

i∈VCST

εcsti +

λ ·max

0,
∑
k∈K

∑
i∈Vk

∑
j∈Vk

tijkxijk − T


(24)

Calculations in local search are carried out with respect to the objective function fT(σ), while in tables for the section of computational
experiments, only εmin values assuming the T threshold is not exceeded.

Let us describe the procedure for calculating the objective function fT(σ). Let σ be some admissible solution. First, εvehk is calculated
independently for each vehicle k. Then, εcsti and εmin are determined from them, after that the value of fT(σ) is calculated.

Let σk = (σk
0 , σ

k
1 , . . . , σ

k
kn
) is the route of vehicle k consisting of kn objects. We renumber all customers in the order of visits by vehicle k. In what

follows, we refer to the i-th visited customer of the vehicle k in the schedule σk as customer i. At the i-th site, vehicle k performs work on wik wells.
Let us construct a early schedule for the vehicle k. Let denote by eki the shortest start time of work at the i-th site, it cannot be less than the

beginning of the time window [ei, li] and earlier than the arrival time of the vehicle k after the work is completed at the previous site:

ek0 = 0, w0k = 0, d0k = 0,

eki = max
{
ei, e

k
i−1 + di−1,kwi−1,k + ti−1,ik

}
, i ∈ {1, . . . , kn}.

Let us construct a late schedule for the vehicle k. Let denote by lki the latest starting time of work at the i-th site, so that work at each sites is
completed in time. This value depends on the end time of the [ei, li] time window and work at the next site, so it is built from the end:

lkkn
= lkn − dkn,kwkn,k,
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lki−1 = min
{
li−1, l

k
i − ti−1,i,k

}
− di−1,kwi−1,k, i ∈ {1, . . . , kn}.

Since σ is a feasible solution, it is true that eki ≤ lki for each i.
We will calculate the maximum εvehk for the entire route. The upper bound on the value of εvehk is:

UBk = min
i∈{1,...,kn}

{
αi

lki − eki
dikwik

}
. (25)

We apply the dichotomy method by calculating the value of ε̃. Initially

ε̃ =
UBk

2
.

At each step, we examine if the schedule is feasible for the value εik = ε̃
αi
. Recall that the schedule for vehicle k is feasible if all the work is

completed in time for the time spent at the site (1+ εik)dikwik. Depending on whether the schedule is feasible, the left or right border is shifted,
dividing the interval in half. The process stops when there is at most one ε value between the current upper and lower bounds such that the
schedule for vehicle k is feasible and ε

αi
dikwik ∈ Z for at least one i ∈ {1, . . . , kn}.

As a result, the required value of εvehk can be calculated as

εvehk = min
i∈{1,...,kn}

{ε :
ε

αi
dikwik ∈ Z, ε ≥ ε̃}.

3.3 Algorithm

An Adaptive Large Neighborhood Search (ALNS) algorithm uses the ruin-and-recreate principle when we first remove some parts from the cur-
rent solution and then try to insert removed parts in a better way. In the Large Neighborhood Search (LNS) algorithm, the so-called destroy and
reconstruction operators are used for this purpose. Unlike LNS, the adaptive version of the algorithm uses several destruction and reconstruction
operators, depending on their successful application in the previous steps. The algorithm 1 presents the pseudocode for the ALNS scheme used
in this work. The algorithm takes as an input the initial solution σ. The greedy heuristic from Kulachenko and Kononova (2021) is used to build
the initial solution. At each iteration of the algorithm, the destruction and reconstruction operators are probabilistically selected based on their
previous success (step 6), after which they are applied in turn (step 7). If the acceptance criterion is met for the obtained solution, then we transit
to this solution (step 9) and, if necessary, update the best-found solution (step 11). After performing I successive iterations of choosing and apply-
ing operators, the procedure for updating their weights is performed. The procedure takes into account how successful the application of these
operators was during the given segment (step 15). The algorithm continues its work until the stop criterion (step 4) is met.

Algorithm 1 Adaptive Large Neighborhood Search
1: function ALNS(σ)
2: σ∗ ← σ

3: Initialize weights
4: while the stopping criterion is not met do
5: for I iterations do
6: probabilistically select a destruction operator and a reconstruction operator based on their current weights
7: apply the destruction and reconstruction operators to σ to obtain σ′

8: if σ′ satisfies the acceptance criterion then
9: σ ← σ′

10: if f(σ∗) < f(σ′) then
11: σ∗ ← σ′

12: end if
13: end if
14: end for
15: Adjust weights
16: end while
17: return σ∗

18: end function
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Now, let us now define the destruction and reconstruction operators for a feasible solution σ. In this section, individual site visits from different
routes will be considered. If for the application of the operator it is important from which route the visit is taken, then we denote this visit by
(i,wuk, k). This notation means that the vehicle k visits the u-th in order site i and drills wuk wells at it, and the work at the site by vehicle k starts
at time suk. If for the application of the operator, it does not matter which route the visit belonged to earlier, then we denote by (i,w) the visit for
which it is necessary to arrive at the site i and drill w wells.

3.4 Destruction operators

Several levels are considered for the application of destruction operators: removal of individual customer visits, removal of all visits for individual
customers, removal of all customer visits for separate routes. These operators are described in the subsections below.

3.4.1 Removal of individual customer visits

These operators remove n1 individual customer visits from the current solution. In our experiments, we generate a random number from the range
0.05nvisits to 0.3nvisits at each iteration and pass this value as argument n1 for the operator. Value of nvisits can be different at different iterations,
and it is equal to the total number of customer visits throughout the current solution. We may remove all visits corresponding to a customer, as
well as we may remove only a part of these visits.

Random visit removal. With this approach, visits for removal are selected randomly and independently of each other throughout the removal
process.

Related visit removal. The mechanism of this operator is described in the algorithm 2. We start with the removal of a randomly selected visit
from the schedule. Then, the selection of the visit to remove later is based on its proximity to the already removed visits. The proximity measure
between two visits (i,wuk, k) and (j,wu′k′ , k

′) is based on the geographic distance between customers, and the difference between service start
times in the schedule before application of the destruction operator |su′k′ − suk|+ αvtij. The contribution of these two quantities is controlled by
the αv parameter. For a geographic distance that does not depend on the choice of vehicle, we introduce a new notation tij = mink∈K tijk. The d

parameter controls the tendency to choose closer visits to those that were already removed. For large values of the d parameter, we tend to remove
visits closest to those removed in previous iterations. Lower values of this parameter allow some level of randomness in selecting visits for removal.

Algorithm 2 Related visit removal
1: Parameters: αv, d
2: function Related_visit_removal(σ, n1)
3: Randomly select customer visit (j,wuk, k), j ∈ VCST, and remove it from the current solution σ

4: L← {(j,wuk, k)}
5: while |L| < n1 do
6: Randomly select customer visit (i,wu′k′ , k

′) ∈ L

7: for each visit (j,wuk, k), j ∈ VCST from σ do
8: zuk ← |su′k′ − suk|+ αvtij

9: end for
10: Sort the zuk’s in non decreasing order and put them in list B
11: Choose a random number x ∈ (0, 1)

12: pos← ⌈|B| · xd⌉
13: Select visit (j∗,wu∗k∗ , k

∗) ∈ B associated with the zuk value at position pos in B, and remove it from the solution σ

14: L← L ∪ {(j∗,wu∗k, k
∗)}

15: end while
16: return L

17: end function

3.4.2 Removal of individual customers

These operators remove all visits of some n2 customers from the current solution. In our experiments, we generate a random number from the
range 0.05|VCST| to 0.3|VCST| at each iteration and pass this value as argument n2 for the operator.
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Random removal of customers. In this approach, customers are selected randomly and independently of each other throughout the removal
process.

Related customer removal. This operator is very similar to the one described in the 2 algorithm, except that instead of individual visits, cus-
tomers are now selected and all visits are removed, in all routes they belong to. For two customers i and j we define the proximity measure zij as
max

(
0, ej − li, ei − lj

)
+ αctij.

3.4.3 Removal of individual routes

These operators remove all visits for some n3 routes from the current solution. In our experiments, we generate a random number from the range
0.05|K| to 0.3|K| at each iteration and pass this value as argument n2 for the operator.

Random removal of routes. In this approach, the routes for removal are chosen randomly and independently of each other throughout the removal
process.

Related route removal. This operator is similar to the one described in the algorithm 2, but routes are selected for removal. Let’s define center
of gravity of route σk as the average location of all customers from the route. For any two routes σk and σk′ , we define two different proximity
measures. In the GCmeasure, the value zkk′ is defined as the traveling time from the center of gravity of one route to the center of another. For the
measureMinD, the value zkk′ is calculated as the minimum of the distances between customers iku and ik

′
u′ from the routes σk and σk′ respectively.

3.5 Reconstruction operators

After applying the destruction operators and removing some visits from the current solution, it is necessary to reconstruct the solution to perform
all the necessary work. At the same time, the distribution of work between different vehicles at one site can either remain the same as it was before
applying the operators or change. Thus, two types of solution reconstruction operators are considered. In the first one, the operator looks for the
best suitable place to insert a removed visit (i,w). The second operator can divide visit (i,w) into several and find a suitable place for each of them.
In doing so, the distribution of work between different vehicles at one site may change, but we still will perform all the requested drilling work.

It should be noted that in the process of applying the above-described reconstruction operators, solutions can be obtained with multiple visits
to one customer in one route. The ability to return to an already visited customer sometimes allows one to get more robust solutions.

To reduce the computation time and employ some diversification in the local search, we evaluate only 50% of possible insertion places for all
the following operators.

3.5.1 Greedy heuristic without the work repartition

For this approach, all visits have the same work distribution as it was before applying the operators. The pseudocode describing the mechanism
of the operator is given in the algorithm 3. Let L be a list of visits (i,w) that is not inserted yet, and σ be a partial solution containing routes with
other visits. At each step of the algorithm, a subset of visits B from L is randomly selected, and then for each of them the cost of insertion into
each of the σk routes is calculated. Let the solution σku be obtained from the solution σ by inserting the visit (i,w) into the route σk after visiting
(j,wuk) ∈ σk. Then the insertion cost is defined as

c(σ, σku) = (fT(σ)− fT(σku)) + αins(T (σku)− T (σ)),

where T(σ) is the total traveling time of all vehicles in the solution σ. At the step 12, only one visit with the lowest insertion cost is inserted into
the solution σ in the corresponding best place. Note that to insert a visit (i,w) into the route of some vehicle k ∈ K, we consider only places that
fit in the time window [ei, li] and preserve the feasibility of the solution. The procedure ends when all the visits from the list L have been inserted
into the solution σ. If there is no feasible solution, the original solution is returned.

3.5.2 Regret-based heuristic without the work repartition

The algorithm for this heuristic is similar to that described in the previous subsection. The difference is in the visit insertion cost function. Let the
cost of the best insertion be c(σ, σku) for a visit (i,w), and c(σ, σk′u′ ) for the second best place, k ̸= k′. Let us introduce the function regretiw =

c(σ, σk′u′ )− c(σ, σku) for customer visit (i,w). Then visit (i∗,w∗) with the largest value of regreti∗w∗ is selected for the insertion. The idea behind
this approach is to insert those visits that, when inserted in later steps, contribute the most to the added cost of the route.

In the regret-based operator, we can also use the generalized regret measure that is calculated as follows:

gen_regretiw =
∑

k′∈K

c(σ, σk′u′
)− c(σ, σku),
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Algorithm 3 Least-cost visit insertion
1: Parameters: αins, b
2: procedure Least-cost_insertion(σ, L)
3: while L ̸= ∅ do
4: Randomly selectmin (|L|, b) visits B ⊆ L

5: for visit (i,w) ∈ B do
6: for k ∈ K and suitable visits (j,wuk) ∈ σk do
7: σ′ ← σ

8: Insert visit (i,w) into solution σ′ into route of vehicle k after visiting its u-th customer
9: Calculate the insertion cost c(σ, σ′)

10: end for
11: end for
12: Apply the insertion of visit (i∗,w∗) ∈ B into route σk∗ , which correspond to the minimal insertion cost

13: if there are two consecutive customer visits i∗ then
14: Merge two consecutive visits into one
15: end if
16: L← L \ {(i∗,w∗)}
17: end while
18: end procedure

where cost c(σ, σk′u′ ) corresponds to the best insertion place for vehicle k′ ∈ K. If customer i cannot be served by vehicle k′, then the cost
function c(σ, σk′u′ ) is assumed to be equal to 1000.

3.5.3 Random repartition greedy heuristic

This heuristic is the same as the one described in the section 3.5.1 aside from the repartition procedure for list L performed before insertion of the
customer visits. The repartion procedure for customer i is applied for the set of all uninserted visits for this customer. This procedure is applied with
probability rshake for each customer, and its idea is the following. First, with probability rsplit

shake, the new fictional customer visit (i, 0) is added to list
L. Then, we change the partition of the drilling work for the uninserted visits of customer i. While doing that the number of wells served cannot
change by more than k for each visit. In our experiments,unless otherwise stated, we use the following values for the parameters: rshake = 0.5,
rsplit
shake = 0.1, k = 3.

3.5.4 Greedy heuristic with the work repartition

This approach allows one to change the work partition for customer visits. One visit is divided into two added to different routes. The pseudo-code
of the operator is given in the algorithm 4. Let (i,w) be a random visit from the list L, containingwwells at site i. Let us define a set of vehicleKi ∈ K

that we consider for performing drilling at the site i. The set Ki contains all the vehicles that performed work at the site i before the application of
destruction operators. In addition, no more than three vehicles are to be added to it, which could visit the customer i with a minimal detour when
inserted into places suitable for time windows in the partial solution σ. The p− 1 variant of dividing the set of wells of this visit into two subsets
is considered: {(

⌈w/p⌉, w − ⌈w/p⌉
)
,
(
⌈2w/p⌉, w − ⌈2w/p⌉

)
, . . .

}
,

where p is an algorithm parameter. For each partition, all suitable places for a pair of vehicles from the set Ki are checked and the best insertion is
chosen.

3.6 Acceptance criterion

The acceptance criterion (step 9 of the algorithm 1) is the one used in simulated annealing Kirkpatrick, Gelatt, and Vecchi (1983). That is, the new
solution σ′ is accepted instead of the current solution σ if fT(σ′) ≥ fT(σ), otherwise the decision σ′ is accepted with probability

exp
fT(σ)− fT(σ′)

τ + τoffset
,
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Algorithm 4 Least-cost visit insertion with the work repartition
1: Parameters: p, αins

2: procedure Repartition_insertion(σ, L)
3: while L ̸= ∅ do
4: Randomly select customer visit (i,w) ∈ L

5: for q ∈ {0, 1, . . . , p} do
6: w′ ← ⌈qw/p⌉
7: for a pair of suitable visits (j1,wu1k1 ), (j2,wu2k2 ) ∈ σ, k1, k2 ∈ Ki do
8: σ′ ← σ

9: Insert visit (i,w′) into solution σ′ into route of vehicle k1 after visiting its u1-th customer
10: Insert visit (i,w − w′) into solution σ′ into route of vehicle k2 after visiting its u2-th customer
11: Calculate the insertion cost c(σ, σ′)

12: end for
13: end for
14: Apply the best found pair of insertion
15: if there are two consecutive customer visits i then
16: Merge two consecutive visits into one
17: end if
18: L← L \ {(i,w)}
19: end while
20: end procedure

where τ is the current temperature value. The temperature is lowered at the 15 step of the algorithm 1 according to the formula τ = ατ , where
α ∈ (0, 1) is the parameter responsible for the rate of temperature decrease. The additional term τoffset > 0 is responsible for the offset of
the temperature value τ , in order to avoid equating the temperature to zero. In our experiments, the value τoffset = 10−8 is used. Every Isarestart

iterations without improving the value of best found εmin, the temperature is reset to the initial value. To employ intensification in the local search
we also decrease the ranges for the values of n1, n2, n3 by 3 times after Isarestart/2 iterations without improving the value of best found εmin. We
stop this decreasing as soon as temperature is reset.

3.7 Adaptive mechanism

In total, we use seven destruction and five reconstruction operators. At each iteration of the ALNS algorithm, the destruction and reconstruction
operators are selected and applied. For the choice not to be random but to take into account the previous success of the applied operators, a weight
is introduced for each of them, which changes from time to time (step 15 of the algorithm 1). In our experiments, we use the adaptive mechanism
described in [Azi 2014].

4 COMPUTATIONAL EXPERIMENTS

The described VNS algorithm is implemented in C++ with MSVC++ 14.16 compiler using standard release options. Version 9.5.0 of Gurobi solver
is used for comparison purposes. The instances previously generated by us in Kulachenko and Kononova (2021) were used to test our algorithm.
These instances had to be modified to be used. First, we need to relax time windows to allow some freedom. In our experiments, we use multiplier
2.5 for the instances with 150 customers and 1.5 for all the others. Next, to get some estimates of what the threshold T is equal to, we need to
calculate the (sub)optimal value of the traveling time for the problem without uncertainties, i.e., with εik = 0, ∀i ∈ Vk, k ∈ K. This value is referred
to as T∗ hereinafter. When it is not specifically stated what the threshold T is, then we assume that it is equal to 1.5T∗. We consider the instance
sets of three different dimensions: 20 customers and 3 vehicles, 50 customers and 6 vehicles, 150 customers and 12 (or 18, more details in the
section 4.3) vehicles. The instances with 50 and 150 customers correspond to instance sets S1, S2, S3 from Kulachenko and Kononova (2021).
The small-sized instances with 20 customers were additionally generated in a similar manner to have the possibility to compare the results of the
algorithm with optimal values.
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TABLE 1 The results for instances with 20 customers.

Gurobi 3 sec 10 sec 30 sec 60 sec 100 sec

# BF UB avg best avg best avg best avg best avg best

S1.1 0.65 0.65 0.65 100
S1.2 1.2 1.2 1.1 29 1.1 40 1.2 63 1.2 76 1.2 90
S1.3 0.05 0.05 0.05 100
S1.4 0.9 1.2 0.85 28 0.88 69 0.88 73 0.89 82 0.89 88
S1.5 0.75 1 0.67 9 0.71 35 0.73 48 0.73 58 0.74 75
S2.1 0.1 0.1 0.1 100
S2.2 0.42 0.42 0.41 77 0.41 86 0.42 100
S2.3 0.6 0.6 0.6 100
S2.4 0.1 0.1 0.1 100
S2.5 1 1 0.94 50 0.98 70 0.99 91 1 96 1 100
S3.1 0.6 0.6 0.6 100
S3.2 0.1 0.1 0.1 100
S3.3 1.2 1.2 1.2 100
S3.4 0.47 0.47 0.47 100
S3.5 0.33 0.33 0.33 100

4.1 Small-sized instances

All experiments in this subsection are conducted on a computer with an AMD Ryzen 5 2600 3.9GHz processor and 32GB of RAM running under
Microsoft Windows 10 (64-bit).

First, we consider small-sized instances for which the optimal values can be obtained. Table 1 shows the computational results for these
instances. Gurobi was limited to 1 hour running, although it is worth noting that Gurobi required no more than a minute for almost every instance.
BF column corresponds to the best-found solution, and UB column corresponds to the best bound found. The remaining columns correspond to
the implemented ALNS algorithm. It was run 100 times per instance. Columns ’avg’ correspond to the average result for 100 runs, and columns
’best’ correspond to the number of times the algorithm has found a solution with the BF column objective value. The average values are shown in
bold if it is the least time limit configuration when the algorithm found only best-value solutions. The results are omitted if they are the same as
those found in the previous time limit configuration. The table reflects the ability of the algorithm implemented to find optimal-value solutions in
a reasonable time.

To demonstrate how the threshold level influences the maximum level of robustness, we can get experiments on small-sized instances with
different T values are carried out. Figure 1 illustrates how the value of the objective function depends on T. Bigger-sized instances have a similar
dependency. Table 2 demonstrates how frequently we achieve a solution with the best found objective value with threshold level being different.
We perform 100 runs for each instance, and the time limit is 30 seconds. The results equal to 100 are omitted. Columns ’min’ and ’avg’ show to
the minimum and average value for the results in the corresponding row. Row ’avg’ shows the average value for the corresponding T value.

4.2 Medium-sized instances

All experiments in this subsection are conducted on a computer with an Intel Core i7-9700 3.0GHz processor and 16GB of RAM running under
Microsoft Windows 10 (64-bit).

For medium-sized instances, Gurobi is able to find optimal solutions in a reasonable time only for a few instances. And finding a good-quality
solution often requires much more time for it. Table 3 shows the results for these instances with runtime limit being different both for the ALNS
and Gurobi. Since the solutions found by Gurobi can be quite different on these instances depending on what seed is taken, we decide to run it
five times for each instance and time limit (except 5 hours), and the table includes the corresponding results. The ALNS algorithm was run 10 times



Kulachenko and Kononova 11

1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
T

0.0

0.2

0.4

0.6

0.8

1.0

1.2
Ep

s m
in

20 customers
1
2
3
4
5

FIGURE 1 Different T.

TABLE 2 The results for instances with 20 customers.

#
T

1T* 1.05T* 1.1T* 1.15T* 1.2T* 1.25T* 1.3T* 1.35T* 1.4T* 1.5T* 1.75T* 2T* min avg

S1.1 98 98 99
S1.2 96 75 86 63 63 93
S1.3 100
S1.4 51 61 92 89 75 98 99 73 17 17 79
S1.5 38 99 56 39 15 48 29 6 6 60
S2.1 24 98 24 93
S2.2 58 39 40 82 88 39 83
S2.3 68 97 68 97
S2.4 100
S2.5 92 93 98 11 58 98 45 24 91 11 75
S3.1 64 68 73 97 64 91
S3.2 78 78 98
S3.3 1 99 91 1 90
S3.4 73 97 73 97
S3.5 68 59 59 93

avg 80.87 90.40 88.53 97.40 91.27 92.33 90.67 90.93 87.47 91.67 95.27 88.20 53.40 90.42

for each instance and time limit. The results of the algorithm are shown in bold if they are not worse than the ones achieved by Gurobi in 5 hours.
The results are underlined if they are proved to be optimal.
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TABLE 4 The results for instances with 150 customers.

12 vehicles 18 vehicles

ALNS 5 min ALNS 1 hour Gurobi 10 hours ALNS 5 min ALNS 1 hour Gurobi 10 hours

# avg best avg best init LB avg best avg best init LB

S3.1 0.3 0.4 0.83 1.2 0.1 0.2 0.66 0.8 1 1.5 0.1 0.2

S3.2 0.16 0.2 0.62 0.85 0.1 0.15 0.41 0.67 0.84 0.85 0.1 0.1

S3.3 0.18 0.4 0.22 0.4 0.1 0.11 0.29 0.5 0.74 0.8 0.1 0.2

S3.4 0.37 0.7 0.51 1 0.1 0.15 0.6 0.8 0.88 1 0.1 0.2

S3.5 0.25 0.5 0.48 0.8 0.1 0.1 0.55 0.67 0.96 1.2 0.1 0.2

4.3 Large-sized instances

All experiments in this and the next subsection are conducted on a computer with an Intel Core i7-8700 3.2GHz processor and 32GB of RAM
running under Microsoft Windows 10 (64-bit).

4.4 Importance of the operators used

5 CONCLUSION

This research proposes a MILP model for the DRRP with uncertainties and a method based on Adaptive Large Neighborhood Search (ALNS). The
destruction operators used in the algorithm are working either at the route, customer, or visit level, and the reconstruction operators take into
account the possibility of changing the work partition. Computational results for the algorithm and Gurobi solver show the dominance of the ALNS
scheme for the medium-size instances.

It is planned to examine the influence of alpha coefficients on the robustness level in the future. We also plan to consider possible returns of
rigs to customers and investigate what impact it has on the problem.
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